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Abstract

We provide a unified analytic approach to study the asymptotic dynamics of Young differential
equations, using the framework of random dynamical systems and random attractors. Our
method helps to generalize recent results (Duc et al. in J Differ Equ 264:1119-1145, 2018,
SIAM J Control Optim 57(4):3046-3071, 2019; Garrido-Atienza et al. in Int J Bifurc Chaos
20(9):2761-2782, 2010) on the existence of the global pullback attractors for the generated
random dynamical systems. We also prove sufficient conditions for the attractor to be a
singleton, thus the pathwise convergence is in both pullback and forward senses.

Keywords Stochastic differential equations (SDE) - Young differential equations - Young
integrals - Exponential stability - Random dynamical systems - Random attractors

1 Introduction

This paper studies the asymptotic behavior of the stochastic differential equation

dy; = [Ay; + f(yp)]dt + g(y)d Z; (L.1)

where A € R4 f: R - RY, g : RY — R?*™ are globally Lipschitz continuous
functions, and Z is a two-sided stochastic process with stationary increments such that almost
sure all realizations of Z are in the space CP V¥ (R, R™) of continuous paths with finite p
- variation norm, for some 1 < p < 2. An example for such a process Z is a fractional
Brownian motion B [20] with Hurst index H > % It is well known that Eq. (1.1) can be

solved in the path-wise approach by taking a realization x € C?~Y¥ (R, R™) (which is also
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called a driving path) and considering the Young differential equation
dyr = [Ayi + f (o)t + g(y)dxi, 1 € Ry yp € RY. (1.2)

This way, system (1.2) is understood in the integral form

t

t
» =y0+/ [Ays+f<ys>]ds+/ gOwdx,, VieRyyoeR,  (13)
0 0

where the second integral is understood in the Young sense [24]. The existence and uniqueness
theorem for Young differential equations is proved in many versions, e.g. [6,17-19,21,25].

Our aim is to investigate the role of the driving noise in the longterm behavior of system
(1.1). Namely we impose assumptions for the drift coefficient so that there exists a unique
equilibrium for the deterministic system ;t = A+ f (1) which is asymptotically stable; and
then raise the questions on the asymptotic dynamics of the perturbed system, in particular
the existence of stationary states and their asymptotic (stochastic) stability [14] with respect
to almost sure convergence.

These questions could be studied in the framework of random dynamical systems [3].
Specifically, results in [11] and recently in [4,9] reveal that the stochastic Young system (1.1)
generates a random dynamical system, hence asymptotic structures like random attractors
are well-understood. In this scenarios, system (1.1) has no deterministic equilibrium but is
expected to possess a random attractor, although little is known on the inside structure of the
attractor and much less on whether or not the attractor is a (random) singleton.

We remind the reader of a well-known technique in [15,16,23] to generate RDS and to
study random attractors of system (1.2) by a conjugacy transformation y, = v¥¢(n;, z¢),
where the semigroup v/, generated by the equation & = g(u) and 7 is the unique stationary
solution of the Langevin equation dn = —ndt 4 d Z;. The transformed system

9 ~1
b= (20 o [ AU 20 + 20+ 0CU 0] (L)

can then be solved in the pathwise sense and the existence of random attractor for (1.4) is
equivalent to the existence of random attractor for the original system. This conjugacy method
works in some special cases, particularly if g(-) is the identity matrix, or more general if
g(y) = Cy for some matrix C that commutes with A (see further details in Remark 3.10).
For more general cases, the reader is refered to [8,9] and the references therein for recent
methods in studying the asymptotic behavior of Young differential equations.

Another approach in [8,11] uses the semigroup technique to estimate the solution norms,
which then proves the existence of a random absorbing set that contains a random attractor
for the generated random dynamical system. Specifically, thanks to the rule of integration
by parts for Young integrals, the "variation of constants" formula for Young differential
equations holds (see e.g. [25] or [8]), so that y; in Eq. (1.3) satisfies

t

t
yi = ®(")yo +/ O (1 —5) f(ys)ds +/ Ot —5)8(ys)dxs, Vi =0, (1.5)
0 0

where ®(#) is the semigroup generated by A. By constructing a suitable stopping times
{Tk }xen, one can estimate the Holder norm of y on interval [t,, 7,41] in the left hand side
of (1.5) by the same norm on previous intervals [t, Tx41] for K < n following a recurrent
relation, thereby can apply the discrete Gronwall Lemma (see Lemma 3.12 in the Appendix).
However this construction of stopping times only works under the assumption that the noise
is small in the sense that its Holder seminorm is integrable and can be controlled to be
sufficiently small.
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In this paper, we propose a different approach in Lemma 3.3, which first estimates the
Euclidean norm ||y, || of y attime n in (1.5) by applying the continuous Gronwall Lemma, and
then estimate Young integrals in the right hand side by the p-variation norms ||y || p—var, [k,k+1]
using Proposition 3.2. Thanks to Theorem 2.4 and its corollaries, these norms ||y || p—var, [k,k+1]
are estimated by || yx ||, which leads to a recurrent relation between ||y, || and previous terms
Iy« |l. As a consequence, one can apply the discrete Gronwall Lemma 3.12 and yield a stability
criterion in Theorem 3.4. Therefore, the method works for a general source of noises, and
the stability criterion matches the classical one for ordinary differential equations when the
effect of driving noise is cleared. Moreover, the same arguments can be applied for stochastic
process Z with lower regularity (for instance Z is a fractional Brownian motion B¥ with
% < H < %), in that case equation (1.3) is no longer a Young equation but should be
understood as a rough differential equation and can be solved by Lyon’s rough path theory
[18] (see also [10,22]).

The paper is organized as follows. Section 2 is devoted to present preliminaries and main
results of the paper, where the norm estimates of the solution of (1.2) is then presented
in Sect. 2.1. In Sect. 3.1, we introduce the generation of random dynamical system from
the equation (1.1). Using Lemma 3.3, we prove the existence of a global random pullback
attractor in Theorem 3.4. Finally in Sect. 3.3, we prove that the attractor is both a pullback
and forward singleton attractor if g is a linear map in Theorem 3.9, or if g € Cl% for small
enough Lipschitz constant C, in Theorem 3.11.

2 Preliminaries and Main Results

Let us first briefly make a survey on Young integrals. Denote by C([a, b], R"), for r > 1, the
space of all continuous paths x : [a, b] — R” equipped with supremum norm || x| sc,[a,5] =
SUP;erq.b] %Il where || - || is the Euclidean norm of a vector in R”.For p > l and[a, b] C R,
denote by C”~V¥([a, b], R") the space of all continuous paths x € C([a, b], R") which
is of finite p—variation, i.e. [|x|l )—var,[a.b) = (supn(a,h) Z;’:l llxz; —x,,.||1’)1/p < 00
where the supremum is taken over the whole class I1(a, b) of finite partitions I1 = {a =
th <t < - < t, = b} of [a,b] (see e.g. [10]). Then CP~V¥([a, b], R"), equipped
with the p—var norm x|l p—var,(a.6] := lI%all + WXl p—var,[a,b)> 1S @ nONseparable Banach
space [10, Theorem 5.25, p. 92]. Also for each 0 < @ < 1, denote by ce—Hol([q, b1, R")
the space of Holder continuous paths with exponent « on [a, b], and equip it with the

norm |1/l —tol 0.l = I1xall + $Up, <y 1<y 55k Note that for & > L, it holds that

c*Hol([a, b], R") C P~ (la, b], R").
‘We recall here a result from [6, Lemma 2.1].

