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Abstract
We consider boundary value problems for 1D autonomous damped and delayed semilinear
wave equations of the type

Bu(t, x) — a(x, \)2d2u(t, x)=b(x, h, u(t, x), u(t—1, x), du(t, x), dyu(t, x)), x € (0, 1)

with smooth coefficient functions a and b such that a(x, A) > 0 and b(x, 1, 0,0,0,0) =0
for all x and A. We state conditions ensuring Hopf bifurcation, i.e., existence, local unique-
ness (up to time shifts), regularity (with respect to ¢ and x) and smooth dependence (on
and A) of small non-stationary time-periodic solutions, which bifurcate from the stationary
solution # = 0, and we derive a formula which determines the bifurcation direction with
respect to the bifurcation parameter 7. To this end, we transform the wave equation into a
system of partial integral equations by means of integration along characteristics and then
apply a Lyapunov-Schmidt procedure and a generalized implicit function theorem. The main
technical difficulties, which have to be managed, are typical for hyperbolic PDEs (with or
without delay): small divisors and the “loss of derivatives” property. We do not use any prop-
erties of the corresponding initial-boundary value problem. In particular, our results are true
also for negative delays t.
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1 Introduction
1.1 The Problem

This paper concerns 1D autonomous damped and delayed semilinear wave equation of the
general type

Ou(t, x) — a(x, W)*d2u(t, x) = b(x, A, u(t, x), u(t — v, x), du(t, x), dqeu(t, x))

(1.1)

with one Dirichlet and one Neumann boundary condition
u(0,1) = dyu(t,1) =0. (1.2)

It is supposed that b(x, A, 0,0,0,0) = O for all x and A, i.e., that u = O is a stationary
solution to (1.1)—(1.2) for all T and A.

The goal is to describe Hopf bifurcation, i.e., existence and local uniqueness (up to time
shifts) of families (parametrized by t and ) of non-stationary time-periodic solutions to
(1.1)—(1.2), which bifurcate from the stationary solution u = 0.

Our main result, stated in Theorem 2 below, is quite similar to Hopf bifurcation theorems
for delayed ODE:s (see, e.g., [8], [12, Chapter 5.5], [13, Chapter 11], [38,42]) and for delayed
parabolic PDEs (see, e.g., [4,7,9,33], [45, Chapter 6]). However, the analysis of Hopf bifur-
cation for hyperbolic PDEs is faced with considerable complications if compared to ODEs
or parabolic PDEs (with or without delay). In the present paper we provide an approach for
overcoming the following technical difficulties, which appear in dissipative hyperbolic PDEs
and do not appear in ODEs or parabolic PDEs:

First, the question, whether a nondegenerate time-periodic solution to a dissipative non-
linear wave equation is locally unique (up to time shifts in the autonomous case) and whether
it depends smoothly on the system parameters, is much more delicate than for ODEs or
parabolic PDEs (cf., e.g., [14,15]). One reason for that is the so-called loss of derivatives for
hyperbolic PDEs. To overcome this difficulty, we use a generalized implicit function theo-
rem [25, Theorem 2.2], which is applicable to abstract equations with a loss of derivatives
property. Remark that for smoothness of the data-to-solution map of hyperbolic PDEs it is
necessary, in general, that the equation depends smoothly not only on the data and on the
unknown function u, but also on the space variable x (and the time variable ¢ in the non-
autonomous case). This is completely different to what is known for parabolic PDEs (cf.
[10D).

Second, analysis of time-periodic solutions to hyperbolic PDEs usually encounters a
complication known as the problem of small divisors [2,18,44]. Since Hopf bifurcations can
be expected only in the so-called non-resonant case, where small divisors do not appear, we
have to impose a condition (assumption (1.7) below) preventing small divisors from coming
up. That condition has no counterparts in the case of ODEs or parabolic PDEs.

And third, linear autonomous hyperbolic PDEs with one space dimension differ essentially
from those with more than one space dimension: They satisfy the spectral mapping property
(see [39] in LP-spaces and, more important for applications to nonlinear problems, [30] in
C-spaces) and they generate Riesz bases (see, e.g., [11,19]), what is not the case, in general,
if the space dimension is larger than one (see the celebrated counter-example of M. Renardy
in [41]). Therefore the question of Fredholmness of the corresponding differential operators
in appropriate spaces of time-periodic functions is highly difficult.
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The main consequence (from the point of view of mathematical techniques) of the fact, that
the space dimension of (1.1), (1.2) is one, consists in the following: We can use integration
along characteristics in order to replace (1.1), (1.2) by an nonlinear partial integral equation
(see [1] for the notion “partial integral equation”). After that, we can apply known Fred-
holmness properties to the linearized partial integral equation ( [24], [25, Corollary 4.11])
and, hence, we can apply the Lyapunov-Schmidt reduction method to the nonlinear partial
integral equation.

