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Abstract

We study the convergence of a sequence of evolution equations for measures supported on
the nodes of a graph. The evolution equations themselves can be interpreted as the forward
Kolmogorov equations of Markov jump processes, or equivalently as the equations for the
concentrations in a network of linear reactions. The jump rates or reaction rates are divided
in two classes; ‘slow’ rates are constant, and ‘fast’ rates are scaled as 1/e, and we prove
the convergence in the fast-reaction limit ¢ — 0. We establish a I"-convergence result for
the rate functional in terms of both the concentration at each node and the flux over each
edge (the level-2.5 rate function). The limiting system is again described by a functional,
and characterises both fast and slow fluxes in the system. This method of proof has three
advantages. First, no condition of detailed balance is required. Secondly, the formulation in
terms of concentration and flux leads to a short and simple proof of the I'-convergence; the
price to pay is a more involved compactness proof. Finally, the method of proof deals with
approximate solutions, for which the functional is not zero but small, without any changes.

Keywords Quasi-steady state approximation - I'-Convergence - Linear network - Rate
functional - Fast reaction limit

1 Introduction

The aim of this paper is to prove a fast-reaction limit for a sequence of evolution equations
on a graph. We first specify the system.

Let G = (V, R) be a finite directed diconnected graph with weights k€ : R — [0, 00).
For each edge r € R we denote r = (r—, r4), withr_, ry € V the corresponding source and
target nodes. We consider the classical problem of deriving effective equations for the flow
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on (V, R) with two different rates:
0€(1) = —div(k® ® p(1)), 0€(0) fixed. (1.1)

with discrete divergence (div A), := ), _. A, —Zr+:x A, product (kK ®p),er = Kf pr_,
andt € [0, T'],T > 0. We assume that the space of edges is a disjoint union R = Rlow UR fast
so that

€ Kr, r € Rslow,

K, = 1

1.2
ke € Riast- (12

We are interested in the limiting behaviour as € — 0, where the fast edges equilibrate
instanteously onto a slow manifold. Such limits, also known as ‘Quasi-Steady-State Approx-
imations’, have a long history in the literature, see for example [41,43].

1.1 I'-Convergence of the Large-Deviations Rate

Often, one is not only interested in convergence of the dynamics, but also in convergence of
some variational structure such as a gradient structure, or more generally an ‘action’ functional
that is minimised by the dynamics (1.1). Of course this convergence is particularly relevant
if this action has a physical meaning. The functional that we study in this paper can be
interpreted as an action functional in the following way.

Consider a microscopic system of n independent particles X;(t) € V,i = 1,...,n
that randomly jump from state X{(r_) = r_ to a new state X () = ry with Markov
intensity «. This is a typical microscopic model for a (bio)chemical system of unimolec-
ular reactions with multiple time scales. The concentration of particles in state x is then
oy () =07t Y0 1 X¢(1)=x}» and the vector of random concentrations p™“ () converges
to the deterministic solution p€(¢) of (1.1) by Kurtz’ classical result [21]. For large but finite
particle numbers n, there is a small probability that p™ € (¢) deviates significantly from p€ ().
These small probabilities are best understood through a large deviations principle [1,14,22]:

—n"ogProb (o™ & p) "X I5(p(0) +I(p),  where (1.3a)
I(p):=  inf > / s(ir@ 1 ke ) de. (1.3b)
jeL}([o,g]:RR): cr /10.T]
p==divj

alogy —a+b fora,b >0,
s(a|b):=3b fora=0,b>0, (1.3¢)
00 otherwise.

and 15 reflects whatever randomness is taken for the initial concentration p™€(0). We stress
that this formula is typical for Markov jump processes; chosing a different microscopic model
for the dynamics could lead to different functionals.

If the network satisfies detailed balance, then the rate functional (1.3b) can be related to a
gradient flow [30,31,34,35]. We shall revisit the detailed balance condition in Sect. 1.9. For a
similar interpretation in terms of an action without the detailed balance condition, see [3,38].

Note that Z¢ is indeed minimised by solutions p¢ of (1.1). This implies that we can
consider the equation Z¢ = 0 as a variational formulation of the Eq. (1.1); this is the point
of view known as ‘curves of maximal slope’ [2] or the ‘energy-dissipation principle’ [27].
An important advantage of this choice of formulation is that I'-convergence of Z¢ implies
converge of the minimising dynamics (see [11, Cor. 7.24] and [27]); in other words, one can
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prove convergence of the solutions by proving I'-convergence of the functionals. This is also
the method that we adopt in this paper.

1.2 I'-Convergence of the Flux Large-Deviations Rate

One difficulty in proving I'-convergence of the functional Z§ + Z¢, however, is that Z¢ is
implicitly defined by a constrained minimisation problem. The constrained infimum of the
sumin (1.3b) is an infimal convolution (see [30, Sec. 3.4]). This shows that the evolution of the
concentrations in different nodes are strongly intertwined, which considerably complicates
the mathematical analysis. For example, the related work [10] requires an orthogonality
assumption to decouple the concentrations.

‘We can however avoid this difficulty by considering a different functional instead. Observe
that the variable j,.(#) in (1.3b) has the interpretation of a flux: it measures how much mass
is transported through edge r at time ¢. Naturally, one can rephrase (1.1) in terms of this flux
as the coupled system

0€(1) = —divj(r) and () =« ® p° (1), 0€(0) fixed. (1.4)

On the level of the microscopic particle system one can also define the random particle flux
J™€, which yields the large-deviation principle [4,37,38]:

n

—n~ logProb (0™, J™) ~ (p, j)) "~ T§(p(0) + T(p, j).  where (1.5)

/ s(jr () | kEpr (1)) dt, if p e W0, TT; RY), j € L1([0, T]; RT?),
T, j) = {rer’OT and p = —div j,
00, otherwise.

(1.6)

Indeed, the functional 7€ is related to (1.3b) by Z¢(p) = inf,—_qiv j T (p, j), which is
consistent with the ‘contraction principle’ in large-deviations theory. Its minimiser (1.4)
follows the same evolution as the minimiser (1.1), but provides with more information: the
flux. From a physics perspective, this additional information is important to understand non-
equilibrium thermodynamics; see for example [3,30] and [38, Sec. 4]. From a mathematical
perspective, we will use the property that the flux functional 7€ is a sum over edges to
decompose networks into separate components.

The goal of this paper is to prove convergence of the functional Z§ + 7€ to a limit
functional, whose minimiser describes the effective dynamics for (1.4). As a consequence,
we obtain I'-convergence of the functional Zj + Z¢, convergence of solutions of the flux
ODE (1.4), and convergence of solutions of the ODE (1.1).

In order to track diverging fluxes and vanishing concentrations, we shall introduce a
number of rescalings before taking the I'-limit, as we explain in the next section.

1.3 Network Decomposition: Nodes

We decompose the network into different components according to their scaling behaviour.
To explain the main ideas, consider the example of Fig. 1. Recall from (1.2) that we assume
that R = Rglow U Riast, Where the slow edges have rates of order 1, and the fast edges of
order 1/e.

@ Springer



868 Journal of Dynamics and Differential Equations (2023) 35:865-906

3

A

1 2 <+—  slow edge

<— fast edge

Fig. 1 An example of a network with slow and fast edges

The first step in the decomposition is to categorise the nodes. In the example, node 5 is
expected to have low concentration, since any mass at node 5 will be quickly transported to
node 4. We make this statement precise by considering the equilibrium concentration. Since
we assume the network to be diconnected, there exists a unique equilibrium concentration
0 < 7€ € RY for the dynamics (1.1); we will always assume that 7€ is normalised, i.e.
> ey e = 1. We use the equilibrium concentrations to subdivide the nodes into two
classes, V = Vy U Vy, where

Vo::{xev:nji%nx>01, and Vl::{er:énﬁiU)ﬁx>0}, (1.7)

and the tilde is used to stress that the quantity is rescaled. This decomposition implies that 7 ¢
is either of order 1 or of order €. In fact, one can construct networks with R = Rgjow U Riast
with stationary states ¢ of order €2, €3, or higher, but in this paper such networks will be
ruled out by our assumption that there are no “leak” fluxes (see below). We introduce a further
subdivision of the nodes after categorising the fluxes.

1.4 Network Decomposition: Fluxes

We expect that j¢ is comparable to k£ p¢ , which in turn we expect to be comparable to k¢ .
Hence the flux or amount of mass being transported through an edge r not only depends on
the order of «¢, but also on the amount of available mass in the source node r_, of order
7y . Therefore the scaling behaviour of the flux falls into one of the following four different
categories:

s r— eV r— eV
r € Rslow o “slow” O(e) “leak”
r € Riast O(1/e) “fast cycle” O(l) “damped”

In this paper we rule out “leak” fluxes by assumption, so that R = Rsiow U Ricyc U Rdamp,
with

Ricyc :={r € Reast : - € Vo) and Rdamp = {r € Rpast : r— € V1}.

Let us now explain these four categories in more detail by considering the example network
of Fig. 1, which can now be redrawn as Fig. 2.
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/ @ Vonode @ 123
O Vi-node
R

slow flux

<«— fast cycle flux

<= damped flux
4 5 a2

Fig.2 The example from Fig. 1, redrawn using the categorisation of nodes and fluxes (left); the final reduction
to a two-node network in the limit € — 0 (right)

1. What we shall call the slow fluxes are fluxes through a slow edge that start at a node in V.
Typically, these slow fluxes will be of order O(1), and they depend on € only indirectly
through dependence on the other fluxes.

2. For the fast edges however, there is a fundamental difference between the fluxes 1 —
2 — 3 — 1 and the flux 5 — 4. The three fluxes | — 2 — 3 — 1 constitute a cycle
of fast edges, with fluxes of order O(1/¢). Therefore mass will rotate very fast through
this cycle, and in the limit ¢ — 0, the mass present in the cycle will instanteneously
equilibrate over these three edges. Moreover, any mass inserted into this cycle through
the slow flux 4 — 1 will also instantaneously equilibrate over the nodes in the cycle,
and any mass removed from the cycle through the slow flux 2 — 5 may be withdrawn
from any node in the cycle. Practically this means that in the limit the cycle/diconnected
component I — 2 — 3 — 1 acts as one node ¢ := {1, 2, 3}. We shall see in Lemma 3.2
that all edges with r € Rpag and r— € V) are indeed part of a cycle, which justifies the
name fast cycle.

3. By contrast, the fast edge 5 — 4 is not part of a fast diconnected component. One does
expect mass in node 5 to be transported very fast into node 4, but since there is no fast
inflow, the mass in node 5 will be strongly depleted after the initial time. After this, the
amount of mass that will be actually transported through edge 5 — 4 is fully subject to
the amount of inflow of mass into node 5 by the slow fluxes 2 — 5 and 4 — 5, and will
therefore be of O(1). We shall call the flux 5 — 4 a damped flux; its corresponding edge
is fast, but the flux is damped by the fact that there is not enough mass available in the
source node 5. In the limit, any mass that is inserted into node 5 from node 2 or 4 will be
immediately pushed into node 4.

4. Now imagine a flux 5 — 1, not drawn in the picture. Since there is a damped flux going
out of node 5, almost all mass from node 5 will follow that flux into node 4, whereas
very little mass from node 5 would leak away into node 1. We shall call such fluxes leak
fluxes. Since they contribute little to the behaviour of the whole network we rule out this
possibility by assumption. As mentioned above, this also rules out the possibility of higher
orders of ¢, see Lemma 3.1.

An even further subdivision of Rgamp Will be discussed in Sect. 1.8, but this will not be
needed in the general discussion.
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1.5 Network Decomposition: Connected Components

After categorising the fluxes, we now further subdivide the nodes of Vy into Vy = Vofeye U
Voslow, consisting of nodes that are part of a fast cycle and the remainder:

Vofeye := {x € Vo : Ir € Rpeye, - = x}, and Vostow := Yo\ Vicye-

The notation reflects the expectation that the concentration in the nodes in Vofcyc will instan-
tenously equilibrate over the diconnected components of the graph (Vo, Rfcyc). We collect
these components in the set

¢ = {ccvoz Vx,y €, El(rk)f:1 C Rieye» rl :x,ri:rf“ fork:l,...,K—l,rf:y}.