Lemma2.1 Letx € CP7V¥([a,b],RY), p>1.Ifa=a) <ay < --- < ay = b, then

k—1 k=1

P p _ 1yl P
D) v ) = ) vy = = D7 ST -
i=1 i=1

Now, for y € CI7V ([a, b], R¥*™) and x € CP~V*([a, b], R™) with % + é > 1, the
Young integral fab v:dx, can be defined as fab yedxg = “_l[ilmo > wvjen Yu(xy — xy), where
= ,
the limit is taken over all the finite partitions IT of [a, b] with |T1| := [ m?xl_I [v—u| (see [24,
u,vje

pp- 264-265]). This integral satisfies the additive property and the so-called Young-Loeve
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estimate [10, Theorem 6.8, p. 116]

t
H / Yudxy — ys[xr — xs]
s

1—1_1
< (=277 yllg—var. 5.0y I¥ M p—var 5.1 » ¥Is, 71 C la, bl 2.1)

From now on, we only consider ¢ = p for convenience. We impose the following assumptions
on the coefficients A, f and g and the driving path x.
Assumptions

(H;) A € R¥*? is a matrix which has all eigenvalues of negative real parts;

(Hy) f:R? - R¥and g : RY — R¥*™ are globally Lipschitz continuous functions. In
addition, g € C! such that D is also globally Lipschitz continuous. Denote by C 7, C,
the Lipschitz constants of f and g respectively;

(H3) foragiven p € (1, 2), Z; is a two-sided stochastic process with stationary increments
such that almost sure all realizations belong to the space CP~Y¥ (R, R™) and that

1

P = (EUZN) 1) < 00 (2.2)

For instance, Z could be an m —dimensional fractional Brownian motion B [20] with
Hurst exponent H € (%, 1), i.e. a family of centered Gaussian processes B/ = {B/1},
t € R or Ry with continuous sample paths and the covariance function

Ry(s.t) = 3@ + 5 — 1 —s™), vi,seR.

Assumption (Hj) ensures that the semigroup ®(r) = e’ € R generated by A
satisfies the following properties.

Proposition 2.2 Assume that A has all eigenvalues of negative real parts. Then there exist
constants Cp > 1, g > 0 such that the generated semigroup ®(t) = Al satisfies

[ ®lloo,fa,b) < Cae 4%, (2.3)
NN p—var fap) < |AICae 4B —a), YO <a <b, 2.4
N ) | Ax||
in which |A| := sup .
Ixi=1 llx]]

Proof The first inequality is due to [1, Chapter 1, §3]. The second one is followed from the

mean value theorem
v
/ AD(s)ds

u

@) — @) = ‘

v
< / |A|Cae™*4%ds < |A|Cae 4 (v —w),
u

for any u < v in [a, b] where e *4" is a decreasing function. O
Our main results (Theorems 3.4, 3.9, 3.11) could be summarized as follows.

Theorem 2.3 Assume that the system (1.1) satisfies the assumptions Hy — H3, and further
that L4 > CyCp, where L4 and Cy are given from (2.3), (2.4). If

it — CaCr > Ca(l + |A|)e“+2<‘A'+Cf>{[2(K n 1)cgr(p)]p n [2(1{ + 1)cgr(p)]},
2.5)
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where T'(p) is defined in (2.2) and K in (2.7), then the generated random dynamical system
¢ of (1.1) possesses a pullback attractor A(x). Moreover, in case g(y) = Cy + g(0) is a
linear map satisfying (2.5) or in case g € Cg with the Lipschitz constant Cq small enough,
this attractor is a singleton, i.e. A(x) = {a(x)} a.s., thus the pathwise convergence is in both
the pullback and forward directions.

For the convenience of the readers, we introduce some notations and constants which are
used throughout the paper.

L:=|Al+Cy, Ly:=CaCy, A:=2ipa—Ly; (2.6)
(] ol A1 ! )
K:=(1-2"7) ,a._log<1+K+1>, 2.7
__ iyl lg@I
Mo = =—— + &0, 2.8)
M == KCype** (1 + |A]); (2.9)
et —1 1 1
M> := max [cA MiC, (Z + w) : Mlcg}max{uf(mn, lg(O)11}:
(2.10)
A A 4L P
G = Cadt (1 + |A])e [[2(1{ n 1)cgr(p)] + [2(1{ + 1)cgr(p)]]. @2.11)

2.1 Solution Estimates

In this preparatory subsection we are going to estimate several norms of the solution. To
do that, the idea is to evaluate the norms of the solution on a number of consecutive small
intervals. Here we would like to construct, for any y > 0 and any given interval [a, b], a
sequence of greedy times {74 (y)}ren as follows (see e.g. [5,6,8])

10 = a, T1 () = inf{t > w(y) : Ixl p—var, [z ()1 = VI A D (2.12)
Define
N = Ny [a.p)(x) := sup{k € N, 7 (y) < b}, (2.13)
P

then due to the superadditivity of [|x|| p—var,[s.1]

N-2
- p - p
e e S Z £ ANV
k=0
=S B LA
which yields N < 1+ y 77 lIxll?_ .. 121 (2.14)
From now on, we fix p € (1,2) and y := m, and write in short Ny, »)(x) to specify

the dependence of N on x and the interval [a, b].

We assume throughout this section that the assumption (Hj), (H3) are satisfied. The
following theorem presents a standard method to estimate the p—variation and the supremum
norms of the solution of (1.2), by using the continuous Gronwall lemma and a discretization
scheme with the greedy times (2.12).
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Theorem 2.4 There exists a unique solution to (1.2) for any initial value, whose supremum
and p—variation norms are estimated as follows

I locatn = [13al + MoNig 1) ] Nien 04220, (2.15)

5 santan < (13l + MoNun ()| exMen O #2L0-0N 7 o) (2.16)
where L, o and My are given by (2.6), (2.7) and (2.8) respectively.

Proof There are similar versions of Theorem 2.4 in [19, Proposition 1] for Young equations
or in [5, Lemma 4.5] and [22, Theorem 3.1] for rough differential equations with bounded
g, thus we will only sketch out the proof here for the benefit of the readers. To prove (2.15),
we use the fact that |||g(y)|||p_var,[s,,] <Cq |||y|||P_VaI7[S’,] and apply (2.1) with K in (2.7) to
derive

t
lye = ysll = / (Lllyull + 1 £ O IDdu + x p—var, 15,1 (llg(yx)ll
s
+K Cy I3l p—var .1 )
t
SO that ”ly”'p—var’[s,t] S / L ”ly'"p—var,[s,uj du + (”f(o)” + L”)’s ”)(t - S)
N

#1505, (180N + (K + DC ¥l p—sar .11 ).

As a result,

t
"ly"lp—var,[s,t] = / 2L |||y|"p—var.[s,u] du +2(] fO)I + LllysID(t — ) +2 ”lxl”p—va_r,[s,t] lg(ys)ll
S

2.17)
whenever (K + 1)Cyq Xl p—var, 5,17 < % Applying the continuous Gronwall Lemma [2,

Lemma 6.1, p 89] for |||y|||p_\,ary[sq,] yields
IyWp—var, 5,7 < 2017 O+ Lllys D@ =) + 2 0x 0 p—var, (5,1 18 (s)l

t
+ [ 2220171+ LIy =) + 2168 -var g 1805
N

K+2 -
< (Mo + s~y (2.18)
whenever ||x|l ,_yar(s,n < v = m. Now construct the sequence of greedy times

{tk = t(¥)}ken on interval [a, b] as in (2.12), it follows from induction that
Dt = 0 loou s = 191 p—vareomion < (€ 0yell + Mo )21 =w)
= [l + Mok + D Je #2070 e = 0, Nig 1) = 1.

which proves (2.15) since 7y, ,;(x) = b. On the other hand, it follows from inequality of

p-variation seminorm in Lemmas 2.1 and (2.18) that forallk = 0, ..., Njg p)(x) — 1,
1 Nia,p)(x)—1
I lpsantant < M) D0 Iy e 2070 — 1) 4 ppge?t im0 |
k=0

p—1

= Nl @] I3l + MoNjg, 1 () [eMan0H2E0=0)
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which proves (2.16). O

By the same arguments, we can prove the following results.