Summarizing, the technical difficulties mentioned above are unusual from the point of
view of ODEs and parabolic PDEs, although the goal is to get results, which are quite usual
for ODEs and parabolic PDEs. Therefore, the essential part of the present paper is quite
technical. However, those technical difficulties appear quite naturally during the execution of
a well-known and widely used algorithm in local bifurcation theory, the Lyapunov-Schmidt
procedure. Mainly, they appear in the proof of the Fredholmness result (see Lemma 10
in Subsect. 4.1, where we use Nikolskii’s Fredholmness criterion given by Theorem 13)
and in the proof of the unique solvability of the external Lyapunov-Schmidt equation (see
Lemma 20, where we use our generalized implicit function Theorem 17). Roughly speaking,
the technical difficulties appear because the abstract equation (4.3) (which is equivalent to
our bifurcation problem (1.1)—(1.2)) does not depend smoothly of the control parameters ©
and A and also one of the state parameters, namely the frequency w.

1.2 Main Results

Our goal is to investigate time-periodic solutions to (1.1)—(1.2). In order to work in spaces
of functions with fixed time period 2w, we put the frequency parameter w explicitely into
the equation by scaling the time variable ¢ and by introducing a new unknown function u as

follows:
t
Unew(f, X) :==lold | —, X | .
w

The problem (1.1)—(1.2) for the new unknown function # and the unknown frequency w
reads

@?32u(t, x)—a(x, 1)?2u(t, x) =b(x, h, u(t, x), u(t —ot, x), 0du(t, x), dqu(t, x)),
u(t,0) = deu(t,1) =0,
u(t +2m, x) = u(t, x).

(1.3)
Throughout this paper we suppose (and we do not mention it further) that

a:[0,1]xR — Randb:[0,1] x R> - R are C* — smooth,
a(x,)) >0and b(x,1,0,0,0,0) =0 forall x € [0, 1] and 1 € R.

Assumptions (A1)—(A3) below are standard for Hopf bifurcation. To formulate them, we
consider the following eigenvalue problem for the linearization of (1.3) inu = 0, w = 1 and
A=0:

(1? = DY) — BY(0)e T — BI)) u(x) = ap(x)u” (x) + bY(ou’ (x).

u(0) =u'(1) =0. } (1.4)
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Here © € Cand u : [0, 1] — C are eigenvalue and eigenfunction, respectively. The coeffi-
cients ag and b(; in (1.4) are defined by

ap(x) :=a(x,0), b?(x) :=0;b(x,0,0,0,0,0) for j = 3,4,5,6, (1.5)

where 9;b is the partial derivative of the function b with respect to its jth variable.

Our first assumption states that for certain delay t = 7 there exists a pair of pure imaginary
geometrically simple eigenvalues to (1.4) (without loss of generality we may assume that the
pairis u = =i):

(A1) There exists tp € R such that for © = i and T = 7¢ there exists exactly one (up to
linear dependence) solution u #% 0 to (1.4).
The second assumption is the so-called nonresonance condition:

(A2) If u # 0 is a solution to (1.4) with u = ik, k € Z and t = 70, then k = +1.

The third assumption is the so-called transversality condition with respect to change of
parameter 7. It states that for all T &~ 1 there exists exactly one eigenvalue u = i(t) ~ i
to (1.4) and that this eigenvalue crosses the imaginary axis transversally if T crosses 7g. In
order to formulate this more explicitly, we consider the adjoint problem to (1.4) with u =i
and T = 10:

(=1 +ibY(x) = B (0)e’™ — BI(@)) u(x) = (ao@)*u(x))" — (BI)u(x)),
u(0) = ap(1)u'(1) + Qag(Day(1) — bY(1)u(1) = 0.

Because of assumption (A1) there exists exactly one (up to linear dependence) solution u # 0
to (1.6). The transversality condition is the following:

(A3) For any solution u = ug # 0 to (1.4) with T = 79 and . = i and for any solution
u = u, # 0to (1.6) it holds

’ (1.6)

1 . eI 1
o= / (21' — bg + roe_”"bg) uoizdx #0, p:=Im ( / bguoﬁdx) #0.
0 o 0

Remark that Re ji'(t9) = p, and this real number does not depend on the choice of the
eigenfunctions ug and u,.. The complex number o depends on the choice of the eigenfunctions
ug and u, but the fact, if condition o # 0 is satisfied or not, does not depend on this choice.