To each ¢ € € corresponds the equilibrium mass

nii=y 7wl ced (1.8)

Xec

We will see in Lemma 3.2 that a component ¢ € € can be written as a union of cycles in the
graph (Vofeye, Recyc). Consequently, if there exists a fast-cycle path from x to y then there
also exists a fast-cycle path from y to x. This remark also implies that each fast component ¢
is a subset of Vofeyc-

Observe that, as suggested in Fig. 2, certain combinations of nodes become slaved to each
other, in the sense that their concentrations move in unison. This is for instance the case for
all nodes in a fast cycle. It is therefore common in the literature to pass to the limit by a
coarse-grained description that neglects the difference between those nodes; see for instance
[5,16,33] or more generally [18, Ch. 4] or [20, Ch. 2]. By contrast, we preserve the information
about the separate nodes and we keep track of the fast cycle as well as the fluxes between
these nodes. This is motivated by our Theorem 1.1, which yields sufficient compactness
in the Vi-concentrations, damped fluxes and fast cycle fluxes. The I"-convergence of the
coarse-grained functional follows directly from our result, see Remark 6.2.

1.6 Rescaled Flux and Initial Functionals

In Sects. 1.3 and 1.4 we categorised the nodes and fluxes by their typical scaling behaviour.
We shall prove that the scaling behaviour of these categories is not only typical for the
effective dynamics but actually for any dynamics with finite large-deviation cost. In order to
do so we rescale all concentrations and fluxes according to their respective scalings.

We expect concentrations p§ to follow 7¢, and therefore to be of order order 1 on Vg
and of order € on V. This motivates the rescaling the concentrations by working with the
densities u€, defined by

e P
ux(t) T T[;(l‘)’

where x € V U €, using (1.8). Although Voreye = (J €, we study u$ (¢) for x € Vogiow U
Vofeye U €, assuming that u$ and u$, x € ¢ are related by

mEul(t) ==y wlus (1), (1.9)

Xec
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which we consider as a special continuity equation, additional to ¢ = —div j¢. The
distinction between u$ and u¢ allows for two different notions of compactness: a weaker
compactness for u$ with x € Vofeyc, and a stronger compactness for u§ for any ¢ € €.

As explained in Sect. 1.4, the fluxes are expected to scale as jS (1) = O(ks S ). The slow
and damped fluxes are of order 1 and therefore need not be rescaled. For fast cycle fluxes, of
order 1/¢, we introduce the rescaled flux j°, defined by

JE0) = kf (t)+f NOES Krﬂ (Du;, (t)+f (), r € Ricye-

e NGl

It turns out that this deviation from k¢ pf of order 1/ /€ is the right choice for sequences along
which Z§ + 7€ is bounded, since this scaling is natural in the context of the compactness
and I'-limit results that we prove below.

To shorten the expressions we shall write

UVyg1ow = (ux)xevogowv UVpfeye -= (uX)XEV()nycv ug = (Uc)cee, uy, = (MX)X€V17
szlow = (jr)rERslow’ deamp = (j")VERdamp’ ijcyc = (jV)VERfcyc ’
and finally by a slight abuse of notation (u, j) := (g, UVppeger UE, UV, JRsow de,dmp,

JRige)- With these rescalings and notation we now rewrite the large-deviations rate func-
tional (1.6) as:

je (M .]) - (MVOS]()W ? uv()fcyc’ ug, uy,, -]RSIOW’ JRddmp’ ‘]RfL)’L)

= ‘7 (7T u, (szlow’ deamp’ € K ® néug t+e l/ZJRnyc))
— Z / s(jr () | kpsur (1)) dt

r€Rstow ~

= ~:]()w (MVOslow ‘uvofcyc )
+ Y / s(jr (1) | Lol u, () d
r€Rdamp T
::jdeump(uvl ’-iRdamp)
+ Y f ( k€t (1) + fjr Lo u, (t)) (1.10)

r€Rfeye

_. J€ =~
_'jfcyc (uvofcyc "/Rfcyc)

where J€ = oo if the finiteness condition of (1.6) or condition (1.9) is violated. Recall that
nS ~ m,_ forr € Ryow and w5 ~ €7, for r € Rgamp, 0 that the two functionals Je ow
and j(famp are very similar.

In order to control the initial condition we include the initial large-deviation rate func-
tion Z§ in the analysis. As mentioned in Sect. 1.1, this function depends on the choice of
the initial probability. As is common, we choose the random dynamics to start indepen-
dently at the invariant measure. Since linear reactions correspond to independent copies of
the process, the particles modelled by the invariant measure are also independent, and hence
I (p(O)) =D v s(,ox ) | 716) by Sanov’s Theorem [12, Th. 6.2.10]. We again rescale
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this functional to work with densities instead:

Z5 (u(0)) = Z§ (400 (0), ey (0), e (0), v, (0)) 1= Z5 (7 @ u(0))
= Y s(muO) [7) + D s(rfuc©) 7)) + Y s(wiue0) | 7).

X€Voslow xevOfcyc xeV)

(1.11)

The minimiser of Zg is the vector u(0) = 1.

1.7 Main Results: Compactness and I'-Convergence

‘We now focus on the I"-limit of the rescaled functional fg + J¢, in the space

@ := C([0, T]; RV»slow) x 1°([0, T]; RVfee) x C([0, T1: RY) x M([0, T]; RVY)
X LE(10, T R7) 5 M([0, T]; RRme) x L7 ([0, T]; RRe),

where C is the space of continuous functions, M denotes spaces of bounded measures, and
L? denote Orlicz spaces corresponding to the nice Young function (see Sect. 2.2):

C(a):= inf s(p|1)+s(g]1).
p—q=a

We always make the implicit assumption that u¢ and uyy,.,, are connected by (1.9).

We make ® into a topological space by equipping each space C with the uniform topology,
each L™ and L% with their weak-* topologies and each measure space M with the narrow
topology (defined by duality with continuous functions).

Of course I'-Convergence properties strongly depend on the chosen topology. In fact, it
is known that different topologies may lead to different I'-limits [11, Ch. 6], [28, Sec. 2.6].
The choice of this particular topological space ® is motivated by our first main result:

Theorem 1.1 (Equicoercivity) Let (u€, j€)eso C © such that
fé (ue(O)) + J€Ws, j) < C  forsome C > 0.
Then there exists a ®-convergent subsequence.

This equicoercivity identifies a topology that is generated by the sequence of function-
als itself, and therefore natural for the I'-convergence. Note that the topologies for uy,
and u¢ are much stronger than the other ones. This will be needed to interchange limits
lime_, ¢ lim, o uﬁ,omw (¢) and lim, o lime_ uﬁ,mow () in order to converge in the continuity
equation later on. By contrast, such strong compactness is not to be expected for ”;1’ nor is
it needed, since the u§, (0) will not play a role in the limit due to instantaneous equilibration.

Our second main result is the I'-convergence:

Theorem 1.2 In the topological space ©:

= 7 7 7 .7 e U 520, 50._50, 50 0 20
Ig + Tgiow + ‘7]‘§'yc + JdGamp = Ig + Je 0 7:0 +J = IO + *7slow + ‘-7fcyc + Jdamp’

slow
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where, setting u,_ = u. foranyr_ €,

o) == > s(muc0) [ m) + Y s(meuc(0) | o),

XEVosiow ce¢
70 . o .
JYIOW (u Vosiow * uv()fcyc ’ -]RA'I()W) T Z / s (.]r (t) | K‘rﬂriuri([)) dt
r€Rsiow ]
70 . . . ~
Tdamp UV TR gamp) "= Z / or s(jr | ir7tr_uy) (d1),
rERdamp (0.7
70 ~ ]r (t)
Tie UVges IR I= dt,
feye e J ﬁ)( Z [0,7] KrTTr_Ur_ ()
rE'Rf(\(

and we set 0 = oo if the limit continuity equations (3.14) are violated.

The explicit form (3.14) of the limit continuity equations will be derived in Lemma 3.14,
after the required notions are introduced and the required results about the network and
continuity equations are proven. In our third main result, explained in the next section, we
show that both the densities uy, and the damped fluxes jr,,,,, may become measure-valued in
time; therefore we use a slight generalisation of the function s to measure-valued trajectories,
ie.

djy e
/ (é(z) | 1>K,7r, ur_(dr), if j, <u,_,
[0,7]

KTty du,

/ s(ir | iertruy) (dr) := (1.12)
[0, 7]

00, otherwise.

Comparing Theorem 1.2 with Fig. 1, we see that the limit functional contains additional
information about the V| nodes that contract to a single node in the limit, and about all
slow, fast cycle and damped fluxes. Due to this additional information, the proof of the
I'-convergence is relatively straightforward, e.g. without the need of unfolding techniques.
This illustrates our ‘philosophical” message that the mathematics becomes easier if one takes
fluxes into account, which was also observed in [37] where the large-deviation principle (1.6)
was proven.

1.8 Main Result: The Development of Spikes

The equicoercivity of uj, and jjamp will be derived by uniform L'-bounds in Lemmas 3.5
and 3.7 . From these bounds one can only extract compactness as measures, in the narrow
sense, so that uﬁ)] and jgamp may develop measure-valued singularities or spikes in time.

For the densities u@l , such spikes can not be ruled out, regardless of the network structure.
This is easy to see from the fact that these densities become fully uncoupled in the limit
continuity equation (3.14d). From (1.12) one sees that one may choose large u, for r € Vy,
provided j, < u,_.

For the fluxes jjamp, the occurrence of spikes is related to the presence of damped cycles,
i.e. cycles of damped fluxes. The example of Figs. 1 and 2 has no such damped cycles, but
Fig. 3 illustrates the concept.
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Fig. 3 An example of a network with a cycle of damped fluxes. On the left the network with the distinction
between fast and slow edges; on the right the redrawn network with the node and flux classification as in Fig. 2

To study this we further subdivide Rgamp into damped cycles and the rest, Rgamp =
Radeye YU Rdnocye> where

Rdeye = {ro € Rdamp : El(rk),le C Rdamp> r_’f_ =k fork = 1,....,K—1, rf = rg},

Rdnocye ‘= Rdamp\Rdcyc-

The relation between damped cycles and spikes in the damped fluxes is summarised in our
third main result:

Theorem 1.3 (i) For any sequence (u€, j€)e~o C © such thatfé (u€(0)) +J€ws, j)<C
for some C > 0 and (u€, j¢) g (u, j), we have JRanoese € L% ([0, T]; RRdwar),

(i) If Racye # ¥ then there exists a sequence (u€,j)e=0 C © with fg (uE(O)) +
JEwe, j€) < C for some C > 0 and (u€, j€) 5 (u, j) such that

JRae € M0, TT; RRd)\ L ([0, T]; RRdee),

As a consequence of Theorems 1.2 and 1.3(ii), if Racyc # @ then there is a (u, j) € ©
with jry,. € M([0, T]; RRaexe)\ L1 ([0, T1; RRdse) for which Z (u(0)) + J°(u, j) < oo.

1.9 Related Literature

As mentioned in the introduction, this work is related to classical quasi-steady state approxi-
mation theory; see e.g. [18, Sec. 4.2] or [20, Sec. 3.1]. We mention two recent works [10,33]
that study fast-reaction limits in connection with another underlying structure, namely a
gradient structure. A gradient structure consists of an energy %Ig (c) and a non-negative
convex dissipation potential W¢ (£) such that the evolution equation (1.1) can be rewritten as
D\IJCG(I) (c(t) = —D%If) (c(t)). Both studies work on the level of concentrations rather than
fluxes, under the assumption that the e-dependent evolution equation (1.1) satisfies detailed
balance, and under the assumption that damped fluxes do not occur. The detailed balance
condition is needed for the e-dependent equation to have a gradient structure, and the absence
of damped fluxes guarantees that the gradient structure is not destroyed in the limit.