Corollary 2.5 Ifin addition g is bounded by ||g|lcc < 00, then

/Ol o
9 sartan = [0+ (L2 21010 ) 14 el i) Mo 0|2 00N 0,
(2.19)
in which a vV b := max{a, b}.
Corollary 2.6 The following estimate holds
JEACI ( il
”y”p var,[a,b] lyall + V2| g0)]] (1+|”x|"p var, [a, bJ)Na p1(x) | X
w e¥Nia.b (¥)+2L (b= a)N (x) (2.20)

The lemma below is useful in evaluating the difference of two solutions of Eq. (1.2). The
proof is similar to [6, Lemma 3.1] and will be omitted here.

Lemma2.7 Let y', y? be two solution of (1.2). Assign

Q) = Qv y") = g(y) 0D, 120
where g satisfies (H»).
(i) If in addition, Dy is of Lipschitz continuity with Lipschitz constant C,, then

"|Q"|P—Vﬂl‘s[u,v] =G |Hy1 - yzmpfvar,[u,v] + C;’”yl - yZHOOa[uv"] H|y1 |||p7var,[u,v] - 22D

(ii) If g is a linear map, then | Qll p—var. w0y < Ce [|¥" = ||

p—var,[u,v]’

Thanks to Lemma 2.7, the difference of two solutions of (1.2) can be estimated in p-var norm
as follows.

Corollary 2.8 Ler y', y? be two solutions of (1.2) and assign z; = yl2 — vy} forallt > 0.
(i) If Dy is of Lipschitz continuity with Lipschitz constant C é then
Pl N _
Izl p—var,tab) < 1Zall(N{y py(x)) 7 2N @ 2EE=0 "vg < (2.22)
in which
Niapy @) = T4 12K + D(Co v COV XD e 0y A+ I i) 223)
(ii) If in addition g is a linear map then
aN[a,b](x)-&-ZL(b—a)_ (224)

”Z”pfvar,[a,b] < llzalle

Proof The proof use similar arguments to the proof of Theorem 2.4, thus it will be omitted
here. The the readers are referred to [19, Proposition 1], [6, Theorem 3.9] for similar versions.

O
Remark 2.9 1t follows from (2.14) that

p 1 p—1

Ny = (142K + DCA I y) 7
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_ -1
< T4 2K + DCIP XD sy
21 o
1\][‘12J ()C) < (1 =+ [2(K + 1)Cg]p |||x"|Z—var,[a,bJ) P

p=1 _ _
=257 (14 2K + DC PP 1K )

As a result, the norm estimates (2.16), (2.19), (2.20) have the same form
Iyl p—var.[a.6] < IYallA1(x, [a, b)) + Aa(x, [a, b]) (2.25)

in which A;(x, [a, b]) are functions of [|x || ,—yar (4,5)- Similarly, (2.22) (for a fixed solution
y!) and (2.24) can also be rewritten in the form (2.25) with A, = 0.

In the following, let y be a solution of (1.2) on [a, b] C RT and 1 be the solution of the
corresponding deterministic system, i.e

te = Ape + f (i), t € [a, D] (2.26)

with the same initial condition p, = y,. Assign h; := y; — u,. The following result, which
is used in studying singleton attractors in Theorem 3.11, estimates the norms of & with the
initial condition ||y, ||, up to a fractional order.

Corollary 2.10 Assume that g is bounded. Then for a fixed constant § = % € (%, 1), there
exists for each interval a, b] a constant D depending on b — a such that

llo a1 < D15l + 1) Wxlly a1 Nia 41, @27)
2p-1
”h”pfvar,[a,b] = D(”ya ”ﬁ + 1) |||x”|p—var,[a,b] N[a,pb] (x). (2.28)

Proof The proof follows similar steps to [13, Proposition 4.6] with only small modifications
in estimates for p - variation norms and in usage of the continuous Gronwall lemma. To
sketch out the proof, we first observe from (2.26) with » = b — a that

t
e = pesll = / UFO + LllpalDdu < e (Ll pall + 11f O —5), a <s <t <b.

(2.29)
Next, it follows from H; and the boundedness of g by ||g]|oo that

t
he — hsll = / Lihulidu +11glloo Xl p—var 5.1 + K WXl p—var 5.1 18 4 1O p—var, 15,11 -
N

(2.30)
Observe that due to the boundedness of g,

lig(he + 12e) — g(hs + 1) < Collhe — hsll + Qllgllos V Cllr — ps P
< Cgllhy — hsll + DA + |ualP)(t — )P, Va<s<t<b

where the last estimate is due to (2.29) and D is a generic constant depending on b — a. This
leads to

g+ 1l p—var, .11 < Co Wl p—var 5.0y + D1+ llzalP) 0 = )7 (2.31)
Replacing (2.31) into (2.30) yields
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AN p—var, 15,01

t
< [ LU+ LG =) + [elloe v DA+ Tl Kl
s
+ch |||x|||p7var,[s,t] |||h|||p7var,[x,t]

which is similar to (2.17). Using similar arguments to the proof of Theorem 2.4 and taking
into account (2.19), we conclude that

Vlow.a.on < €2 [Whall + DO+ ikl Il var 1 N1 ) .

for a generic constant D. Finally, (2.27) is derived since h, = 0. The estimate (2.28) is
obtained similarly. O

3 Random Attractors
3.1 Generation of Random Dynamical Systems

In this subsection we would like to present the generation of a random dynamical system
from Young equation (1.1). Let (2, F, IP) be a probability space equipped with a so-called
metric dynamical system 6, which is a measurable mapping 6 : R x Q@ — Q such that
0; 1 Q — Qis P— preserving, i.e. P(B) = ]P’(Q,_I(B)) forall B € F,t € R, and 6,45 =
0; o 65 for all 1, s € R. A continuous random dynamical system ¢ : R x Q X RY - RY,
(t, w, yo) — @(t, ®)yo is then defined as a measurable mapping which is also continuous in
t and yo such that the cocycle property

ot + s, w)y0 = @(t,0w) o p(s,w)yy, Vt,s e R, we Q,y € R 3.1

is satisfied [3].

In our scenario, denote by Co’p_var([a, b], R™) the closure of C*°([a, b], R™) inCP~¥* ([a, b],
R™), and by O~V (R, R™) the space of all x : R — R™ such that x|; € COP~V ([, R™)
for each compact interval I C R. Then equip C%7~V¥ (R, R™) with the compact open topol-
ogy given by the p—variation norm, i.e. the topology generated by the metric:

1
dp(x1.x2) ==Y & ¥ = x2llp—var.[—k.k) A -
k>1

Assign
Q:=Cy P TR R") = (x € COPT(R, R™)| xo = 0},

and equip with the Borel o — algebra F. Note that for x € Cg povar (R, R™), [lx]I p—var,I and
lx |l p—var,7 are equivalent norms for every compact interval I containing 0.