Definition 1 (i) We denote by Cr, (R x [0, 1]) the space of all continuous functions u :
[0,1] x R — R such that u(t + 27, x) = u(t, x) for all r € R and x € [0, 1], with the
norm

lu]loo := max{|u(t,x)|:t € R, x € [0, 1]}.
(i) For k € N we denote by Clz‘ﬂ (R x [0, 1]) the space of all C*-smooth u € Car (R x [0, 1]),
with the norm max{|[|8/d{ulloc : 0 <i + j < k}.
Now we are prepared to formulate our Hopf bifurcation theorem.
Theorem 2 Suppose that conditions (A1)—(A3) are fulfilled as well as
1 p9x
/ ¢ )dx;éo. (1.7)
0 ao(x)

Let u = ug # 0 be a solution to (1.4) with t = 19 and u = i, and let u = u, # 0 be a
solution to (1.6). Then there exist &g > 0 and a C*°-map

(it, &, 7) : [0, e0] x [—€0, 0] — C3 (R x [0, 1]) x R?
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such that the following is true:

(i) Existence: For all (g, 1) € (0, 0] x [—&0, €0] the function u = ¢ii(e, 1) is a non-
stationary solution to (1.3) with w = @(g, X)) and T = T (&, A).
(ii) Asymptotic expansion: It holds

[%(0, 0)](¢, x) = Reug(x) cost — Imug(x)sint forallt € R and x € [0, 1], (1.8)
@(0,0) =1, 7(0,0) = 19 and
0:@(0, 1) = 0.7(0, 1) = 0 forall A € [—&0, €o]. (1.9)

(iii) Local uniqueness: There exists § > 0 such that for all solutions (u, o, t, L) to (1.3) with
u # 0and ||u|lco + | — 1| + |t — ©0| + |X]| < & there exist ¢ € (0,¢e0] and ¢ € R
such that w = @(e, 1), T = T(e, X)) and u(x, 1) = eli(e, M)](x, t +¢) forallt € R and
x € [0, 1].

(iv) Regularity: For all ¢ € [0, 9], & € [—€0, g0] and k € N it holds ii(e, 1) € Cé‘ﬂ (R x
[0, 1D.

(v) Smooth dependence: The map (¢, A) € [0, eg] x [—&0, 0] > i(e, L) € C’z‘ﬂ Rx[0,1])
is C*°-smooth for any k € N.

Remark 3 The parametrizations u = eii(¢, 1), @ = @(e, 1) and T = T (g, 1) depend on the
choice of the eigenfunctions u( and u,, in general, while the sign of Bng (0, 0), determining
the bifurcation direction, does not.

In descriptions of Hopf bifurcation phenomena one of the main questions is that of the so-
called bifurcation direction, i.e. the question if the bifurcating time-periodic solutions exist
for bifurcation parameters (close to the bifurcation point) such that the stationary solution
is unstable (in this case the Hopf bifurcation is called supercritical) or not. For ODEs and
parabolic PDEs (with or without delay) it is known that, under reasonable additional assump-
tions, in the supercritical case the bifurcating time-periodic solutions are orbitally stable. For
hyperbolic PDEs this relationship between bifurcation direction and stability is believed to
be true also, but rigorous proofs are not available up to now. More exactly, it is expected that
the bifurcating non-stationary time-periodic solutions, which are described by Theorem 2,
are orbitally stable if for all eigenvalues pu # +i of (1.4) with T = 7 it holds Re u < 0 and
if

08270, 0) > 0.

Anyway, in Theorem 4 below we present a formula which shows how to calculate the num-
ber 8827['(0, 0) by means of the eigenfunctions ug and u, and and of the first three derivatives
of the nonlinearity b(x, 0, -, -, -, -). It is known that those formulae may be quite complicated
and not explicit (see, e.g., [17, Section 3.3], [21], [22, Theorem 1.12.2]; [23, Theorem 1.2(ii)],
[29]). Therefore, in order to keep the technicalities simple, in Theorem 4 below we consider
only nonlinearities of the type

4
b(x,)»,ul,uz,u3,u4)ZZﬂj(x,)»,uj) (1.10)
j=1

with C*°-functions §; : [0, 1] x R? — R such that

Bj(x, 2, 0) =0338;(x,0,0) =0forall j =1,2,3,4, x € [0,1]and » € R. (1.11)
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Set
BY(x) 1= 03B (x,0,0) for j =1,2,3,4.
Our result about the bifurcation direction reads as follows:

Theorem 4 Let the assumptions of Theorem 2 and the conditions (1.10) and (1.11) be fulfilled.
Then

R 3 I Cing _

82£(0,0) = iR (5/ (8D + BYe ™™ + 1B luo Puo + B uy ) u*dx> .
0

Remark 5 We do not know if generalizations of Theorems 2 and 4 to higher space dimensions

and/or to quasilinear equations exist and how they should look like.

