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                    Abstract
In this paper, we discuss the difference between the deterministic and stochastic models of nonlocal diffusion.  We use a nonlocal reaction-diffusion equation and a multi-dimensional jump Markov process to analyze these mathematical models. First, we demonstrate that the difference converges to 0 in probability with a supremum norm for a sizeable network. Next, we consider the rescaled difference and show that it converges to a stochastic process in distribution on the Skorokhod space.
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Appendix
Appendix
1.1 Proof of Lemma 4.3
                           
By the space regularity of the solution to equation (2.1), it suffices to show the following inequality:
$$\begin{aligned} {\sup _{{t}\in {[0,T]}}\max _{{k}\in {\{0,1,\cdots ,N-1\}}}|u(t,kN^{-1})-u^{N}(t,kN^{-1})|}\le {C(T,R)N^{-1}}. \end{aligned}$$

                    (6.1)
                

Indeed, we choose \({k}\in {\{0,1,\cdots ,N-1\}}\) such that \({r}\in {[kN^{-1},(k+1)N^{-1})}\) attain the supremum in the statement of this theorem. Subsequently, because u(t, r) is a Lipschitz continuous function in space, we have
$$\begin{aligned}&{\sup _{{t}\in {[0,T]}}\Vert u(t)-u^{N}(t)\Vert _{\infty }}\\&\quad \le {{\sup _{{t}\in {[0,T]}}|u(t,r)-u(t,kN^{-1})|}+{\sup _{{t}\in {[0,T]}}|u(t,kN^{-1})-u^{N}(t,kN^{-1})|}}\\&\quad \le {LN^{-1}+C(T,R)N^{-1}}, \end{aligned}$$

where L is a Lipschitz constant. We show the inequality (6.1) using the methods of supersolution and subsolution, demonstrated by Franco and Groisman [7]. Consider the following ODE system:
$$\begin{aligned} \left\{ \begin{array}{l} \displaystyle \frac{d}{dt} z_{k}=\frac{1}{N}{\sum _{i=0}^{N-1}z_{i}}-z_{k}+C_{*}(|z_{k}|+N^{-1}), \\ z_{k}(0)=0. \end{array} \right. \end{aligned}$$

                    (6.2)
                

Let \({\overline{Z}}=({\overline{z}}_{0},\cdots ,{\overline{z}}_{N-1})\) and \({\underline{Z}}=({\underline{z}}_{0},\cdots ,{\underline{z}}_{N-1})\) be a super-solution and sub-solution to (6.2), respectively, in the context of the methods suggested by Franco and Groisman [7]. By the argument in Lemma 4.2 in [7], it holds that
$$\begin{aligned} {{\underline{Z}}(t)}\le {Z(t)}\le {{\overline{Z}}(t)}, \end{aligned}$$

                    (6.3)
                

where Z(t) is a solution to equation (6.2). Define the error function \(e_{k}\) by
$$\begin{aligned} e_{k}(t)=u^{N}(t,kN^{-1})-u(t,kN^{-1}),k=0,\cdots ,N-1. \end{aligned}$$

Then,
$$\begin{aligned} \frac{d}{dt}e_{k}&= \frac{1}{N}{\sum _{i=0}^{N-1}u^{N}(t,iN^{-1})}-u^{N}(t,kN^{-1})-{\int _{0}^{1}u(t,r)dr}+u(t,kN^{-1})\\&+(b_{1}-d_{1})(u^{N}(t,kN^{-1})-u(t,kN^{-1}))\\&= \frac{1}{N}{\sum _{i=0}^{N-1}e_{i}(t)}-e_{k}(t)+(b_{1}-d_{1})e_{k}(t)+N^{-1} \end{aligned}$$

where the second equality follows from the error estimate of numerical integration for a Lipschitz continuous function (see Theorem 5.4 in [16]). We take \(C_{*}\) as \(\max \{d_{1}-b_{1},1\}\); then, we obtain
$$\begin{aligned} {\frac{d}{dt}e_{k}}\le {\frac{1}{N}{\sum _{i=0}^{N-1}e_{i}(t)}-e_{k}(t)+C_{*}(|e_{k}(t)|+N^{-1})}, \end{aligned}$$

i.e., \((e_{0},\cdots ,e_{N-1})\) is a sub-solution to (6.2). Consider the super-solution \({\overline{Z}}=({\overline{z}}_{0},\cdots ,{\overline{z}}_{N-1})\) given by \({\overline{z}}_{k}=e^{2C_{*}t}/N\). Indeed,
$$\begin{aligned} \frac{d}{dt}{\overline{z}}_{k}={2C_{*}\frac{e^{C_{*}t}}{N}}\ge {\frac{e^{2C_{*}t}}{N}-\frac{e^{2C_{*}t}}{N}+C_{*}\left( \frac{e^{2C_{*}t}}{N}+N^{-1}\right) }=\frac{C_{*}(e^{2C_{*}t}+1)}{N}. \end{aligned}$$