To equip this measurable space (€2, F) with a metric dynamical system, consider a stochastic
process Z defined on a probability space (2, F, IP) with realizations in (Cg PTVAR R™MY, F).
Assume further that Z has stationary increments. Denote by 6 the Wiener shift

(6:x). = X1 — x1, Vi € R, x € CoP " (R, R™).

It is easy to check that # forms a continuous (and thus measurable) dynamical system (6;);cr
0, p—var

on (C, (R, R), F). Moreover, the Young integral satisfies the shift property with respect
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to 0, i.e.
b b—r
/ yudxu = / yr+ud(0r-x)u (32)
a a—r

(see details in [6, p. 1941]). It follows from [4, Theorem 5] that, there exists a probability
Pon (2, F) = (Cg'p_wlr (R, R™), F) that is invariant under 6, and the so-called diagonal
process Z:RxQ—R" Z(t,x) =x;forallt € R, x € @, such that Z has the same law
with Z and satisfies the helix property:

Zivs(x) = Zs(x) + Z;(05x),Vx € Q,t,5s € R.

Such stochastic process Z has also stationary increments and almost all of its realizations
belongs to Cg’p YR, R™). It is important to note that the existence of Z is necessary to
construct the diagonal process Z.

When dealing with fractional Brownian motion [20], we can start with the space Co(R, R™)
of continuous functions on R vanishing at zero, with the Borel o —algebra F, and the Wiener
shift and the Wiener probability IP, and then follow [12, Theorem 1] to construct an invariant
probability measure P¥ = BHP on the subspace C" such that B¥ 0§ = 6 o B . Tt can be
proved that 6 is ergodic (see [12]).

Under this circumstance, if we assume further that (2.2) is satisfied, then it follows from
Birkhorff ergodic theorem that

1

1 & r
['(x, p) =i - O_xx||? =T 3.3
(x. p) := lim sup (n ; 6—x |||p_var,[_1,u> (p) (33)
for almost all realizations x; = Z;(x) of Z. Particularly, in case Z = BH = (BIH, e B,[n{)

where BiH are scalar fractional Brownian motions (not necessarily independent), we can apply
Lemma 2.1 in [6] with the estimate in [9, Lemma 4.1 (iii), p.14] to obtain that I'(p) < oo.

Proposition 3.1 The system (1.1) generates a continuous random dynamical system.

Proof The proof follows directly from [4] and [6, Section 4.2], so we only sketch out the
proof here. First, for each fixed driving path x € €2, Eq. (1.1) is solved in the path-wise sense
by Young equations (1.2) and (1.3) for the starting point yg at time 0 in the forward time if
t > 0, or in the backward time for # < 0 by the backward Young equation

0 0
Yt = Yo +/ [Ays + f(ys)]ds +/ g(ys)dxs, Vt<0,ypeR,
t t

(see details in [6, Theorem 3.8]). Define the mapping ¢ (7, x)yo := y;(x, yo), fort e R, x €
Q, y0 € R9, which is the pathwise solution of (1.1), then it follows from the existence and
uniqueness theorem and the Wiener shift property (3.2) that ¢ satisfies the cocycle property
(3.1) (see [6, Subsection 4.2] and [11] for more details). Also, it is proved in [6, Theorem 3.9]
that the solution y;(x, yo) is continuous w.r.t. (¢, x, yp), hence given a probability structure
on 2, ¢ is a continuous random dynamical system. O

3.2 Existence of Pullback Attractors
Given a random dynamical system ¢ on R4, we follow [7], [3, Chapter 9] to present the

notion of random pullback attractor. Recall that a set M = {M(x)}xeq a random set, if
y +— d(y|M(x)) is F-measurable for each y € R?, where d(E|F) = sup{inf{d(y, z)|z €
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F}|y € E} for E, F are nonempty subset of R? and d(y|E) = d({y}| E). An universe D is
a family of random sets which is closed w.r.t. inclusions (i.e. if bl € D and bz C ﬁl then
ﬁz e D).

In our setting, we define the universe D to be a family of tempered random sets D(x),
which means the following: A random variable p(x) > 0 is called fempered if it satisfies

1
lim ;1og+ p(6;x) =0, as. (3.4)

t—+o00

(seee.g. [3, pp. 164, 386]) which, by [15, p. 220]), is equivalent to the sub-exponential growth

Iliri_n e~ Mp@,x)=0 as. Yc>0.
—=+o00

A random set D(x) is called tempered if it is contained in a ball B(0, p(x)) a.s., where the
radius p(x) is a tempered random variable.

A random subset A is called invariant, if ¢(f, x)A(x) = A(G;x) forallt € R, x € Q. An
invariant random compact set A € D is called a pullback random attractor in D, if A attracts
any closed random set D € Din the pullback sense, i.e.

Jim d(p(r, 0_x)D(0-1x)|A(x)) = 0. (3.5)

A is called a forward random attractor in D, if A is invariant and attracts any closed random
set D € D in the forward sense, i.e.

Jim d(g(t, x) D(x)|A(#:x)) = 0. (3.6)

The existence of a random pullback attractor follows from the existence of a random pullback
absorbing set (see [7, Theorem 3]). A random set B € D is called pullback absorbing in a
universe D if B absorbs all sets in D, i.e. for any De D, there exists a time fy = #o(x, 15)
such that

@(t,0_1x)D(6_;x) C B(x), forallt > f. (3.7)

Given a universe D and a random compact pullback absorbing set B € D, there exists a
unique random pullback attractor in D, given by

Ax) = Ns=0Ur=59 (1, 01 x) B0 x). (3.8)

Since the rule of integration by parts for Young integral is proved in [25], the "variation of
constants" formula for Young differential equations holds (see e.g. [8]), i.e. y; satisfies

t t
Vi = Bl — a)ya + f Ot — 5)f ()ds + f O - )gOn)dxs, Viza.  (39)

We need the following auxiliary results.

Proposition 3.2 Given (2.3) and (2.4), the following estimate holds: forany0 <a < b < ¢

b
| [ o9t

= KCa[ 1414106 = @ | 151y var o1 €[ Colly llp—varasn + 12O
(3.10)
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Proof The proof follows directly from (2.3) and (2.4) as follows

b
H / D(c — $)g(y)dxs

< xlp—var.fa.5) (1P (€ = g | + K NP (e = g p—var,[a.61)

= Il var s {106 = @8 G

+K (19 = M p—var, 0,51 18D loorfa.6 + 19 (¢ = lloo.fas) 8O p—var.a.51) }
< KCA XM pvar,fapy €47 x
x [Cg 1yall + 1O + 1A1(5 — @) (Cgll¥lloo.tab) + 18O + C ¥l p—var a5 ]

= KCa[1+14106 = @) | Ixllyvar a1 €[ Colyllp—variasn + 18O

The following lemma is the crucial technique of this paper.

Lemma 3.3 Assume that y; satisfies (3.9). Then for any n > 0,

Ca
by A
Iyl = Callyol + 5= 1/ O(¥ - 1)

n
+ 2 K CA( + AN Il pvar, a €[ Cll Y lp—var. 0 + O] Vi € A,
k=0
(3.11)

where Ay := [k, k + 1], Ly and X are defined in (2.6).