Our paper is organized as follows:

In Subsect. 1.3 we comment about some publications which are related to ours.

In Sect. 2 we show that any solution to (1.3) creates a solution to a semilinear first-order
2 x 2 hyperbolic system, namely (2.1), and vice versa. In Sect. 3 we show (by using the
method of integration along characteristics) that any solution to the first-order hyperbolic
system (2.1) solves a system of partial integral equations, namely (3.1), and vice versa.
Remark that in Sects. 2 and 3 we do pure transformations, i.e., problem (1.3) is equivalent
to problem (3.1). Especially, the technical difficulties of (1.3), like small divisors and loss of
smoothness, are hidden in (3.1) also. But it turns out that in (3.1) they can be handled more
easily than in (1.3).

In Sects. 4 and 5 we do a Lyapunov-Schmidt procedure in order to reduce locally the
system (3.1) with infinite-dimensional state parameter to a problem with two-dimensional
state parameter. Here the main technical results are Lemma 10 about Fredholmness of the
linearization of (3.1) and Lemma 20 about local unique solvability and smooth dependence
of the infinite dimensional part of the Lyapunov-Schmidt system. The proofs of those lemmas
are much more complicated than the corresponding proofs for ODEs or parabolic PDEs (with
or without delay).

In particular, in the proof of Lemma 10 (more exactly in the proof of Claim 4 there) we
use assumption (1.7), and it turns out that the conclusions of Lemma 10 (and of Theorem 2
as well) are not true, in general, if (1.7) is not true.

In the proof of Lemma 20 we use a generalized implicit function theorem, which is a
particular case of [25, Theorem 2.2] and concerns abstract parameter-dependent equations
with a loss of smoothness property. This generalized implicit function theorem is presented
in Subsect. 5.1.

In Sect. 6 we put the solution of the infinite dimensional part of the Lyapunov-Schmidt
system into the finite dimensional part and discuss the behavior of the resulting equation. This
is completely analogous to what is known from Hopf bifurcation for ODEs and parabolic
PDEs.

In Sect. 7 we prove Theorem 4, and in Sect. 8 give an example.

Finally, in Sect. 9 we discuss cases of other than (1.2) boundary conditions.

1.3 Remarks on Related Work
The main methods for proving Hopf bifurcation theorems are, roughly speaking, center

manifold reduction and Lyapunov-Schmidt reduction. In order to apply them to evolution
equations, one needs to have a smooth center manifold for the corresponding semiflow (for
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center manifold reduction) or a Fredholm property of the linearized equation on spaces of
periodic functions (for Lyapunov-Schmidt reduction).

In [5,22] Hopf bifurcation theorems for abstract evolution equations are proved by means
of Lyapunov-Schmidt reduction, and in [16,34,43] by means of center manifold reduction. In
[5,22] it is assumed that the operator of the linearized equation is sectorial (see [5, Hypothesis
(HL)] and [22, Hypothesis 1.8.8]), hence this setting is not appropriate for hyperbolic PDEs.
In [16,34,43] the assumptions concerning the linearized operator are more general, including
non-sectorial operators. However, it is unclear if our problem (1.1), (1.2) can be written as
an abstract evolution equation satisfying those conditions.

In [43] it is shown that 1D semilinear damped wave equations without delay of the type
8,2u = Bfu — you + f(u) with £(0) = 0, subjected to homogeneous Dirichlet boundary
conditions, can be written as an abstract evolution equation satisfying the general assump-
tions of [43], and a corresponding Hopf bifurcation theorem is proved. But it turns out that
nonlinearities of the type f(u, d,u) cannot be treated this way. In [26] a Hopf bifurcation
theorem 1is stated without proof for second-order quasilinear hyperbolic systems without
delay with arbitrary space dimension subjected to homogeneous Dirichlet boundary condi-
tions. In [23] a Hopf bifurcation theorem for general semilinear first-order 1D hyperbolic
systems without delay is proved by means of Lyapunov-Schmidt reduction, and applications
to semiconductor laser modeling are described. In [31,35,36] the authors considered Hopf
bifurcation for scalar linear first-order PDEs without delay of the type (9; + d, + p)u =0
on the semi-axis (0, oo) with a nonlinear integral boundary condition at x = 0.

In [3] small periodic forcings of an undamped linear autonomous wave equation are
considered. Because of lack of damping, small divisors come up, and Nash-Moser iterations
have to be used. However, Lyapunov-Schmidt reduction is applied there as well as in the
present paper.