Disser et al. [10] study general, possibly non-linear reaction networks with mass-action
kinetics. Under the detailed balance assumption such equations have a gradient structure with
quadratic dissipation potential, as discovered in [24,26]. The authors show the convergence
of that gradient structure by the notion of E-convergence as defined in [28]. In order to
do so they assume linearly independent stoichiometric coefficients, which can be seen as a
decoupling or orthogonality between the slow and the fast reactions. In this paper we do not
need such an assumption because the flux setting automatically decouples the reactions.
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Mielke and Stephan [33] study the linear setting, similarly to the current paper. Contrary to
Disseretal., they use the gradient structure thatis related to the large-deviation principle (1.3b)
in the sense of [31], again under the detailed balance assumption. They prove the convergence
of that gradient structure, using the stronger notion of tilted EDP-convergence; see [23,
26,29]. This result implies convergence of the large-deviation rate functions Z¢, under the
more restrictive assumptions mentioned above, but also for a wide range of tilted energies
simultaneously. In the recent follow-up paper [32], this setting is generalised to the case of
nonlinear systems, modelled on the class of chemical reactions with mass-action kinetics,
still under the detailed balance condition.

1.10 Overview

Section 2 contains preliminaries that are needed throughout the paper. In Sect. 3, we study
properties of the network, the continuity equations, and their limits, and we derive equicoer-
civity in ©. In Sect. 4 we prove our main I"-convergence result, Theorem 1.2. In Sect. 5 we
prove the relation between spikes and damped cycles, Theorem 1.3. Finally, in Sect. 6 we
derive implications for I'-convergence of the density large deviations, and for convergence
of solutions to the effective dynamics.

2 Preliminaries

We first provide a list of basic facts that will be used throughout the paper. After this we
introduce the Orlicz space L . Next we recall a FIR inequality that bounds the free energy
and Fisher information by the rate functional which will be needed to derive compactness

of densities later on. Finally, we state a number of convex dual formulations of a number of
relevant functionals.

2.1 Basic Properties

We will use the following properties of the functions s(-|-) and ¥. For any a,b > 0 and
p € R, we have:

s(a | b) :=alog%—a+b2s(ab|b)—|—8as(ab|b)=(l—oz)b+alogot Ya > 0,

2.1
az
s(a | b) < > 2a+b  (using logx < x — 1), 2.2)
€ (a) = pir{}fZQS(p [D+s(g| D
=s(sa+/1+a2/4|1)+s(—1a+/1+a2/4]1)
= /asinh_l(&/Z) da = 2(cosh*(a/2) + 1),
0
¢*(p) = suﬂg pa — €(a) (2.3)
= 2(cosh(p) — 1), (2.4)
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sa|b)y=b(s@/b| 1) +s(111)>beE(“GD), 2.5)
P concave p
%(5;;):5/ sinh_l(éq/2)dq( > )52/ sinh™'(¢/2)dg = 8¢ (p) Vs € [0, 1],
0 0
(2.6)
(convex)
€GBp) < 8€(p) Vsl 1]. 2.7)

2.2 Orlicz Space

The functions ¢, ¢* defined above form a convex dual pair of N-functions (“nice Young
functions” [39, Sec. 1.3]). The primal function ¥ satisfies the A; property: €(2p) < 4% (p)
(but * does not). We shall use the corresponding Orlicz space (see [39, Th. 3.3.13]):

L? (0, T, R®) = [j 110, 71— R%, 3a > O such that Y-, o2 flo. 1€ (£r()) dt < oo},

lillye = sup / - coldi = inf L1+ ,er fo @ (@ir®)dr).  (2.8)
cel®” ([0 T] RR). [0,7]
Yrer Jom@ T D dt<1

The final characterisation above implies that
aljllye <1+ Z/ %(a j,(t))dt  foralla > 0. (2.9)

We also introduce the space (see [39, Prop. 3.4.3])

MO, TERR) = {¢ 110, T > RR, Va > 0 there holds X, fig, %" (46 (1)) dr < oo}
[ *

- span{step functions ¢ € L% (0, T1; RR)} C L0, T1; R®).

Then (M?7([0, T]; R™))" =~ L% ([0, T]; R®) [39, Thms 4.1.6 & 4.1.7], and, since ¢ sat-
isfies the Ap-property, also (L7 ([0, T1; R®))* ~ (L([0, T]; R) [39, Cor. 4.1.9]. In
particular, the first of these isomorphisms defines the weak-* topology on L? ([0, T']; R™?).

2.3 An FIR Inequality

There are various related notions of Fisher information for discrete systems in the literature
[7,15,25]. The notion that we use is:

FI (1) = /0 K 7 (V0 = Jur, o) ) (2.10)

reR

where ks u,+(t) = kf %pr . (t) appears as the backward jump rate for the time-reversed
process. This expression CaJIrl be recognised as a weighted version of the Hellinger distance
between two measures u,_ and u,4 on the set of edges R.

Recall the definitions of fo from (1.11) and J€ from (1.10). Using arguments from Macro-
scopic Fluctuation Theory, one can show the following inequality, that is sometimes known
as the FIR inequality in the literature [17,19,40]:
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Lemma 2.1 (FIR inequality) Let (u%,uﬁ;l, j;%ﬂ,,w’ j%damp,ffzfm) € O be such that
Z§ W (0) + T (un€, j€) < oo. Then

sup  $Z¢ (u (1)) + FIF(u€) < 3T5u(0)) + T e, j). 2.11)
0<I<T

The proof is a simple rewriting of the results of [17], [19, Cor. 4] and [40], and we omit it.
From the boundedness of fg W (0)) + J€(ure, j¢) assumed above, the inequality (2.11)
implies boundedness of both fg (u€(T)) and FI¢ (u€7r€); this will be important in deducing
compactness for the densities ”;1 .

2.4 Dual Formulations

We recall convex dual formulations for the entropic and quadratic functionals and the Fisher
information.

Lemma 2.2 ([37, Prop. 3.5], [2, Lemma 9.4.4]) Ifu € L'([0,TY),

JorysG@ Lu@)dr, if j € L0, T, j < u,
00, otherwise,

sup / [ () —u@®(@? = D]dr = {
[0.7]

¢eC([0,T])
and ifu € M([0,T)),

JiorySG Tw)@e), if j € MA0.TI), j < u,

00, otherwise,

sup / [¢@)jd) —u@dnEE? - D] = {
[0.7]

¢eC([0.T])

using the notation (1.12).
Lemma 2.3 ([2, Lemma 9.4.4]) Ifu € LY([0, T1), u > 0, then

7 2 o~
%fm](%) u(t)de, ifj < u,
o0

¢eC(0,T , otherwise.

sup / [g“(t)j(z) — %u(t){(z)z] dt = [
) Y/I0,T]

Proposition 2.4 Foru € L'([0, T]; RY),

FIf (1) = sup > kfms / K 7tf [ pr_(Our (1) + pro(Our ()] dt.
peC(0,TRR): reRr (0.7
pr_<l1, Pr+<1q
(P"__])(P"+_])>1

Proof The proof follows from a simple duality argument, using the property

(Wa —~b)* = sup ap + bq.

p<lg<l,(p=D)(g=1)>1
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Remark 2.5 The duality formulation above gives an interpretation of FI¢ for measure-valued
u. In fact, the supremum is finite for any finite measure u:

sup >kt / [pr (0, (d1) + pr (D), (d1)]
peC(0.TLER?R): reRr [0.7]

pr,<1,pr+<1s
(Pr_ =D (pry —1)>1

- sup > Kfﬂf,/ [(1 = g ()ur (@) + (1 = g, (O)ur,(@dD)]
qeC([0,TER*R): reR [0.7]
qr_ >0,qr+ >0,
qr74r+>1

<Y wf s (lurliry + lur v).-
reR
This shows that a uniformly bounded Fisher information does not rule out the development
of singularities in the densities, as explained in Sect. 1.8.

3 Network Properties and Compactness

In this section we study the network decomposition introduced in Sects. 1.5, 1.4, 1.3, and
in particular the implications for the continuity equation. We derive estimates for sublevel
sets of the rate functional and deduce compactness of these sublevel sets in the topological
space ©® as defined in Sect. 1.7. We then use that topology to derive the limiting continuity
equations. In addition, we show that any sequence of bounded cost will equilibrate over the
fast cycle components, and then prove a stronger equilibration result that will be needed in
the construction of the recovery sequence in Sect. 4.

3.1 Network Properties and the Continuity Equations

As mentioned in Sect. 1.3, the absence of leak fluxes, through which the non-equilibrium
steady state flux is of order €, implies that V = Vy U V;. We first prove this claim.

Lemma 3.1 Let 7€ be the unique invariant measure of (1.1). Let us repeat the assumptions
from Sect. 1:

1. 7€ is normalised, i.e. ) ..\, wE = 1;
2. The graph (V, R) is diconnected;
3. There are no ‘leak’ fluxes: if r € Ryipw then r— € V).

ThenV = Vo UV, i.e. for each x € V, either w€ or € "' & converges to a positive limit.
Proof The invariant measure 7€ satisfies the equation
( > kf)mi= > kfm foreachx e V. 3.1
reR:r_=x reR:ry=x

To force a contradiction, assume that V.=V \ (Vo UV)) is non-empty. By summing (3.1)
over x € VoUYV); and cancelling terms that appear on both sides we deduce a ‘macro’ version

of (3.1),
Z KiTTS = Z KTty . (3.2)
reR: r+6\~/, reR:r_eV,
r—eVoUV; ry VoUWV,
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Pick edges with leading order fluxes:
Fin ¢ argmax {Kfrrf_ re€R,r_ €VoUV,ry € ]N)},
r°" € argmax {Kfrrf_ reR,r—eV,ry eVyU Vl}.

It follows from (3.2) that

€ € €
1 Krinﬂrin Krinn in
< < T out < |R] €
|R| Kroul - Krout

As leak fluxes do not occur, k¢, n}fin is of either order 1 or 1/€. Therefore ﬂf(m must be either

of order 1, € or 1/e¢, the latter beiné ruled out by the normalisation assumption. We conclude
that r° € Vy U V; which contradicts r°" e V.
|

We further decomposed Vy into Vogeye and Voslow, Where Vogeye is defined as all nodes
x € Vp such there is at least least one fast reaction that leaves x. The name Vofeye (‘fast
cycle’) reflects the fact that all nodes in this set belong to a cycle of fast fluxes, as the
following simple lemma shows:

1

Lemma 3.2 The subgraph (Vofeye, Rieyc) consists purely of cycles. More explicitly, let x* €
Vofeye- Then there exists a cycle (rk)]f=1 C Rfeyes ri = pk+l fork=1,...,K — 1, rl =
xl = rf. Similarly any r € Ryeyc is part of such a fast cycle.
Proof Let r! e Ricye With r! = x!, which exists by assumption X0 e Voteye, and let
x2 = ri. The equilibrium equation in x> reads:
D SRR S e
reRir_=x?2 reRiry=x2

The right-hand side is of order 1/€, and so for the left-hand side 77, must be order 1 (or

higher, which is ruled out by assumption), and the sum contains at least one 2 := r € Ry.

It follows that x% € Vofeye and r?e Ricyc. We then repeat the same argument, which only
terminates when xX+! = x!. The second claim is true by the same argument. |

We can then enumerate all possible edges from and to Vosiow, Vofeye, and V1.