Proof First, for any ¢ € [n,n + 1), it follows from (2.3) and the global Lipschitz continuity
of f that

t t
Ioul = Nl + [ 10w =5 700tds + | [ @6 - g0

t t
< Cae il + [ Cae 0 (s + 17O )ds + | [ 0= 9g00ax

_ (& _ ro
< Cye “’Ilyoll+ﬁllf(0)ll(l—e “’)+cACf/ e |1y llds + By,
0

where f; := ” fot Dt — 5)g(ys)dxs
41 yields

. Multiplying both sides of the above inequality with

Cy !
llvelle*4” < Callyoll + Hllf(O)II(e“’ — 1) + Bre™! + CaCy / "5 |l ysllds.
0

By applying the continuous Gronwall Lemma [2, Lemma 6.1, p 8§9], we obtain
Aat CA Aat Aat
lyelle™*" < Callyoll + Ellf(())ll(e — D+ Bie

! AU C s N
+ fo Lyt 1 [ Callyoll + 1 O = 1)+ poe™ Jas.
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Once again, multiplying both sides of the above inequality with e~ £/’ yields

C
Iyelle™ < Callyolle™ " + 21 FO) (e — e7H") + pre™

A

' —Lys Ca AAS AAS

+ [ Lremtr[Callvoll + 2O = 1) + Byt ]ds
0 Aa
C d ,
< Calyoll + S 1F O (& = 1) + pre + / Lyfse™ds.  (3.12)
0

Next, assign p(la, b) = K Ca[ 141416 =) | 16y var fa.0 [ Ce ¥l pvar a1 + 12O 1],
and apply (3.10) in Proposition 3.2, it follows that for all s < ¢

ﬂseks — eks

/0 (s —u)g(yu)dxy

Ls]—1
3 | / O (s — g ()
k=0 Y%

Ls]—1

+ e

IA

/L ‘J O (s — u)g(yu)dx,

<o Z e M= b AL e p([Ls ], s])
k=0
s Ls]
< Ze}‘se_)LA(s—k_])P(Ak) < ZeMeKke—Lf(S—k)p(Ak)- (3.13)
k=0 k=0

By replacing (3.13) into (3.12) we obtain

Ca
Iyelle* = Callyoll + =21 @1 (e — 1)

n t Ls]

+Ze“ekke‘Lf“‘")p(Ak)+Lf/ D etk R p(AL)ds
0
k=0 =

Ca - L(—
= Callyol + 21O = 1) + Y- e prag (eHr 00
k=0

t
+/ Lye b6 Pas)
k
Ca "
< Calyoll+ SEIFOI (¥ = 1) + DM pap. Vi€ nn+1)
k=0
where we use the fact that
t
e~brlma) 4 / Lre br6=Dgs =1, Vit >a. (3.14)
a
The continuity of y at# = n + 1 then proves (3.11). O

We now formulate the first main result of the paper.

Theorem 3.4 Under the assumptions (Hy) — (H3), assume further that .4 > CyCy, where
Aa and C 4 are given from (2.3), (2.4). If the criterion (2.5)

Ja— CaCy > Ca(l + |A|)6M+2(\AI+C.f)”:2(K + 1)CgF(p):|p n [2(1{ 4 1)Cg1“(p)]]
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holds, where T'(p) is defined in (2.2), then the generated random dynamical system ¢ of
system (1.1) possesses a pullback attractor A.

Proof Step 1. To begin, we rewrite the estimate (2.15) in the short form, using (2.25) in
Remark 2.9
¥l p—var,ar < Nyl A1 (x, Ag) + MoAa(x, Ag) (3.15)

where Ay = [k, k 4+ 1], My is given by (2.8) and
A1 La,bD) = (14 2K + DCI ™ Il ) F sl b,

Ao a1 =27 (14 20K + DCPP I ) F O [ B,

p—var,|a,b]

Fla, b)) = exp{a (14+ 2K + DCI Iy 0 +2LE -0}, (3.16)

for L, @ in (2.6) and (2.7) respectively. Replacing (3.15) into (3.11) in Lemma 3.3 and using
M, M5 in (2.9) and (2.10), we obtain

Cal SOl

lyalle* < Callyoll + (" — 1) -

n—1

FEA KA+ AD Y e Il var o [ Co (I A1, )
k=0

+MoA2(x, A0 ) + O] ]

n—1
< Callyoll + MiCg Y Mxllp—var,a, A1Cx, A)e™ Ikl
k=0
n—1

M2 Y0 (14 el v, (14 A20r 80) (3.17)
k=0

Assigna = Callyoll, ug = e ]| and
G(x,[a,b]) := ”lx”'p—var.[a,b] Ay (x, [a,b]), (3.18)
H(x, @ b)) = 14+ Ixlly e o (14 AaCx, 0. b)) (3.19)

for all k > 0, where A1, Aj are given by (3.16). Observe that (3.17) has the form

n—1 n—1
uy, <a+ M Cq ZG(x, Auy + Mo Ze“‘H(x, Ap).
k=0 k=0

We are in the position to apply the discrete Gronwall Lemma 3.12, so that

n—1
e 30l < Callyolle™ T [1 4+ 1€, Gex. A0
k=0
n—1 n—1
MY e EE A T] [1+M1CgG(x,Aj)], Vi > 1.
k=0 j=k+1

(3.20)

@ Springer



Journal of Dynamics and Differential Equations (2023) 35:1667-1692 1681

Step 2. Next, for any ¢ € [n, n + 1], due to (2.15) and (2.14), we can write

lye G, yo)lI < Hlyn (x, YOI F (x, Ap) + MoAo(x, Ap) (3.21)
where Aq(x, [a, b1) = (14 [2(K + DI K1)y 0 y) P [0 B, (322)

Consequently, replacing x with 6_;x in (3.21) and using (3.20) yields

lye (O—rx, yo(B— X))l
n—1

< Callyo@-)lle ™™ F(6-x, &) [T [1+ M1 Co GOk, 10, 1D] + Moo(®-rx, Ay)

k=0
n—1 n—1
+M2 Y e IO x, A H O3, 101D [ [1+M1C,G6;0x.10.1D)]
=0 =kt

n
< CaF G =1 D yo@-olle™ sup [T[14+MiCGOsx, [—e. 1= e))]
ee[O,l]k:1

+M()A()(X, [_17 1])

+MyF(x,[—1,1]) sup > e MH O 4x,[—€, 1 —€])

eel0.1] 525
k-1
I1 [1 + MCoGO_jx, [—€, 1 — e])]
j=1

= CaF G =1 D yo@-lle™ sup [[14+MiCGOix, [—e, 1= €))]

€el0,11,_;
+MoAo(x, [—1, 1]) + Mo F (x, [—1, 1Db(x), (3.23)
where b(x) := sup Ze_)‘kH(G,kx, [—e, 1 —€)])
eel0,11
k—1
[1 + M CyG(O_jx. [—€. 1 — e])], (3.24)

1

i
(b(x) can take value 00). Applying the inequality log(1 + ae”) < a + b fora, b > 0 and
using (3.18), (3.15), we obtain

log (1 + M CeGx. [—€. 1 — e]))

=M cge"*“[ Il p—yar,j—1,17 + [2(K + 1)C,17™! |||x|||£_var,[_1,u]
+[2(K + I)Cg]p |\|x|||Z,Var_[,1,1]
K +1
< [Mem 2 2] 120K + D1 CE NN 1.1y + M1e ™ C Ikl var 1.1

P
= Cat 2+ 1AD[[20K + DCe ey arg 1 |+ [20€ + DCe el var o111 ]

Together with (3.3) and (2.9), it follows that for a.s. all x,

n—oo N e€l0,1]

1 n
lim sup ~ log { sup ] [1 + M1CyG(O_px, [—€, 1 — e])]}
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P N