What concerns Hopf bifurcation for hyperbolic PDEs with delay, to the best of our knowl-
edge there exist only the two results [27,28] of N. Kosovali¢ and B. Pigott. In [27] the authors
consider 1D damped and delayed Sine-Gordon-like wave equations of the type

02 u(t, x) — 02u(t, x) + du(t, x) +u(t — v, x) = f(x,u(t — 7, x)) (1.12)

with f(—x,—u) = —f(x,u) and f(x,0) = 9, f(x,0) = 0. Because of the symmetry
assumption on the nonlinearity f the bifurcating time-periodic solutions can be determined
by means of Fourier expansions. In [28] these results are generalized to equations on d-
dimensional cubes, but locally unique bifurcating solution families can be described for
fixed prescribed spatial frequency vectors only.

Our results in the present paper extend those of [27] mainly by two facts: Our equation
(1.1) is more general than (1.12) (and does not have any symmetry property, in general), and
we allow the presence of the perturbation parameter A. The symmetry assumptions of [27]
allow one to use Fourier series techniques, while we use integration along characteristics.

2 Transformation of the Second-order Equation into a First-order
System

In this section we show that any solution u« to (1.3) creates a solution v = (v, v2) to the
first-order hyperbolic system
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wd v (t, x) —a(x,A)ocvi(t,x) = [B, w, T, A)](t, x),
wdva(t, x) +a(x, A)ova(t, x) = [B(v, w, T, M)](t, x),
v1(t,0) +v2(t,0) = vy (1, 1) —v2(1, 1) =0,

v(t + 2w, x) = v(t, x)

2.1)

and vice versa. Here the nonlinear operator B is defined as
[B(v, w, 7, )], x) 1= b(x, A, [1v](#, x), [/Lv](t — 0T, ), [KV](Z, X), [K)0](1, X))
1
—Eaxa(x, A (i(t, x) —va(t, x)) (2.2)

with partial integral operators J; defined by

L [F i §) — (. §)
[Jyv](t, x) = 7./ —d& (2.3)
’ 2o aw
and with “pointwise” operators K and K defined by
v + 02 vi (1, x) — va(r, x)
Kv = , [Kwl(t, x) = ———————— = [0, ,v](¢, x).
v 5 [Kyv](t, x) 20 ) [0 5]z, x)

(2.4)

Definition 6 (i) We denote by Co, (R x [0, 1]; R2) the space of all continuous functions
v: [0, 1] x R — RZ such that v(t + 27, x) = v(t, x) forall € R and x € [0, 1], with
the norm

[vlloo := max{lvi(#, X)| + [v2(t, x)| : t € R, x € [0, 1]}
(i) For k € N we denote by C’zcﬂ (R x [0, 1]; Rz) the space of all C*-smooth functions
v € Car (R x [0, 1]; R?), with the norm max{[|8/ 8} v|loo : 0 < i + j < k}.
Lemma7 Forallw,t,» € Randk = 2,3, ... the following is true:

(i) Ifu € C5_(R x [0, 1]) is a solution to (1.3), then the function v € C5—'(R x [0, 1]; R?),
which is defined by
v = wdu +a(x, A)oyu, vy := wdu —a(x, r)oyu,
(2.5)
is a solution to (2.1).

(i) Ifv e C57' (R x [0, 11; R?) is a solution to (2.1), then the functionu € C5 ' (R x [0, 1),
which is defined by

[ ) ) 20
0

u(t,x) = 5 aE. )

is C*-smooth and a solution to (1.3).

Proof (i) Letu € C5_(R x [0, 1]) be a solution to (1.3), and let v € C5~' (R x [0, 1]; R?)
be defined by (2.5). From (2.5) follows

o] = a)atzu + ad;0xlt, 0xV] = w0 0xU + Oradxl + aaﬁu,

d vy = wd u — addeut, dyvy = @ dyu — dyadyu — adu.
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Hence
v + vy V] — U2
woiu = = Kv, 0yu = = K,v 2.7
2 2a
and
2q2 2492 _ —
W 0, u — a0 u —adyadyu = wd vy — adyvy = W vy + adyvy. 2.8)

From u(z,0) = 0,u(t,1) = 0 (cf. (1.3)) and (2.7) follows v;(¢,0) — v2(¢,0) = 0 and
vi(t, 1) + va(¢, 1) = 0, i.e. the boundary conditions of (2.1). Further, from u(z, 0) = 0 and
(2.7) follows also u = J)v. Hence, (2.7), (2.8) and the differential equation in (1.3) yield the
differential equations in (2.1).