Therefore, utilizing the property (6.3) yields
$$\begin{aligned} {e_{k}(t)}\le {{\overline{z}}_{k}(t)}\le {\frac{e^{2C_{*}T}}{N}},k=0,1,\cdots ,N-1. \end{aligned}$$

By the same arguments as before with \(-e_{k}\), we can observe that
$$\begin{aligned} {|e_{k}|}\le {{\overline{z}}_{k}(t)}\le {\frac{e^{2C_{*}T}}{N}},k=0,1,\cdots ,N-1, \end{aligned}$$

finishing the proof. \(\square \)
1.2 Proof of Lemma 5.2
                           
This proof is based on Lemma 4.3 in [3]. Recall that
$$\begin{aligned} M^{N}(t)={\sum _{m}\left\{ \left\langle M^{N}(t), \phi _{m,N}\right\rangle \phi _{m,N}+\left\langle M^{N}(t), \psi _{m,N}\right\rangle \psi _{m,N}\right\} } \end{aligned}$$

As in the proof of Lemma 5.3, for \(e_{m,N}=\phi _{m,N}\) or \(\psi _{m,N}\), we obtain
$$\begin{aligned} \mathbb {E}\left[ \left\langle M^{N}(t), e_{m,N}\right\rangle ^{2}\right]&= \frac{1}{N}\mathbb {E}\left[ {\int _{0}^{{t}\wedge {\tau }}\langle 2X^{N}(s)+I_{N}X^{N}(s)+|R|(X^{N}(s)), e_{m,N}^{2} \rangle ds}\right] \\&\le C(\rho ,t)N^{-1}, \end{aligned}$$

and hence,
$$\begin{aligned}&\mathbb {E}\left[ \left\| {\sum _{m>n}\left\{ \left\langle M^{N}(t), \phi _{m,N}\right\rangle \phi _{m,N}+\left\langle M^{N}(t), \psi _{m,N}\right\rangle \psi _{m,N}\right\} }\right\| _{2}^{2}\right] \\&\le C(\rho ,t){\sum _{m>n}m^{-1}}\rightarrow 0\mathrm{as}n\rightarrow \infty .\nonumber \end{aligned}$$

                    (6.4)
                

Define a finite dimensional process \(M_{n}^{N}\) on \(L^{2}[0,1]\) as
$$\begin{aligned} M_{n}^{N}(t)={\sum _{{m}\le {n}}\left\{ \left\langle M^{N}(t), \phi _{m,N}\right\rangle \phi _{m,N}+\left\langle M^{N}(t), \psi _{m,N}\right\rangle \psi _{m,N}\right\} }. \end{aligned}$$

If \(a>0\), then
$$\begin{aligned} {P\left( {\Vert M_{n}^{N}(t)\Vert _{2}}\ge {a}\right) }\le {\frac{1}{a^{2}}\mathbb {E}\left[ \Vert M_{n}^{N}(t)\Vert _{2}^{2}\right] }\le {C(\rho ,t)a^{-2}}, \end{aligned}$$

where the first inequality follows from Markov’s inequality. Thus, by (6.4), given \(\varepsilon >0\), we can choose a compact set K such that
$$\begin{aligned} P\left( {M^{N}(t)}\in {K^{\varepsilon }}\right) >1-\varepsilon , \end{aligned}$$

where \(K^{\varepsilon }=\left\{ {h}\in {L^{2}} \mid \Vert h-y\Vert _{2}<\varepsilon \mathrm{for}\mathrm{some}{y}\in {K}\right\} \). Now, we choose a compact set \(\{K_{n}\}_{{n}\ge {1}}\) such that
$$\begin{aligned} P\left( {M^{N}(t)}\in {K_{n}^{\varepsilon 2^{-n}}}\right) >1-\varepsilon 2^{-n}. \end{aligned}$$

Then,
$$\begin{aligned} {P\left( {M^{N}(t)}\in {\bigcap K_{n}^{\varepsilon 2^{-n}}}\right) }\ge {1-\varepsilon {\sum _{n}2^{-n}}}=1-\varepsilon . \end{aligned}$$

Because \(\bigcap K_{n}^{\varepsilon 2^{-n}}\) is totally bounded, \(\bigcap K_{n}^{\varepsilon 2^{-n}}\) is relatively compact. This completes the proof. \(\square \)
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