= Cae 21+ 1AD] [2k + DEI |+ 26 + e T ]} =6, 3.25)

where G is defined in (2.11) and is also tpe right hand side of (2.5), and L is defined in (2.6).
Hence forr € A, with0 < § < %(A — G) and n > ng large enough

n—1

(—+Gm < sup 1_[ [1 + M CoG(O—ix,[—&, 1 — 8])] < eO+6m
8€mJ]k:0

Starting from any point yo(6—;x) € D(6_;x) which is tempered, there exists, due to (3.4),
an ng independent of yq large enough such that for any n > ng and any ¢ € [n,n + 1]

13001, 300Dl < Cac*t o (@- I F(x, [=1, 1D exp [~ (1 — G —5) n}
(3.26)
+MoAo(x, [—1,1]) + Mo F (x,[—1, 1])b(x)
< 1 MyF(x, [=1, TDbC0) + MoAo(x, [=1, 1) = b(x)
(3.27)

where F, Ag are given in (3.16) and (3.22). In addition, it follows from (2.14) and the
inequality log(1 + ab) < log(l + a) +logb foralla > 0, b > 1, that

logh(x) < log[l + MyF(x,[—1, 1])] + log[1 + b(x)]
1og {14+ Mo[ 1+ (20K + 1Cy ) W)y 1.1y [P T-1, 1)

< D +log[l + b(x)] + [2(K + DC,1P ”lxmﬁ—var,[—l,l] +2log F(x,[—1,1])
< D{ + |||x|||§,var,[,1,1]) + log[1 + b(x)] (3.28)

where D is a constant.
Step 3. Notice that (3.3) implies lim
n—0o0

7m9’"xm”;v"‘“*'~” = 0. The proof would be complete

if one can prove Proposition 3.5 below, that b(x) is finite and tempered a.s. Indeed, assume that
Proposition 3.5 holds, then by applying [3, Lemma 4.1.2], we obtain the temperedness of b(x)
in the sense of (3.4). We conclude that there exists a compact absorbing set B(x) = B(0, I;(x))
and thus a pullback attractor A(x) for system (1.2) in the form of (3.8). ]

To complete the proof of Theorem 3.4, we now formulate and prove Proposition 3.5.

Proposition 3.5 Assume that (2.5) holds. Then b(x) defined in (3.24)
[e'9) k—1
b() = sup Y e HHOpx, [—e, 1 =D [[[1 4 MIC,GO-jx. e, 1= €], vreQ
eel0.1] 1 =1
is finite and tempered a.s. [in the sense of (3.4)].

Proof From the definition of H in (3.19), by similar computations as in (3.28) using the
integrability of [lxl ,—yar,[—1,17 it is easy to prove that log H (x, [—1, 1]) is integrable, thus
log H(O—_px,[—1,1])

lim sup =0 as.
n— 00 n

Hence, under condition (2.5), there exists for each 0 < 2§ < A — G an no = no(8, x) such
that for all n > ng,

e < HO_px,[—1,1]) < ™.
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Consequently,
no—1
b(x) < Ze—AkH(Q_kx -1, 1) sup 1_[( +M1CgG(0—jx,[_€,1—8]))
=1 £€[0,1]
00 A
n Z o~ (:—28=G)k
k=nqo
no—1 " ef(A7257G)no
< ;e H(O—kx, [—1, 1])]_[1(1+M1C G@O-—jx, [-1, 1])) 1 020
J

which is finite a.s. Moreover, for each fixed x, [lx|l,,—yar [5,¢] 1S continuous w.r.t (s, ) on
{(s,1) € R2|s < 1} (see [10, Proposition 5.8, p. 80]). Therefore, G(x, [—&, 1 — ¢]) and
H(x,[—¢, 1 — ¢]) are continuous functions of &. Since b(x) < b*(x), the series

k—1
Ze‘”‘H(G X, [—€, l—e)l_[[l—i-MlC GO-jx,[—€ l—e])]
k=1 j=1

converges uniformly w.r.t. € € [0, 1], thus the series is also continuous w.r.t. ¢ € [0, 1].
Hence the supremum in the definition of b(x) in (3.24) can be taken for rational €, which
proves b(x) to be a random variable on 2.

To prove the temperdness of b, observe that for each t € [n,n + 1]

b(0;x) = b(0,0;—nx)

k—1
= wp 3 HO- 01 0. ) [T 1+ M1CoG - jinbcsrnr. 101D
e€l0, l]k 1 j=1
k—1
< wp Y e H O, e =D [][1+MCGE- . 1-e 1~ D]
ec[— ll]k 1 =1

< max{b(0,x), b(6p11X)}.

Forn > 0,

k—1
DOy = sup 3 e HHO o[-, L—e) [T[14+M1CGO- . =61 = e])]
e€l0,1], j=l1

< ™ sup Z RO H (O gy, [—e. 1 — £])
e€[0,1] k=1
n+k—1
I1 [1 + My CoG O (jmyx. [—&. 1 — g])]
j=1
< Mb(x).
Therefore
logb(6_,x
limsupM <A< o00.
n—-+o00

Applying [3, Proposition 4.1.3(i), p. 165] we conclude that
. log b(6;x) . log b(6;x)
lim sup = lim sup -, = 0,

t——00 | | t—+00

@ Springer



1684 Journal of Dynamics and Differential Equations (2023) 35:1667-1692

i.e. b is tempered. u

Corollary 3.6 Assume that f(0) = g(0) = 0 so that y = 0 is a solution of (1.1). Then under
the assumptions of Theorem 3.4 with condition (2.5), the random attractor A(x) is the fixed
point 0.

Proof Using (3.26) and the fact that My = M, = 0 if f(0) = g(0) = 0, we obtain

13000, 30) | = Cac™ Fr (=L Do @-)llexp {— (1 = G =5)n}  (329)

fort € A,. It follows that all other solutions converge exponentially in the pullback sense to
the trivial solution, which plays the role of the global pullback attractor. O

Remark 3.7 In [8,11] the authors consider a Hilbert space V together with a covariance
operator Q on V such that Q is of a trace-class, i.e. for acomplete orthonormal basis (e;); <N of
V, there exists a sequence of nonnegative numbers (g; );en such that tr(Q) := Zf’il qi < 00.
A V — valued fractional Brownian motion B = Y"7°, /g;, ,Bl.H e; is then considered, where
B [H )ieN are stochastically independent scalar fractional Brownian motions of the same Hurst
exponent H. The authors then develop the semigroup method to estimate the Holder norm
of y on intervals 1y, Tx4+1 Where 7 is a sequence of stopping times

0 =0, k1 — T + Xl g, 1, 1011 = 4
for some € (0, 1) and 8 > %, which leads to the estimate of the exponent as
— (kA — C(Ca. p)e** max{C, cg}ﬁ)rn, (3.30)
Tn

where C(Cx, ) is a constant depending on C4, u. It is then proved that there exists

liminf 2 = %, where d = d(u, tr(Q)) is a constant depending on the moment of the
n—0o0
stochastic noise. As such the exponent is estimated as

- (AA — C(Ca. p)e** max{C s, Cold(p, tr(Q))). (3.31)

However, it is technically required from the stopping time analysis (see [8, Section 4]) that
the stochastic noise has to be small in the sense that the trace tr(Q) = Zf; g; must be
controlled as small as possible. In addition, in case the noise is diminished, i.e. g = 0, (3.31)
reduces to a very rough criterion for exponential stability of the ordinary differential equation

1
C Ape A
1= C(Car d ()¢

In contrast, our method uses the greedy time sequence in Theorem 2.4, so that later we
can work with the simpler (regular) discretization scheme without constructing additional
stopping time sequence. Also in Lemma 3.3 we apply first the continuous Gronwall lemma
in (3.12) in order to clear the role of the drift coefficient f. Then by using (2.15) to give a
direct estimate of yi, we are able apply the discrete Gronwall Lemma directly and obtain a
very explicit criterion.