(i) Letv € C’z‘;l(]R x [0, 1]; R?) be a solution to (2.1), and let u € Clz‘;l(]R x [0, 1]) be
defined by (2.6). From (2.1) and (2.6) it follows that

[T 0, 8) — dva(t, §) _/"‘ 0xv1 (7, §) + 0y v2(1, §)
3,u(t,x)—f0 2GR dé = A d

£ = vi(t, x) + v2(7, x)
2w N 2w '

Hence, 9,u is C¥~!-smooth, and
202 _ @
W 0fu = > (0;v1 + 0;v2). 2.9)
Further, (2.6) yields

deut = = Ky, 2.10)

ie. dcu is C¥1-smooth also, i.e. u is C*-smooth, and 2(3,ad,u + aagu) = 0,V — Oy V2,
ie.

2.2 a O0ya
a“o;u = E(axvl — Jyv) — 7(111 — ). 2.11)
But (2.1), (2.9) and (2.11) imply w?82u — a*9?u = B(v, w, 7, 1) + 3dxa(v; — v2), i.e. the

differential equation in (1.3). The boundary conditions in (1.3) follow from the boundary
conditions in (2.1) and from (2.6) and (2.10). ]

Let us calculate the linearization of the operator B (cf. (2.2)) with respect to v in v = 0.
For that reason we use the following notation:

bj(x,A):=0;b(x,1,0,0,0,0) for j =3,4,5,6. (2.12)
Remark that b; (x, 0) = b?(x) (cf. (1.5)). We have
[0, B(0, w, T, M)v](t, x)
= b3 (x, M[LLvl(t, x) + ba(x, M[Shv]l(t — o1, x) + bs(x, M [Kv](z, x) + be(x, M)[Kv](t, x)
—%3xa(x, M (i(r, x) —va(1, x))
=bi(x, Mur(t, x) + ba(x, M2, x) + b3 (x, VLI, x) + ba(x, M[N1v]( — 0T, X)

(2.13)
with
bix ) = <—8xa(x,A) 4 bs(e, 2 + 28 ”) ,
2 a(x, )
bz(.x, )\‘) = 5 <8xa(x, )\.) + bs(x’ )\_) — a(x’ )\‘) ) .
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By reasons which will be seen in Sects. 3 and 4 below we rewrite system (2.1) in the following
way:

wov(t, x) —a(x, A)oyv1(t, x) — b1 (x, Mvi(t, x) = [B1(v, w, T, L)](t, x),
wd; vy (t, x) +a(x, A)ova(t, x) — ba(x, Mva(t, x) = [Ba(v, w, T, A)](1, x),

vi(t,0) + va(t, 0) = w11, 1) — va(t, 1) =0, @13)
v(t 4+ 2w, x) = v(t, x)
with
[Bi(v, w, T, M)](t, x) := [B(v, w, T, M)](t, x) — b1 (x, M)v( (¢, x), 2.16)
[B(v, w, T, M)](t, x) := [B(v, w, T, \)](t, x) — ba(x, M)va(t, x). ’

The operators By, By : Car (R x [0, 1]; R2) x R3 — Cy (R x [0, 1]), introduced in (2.16),
define an operator

B:=(Bi,B) : Car (R x [0, 1]: R?) x R? — Caz (R x [0, 1]; R?).

Moreover, the operator B(-, w, 7, 1) : Co (R x [0, 1]; Rz) — Cor (R x [0, 1]; Rz) is C*°-
smooth because the function b is supposed to be C°°-smooth, and

0B, w,7,1) = T(w, 7, 1) + K() 2.17)

with operators J (w, 7, A), K(X) € L(Car (R x [0, 1]; R2)). Their components are defined
by (cf. (2.13) and (2.16))

[T1(w, T, W], x) = [T, T, W], x) = b3 (x, M[Lyv](t, x) + balx, M[v]( — 0T, x)
_ 1/* b3(x, M1, 8) —v2(t, ) + balx, (1t — w7, §) —02(t — w1, §))
0 a,r)

5 de (2.18)

and
[IC1 ()], x) = ba(x, Mva(t, x), [Ka(M)v](t, x) = b1(x, Vv (2, x). (2.19)

Hence, the linearization with respect to v in v = 0 of the right-hand side of (2.15) has a special
structure: It is the sum of the partial integral operator 7 (w, 7, 1) and of the “pointwise”
operator /C(A), which has vanishing diagonal part. This structure will be used in Subsect. 4.1
below, cf. Remark 11.