Lemma3.3 (i) If x € Vosiow, then all incoming edges r € R, ry = x are either in Ry, OF
in Raamp, and all outgoing edgesr € R, ry = x are in Ryjow-
(ii) If x € Vofeye, then the incoming edges could be of any type, and all outgoing edges
r € R,r— = x are either in Ryjoy OF in Ry
(iii) Ifx € Vi, then all incoming fluxes r € R, ry = x are either in Ryjow 0F Raamp, and all
outgoing fluxes r € R,r_ = x are in Raamp-

Proof For x € Vosiow Or Vofeye, the statement follows immediately from the definitions of
Rstow> Rdamp and Reye. For x € Vy any slow outgoing edge will be of leak type that we
ruled out by assumption and any fast outgoing edge is damped. Since all outgoing edges are
of order 1, an incoming fast cycle edge of order 1/¢ would imply that ¢ is of order 1/,
which is ruled out by the conservation of mass. |

We can now write down the rescaled continuity equations. Although for any € > 0 all
densities u and fluxes j and j have W'! and L' regularity respectively, provided the rate
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functional (1.6) is finite, some of this regularity is lost in the regime € — 0. Therefore it will
be useful to write the continuity equations in a different form. In the following we will say
that

TouS = Z J&  inthe weak sense,
r
whenever
—f o) wous(dt) = Z/ @ (1) js(dr) forall ¢ € C(])([O, T)), (3.3)
[0,7] — J00,7]
where we identify uy (dt) = u,(t) dt and j.(dt) = j.(t) dt wherever possible. If for a fixed

€ > 0 we have fg + J€ < oo, then by (1.6) we know that all densities are absolutely
continuous and all fluxes have L'-densities. We will then say that

Tius = Z J&  inthe mild sense,
r
whenever forall 0 <7 <t < T,
tl
méul (1) — wlul (1p) = Z[ INOY (3.4)
r Yo

Corollary 3.4 After rescaling, the continuity equations (1.4) and (1.9) are, for fixed € > 0, in
the weak sense,

€ € _ € € -
Tul = anux force €, (3.5a)
XEC
€ € 3 +€ +€ y
éiuf = Z s+ Z Js = Z Js for x € Vosiow, (3.5b)
reRiow: reR damp: reRiow:
ry=x ri=x ro=x
€ "€ ;€ ;€ ~€
Ty = Z Jr + Z Jr = Z Jr
r€Riow: r€Rdamp* r€Riow:
ry=x ri=x ro=x

+ Z (é/(,nf_uf_ + ﬁ]f) - Z (elf(,nf_ u;y + %]f), for x € Vopeye, (3.5¢)

r€Rfeye: re€Rfeye:
rye=x r_=x
e . . .
meiy = E i+ E i - E Jrs forx € V. (3.5d)
r€Riow: r€Rdamp* r€Rdamp*
ry=x ry=x ro=x

If in addition fg (€ (0)) + T€ (u, J€) < oo, then these equations also hold in the mild sense
of (3.4).

3.2 Boundedness of Densities and Fluxes

The aim of this section is to prove uniform bounds that are needed to derive the equicoercivity
Theorem 1.1 later on.

Lemma 3.5 (Boundedness of densities) Let (u€, j€)eso C © such that fg (u‘(O)) +
jf(uf, Jj¢) < C for some C > 0. Then

1. (M;OS]OW,ME) and uﬁ)ofm are uniformly bounded in C([0, T]; RVostowVEy  gnd

Lo([0, T]; RM0exe);
20 (U Wt U,) i uniformly bounded in L' ([0, T]; RYosor MooV
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3. ellulicqo,ry) —> Oforallx € Vi ase — 0.

Proof From (2.1) and mass conservation we derive a uniform bound on the total mass for
eachr € [0, T]:

domul) = wul0) <L ) +(e—DY ai<CHe—1.  (3.6)

xeVy xeV

This implies the C-bounds on u, . ug, and the L> bound on uﬁ,ofcyc.
From the FIR inequality (2.11) we deduce that

15 = , . ~
¢ 2 ZIS (ué (0)) + jé (uifo ’ u;l ’ j%slow ’ ‘]/’%damp ’ J/’%fcyc)

> FI (u©) = ;;xfnf_/[m( Jug (1) — /u§+(z))2 dr. (3.7)

Hence by (1.7), for € sufficiently small and any r € R:

4c

) on > '€ Rslows
4C
/ (Jur o = Jus.0) dr <L r € Raamp.
(0.7 C e reRs
o, feyc-

Since V is finite, V) cannot be empty, since otherwise the total mass in the system would
vanish. Take an arbitrary X9 e vy, by (3.6) we have ||qu0 L0, 1) < 2(C +e —1)/m,0 for
sufficiently small €. Now take an arbitrary y € V. By irreducibility of the graph (1, R) there

701 12

exists a sequence of edges P NN y. For the first edge we find, using

the inequality a < 2(/a — v/b)? + 2b,

/[o,T]u;] s 2/[0,T] (V0 - W)z dt

8C C —1
+2 uy(t)dt < Che-l
0,71 "

44T
KQ17T,0 TT,0

Repeating this procedure for all edges yields that u is uniformly bounded in L0, 7).
Finally we prove the vanishing of Eu;] . We also deduce from (2.11) thatforall0 < < T,

1- 1 1
C > I5(wm) > 5 > s(euS (7S |eitf) = 3 Do eris@S®) ) = Y ersn(us),
xEVl xEVl xGVl
with 5(z) = %[r logr — 7+ l] ift > 1,
~ o ifo<r <1

Since the ¢ are bounded away from zero, we find that

C 4/C
o) <> = 0<ui0 <o (7)),
where ! is the right-continuous generalised inverse of 7. Since 7 is superlinear at infinity,

en’l(C/e) — 0 as e — 0, and we find that e||u§;1 lcqo,ry —> Oase — 0. O

Lemma 3.6 (Boundedness of slow fluxes) Let (u€, j€)e=o C © such that fg (ué(O)) +
T, j€) < C for some C > 0. Then the slow fluxes j;%ngw are uniformly bounded in
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L% ([0, T]; RRstow). It follows that there is a non-decreasing function w : [0, co) — [0, 00)
with limg 0 w(0) = 0 such that forall 0 < to < t; < T,

sup Y J, (1) dt < o(t) — 19). (3.8)

>0
r€Rsiow fo

Proof Again by (1.6) we know that j;?rslow and ,0;0 both have L'-densities. Writing Z :=
(C te— 1) ZrERSIOW Krs

(1 10)
> / s(E@) | ms_us_ier)) = _us (0K, + 75 uf (D, | dt

r€Row non-increasing in 7 u§_(t)k, 20
(3.6)
> / [s(jf @) | 2) — Z] dt
r€Rslow 0.7
2.5) t
Sz Yy f ”() D=2y b 2R o T
[0,7]

r€Rslow

29
2 ”]E - Z”L%” (IO,TJ;]RRSIOW) - Z(|R810W|T + 1)

The proof of estimate (3.8) follows from the definition (2.8) of the Orlicz norm and the
superlinearity of %. Define the function

©:10,00) = [0,00), w(o) = inf {9: Rutow| €% () < 1},
B>0 /3 o

where C is the bound on j%slow inL? (10, T1; RES"’W). The function w is non-decreasing by
construction, and lims o @ (o) = 0 because 4 is finite on all of R.
Fix 0 < 9 < t; < T and take S > 0 such that (¢t — 7)| Rsiow| €*(B8) < 1. Set
(@) = Bl Lry,, (7).

Then ), .» f[o T ¢* (;’r (t)) dt <landso¢ € LE ([0, TT; R™). Plugging this function ¢
in (2.8) produces the estimate

c
Z / Jr (t)dt ﬂ / -Ir (l‘);(l‘) dt /3 ||jR§low||L6 (0,7T7; R'Rgow) E
r€Rslow reR slow
The estimate (3.8) follows from taking the infimum over 8. O

Although the form of the rate functional is almost the same for the slow and damped
fluxes, the damped fluxes lack a C ([0, T'])-bound on the corresponding densities. Therefore
we obtain a weaker bound on the damped fluxes:

Lemma 3.7 (Boundedness of damped fluxes) Let (u€, j)e=o C © such that Z§(u (0)) +
T, j€) < C for some C > 0. Then the damped fluxes j;?'damp are uniformly bounded in
LY([0, T1; RRdamp). In addition, forallo > 0,
n
limsup  sup > jE@) dt < (o), (3.9)

e—=0 0<rn<n<T:

.J1
reR, :
‘tl t()|<(7' damp

r+€Vo

where w is the modulus of continuity of Lemma 3.6.
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Proof Again by (1.10) we can assume that u{, and j752damp have L'-densities, at least for
€ > 0. This allows us to write

(1.10)
c > Z/ s(FE@ | LiymE ul (1)) dt
r€Rdamp 0.7]
2.1
> ) / (1= o) Lipmful_ + jf(1)dt,
reRgamp * 107

. 1
and 50 [z, 210,77 Raump) S € + (6 = Dlluy, ||L,([0’T];RX1) SUPe 0,7 R gamp €K7 77 —>
which is uniformly bounded by Lemma 3.5 and the assumption énf_ — TT_.

Next we prove the estimate (3.9) by summing the mild formulation of the continuity

equations (3.5d) over all x € Vy, for arbitrary 0 <7 <t < T:

1 t Al
> /jf(r)dr— > fj:(z)dt = > /jf(r)dz—Zn;(u;(m—u;(zo)).
0] .Jip fo

r€Rdamp: * ¢ rE€R damp: reRglow: * ¢ xeV)
r_eVi rieVy ryeVy

Since the first two sums have common terms corresponding to r—, r4 € V;, we can remove
them to find

1 t Al
> /jf(r)dr— > fj:(z)dt = > fjf(r)dz—Zn;(u;(m—u;(ro)).
10 10 to

r€Rdamp: reRdamp: * ¢ reRsiow: * ¢ xeV)
r_eVi r_eVy ryeVy
ry€Vy ryeV)

The second sum is a sum over the empty set, and applying the estimate (3.8) we find

n
> / Jf0dr <o —1)+ Y xflullcqo.ry.

r€R damp: 0 xeV
r—ey
r+€Vo
The estimate (3.9) then follows from part 3 of Lemma 3.5 together with énz — T,. O

Lemma 3.8 (Boundedness of fast fluxes) Let (u€, j€)eso C © such that fg (ué (0)) +
T, j€) < C for some C > 0. Then the fast cycle fluxes ffsz are uniformly bounded in
L7 ([0, T]; RRsee).

Proof Similar to the proof of Lemma 3.6 we write Z := (C + e — 1) ZreRm Ky, SO that
due to the total mass estimate (3.6), for each r € Rycyc:
kel ouy ()/Z < 1. (3.10)
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Again using the existence of L!-densities:

DS f 50 50
/crrr u t +— KrTL’ u t)
r€Rfeye f
1 ~e
2.5 Z=J (0
> ) Lorsut e | ——— | a
reRmeye [0,7] <kt ug (1)
(226) Z / ZKy]Tliuii(l)(g jre(t)/z ”
@D, (3 10) 0]
r€Rfeye 0, T]
2.9

= ”]€ ”L‘é’ ([O’T];]RRfcyc) —Z.

Lemma 3.9 (Equicontinuity of u,  andug.)

Let (ui,o, J)e>0 C O such thatfg (ue (0)) +T€ e, j€) < C forsome C > 0. Then there
exists a continuous non-decreasing function o : [0, 00) — [0, 00) with lim, g w(0) = 0
such that forall 0 < tg <t < T,

limsup{ZIM () —ulto)l+ Y b)) —us (l‘o)l} o —1). (3.1

e—0
ced X€V0siow

Proof Fix 0 < 1o <t < T. Take x € Vog1ow and note that by (3.5b) and (3.8)

1
me (S () —uS (i) = — Y / Jfmdt = ot — 1),

LI
r€Rslow: 0
r—=x

where we again used the mild formulation of the continuity equations. To estimate the dif-
ference from the other side we write

f n
re(uS () —uS)) < Y /jf(t)dt+ > /jf(t)dt

1 f
reRgow: * 10 r€Rdamp: * 10

Fy=x ry=x
<ot-9+ Y /jf(t)dr,
r€Rdamp:
ry=x

and by (3.9) one part of (3.11) follows.
The same line of reasoning leads to a corresponding statement about |u¢ (¢1) — u¢ (to)| for
any ¢ € ¢, after one sums the continuity equations (3.5¢c) over all x € ¢ to find

1
Yo ae(uS ) —uSt) = Y /J,(t)dt+ > /jr(t)dt > /jf(t)dt.
xXec re€Rgow: 10 r€Rdamp: reRgow: 10
ryec ryec r—ec

‘We omit the details. ]
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3.3 Compactness of Densities and Fluxes

In this brief section we derive the compactness of level sets, and hence the equicoercivity of
Theorem 1.1.