The left and the right hand sides of criterion (2.5)

Ja— CaCy > Ca(l + |A|)6M+2(\AI+C/')”:2(K + 1)CgF(p):|p + [2(1{ + 1)CgF(p):|]

can be interpreted as, respectively, the decay rate of the drift term and the intensity of the
diffusion term, where the term e*41t4UAI+Cr) is the unavoidable effect of the discretization
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scheme. Criterion (2.5) is therefore a better generalization of the classical criterion for stability
of ordinary differential equations, and is satisfied if either C or I'(p) is sufficiently small. In
particular, when g = 0, (2.5) reduces to A4 > CC s, which matches to the classical result.

3.3 Singleton Attractors

In the rest of the paper, we would like to study sufficient conditions for the global attractor
to consist of only one point, as seen, for instance, in Corrollary 3.6. First, the answer is
affirmative for g of linear form, as proved in [9] for dissipative systems. Here we also present
a similar version using the semigroup method.

To begin, let y', y? be two solutions of (1.2) and assign z, = y> —y, forall # > 0. Similar
to (3.9), z satisfies

t t
G=0u-azt [ Sa-9)[feh=fob]ds+ [ 0e-906.z0dn, viza,

¢ ¢ (3.32)
where Q(s, z;) = g(z; + »!) — g(»}). Observe that by similar computations to (3.10), it is
easy to prove that

We need the following auxiliary result.

b
/ D(c —s)Q(s, zg)dxg

< KCA(Cy v C[1+ 141G = @) ]e ™ lxll, yarfo.y %

(U 15 ] —yar fa o) 12l p—var, 0,01 (3.33)

Lemma 3.8 Assume that all the conditions in Theorem 3.4 are satisfied. Let y', y* be two
solutions of (1.2) and assign z; = y,2 — yl1 forallt > 0.

(i) If Dy is of Lipschitz continuity with Lipschitz constant Cg,, then
n—1
" zall < Callzoll + € KCa(1+ [ADCy Vv C D> Wl povar,a, €
k=0
(15 M v v (3.34)
(it) Ifg(y) = Cy + g(0) then
n—1
Mlzall < Callzoll + e K Ca(l + [ADCe Y 1l pvar,a, €1zl p—var.a- - (3.35)
k=0

Proof The arguments follow the proof of Lemma 3.3 step by step, and apply Lemma 2.7,
Proposition 3.2 to obtain the estimate

t
izl < Callzoll + €' By + Ly / (Nzoll 4+ €™y )etr=as,
0

where 8; = || fot O (r—5)Q(s, z5)dxs|| is estimated using (3.33). The rest will be omitted. O

Theorem 3.9 Assume that g(y) = Cy + g(0) is a linear map so that Cy = |C|. Then under
the condition (2.5),

ko= CaCy > Cal+ AN 2D ok + e, r (] + [2k + DEr (],
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the pullback attractor is a singleton, i.e. A(x) = {a(x)} almost surely. Moreover, it is also a
forward singleton attractor.

Proof The existence of the pullback attractor A is followed by Theorem 3.4. Take any two
points aj, ay € A(x). For a givenn € N, assign x* := 6_,x and consider the equation

dy; = [Ay, + f(y)ldt + g(y)dx]. (3.36)

Due to the invariance of A under the flow, there exist b1, by € A(x*)suchthata; = y, (x*, b;).
Put z; = z;(x™) := y,(x*, b1) — y;(x™, by) then z,,(x*) = a; — ap. By applying Lemma 3.8
with x replaced by x*, and using Lemma 2.7 (ii), we can rewrite the estimates in (3.35) as

n—1

M izall < Callzoll +MiCg > [|x*]|
k=0

Ak
p—var,Ag € Izl p—var, Ay - (3.37)

Meanwhile, using Corollary 2.8(ii) and Remark 2.9, with Mj in (2.8) now equal to zero, we
obtain
”Z”p—var,[a,b] =< “Za”Al(x*» [a, b)),

in which A defined in (3.16). As a result, (3.37) has the form

n—1
"zl < Callzoll + Mi1Ce Y |||
k=0
n—1
< Callzoll + MiC D G(x*, A |z,
k=0

pvar.j0.1] 217 0, e ||z |

where G is defined in (3.18). Now applying the discrete Gronwall Lemma 3.12, we conclude
that

n—1

lzall < Callzoll [T11 + MiCoGx*, Ap)]. (3.38)
k=0

Similar to (3.25)
log(1 + M C,G(x*, Ag))
< CpetH2L(1 4 |A|)[(2(K + 1D Co 1=l p—var 0.1
(20K 4 DC N xly o) |

Therefore it follows from (3.38) that

- 1 ‘ 1 n—1 .
lim sup — log ||zx || < —X + lim sup — Zlog[l + M CoG(x*, Ap)]
n—oo N n—oo nk=0
P
< A+ Caeta 2Ll 4 |A|)[2(K +1)CT(p) + (2(K + 1)cg) r(p)l’]
<0

under the condition (2.5). This follows that lim,_,  ||a; — a2|| = 0 and A is a one point set
almost surely. Similar arguments in the forward direction (x* is replaced by x) also prove
that A is a forward singleton attractor almost surely. O
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Remark 3.10 As pointed out in the Introduction section, if we use the conjugacy transforma-
tion (developed in [15,16,23]) of the form y, = ¢€™ z,, where the semigroup e’ is generated
by the equation # = Cu and 7 is the unique stationary solution of the Langevin equation
dn = —ndt + dZ, (with Z is a scalar stochastic process), then the transformed system has
the form

y=e M [Aec”’ 2z + f(eMzp) + 1, CeCM Zt]~

However, even in the simplest case f = 0, there is no effective method to study the asymptotic
stability of the non-autonomous linear stochastic system

= (e*C"'AeC"' + n,C)zt. (3.39)

An exception is when A and C are commute, since we could reduce system (3.39) in the
form

= (A + ﬂtC>Zn

thereby solve it explicitly as

t
7t = z0 eXp{At + C/ nsds} = zoexp{At — C(n; — no — Zs + Zo)}.
0

In this case, the exponential stability is proved using the fact that exp{—C (n; —no — Z; + Zo)}
is tempered. However, since A and C are in general not commute, we can not apply the
conjugacy transformation but should instead use our method described in Theorems 3.4 and
3.9.

Next, motivated by [13], we consider the case in which g € Cg and Cy is also the Lipschitz
constant of Dg. Notice that our conditions for A and f can be compared similarly to the
dissipativity condition in [13]. However, unlike the probabilistic conclusion of existence and
uniqueness of a stationary measure in [13], we go a further step by proving that for C, small
enough, the random attractor is indeed a singleton, thus the convergence to the attractor is in
the pathwise sense and of exponential rate.

Theorem 3.11 Assumethat g € Cl% with || glleo < 00, and denote by Cy the Lipschitz constant
of g and Dg. Assume further that Ay > C4Cy and

4p(p+1)

ElzI. "} <00, Vr>0. (3.40)

p—var,[—r,r]

Then system (1.2) possesses a pullback attractor. Moreover, there exists a § > 0 small
enough such that for any Cy < 8 the attractor is a singleton almost surely, thus the pathwise
convergence is in both the pullback and forward directions.