3 Transformation of the First-order System into a System of Partial
Integral Equations

In this section we show (by using the method of integration along characteristics) that any
solution to (2.1), i.e. to (2.15), solves the system of partial integral equations

vi(t, x) +c1(x, 0, VMva(f + wA(x,0,1),0)
= —/ LD 8 0wt I+ wAG £, 2, E)dE,

0 a(Sa )“) (3 1)
v(t,x) —co(x, 1, Mv (f — wA(x, 1,2), 1) '

1
= / %[Bz(v, ®. 7. )]t — wA(x, E, 1), £)dE
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and vice versa. Here the operators 53; and B; are from (2.16), and the functions ¢y, ¢ and A
are defined by (cf. (2.12) and (2.14))

€ by, " ba(n, td
C1(x.6.0) = exp/ al((: A))dn’ a(x.£,4) = eXP[S az((: ,\))d’% Ak, 1) ::/5 a(nn/\)'

Lemma 8 Forall w, t, . € R the following is true:

(i) Ifve C) (R x [0, 1]; R?) is a solution to (2.1), then it is a solution to (3.1).
(ii) Ifv e Cy R x [0, 1]; Rz) is a solution to (3.1) and if d;v exists and is continuous, then
v belongs to C%ﬂ (R x [0, 11; R?) and solves (2.1).

Proof (i)Letv € Czln (Rx [0, 1]: R?) be given. Because of ¢ (x, x,A) = land A(x, x, A) =
0 we get

vi(t, x) —c1(x, 0, M) (t + wA(x, 0, 1), 0) =/ ;—S(Cl(x E, Vvt +wAx,§,1),8))dE
0

=/0 deci(c, £, W)vi(t + wA(x, £, 1), E)dE
+/ ci(x, &, 1) (atvl(t+wA(x,$,)u),§)w3§A(x,§,)») +3xv1(t+wA(x,§,k),$)) dt.
0

From 0: A(x, &, A) = —1/a(§, A) and 0gc1(x, &, 1) = b1(§, M1 (x, &, 1) /a(&, X) it follows
that

vi(t, x) —c1(x, 0, Vv (f + wA(x,0,1),0)

_[fated
= [t .0 + a6 O +hiE e D] e

Similarly one shows that
1
va(t, x) —calx, L Mo (t — wA(x, 1, 2), 1) = */ % (c2(x, &, M2t — wA(x, £, 1), 8)) d§

RCICN Y
=- / e LB FaE DI 6.6~ G D] e
But this yields that, if v is a solution to (2.1), i.e. to (2.15), then it is a solution to (3.1)

(i) Let v € Car (R x [0, 1]; R?) be a solution to (3.1). The first equation of (3.1) yields
v1(t,0) = ¢1(0, 0, Mva(t + wA(0, 0, 1), 0) = —va(t, 0), i.e. the first boundary condition of
(2.1). Similarly the second boundary condition of (2.1) follows from the second equation of
3.1).

Further, from (3.1) and from the assumption, that d;v exists and is continuous, it follows
that also 0, v exists and is continuous, i.e. v € Czlﬂ (R x [0, 17; Rz).

Now, let us verify the differential equations in (2.1), i.e. in (2.15). From (3.1) it follows
that

(wdy —a(x, A)dy) (vi(t, x) + c1(x,0, V)va(t + wA(x, 0, 1), 0))
ci(x,§,2)

= — (wd; —a(x, X))oy )/ aC. )\) ———[Bi1(v,w, T, V]t + wAx,§, 1), 5)dE. (3.2)

Because of d,c1(x, 0, 1) = —b1(x, A)ci(x, 0, 1) /a(x, 1) and
(wdr —a(x,A)dy) p(t + wA(x,&,1)) =0forall p € CI(R)
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the left-hand side of (3.2) is (wd; — a(x, A)dy) v1(t, x) +b1(x, A)va(t+wA(x, 0, 1), 0), and
the right-hand side of (3.2) is

* 9 9 )\‘
b1<x,mf GOS0, 7, 11 + A, €, 2), )dE + [Br(v, , 7, W1, ).
o a,A)
Hence, the firstequation of (2.15) is shown. Using dx 2 (x, 0, A) = ba(x, X)c1(x, 0, A)/a(x, 1),
one gets similarly
(@3 +a(x, M)3y) (v2(t, x) + c2(x, 0, v (7 — wA(x, 0, A), 0))
= (wd; +a(x, 1)dy) va(t, x) + ba(x, Mvi(t — wA(x, 0, 1), 0)

! A
= — (w9 +a(x,?»)3x)/ %[ﬁz(v,w, T, VI — wA(x, §, 1), §)dE
b Lea(x, €,0)
=Dy (x, A) a0 — B, 0, 7, V] + 0A(x,§, 1), §)dE + [Ba(v, @, T, V], x),
i.e. the second equation of (2.15) is shown. O

4 Lyapunov-Schmidt Procedure

In this and the next sections we do a Lyapunov-Schmidt procedure in order to reduce locally
forv ~ 0,w = 1, T = 79 and A = 0 the problem (3.1) with the infinite-dimensional state
parameter (v, w) to the problem (6.1) with the three-dimensional state parameter (u, ).