Corollary 3.10 Let (u€, j€)e=0 C ® such thatfg (ue (0)) +T€ e, j€) < C for some C > 0.
Then one can choose a sequence €, — 0 and a limit point (u, j) € © such that

Uy > W, 0 C((0, TR, (3.12a)
NI, — Wy 0 L([0, T]; RY0oe), (3.12b)
uy —> ue  in C([0, TI;R®), (3.12¢)

Uy = uy, in M([0, T]; RV, (3.12d)
eul, — 0 inC([0, T]; RV, (3.12¢)

g R in L ([0, T]; R, (3.12f)
JRs S Ry i1 M0, TT; R, (3.129)
TR o — JRpye  in L7 (0, L R0), (3.12h)

It follows that uy,,,, and ug are continuous.

Proof The boundedness given by Lemmas 3.5, 3.6, and 3.7 immediately implies the weak-x
and narrow compactness of (3.12b), (3.12d), (3.12e), (3.12f), (3.12g), and (3.12h); we extract
a subsequence that converges in this sense.

The additional uniform convergences of (3.12a) and (3.12c) follow from an alternative
version of the classical Arzela-Ascoli theorem, which we state and prove in the appendix.
This version applies to sequences that are uniformly bounded and asymptotically uniformly
equicontinuous. The uniform boundedness of uij’oﬂnw and uéc” follow by Lemma 3.5, and
the asymptotic uniform equicontinuity is the statement of Lemma 3.9. The uniform conver-
gences (3.12a) and (3.12c¢) then follow by Theorem A.1 (up to extraction of a subsequence).

O

Remark 3.11 A similar coercivity result is proven in [33, Prop. 5.9] for a system in detailed
balance and with Rgamp = ¥ = V). More precisely, they obtain uniform compactness of
(U0 Ue) as we do, and strong L2-compactness of uﬁ,ofcyc. Our strengthened equilibration

Lemma 3.17 will imply strong L”-compactness of uﬁ,ofcyc forany 1 < p < oo.

From now on we shall consider sequences that converge in the sense of (3.12).

3.4 Equilibration on Fast Cycle Components

In this section we prove that all mass on fast cycles will instaneously spread over each node
in the fast cycle component.

Lemma3.12 Let (u€, j€)e=0 C O such thatff) (ue(O)) +T€ e, j€) < C converge to (u, j)
in ® in the sense of (3.12). Then uy(t) = u.(t) for almost every t € [0, T] and each
component ¢ € €, and div fRﬁ.}.L. (t) = 0 for almost every t € [0, T].
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Proof Forany x € ¢ € €and ¢ € [0, T], the mild formulation of the continuity equation is:

t t t
TEuS() — wEuS ) = /jf(s)ds+ > /jf(s)ds— > /jf(s)ds
re€Rglow: 0 r€Rdamp: 0 r€Rglow: 0
ry=x re=x ro=x

1 t 1 [
+ Y g/crﬂf_/oui_(s)ds—kﬁfo]rf(s)ds

reRieyc:

ry=x

P 6/t6(>d+1/t*<>d (3.13)
- —kpmy | our ($)ds +— | jS(s)ds. .
reRnyC:6 0 “/E 0

r_=x

All terms in the first line are uniformly bounded in L0, T), and the same holds for the
u€ and j in the second and third lines. First multiplying the equation by ¢, and then letting
€ — 0 thus yields:

Z Kpmtp_tty (1) = Z KpTtp_tp_(1).

r€Rfeyc: re€Reeyc:
ry=x r_=x
Without the u,_ () factors, this is exactly the equation for the steady state 7 for a network
consisting only of the fast edges. Since the component ¢ containing x is diconnected, this
equation has a unique solution up to a multiplicative constant, i.e. u, () = a.(¢) on ¢, for
some a. € L*([0, T]). To identify ac, use (3.5a) together with the convergences (3.12b) and
(3.12c¢) to find for the limit

Tl < TUS = E Tous— E Tylly = Tede,
X€Ec XEC

so that indeed u, = a. = u..
The same argument, multiplying (3.13) by /€ and letting ¢ — 0, shows that

Yo orm= ) jo.

r€Rfeyc: r€Rfeyc:
ry=x ro=x

O
Remark 3.13 Alternatively, the fact that u is constant on ¢ can also be seen from the FIR
inequality (3.7) together with the lower semicontinuity that follows from Proposition 2.4.

The FIR inequality can however not be used to make a similar statement about divergence-free
fast fluxes.

3.5 The Limiting Continuity Equations

We again place ourselves in the setting of Sect. 3.3 and derive the continuity equations
satisfied in the limit.

Lemma3.14 Let (u€, j€)es0 C © be such that ff) (ue(O)) + Js, j) < C, and assume
that (u€, j€) converges to (u, j) in the sense of (3.12). Then the limit satisfies the continuity
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equations
Telly = Z Jr + Z Jr— Z Jrs Sfor x € Vosiow, (3.14a)
r€Rsiow: r€R damp: r€Rsiow:
ry=x ry=x r—=x
Tele= Y e+ Y, dr— Y, i forceg, (3.14b)
r€Riow: rERdam}ﬁ r€Rlow:
ry€c ry€c r—ec
uy=uc and Y =Y J. forx eceg, (3.14c)
r€Rfeyc: r€Rfeyc:
rye=x ro=x
Soodrt D dr— Y e for x € V. (3.14d)
r€Rsiow: r€R damp: r€R damp:
ry=x ry=x F—=x

These equations hold on [0, T] in the weak sense of (3.3).

Proof Equation (3.14a) follows directly from Eq. (3.5b) by the convergence properties of
Corollary 3.10. For fixed ¢ € € we sum equation (3.5¢) over all x € ¢ to find

domis= Yy Uit Y Ui XU
Xec r€Rglow: r€Rdamp: r€Rglow:
ry€ec ryec r_ec
Note that the final two sums in (3.5¢) cancel by Lemma 3.2. The left-hand side equals 7§
and converges in distributional sense by (3.12c); the remaining terms also converge by (3.12f)
and (3.12g). The limit equation is (3.14b).
Equation (3.14c) is the content of Lemma 3.12. Finally, to prove (3.14d) we write (3.5d)

forx € V; as
EA DD D D S S A

r€Rglow: r€Rdamp: r€Rdamp:
ry=x ry=x r—=x
The left-hand side converges to zero in distributional sense by (3.12¢), and the right-hand
side again converges by (3.12f) and (3.12g). i

As an immediate consequence, the I'-limit fg + J° from Theorem 1.2 can only be finite
if these limit continuity equations (3.14) hold.

Note that although the densities uy, do appear in the limit rate functional j(?amp, they
become decoupled from the other variables in the sense that they have vanished completely
from the continuity equations. Furthermore, if one does not take fluxes into account, the mass
flowing into a V| node will be instantaneously distributed over the next nodes, which would
lead to a contracted network as drawn on the right of Fig. 2. At the level of fluxes this is
contraction is reflected in (3.14d).

a.c.

Remark 3.15 Note that L>°([0, T]) 2 uy = u. € C([0, T]), so that in general u,(0) #
u(0); the mass that is initially present will be spread out over the component ¢ at every
positive time ¢ > 0, but not at + = 0. The same principle can be seen seen in the strengthened
equilibration in the next section, which only holds in the time interval [#y, 7] for any 79 > O.

Remark 3.16 If there are no damped cycles, as in Sect. 1.8, then Lemmas 3.7 and 3.14 show
that uy,,,, € W% ([0, T]; RY»ow) and similarly ug € W7 ([0, T]; RY).
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3.6 Strengthened Equilibration on Fast Cycle Components

In the previous sections we derived that for a sequence with uniformly bounded cost fg + 7€,
concentrations u$ in a fast cycle x € ¢ € € converge weakly-* in L°>°([0, T']), whereas the
weighted sum u¢ converges uniformly in C ([0, 7']). We now show that the convergence of u§
can be strengthened to uniform convergence as well, as long as one does not include time 0 in
the interval. This result will be needed later on for the construction of the recovery sequence,
see Sect. 4.2.

Recall from Sect. 3.2 that sequences with bounded cost have uniformly bounded fluxes in
L'. Together with the continuity equations, this will be the only requirement of the following
result.

Lemma3.17 Let (u€, j€)e=0 in ® such that each (u€, j€) satisfy the continuity equa-
tions (3.5), and assume that all fluxes j7€3yzow’ j;%damp’ jfzﬁw are L'-valued and uniformly
bounded in L' (0, T; RRstow), L1(0, T; RRdwmw) and L'(0, T; R70¢), and that u§ — ug in
c(o, 1], R¢). Then for any to € (0, T],

u, — uc strongly in L*°([tg, T1) foreachx € ¢ € €. (3.15)
If in addition,
—(divjcm), = Y Jfo+ Y - Y jf,

r€Rsiow: rERdamp: r€Rsiow:

ry=x ry=x F—=x

and
L), =— Y - — % o

X T r r

ﬁ \/E reRnyC: ﬁ r€72f0~(2

ry=Xx ro=Xx

are both uniformly bounded in L*(0, T’ RVYae) and u$(0) = ut(0) for each x € ¢ € ¢,
then

us — uc strongly in L*°([0, T1) foreachx € c € €. (3.16)

Proof We prove the result for one fast cycle ¢ € €; for the length of this proof we therefore
restrict the parameter x to the elements of ¢. To exploit the stochastic structure we temporarily
write pg (1) := miu$(t), and

(ATp ), = D &epf () = p5() D k.

r€Rfeyc: r€Rieyc:
ry=x r_=x

so that A is the generator matrix of the Markov chain that consists of the irreducible fast
cycle ¢, which does not depend on €. Note that A has one-dimensional kernel spanned by the
all-ones vector 1 := (1, ..., 1), and AT has one-dimensional kernel spanned by €. Recall
from (3.5¢) that for each x € ¢:

pLt) = —(divj<), — 7 (divjm), + £ (ATp ), = fE(0) + (AT (1),
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Writing (1) = pS(t) — (/) D ec ,0§ (1), we calculate, using the characterisation of
the kernel of A, that

‘ I
B0 = F10 = 23 fi0+ (AT ), forxec

¢ yec

850

This equation can be integrated to

!
INOE eATt/elf (0) +/ eAT(t_S)/EgE (s)ds.
0

Recall that A is irreducible so that it has only one zero eigenvalue and no other eigenvalues
on the imaginary axis (e.g. [13, Lemma V.4.2]). We restrict the operator A to the orthogonal
complement of the zero eigenspace by defining

1" =(weR:1Tv=0}, and B:=A"

1’

and equip 1+ with a norm |[|-].

Since 1TAT = 0, B is well defined, and B has the same eigenvalues and eigenvectors as
AT except for the zero eigenvalue-eigenvector pair. Therefore a(B) := maxRe o (B) < 0.
Since the §-pseudospectrum os(B) converges to the spectrum o (B) as § — 0, there exists a
8 > O such that A := —supReos(B) > 0. By [42, Th. 15.2] we find that there exists M > 0
such that

leB! | < M.
Because (u€ (1)), (g€(r)); C 1T we can estimate,
T t T
e @I < e e ) + f e e ge ()]l s
0
t
= [P p O + / leP =g (5) ] ds
0
t
< Me MY )] + M / e Mg (5) | ds. (3.17)
0
The fact that the L' (0, T)-norms of g€ are bounded uniformly in € implies that ©€(¢) con-
verges to zero uniformly in ¢ € [fg, T'] for any 9 > 0. This proves (3.15).
To prove the stronger statement of (3.16), note that the strengthened assumptions imply

that || (0)|| and ||g€|lz(0,7) converge to zero as € — 0. In combination with (3.17) this
proves (3.15). ]

4 I'-Convergence

This section is devoted to the proof of the main I"-convergence Theorem 1.2, which consists of
the lower bound, Proposition 4.1, and the existence of a recovery sequence in Proposition 4.5.

4.1 I'-Lower Bounds

The I'-lower bound is summarised in the following.
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Proposition 4.1 (I"-lower bound) For any sequence (u€, j) — (u, j) in ©,

lim inf 75 (u (0)) + T (u”, j) > Tg (@) + T, j).