Proof Step 1. Similar to [13, Proposition 4.6], we prove that there exist a time r > 0, a
constant € (0, 1), and an integrable random variable &, (x) such that

ly-Ce, o IIP < nllyoll? + & (x). (3.41)

First we fix r > 0 and consider u, h as defined in Lemma 2.10 on [0, 7], i.e i, is the solution
of the deterministic system & = Au + f(n) which starts at uo = yo and by = y, — ;. Then
using (3.12)

7O

eIl < Callyolle™ + Ca T
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On the other hand, due to (2.27) in Corollary 2.10 and (2.14),

Al < 12 lloo.o.1 < &G+ Iyoll?),

where 8 = % and & is a polynomial of [|x || ,_yar, [0, Of the form

£0(¥) = D Ixllp—var 0.1 (1 + I¥05 o1 )

where D is a constant.
Now for € > 0 small enough, we apply the convex inequality and Young inequality to
conclude that

1P < e+ 02 < (4 227D [ (Cae™) + eIyl + & (), (3.42)

where

202 (p+D)

1 D p—1
§ =& (2ox) = = (14151, o)

€ r p—1

for some generic constant D (depends on ). Thus &, is integrable due to =
and (3.40). By choosing r > 0 large enough and € € (0, 1) small enough such that

20%(p+D) < 42t
1 -1

Cae™™ <1 and n:= (142D [(CAe—“)ZP +e,3] <1

we obtain (3.41).

Step 2. Next, for simplicity we only estimate y at the discrete times nr for n € N, the
estimate fort € [nr, (n+1)r]issimilar to (3.21). From (3.41), it is easy to prove by induction
that

n—1

1yar e O I < 0" 130l + D 0 Buinyx), Yn = 1
i=0

thus for n large enough

n

1Ynr O—nrx, YOI < 0" 1501 + Y & (0—irx) < 1 +Zn E(0_irx) = Ry (x).
i=0 i=0

In this case we could choose l;(x) in (3.27) to be l;(x) = R, (x)ﬁ so that there exists a
pullback absorbing set B(x) = B(0, l;(x)) containing our random attractor .A(x). Moreover,
due to the integrability of &-(x), R, (x) is also integrable with ER, = 1 + %

Step 3. Now back to the arguments in the proof of Theorem 3.9 and note that Dg is also
globally Lipschitz with the same constant C,. Using Lemma 2.7 (i) and rewriting (3.34) in
Lemma 3.8 for x* yields

n—1

M zall < Callzoll +M1Cg Y [I¥* [l _yar.a, e“‘(l+H|y1 [ —— )”Z”pfvar,Ak (3.43)
k=0

where the p-variation norm of z can be estimated, due to Corollary 2.8(i), as
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A

N
Ielpvaras = (Mo x >) %0 2l (3.44)

with N, &) < 1+ 2K + DCI” [l (17 a A+ 1M —ar a7
(3.45)

IA

This together with (3.43) derives

n—1

A Lk
lzall < Callzoll + Y Iee™ |1zl
k=0

where Iy = M]Cg |||x*|||p7var,Ak (1 + |||y1|||p7var,Ak )(NAk(x )> p 2 Ak(x ) 2L

(3.46)
By applying the discrete Gronwall Lemma 3.12, we obtain
n—1
lzall < Callzolle™" [TC1 + L)
k=0
1 n—1
which yields log lzall < — log <2CAb(x )) — A+ — Zlog(l + Ix). (3.47)
" =0

On the other hand, due to (2.14), (2.19) and (3.27), it is easy to prove with a generic constant
D that

|Hyl“|p—var,Ak = D( H|0(k ”)xmp —var,[0,1] )(1 +b(0(k ”)x) + H|0(k n)xmp —var, [0, ]])

thus
[2(K + l)cg] H|x*H|p—Var,Ak a+ |Hyl H|P —var, Ak)

D{ H|9<k—n>x}||p_var,[o,u+|||9<k w51 —aro.1y 106w 127 a0

+ |6k —nyx H| X

p—var, [O] ]
X[1 4 bO—nx)] =: F(Op—n)x).

All together, Ij is bounded from above by
Ik = DCyF @) [ 1+ F7~ @) [ exp [log2 [ 1+ B2 00} 3.48)

where the right hand side of (3.48) is a function of O _y)x. The ergodic Birkhorff theorem
is then applied for (3.47), so that

lim sup — log lzall < —A + Elog Il + DC, [I:"(x) + I:"p(x)]eDﬁp(x)logZ] a.s. (3.49)
n—o00
Apply the inequalities
log(1 4+ x +y) < log(1 +x) +log(l + y),
log(1 4+ xy) =< log(1 +x) +log(l + y),
log(l1+xe¥) <x+y, x,y>0,
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it follows that

log {14 DCo[ £y + FP(0)]eP@he2) < (14 Fx) + FP (). (3:50)

To estimate F P(x), we apply Cauchy and Young inequalities to obtain, up to a generic
constant D > 0,

A 4p+2 ~ P
FP(x) < D[1+ 162 o, + 190 v o1y + I "W o F IR 01y + 5200
4p2+2 r
< D1+ I 0.+ I 0.1y + I oy + B 1+ 627 (0 .

Hence the right hand side in the last line of (3.50) is integrable due to (3.27) and the integra-
4p(p+l)

bility of [|x|| e V ar[—1.1] in (3.40) and of l;(x)zl’ in Step 2. On the other hand, the expression
under the expectation of (3.49) tends to zero a.s. as C tends to zero. Due to the Lebesgue’s
dominated convergence theorem, the expectation converges to zero as C, tends to zero. As
a result, there exists 6 small enough such that for C, < § we have ||z, = |la; —az]| — 0
as n tends to infinity exponentially with the uniform convergence rate in (3.49). This proves
a; = ap a.s. and A is a singleton.

Step 4. Let y,1 = y(t, x, a(x)), y,2 = y(t, x, yo(x)) be the solutions starting from a(x),
yo(x) respectively at t = 0. Since A is invariant, yt1 = a(b;x). By repeating the arguments in
Step 3 (x* is replaced by x), we conclude that A(x) = {a(x)} is also a forward attractor. O
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Appendix

Lemma 3.12 (Discrete Gronwall Lemma) Let a be a non negative constant and u,,, oy, B
be nonnegative sequences satisfying
—1 n—1

n
Un §a+2akuk+25kv Vn > 1

k=0 k=0

n—1 n—1 n—1

then u, <max{a,uo) [ [A+e)+ > B [[ A+ap. ¥n=1. (3.51)
k=0 k=0 j=k+1
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Proof Put

n—1 n—1 n—1 1 n—1
Spi=a+ ) o+ ) . Too=maxiauo) [JA+e)+Y pc [T (1 +ap.
k=0 k=0 k=0 k=0 Jj=k+1
We will prove by induction that S,, < T, foralln > 1. Namely, the statement holds forn = 1
since §1 = a + apup + Po < max{a, up}(1 + o) + Bo = T1.
We assume that S,, < T, for n > 1, then due to the fact that u,, < S,, we obtain

n—1 n—1
Sn+1 =a-+ Zakuk + Z,Bk + ayuy +I3n =S, + ayu, +ﬂn
k=0 k=0
< Sp+apSy+ By =TI +ap) + B
n—1 n—1 —1
< | max{a, uo} [ [+ + D B [[ (I +ap) | (1 +a)+8
k=0 k=0 j=k+1
n n n—1
< max{a, uo} [JA +a) + D B [ A +ajp) =Tupr.
k=0 k=0 j=k+1
Since u,, < S,, (3.51) holds. O
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