Proof We treat each functional fg, ;ﬁow, jcfamp and jtiyc separately, and without loss of

generality we may always assume that fg + J€ < C for some C > 0 and hence the
continuity equations (3.5) hold; otherwise the lower bound is trivial. This is carried out in
the next Lemmas 4.2, 4.3 and 4.4. O

For the initial condition, recall the definitions of fg and Z from (1.11) and Sect. 1.7, and
observe that the first one depends on uy,, . (0) whereas the second depends on u ¢ (0), which

may be different, see Remark 3.15. Hence the I'-convergence of i’g to Zo does not hold in
RVostow 5 RMoteye % RE % RV1, but only in the path-space convergence of (3.12).

Lemma 4.2 (I'-lower bound for the initial condition) Let (u€, j)e=0 C ® be a sequence
such that I (MG(O)) + T, j¢) < C and (u¢, j¢) — (u, j) in © (i.e. in the sense of
(3.12)). Then:

lim inf Z§ (u°(0)) > 70 (u(0)).

Proof By uniform convergence, u;mk’w (0) = uyyy,, (0) so that
Y os(rul©) | 7f) > Y0 s(meue0) | my).
X€V0slow X€Voslow
and clearly
D s(rius) | 7f) > 0.
xeV)

Lemma 3.2 shows that every x € Vyfcyc is part of exactly one component ¢ € €. From (1.8),
Jensen’s inequality and the continuity equation (3.5a),

5 0170 - St i1

X€Vofeye ceC X€EC
7.[6
> Y wEs (e uSO) 2 | 1)
cel
= s(wEul) | wE) = Y s(meuc(0) | 7).
ced ced
again by uniform convergence of uf. O

Lemma 4.3 (I"-lower bound for the slow and damped fluxes)
Let (u€, j€)es0 C © be asequence such that I (Lt€ (O))—l—JE e, j¢) < Cand (u¢, j¢) —
(u, j) in ©. Then:

O 7€ € € € 70 .
11?;611: JYZOW (uVUslow ’ uV()nyC ’ -IR;[,;W) > JYIOW (u Vostow * uVOfcyrr ’ jR.vlow ) ’
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and

. . € € .€ =0 .
hgl)l(I)lf jdamp(uvl ’ ‘]Rdump) 2 jdamp(uvl 4 JRda/np)'

Proof Recall the uniform L'-bounds on the slow and damped fluxes from Lemmas 3.6 and
3.7 . The statement for slow fluxes follows directly from rewriting

~ . . TTy_
Tow Wy Fiogo) = 2 /[0 (o [ ) + oo 22 =i e Jar
r€Rslow ’ "=

4.1)

together with the joint lower semicontinuity from Lemma 2.2, and 7€ — 7 > 0. The
argument for the damped fluxes is the same after generalising to possible measure-valued
trajectories in time. |

Lemma 4.4 (I'-lower bqund for the fast cycle fluxes) Let (u€, j€)e=o C © be a sequence
such that I§ (u€(0)) + J€(u€, j€) < C and (u€, j¢) — (u, j) in ©. Then:

BN 7€ € ~€ 70 =
hgl)l(r)lf ‘7nyC (uvﬂfc)'(' ’ ]Rfcyc) 2 ‘7nyC (u Vofeye» -]Rfcyc ) :

A similar statement is proven in [6, Th. 2].

Proof To simplify notation we prove the statement for one arbitrary r € Rcyc. We first note
that

m€us —m, u, inL'([0,T]) and  sup|7fus |1 < oo,
e>0

and that for any test function ¢ € C([0, T]),
Lv/ee 1 1, L% 1.0
€ € ﬁ; €50 2; :

It then follows that the following integral converges:

/ s ul (1)(Lever® — 1 _ %;(z)) dt — 1 / K7y (1) (1) di.
[0,T] [0,T]

Using the dual formulations of Lemmas 2.2 and 2.3,

. 1.
lim mf/ s(ékﬂrf_uﬁ_(t) +—J@) é/c,nf_uf_(t))
[0,T] €

e—0 f

> sup liminf / [;(r) JEW) — mEul (1) (LeVeE® L %{(r))]dt
cecqo.ty €0 Jior ¢

= sup f [;“(t)fr(t)—%fcrm,ur,(z)«z)z]dt
[0.7]

¢eC(0,T]
jr (t) \2 -
é/ (ujr (t)) kpme e dt, if J, < u,_,
= [0, 71 Ur_
0, otherwise.

O
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4.2 '-Recovery Sequence

For each of the four functionals separately, convergence is easily shown using a constant
sequence (u€, j¢) = (u, j). However, such a constant sequence is not a valid recovery
sequence as it violates the continuity equations (3.5). The construction of the recovery
sequence is summarised in the following proposition.

Proposition 4.5 (I"-recovery sequence) For any (u,j) in © there exists a sequence
W€, j€)e C O such that (u¢, j) — (u, j) in © and

lim 5 (u(0)) + T, j€) = I (u(©)) + T°(u. j).

Proof In Lemma 4.7 we first show that (u, j) can be approximated by a regularised (%, j%)
such that the limit functional converges, i.e. such that Z%(u® (0)) + 7°(u®, j®) — Z°(u(0)) +
Tu, J)asé — 0.InLemma4.9 we construct arecovery sequence (u€, j€) corresponding to
such regularised (1%, j%), and then use a diagonal argument to construct a recovery sequence
for arbitrary (u, j), see for example [9, Prop. 6.2]. O

Remark 4.6 So far, we only assumed erv s = 1, whereas the total mass erv miul(t)
is only bounded above by (3.6). All arguments in this paper can be extended to the case
where the total mass is fixed. In that case the construction of the recovery sequence becomes
slightly more involved, since adding mass to certain nodes must be balanced by subtracting
mass from other nodes.

Lemma 4.7 (Approximation of the limit functional) Let (u, j) € © such that fg(u 0)) +
jo(u, Jj) < 09, so (u, j) satisfies the limit continuity equations (3.14). Then there exists a
sequence @, j‘s)3>0 € O such that for each § > 0,

L @, j%) € C°(10, T]; RMostow x RYoe x RE x RV x RRstow x RRdamp 5 RRfore),
2., j) satisfies the limit continuity equations (3.14),

3. infreqo, 7y ul () > 0 for all x € Vosiow U Vofeye U UV,

4. j° > > rey, 07k 168 || oo for all r € Rigjon U Rdamp, and as § — 0,

5. (u‘s,j‘s) — (u, j)in©,

6. Z0w’ (0) + T°W?, j%) — Z9w(0)) + T, j).

Proof We construct the approximation in three steps.
Step 1: convolution. Note that for each x € V) the concentration ¢ — u,(¢) is continuous;
for x € Voslow this follows from the definition of ®, and for x € Vofeyc this follows from
the continuity of ¢ — u¢ () in ® and the continuity equation (3.14c). We first extend uy,
beyond [0, T'] by constants, and uy, and j by zero. Observe that with this extension the
pair (u, j) satisfies the continuity equation (3.14) in the sense of distributions on the whole
time interval R (which is a stronger statement than the usual interpretation (3.3)). We then
approximate (u, j) by convoluting with the heat kernel: (1, j%) := (u % 6%, j % 6%), where
0%(r) := (47T(S)_1/26_t2/(48). Since (u, j) satisfies the linear continuity equations (3.14) in
the sense of distributions on R, they are also satisfied for the convolution s, Jj 8.

It is easily checked that W, j5)|[0’TJ — (u, j)|[0‘TJ in ®. The initial conditions uf( 0)

converge for x € Vygow U € and so by continuity fg Wl ) — fg(u(O)). The bound
liminfs_.o J°@?, j%) > J%u, j) is for free because of lower semicontinuity (see Sect. 2.4).
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The bound in the other direction is obtained by exploiting the joint convexity of (u, j) +—
J°(u, j) and applying Jensen’s inequality to the probability measure 6°; see [38, Lem. 3.12].
Step 2: add constants to the densities. For the next step we further approximate the sequence
(u®, j%), but to reduce clutter we now assume that the procedure above is already applied so
that we are given a smooth and bounded (i, j). We make all densities positive by adding a
constant § > 0, i.e.

ul(t) == u(t)+8 for0<t<T, xeV.

It follows automatically that u‘z = u. + 8. We leave the fluxes j invariant, and the resulting
pair (1%, j?) again satisfies the limiting continuity equations (3.14). The following lemma
shows that the limit functional Ig + 79 converges along the sequence (u°, j%).

Lemma 4.8 Recall the definition (1.12) of s for measures. Let a, b € Mxo([0, T']) satisfy
/ s(alb) (dt) < oo.
[0,7]
Then setting b%(dt) := b(dt) + 8dt we have

lim/ s(alba)(dt):/ s(alb) (dt).
T [0,T]

§—0 [0
Proof of Lemma 4.8 We write
s da s
s(alb®)(dt) = a(dt)log @(t) —a(dt) + b°(dr).

After integration over [0, T'] the final term b® ([0, T]) converges to b([0, T]) as 6 — 0; in
the first term the argument of the logarithm is decreasing in 8, and therefore the first term
converges by the Monotone Convergence Theorem. |

Step 3: add constant fluxes. Again to reduce clutter we may assume that we are given an
(u, j) satisfying properties 1, 2, and 3 of the Lemma. By irreducibility of the network there

exists a cycle ()X | C Rieye, 1k = P lfork=1,...,K—1,r =x! = X, such that
each damped flux r € Rgamp is contained in the cycle at least once. Note that some fluxes r
may occur multiple times, namely n(r) := #{k = 1, ..., K : r* = r} times in the cycle. For
eachk =1, ..., K we define the new approximation:

jfk = jk+ n(rk) ZyEV1 aﬁy”’/'ly”Lw» rk e Rdamp U Rslows

T =g A () Y oy 8Tyl e, 7R € Rieye.

Substituting these modified fluxes into the limit continuity equations (3.14) shows that the
concentrations are left unchanged, since some extra mass is being pushed around in cycles.
Since the fluxes are only changed by adding a constant, it is easily checked that (u, j®) —
(u, j) in ©, and by Lemma 4.8 we find 7%(u, j%) — J°u, j)as 8 — 0. m

We now construct a recovery sequence (1€, j¢) for a (u, j) € © that is regularised by
Lemma 4.7. The difficulty is to construct the sequence such that the continuity equations
hold in the V; and Vyfcyc nodes. The problem with the V; nodes is that the continuity equa-
tions (3.5d) and (3.14d) are different, but u;l needs to converge to uy,. This will be done
by transporting exactly the right amount of mass from certain Vy-nodes to the V;-nodes. To
satisfy the continuity equations in the Vofeyc nodes, we define uf/ofcy through the continuity

c

equations, and use the strengthened convergence result of Sect. 3.6 to pass to the limit. O
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Lemma 4.9 (Recovery sequence for regularised paths) Let (u, j) € © satisfy properties 1,
2, 3 and 4 of Lemma 4.7. Then there exists a sequence (u€, j€) € © such that:

1. (u€, j€) satisfies the e-dependent continuity equations (3.5);

2. (U0 u%ﬂ_}_c, Ues U TRy j’fidamp’ jfzf(;y(;) = (U > URpoyer U UYL s JR s> F Rty
fRnyC) uniformly on [0, T];

3. fg (ue(O)) — j’g(u(())) and jé(ué’ ]e) N jo(u’ ])

Proof For ease of notation we pick only one node X € Vogjow, Whose density is bounded from
below by assumption. We will approximate all fluxes such that a little mass is transported
from node x to all V;-nodes, as follows. Since the network is irreducible, there exists, for

. . A WKy 1, ~ Kk, k+1,
each y € Vj, a connecting chain Q(%, y) := (rF¥), >, c R, r2¥ = §, 1 = Y for
k=1,...,K,—1and rKy = y. For these connecting chains we may assume without loss

of generality that no r € R occurs multiple times in a chain Q(x, y). Define for all r € R:

],e = jr+ ZyevlzreQ(f,y) 7T§L'ly, r € Rgow U Rdampv
~e .~ 1 .
=0t Lyevireoty) Tyllys 7€ Rieye:
Note that by the assumed properties 1 and 3 of Lemma 4.7 together with ﬂf,l — 0, all

approximated fluxes j¢, ¢ are non-negative for € small enough. Clearly all fluxes j¢ converge
uniformly to j, since 7y, / /€ — 0. For the initial conditions, set

us(0) == %Mx 0), for all x € Vosiow>
ug(0) = u$(0) := uy(0) = uc(0), forallx ece €,
us (0) := uy(0), forall x € Vy, (4.2)

and define the paths u€ by the continuity equations (3.5).
More precisely, by construction for x € Vopgjow:

(3.5b) " " "
mouS(t) = meuys(0) + E / Ji(s)ds + E / Ji(s)ds — E / Ji(s)ds
r€Rslow: 0 r€Rdamp: 0 re€Rslow: 0
F4+=x ry=x r—=x
:T[xblx([)—]l{xz)g} E n;uy(t),

eV

which is bounded away from zero (for € small enough) by the assumed properties 1 and 3 of
Lemma 4.7 together with 77y, — 0. Clearly u§ — u, uniformly.
For x € V), the densities will be constant in €, since:

(3.5d) . "
Tl () = wlu )+ ) F©ds+ D J(s)ds
0

r€Rslow: r€Rdamp:
ry=x r4=x
t
~€ €
- > /]r(s)ds:nxux(t).
r€Rdamp: 0
r_=x
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For x € ¢ € €, the density u(¢) is defined as the solution of the coupled equations:

weit 20N e Y - Y

r€Rslow: r€Rdamp: r€Rslow:
F4+=x ry=x r_=x
+ +L"€ _ lKﬂ’E € +L~€
K"” u ﬁjr frTty Uy ﬁ-’r
r€Rfeyc: r€Rieyc:
ry=x r_=x

4.3)

with initial condition (4.2). Summing over x € ¢ yields:

reis 20 mcis = Y e+ Y - e

X€ec r€Rslow: r€Rdamp: r€Rslow:
ryec ryec r_ec
1 ~e 1 € € 1 ~e
+ E ( KpTTy Uy fjr) E (;Kr”r,“r fjr)
r€Rfeyc: r€Rfeyc:
ry€c r_ec

(3.14b).(3.14¢)

Telle.

Together with the initial condition (4.2) this shows that u$ — u uniformly. Since all fluxes
are uniformly bounded (and actually div j¢ = 0) and u$(0) = u¢(0) forx € ¢ € €
we can apply Lemma 3.17 to (4.3) to derive that ¥ — wu. uniformly on [0, 7] for
all x € ¢. Thus indeed all variables (u%slow, u%fcyc, u& u;l, j%slow, ‘j’lé?«damp’ j;zfcyc) —
(U Vogow » URfeyer UEs UV 5 JRaows JRaamp ijCyc) uniformly, which was to be shown.

To show convergence of € (u€(0)),

@)= > wis(Zur© [ 1)+ Y Y ws(ue©) [ 1)+ Y wés(us(0) | 1)

x€Voslow cel xec xeV;
= Y wes(ue©) [ 1) + 7 (uc(0) | 1) = I (u(0)).
X€Vpslow cel

To show convergence of Je (u€, j), we use the fact that all fluxes and densities are uniformly
bounded, that is for € sufficiently small and all # € [0, T,

0<j () < 2| jrllLe < 00, 7 € Rslow U Rdamp;
0<Jjs(®  <2jlle <00, € Rieyes
0<% inf ue(@) <uf()  <2ugllee, x € Vostow U Vofeye U €U V.

The convergence of the integrals for r € Rgjow and r € Rgamp then follows by dominated
convergence:

/0 s(f @) | iy us (1)) dt —>/ s(jr @) | ke up (1)) dt r € Rslows
(0.7

/[0 (]r (t)| Krﬂ u _(@® dt—’/ ]r(t) | KTy (t)) r € Rdamp-
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Similarly for r € Rfcyc, by dominated convergence,
1
1 € € ~€
s(f/cn us (1) + —=Jj< ()
/[O,T] e NC

2.2 7€ (1)? 7 ()2
< / L dt — / L dt.
(0,71 K705 Uy (t) [0.71 4,75 ur_(t)

The inequality in the other direction follows from Lemma 4.4. i

1
KT Uy (z)) dt

5 Spikes and Damped Cycles

As explained in Sect. 1.8, the uniform L'-bounds on the damped fluxes j”ézdamp and small

concentrations u;] can not prevent limits from becoming measure-valued in time, that is, both

may develop atomic or Cantor parts. The question when these spikes in damped fluxes may

occur is answered in our Theorem 1.3; this section is devoted to the proof of both statements

in that theorem. The first part of Theorem 1.3 rules out spikes for damped fluxes that are not

chained in a cycle. The second part shows that spikes may occur in damped flux cycles.
Recall the subdivision Rgamp = Rdcyc U Rdnocyc from Sect. 1.8

5.1 No Spikes in Damped Fluxes Outside Cycles

Proof of Theorem 1.3(i) Take an arbitrary r0 ¢ Rdnocye coming out of node 0 =xe)). By
Lemma 3.3, all fluxes flowing out of node x are damped, and all fluxes flowing into node x
are either slow or damped. The weak formulation of the continuity equation in x now reads:

/[OYT]d)(t)[ Yo odqdn— Y jSwdr— Y jfu(dt)]

' € R gamp: rleRgow: ' €Rgamp:
rl:x ry=x r}r:x
= _/ dmius(r)dt,
[0,7]

forall ¢ € CJ([0, T1). By the uniform L'-bounds on u¢ and the vanishing 7 ¢, the right-hand
side above converges to zero, and so (for arbitrary measurable sets dt C [0, T]):

0<ju@n < Y jadn= Y jadi+ Y jadn).

' €Rdamp: rleRgiow: r'€Rdamp:
rL=r0(=x) ry=r- rJr:rg
Applying the same inequality for each damped flux r}r =9, we get:
0<jp@n< Y juwdi+ Y [ Y jewdi+ Y jew@n)].
rleRgow: ' €Raamp: 12 €Rlow: r2€R damp:
ry=r’ rjr:rg r«2+=r— r}r:rl

We now apply this procedure recursively until the right-hand side contains slow fluxes only.
This is possible because by assumption any damped flux that already appeared during this
procedure can not reappear in the inequality. Exploiting that eventually the right-hand side
is a sum over slow fluxes that are in L? (0, T), by the Radon-Nikodym Lemma the left-hand
j,o also has a L? -density. O
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5.2 Finite-Cost Spikes in Damped Flux Cycles

We now prove that fluxes in Rycyc may actually develop singularities.

Proof of Theorem 1.3(ii) If Racyc # ¥ then there exists a diconnected damped component
9 C Vysuchthat Y,y € 0 309K | € Raeye, 7! = x, 7k = ¥ fork = 1,... K —
Lr f =y (cf. Sect. 1.5). By irreducibility and mass conservation there exists at least one
™ € Rglow U Ranocye With 7' € 0 and at least one r°" € Ranocye With 72" € 0. We first

assume:

1. that all edges in 0 are chained in a cycle, i.e. 0 := (xk),le, Racyc N{r— € 0} = (rk)f=l

Withrf=xkf0rk=1,...,K,ri=xk+] fork=1,...,K—1andr_{_(=x1,
2. that " = x! and ro = x/, and
3. that x := ri" and xX+1 := 19" both lie in Vy, see Fig. 4.

Initially we concentrate all mass in x°, i.e. usy(0) := 1/m5,, and u$ (0) = 0 for all other
nodes x € V. The rate functional of the initial condition is indeed uniformly bounded:

fg(ue(O)) =s(1] ”;0 )+ Zx;éxo T
—_— —
O(1) <1

Define the continuous piecewise affine triangle function:

0, 0< 1< 4T — b/e
1 1 1 1 1

AS () =
rO= N i emn It i< AT+ e
0, %T + % e<t<T.
Note that fOT A%.(t)dt = €/4. For the dynamics, we will first transport a little bit of mass
from x into each node of the cycle 9, then develop a spike at # = T'/2, and then release all

mass from the cycle through r°%.

Jan@ =KLz sepn 12,
JS@W = aliqpn gprm® + LA + iy gey®. k=1,....K
Jrou ) == K172 721 /e (@),
where a; := K —k and by := k — [ 4+ K1 ;;;. We set all other fluxes j, j in the network

to 0. By construction, jS RN %(ST /2> which is singular as was to be shown.

We now show that the functional J¢ is uniformly bounded. To calculate the densities,
note that the %AGT terms in jfk are divergence free. The mild formulation of the continuity
equation (3.5d) thus yields forallk = 1,... K andt € [0, T],

0, 0<1t<T/2— /)2,
m&uSo(t) =1 ==Kt — 3T+ 3J&), T/2—/e/2<t<T/2,
—1K /e, t>T)2,
Tou (1) = L=y [0, 1+ 5ot [0, 2] = 5[0, 1] = Lixmty jou [0, ] = AT (),
0, 0<1<T/2— /€2,
Thnton () = YKt — 3T+ 36, T/2— /)2 <t<T)2,
3K e, t>T)/2.
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The dynamic part of the rate functional is:

je (uﬁ/o ’ M%I ’ j’;aalow ’ j;zdamp ’ j’;arcyc) = [ s (']:‘" ® 1 feyin ﬂ;ou;(' (t)) dt
[0,7]

()

K
+ Zf s(S @) | Lem&usi () dr
k=1 1071
an

+/ S(]fom(’) | é’cr"“[n;[uil (Z)) dt
[0,7]

(Ir)

+ > /[ms(o | ke 76y (1)) dt

rin£r € R glow r—=x0

vy

X[ skt @) dr
[0,7]

rOULy e Rgjoy 7 =xK+1

V)

By a long but simple calculation, these integrals can be calculated explicitly:

K

() = k,in (T — Ve(3 + $KT)) + 5/e(K log —
Vel 1,1 Vel 1,1

(In =/ s(ax + ¢ | ¢rumir) dt-i—/ s(bx + 21 | 2kpmsr)dt

0 0

—K)+s(—-LKJe D)+ fkmKe,

1 eay + l\/E 2/€ear + 1
= —ea?log (Tkz) + (3v/ear + §) log (Cik) - ear + L — %
;

2
ebr + %ﬁ
k

2ebr +1
= )+<5ﬁbk+gnog(%)—iﬁb;ﬁém—g,

I

1
+ Ed?’% log (

Ve Ve 1 2K 1
(I11) :/ 501 Licyout) dr +/ $(K | bepout) dt = 5K /e log ﬁ) + ~ o,
0 0

K pout 4
(av) :KL/ &S (1) di and % =K,7/ Tt (1) di.
[0, T | a—_——— 0,7 | ———————
<1 <1

It thus follows that ff) + J€ is uniformly bounded as claimed.

Recall the three assumptions we made in the beginning of the proof. The second assump-
tion is just notational. The first assumption, that all edges in 9 are chained in a cycle, can
easily be relaxed by fixing additional concentrations and damped fluxes to 0, which keeps the
rate functional finite. The third assumption would be violated if there were a chain of damped
fluxes between a Vy-node x° and x! or between a Vy-node x! and xX*1; in that case we can
again set these fluxes equal to j5, and j£,, respectively, without having the rate functional

blowing up, which relaxes the last assumption. |

6 Implications for Large Deviations and the Effective Dynamics

We now prove two consequences: the I'-convergence of the density large deviations, and the
convergence of e-level solutions to the solution of the effective dynamics.
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Fig.4 A diconnected component 0 of damped fluxes, chained in a cycle

6.1 I'-Convergence of the Density Large Deviatons

As a consequence of our main I'-convergence result, we obtain the I"-convergence for the
density large-deviation rate functional Z + Z¢ given by

7€ .
T (Mvoslow,uvofcyc, ug, uV]) =

. - ' | ~
v it J (uVOSIOVM uVOfCYC s UE, UV JRgow s deam[w ijcyc).

j e‘slow €L ([OYT]:R 2‘Slow)y

- R 4.

"RdampEM([O,T];R dampy

~ 7 Reeve
FRpgge €L (0. TR Te¢)

Corollary 6.1 In C ([0, T]; RVostow) 5 L°([0, T]; RYexe) x C ([0, T1; RE) x M([0, T]; RVY)
(equipped with the uniform, weak-*, uniform, and narrow topologies),

e oan -
s+ 1 - 19+ 1°,
where
- — _ » . | )
(uvy, uwy) = Lt T W1 R TRaany TRy
JRjpy €L ([0, TR slow),

deamp eM([0,T]; ]RRdamp ),
./~7zﬁyceL‘5 ([0.7): RRfere)

Proof The proof is more-or-less classic but we include it here for completeness. For brevity

we write u = (Uysiow, UVppeyer U, uy) and j = (JRyey» JRgamp fRfch
To prove the I'-lower bound, take an arbitrary convergent sequence u@o — Uy,

narrow . . .
— uy,, and choose a corresponding sequence ;¢ that satisfies for each € > 0

Vi
the inequality

€

JE@s, j€) <inf T €, j) +e.
J

Without loss of generality we assume that sup,. g fg (u€(0)) + J€ e, j€) < oo. Hence by
Corollary 3.10 there exists a subsequence (u€, j€) (without changing notation) that converges
in the sense of (3.12) to a limit (u, j). From the I"-lower bound Lemmas 4.2, 4.3 and 4.4, we
find that:

lim i(r)lffg @€(0)) > ZJ(u(0)),  and

lim inf inf 7€ (u€, j) > liminf 7€ u€, j) — e = T, j) = inf 7°(u, j).
e—0 e—0 J
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This proves the lower bound
lim i(r)lff(‘)(u‘(O)) + Z€w) = I (0)) + 2°u).
€—>

For the recovery property, take an arbitrary u with fg(u (0)) + Z°%u) < oo, and for an
arbitrary 8 > 0, a flux j% such that

T, %) <inf T, j) +8 = Z°(u) + 6.
J

Proposition 4.5 provides a recovery sequence (1€, j€) for (u, j°) and the sequences (fg)6
and (7€), hence:

lim sup Z§ (u€ (0)) < Zu(0)),  and

e—0

lim sup Z€ (u€) < limsup 7€ €, j) < T, j%) < Z°u) + 6.

e—>0 e—>0

Since § > 0 is arbitrary, the recovery property follows. O

Remark 6.2 By the same argument one may also contract further to obtain I"-convergence of
the functional

(uv()slow’ MC) = ll’lf 1'6 (MVOSIDW (0)7 uV()fcyc (O)’ MQ(O), MVI (0))
7€ . . ~
+ j (uv()s]nw’ uVOfcyc’ ue, le ’ .]Rslow’ ]Rdamp7 JRfcyc)
over all uVOfcyc ’ uvl ’ szlow’ deamp ’ and incyc :

This is the coarse-grained description for which I'-convergence is studied in [33].

6.2 Convergence to the Effective Equations

For any pair (u, j) at which the limiting functional 7° vanishes, the densities satisfy the
following set of equations in the weak sense of (3.3):

Txlly = E KTt Uy + E KypTTy_Up_ — § KpTlx Uy for x € Vosiow
r€Rsglow: r€Rdamp: r€Rglow:
ry=x ry=x rF—=x
(6.1a)
Telle = E KpTTr Uy + E KpTlp_Up_ — E Ky TOr—Uyp— force C,
re€Rglow: ’ERdamp3 r€Rslow:
ry€c ry€ec r—ec
(6.1b)
Uy = U forany x € ¢ € €, (6.1c)
0= E KpT0r Uy + E KpTTp Uy — E Ky TTy Uy for x € V.
r€Rslow: 7 €Rdamp: 7 €Rdamp:
ry=x ry=x ro=x
(6.1d)

We first prove existence and uniqueness for these equations.

Lemma 6.3 Fix an initial condition u(0) € RY that is well-prepared, which means that

L. Whenever x, y are in the same connected component ¢ € €, we have u, = u,; we denote
the common value by u;
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2. u(0) satisfies the condition (6.1d).
Then the system of Eq. (6.1) has a unique solution u € C* ([0, oo); RY) with initial value
u(0).

Proof Since 11, = i, whenever x € ¢ € €, Eq. (6.1b) can be rewritten as

Telly = Z KpTTr Uy + Z KpTTr Uy — Z krmr—uy—  forallx € c e €,

reRslow: r€Rdamp: re€Rslow:
ryec ryec r—ec

(6.2)

The right-hand side does not depend on the choice of x within the same ¢ € ¢; therefore,
under the assumption that u, (0) = u(0) for all x € ¢ € €, the system (6.1) is equivalent to
the set of Egs. (6.12)—(6.2).

This implies that the system (6.1) can be written as a differential-algebraic equation:

vy = Avy-wltyy + Ay vy, (6.3a)
0= Ayyvuyy + Ay sy iy, (6.3b)

where for x € V),

Ty
(AV1~>V1MV1)X = Z Ky —Ur_ — Uy Z Kr.

TTx
r€Rdamp r€Rdamp
ry=x r_=x

By Lemma 6.4 below the matrix Ay, y, is invertible, and therefore (6.3) can be cast in the
form of a linear ordinary differential equation for uy,,. This equation has unique solutions
with C* regularity, and by transforming back we find that uy, has the same regularity as uy,.

O

Lemma 6.4 Under the conditions of the previous lemma, the matrix Ay, vy, is invertible.
Proof We first note that the matrix Ay, _,y, can be written as
Ay, sy, = diag(®@) ! (A™ — diag(E)) diag(7),

with for x, y € V),

int
A;ny =Kysx — 5)ry Z Kx—y's E. = Z Ky—y’-
y'ev yeVy

Since diag(7) is invertible, it is sufficient to show that Alnt — diag(E) is invertible.

To do this we construct a new graph G .= (V1 U {0}, Rint U Ry), consisting of the nodes
of V1 and a single ‘graveyard’ node o; the graveyard collects all elements of 1y into one new
node. The graph G has edges

Rint := {(x — y) € Vi x VI\{z = z} : 3r € Rgamp such thatr_ = x andry = y}
Ro = {(x — 0):x € V), Ir € Rgamp sSuch thatr_ = x and ry € VO].

Note that there are no fluxes out of o.
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We define a new Markov jump process Z(r) on this graph G, by specifying jump rates
kx—y for each edge (x — y) in G:

Kyosy i=

{ZreRdamp;r_x,r_*_y Kr, fOr (x i y) € Rinh

Zr’eRdamp:r/_:x,r_"_eV() Ky’ for (x — y) € Ro.

The generator for this jump process is the matrix L given by

Kxoy if (x > y) € Rint U Ro (Which implies x # y)
Lyy = 1= X yevujo) kxsy ifx =y eV
0 otherwise.

By construction the transpose LT of this generator has the following structure in terms of the

splitting V1 U {o}:
T A" — diag(E)|0
ET 0/’

Since the original graph G is diconnected, there exists for each x € V; a path x = xop —
Xy — -+ — xi in G leading to some xx € Vp; without loss of generality we assume
that xo, x1, ..., xx—1 € Vi. All fluxes out of nodes in V; are damped, and so the fluxes
(xo = x1), ..., (xk—1 = x¢) are all in Ryamp. Because these fluxes also exist as fluxes Rin
in the graph Q, the path xp — x; — --- — xx_1 also is a path in G By construction, R,
contains an edge r = (x;—; — 0) with positive rate ;.

It follows that if the process Z(¢) starts at any x € V', then at each positive time ¢ > 0
there is a positive probability that Z(¢) = o. Since the graveyard o has no outgoing fluxes, the
only invariant measure for the process Z(¢) is 1o := (0,0, ..., 0, 1), and so the kernel of LT
coincides with the span of 1. Explicitly written, this means that for all vectors v = (vy,, vo):

(A — diag(E))vy, + ETve =0 == (vy,, vo) = const x 1, == vy, = 0.
Consequently the matrix A™ — diag(E) is invertible. |
We finally derive convergence to the full effective equations.

€ € r€ rE TE ;
Corollary 6.5 For each € > 0 let (uvo, U5 TRt IRt jRﬂy(.) in ® solve the system of

slow

equations:
Je@t) = kel ut (1), r € Rsiow,
Ji@) = éKr”fﬂi,(t)v r € Rdamp-
@) =0, r € Reeye,
w€uc(t) = —div j€(t), in the weak sense of (3.5),
u(0) = u?,

€0 . €,0 €,0 0,0 0,0
where u s given. Assume that quxlow’ M¢ converge to some uvosl“w, M¢

MO’O

> 0, that
is well-prepared in the sense of Lemma 6.3. In addition, assume that for each

€,0 . € € e ‘€ ~e @
x € Vi, loguy” remains bounded. Then (uVO, U TR gons® IRt ]Rfm) converges in ©

damp
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10 (UVy, UV1s JRyjows JRodamp fwa), which is the unique solution to

Jr(@) = krmwr_uy (1), 1 € Rlow,
Jr(®) =k up (1), 1€ Rdamp»

jr (t) =0, r e Rfcyca (64)
wu(t) = —div j(t), in the weak sense of (3.14),
u(0) = u®0.

Proof Set:

I§ (u(0) ==Y s(mfu,(0) | miu$®) and F* (u(0))
xeVy
=Y nf(—u ) logu® — 1+ ue’o)
N X X g X X N
xeV
Then for eavch € T 0, tlie solution (l:ti;o, u;] , j7€2slow’ j7€2damp’ j7€2fcyc) minimises the modified
functional Z§ + J¢ = Z§ + F° + J¢ : ® — [0, oc] at value zero. In particular this means
that:

sup Z§ (u€ (0)) + T (€, j€) = sug —F¢ (ue(O)) = sup Z Ty (u;’o log ui’o +1- ui’o) < 00.
€>

e>0 €>Oxev

By Corollary 3.10, the sequence (u€, j€) has a subsequence that converges in the sense
of (3.12) to a limit («, j). By the assumptions on u€?, the functional F€ converges along the
sequence (1€, j€) to the limit FO, where

FO(v(O)) = Z Ty (—vx(O) log ug’o -1+ u%”)) + ch<—vc(0) log u?’o -1+ u‘}“).
x€Voslow cel

With the I"'-lower bound of Proposition 4.1 it follows that
0 = lim igfig (1€ (0)) + FE(uf(0)) + T s, j°)
€—>
> 0 (u(0) + FO(u(0) + 7. j) = Z@(©)) + T . j).

Here

) = Y s(meur0) | mud®) + Y s(reuc(0) | wuld®).

x€Voslow ceC

It follows that the limit (u, j) is a solution of the problem fg + JY = 0, which coincides
with (6.4). O
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A The Arzela-Ascoli Theorem for Asymptotic Uniformly Equicontinuous
Sequences

The classical Arzela-Ascoli theorem asserts that a set of continuous functions on a compact
set is precompact in the supremum norm if and only if it is uniformly bounded and uniformly
equicontinuous. For countable sets such as sequences the uniform equicontinuity is equivalent
to asymptotic uniform equicontinuity, and this observation leads to the alternative version
below. This is mentioned in various places in the literature (e.g. [36, Rem. 2.3 (ii)] or [8,
Ex. 5.27]) but since we could not find a clear statement we state and prove it here.

Theorem A1 Let (f,)n>1 be a sequence of continuous real-valued functions on [0, T that
satisfies

Losup, > 1 fulloo < 00;
2. There exists w : [0, 00) — [0, 00), non-decreasing, with lims o w(c) = 0, such that,

limsup sup |[f,(t) — fu(s)| < w(0).
n—oo 0<Lt,s<T:
|[t—s|<o

Then there exists a subsequence f,, that converges uniformly on [0, T'].

Proof We prove the result by showing that the sequence ( f;,), also is uniformly equicontin-
uous in the usual sense. Fix € > 0. Choose N > 1 and o > 0 such that

VazN Vii—sl<op: |fal® = fu)l <e.
Next, choose o7 > 0 such that
Vi<n<N V|t—s|<or: [ fu(@) — fu(s)] <e€.

Thenforalln > 1and |t —s| < ogpAoj wehave | f;,(t) — f,(s)| < €. This proves that ( f;,), is
uniformly equicontinuous, and therefore the result follows from the classical Arzela-Ascoli
theorem.

O
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