For the sake of simplicity, we will write the problem (3.1) in a more abstract way. For that
reason for w, A € R let us introduce operators C(w, 1), D(w, 1) € L(Car (R x [0, 1]; R2))
with components C;(w, A), Dj(w, 1) € L(Cox (R x [0, 1]); R2); Cory (R x [0, 11),j =1, 2,
which are defined by

[Ci(w, Mv](x, 1) == —c1(x,0, Mva(t + wA(x, 0, 1), 0), 41
[Co(w, Mv](x, 1) == ca(x, 1, V)1t — wA(x, 1,1),1) @.1)
and
, (g A
[Di(w, M)v](x,t) == — vt + wA(x, & 1), E)dE,
o a, ) 42)
Lep(x, 6,00 '
[Dr(w, Mv](x, 1) = / ———un(t — wAx, &, A), £)dE.
xaé. )
Using this notation, the system (3.1) reads
v =C(w, \)v+ D(w, \)B(v, w, T, 1), 4.3)

where the nonlinear operator 55 is introduced in (2.16).

Remark 9 Also the first-order hyperbolic system (2.15) can be written in an abstract way,
namely as

A(w, M)v =B, w, t,A) 4.4)
with A(w, 1) € L(CL (R x [0, 1]; R?); Cor (R x [0, 1]; R?)) defined by

wd; v (t, x) —a(x, A)ovi(t, x) — by (x, Vv (t, x)

[A(@, M, x) == [wa,uz(z, X) 4 a(x, 1)y va(t, x) — ba(x, Mva(t, x)

} . @5
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Remark that in the proof of Lemma 8 we showed that for all w, A € R it holds
A(w, M)C(w, M = A(w, L)D(w, M)v —v =0 forallv e CL_(R x [0, 1]; R?) (4.6)
and

D(w, 1) A(w, M)v = v — C(w, M forall v € C1 (R x [0, 1]; R?)
with [v] + v2ly=0 = [v1 — v2]x=1 = 0. 4.7

It is easy to see that the operators C(w, A), D(w, A), J(w, T, A) and K(}X) (cf. (2.18),
(2.19)) are bounded with respect to @ and t and locally bounded with respect to A, i.e., for
any ¢ > 0 it holds

sup  {[IC(w, MVlloo + ID(@, Mvllos + 1T (@, T, MVlloc + KM Ve & [V]loo < 1} < 00.

w,7eR, |A|<c -

(4.8)

But, unfortunately, the operators C(w, A) and D(w, 1) do not depend continuously (in the
sense of the uniform operator norm in £(Co, (R x [0, 1]; Rz)) on w and A, in general, and
J(w, T, 1) does not depend continuously on w and 7, in general. This is the main technical
difficulty which we have to overcome in order to analyze the bifurcation problem (4.3).
Remark that this difficulty appears also in the case if 7 is fixed to be zero (and A is used to be
the bifurcation parameter), i.e. in the case of Hopf bifurcation for semilinear wave equations
without delay.

It should be emphasized that the equation (4.3) does not depend smoothly on w, 7, and A.
But after the Lyapunov-Schmidt reduction the equation (6.1), which is locally equivalent to
(4.3), depends smoothly on all its parameters. In other words, during the Lyapunov-Schmidt
reduction the main difficulties of the present paper have been eliminated, with hard technical
work behind.

4.1 Fredholmness of the Linearization

We intend to show that the linearization of (4.3) at v = 0, i.e., the operator
I —C(w,A) — D(w, 1)0,BO,w,t,A) =1 —C(w, L) — D(w, \)(T(w, T, 1) + K(Q)),
is a Fredholm operator of index zero from the space Co, (R x [0, 1]; R2) into itself.

Lemma 10 Let the condition (1.7) be fulfilled. Then there exists § > 0 such that for all
w, T, A € Rwithw # 0 and |\| < § the operator I — C(w, A) — D(w, A)0,B(0, w, T, L) is
a Fredholm operator of index zero from the space Cor (R x [0, 1]; Rz) into itself.

The main complication in the proof is caused by the fact that the operators C(w, A) +
D(w, A)0,B(0, w, T, A) are not completely continuous from the space Ca, (R x [0, 1]; R2)
into itself, in general.

The proof will be divided into a number of claims.

Claim1 For all w, 7,1, € R with @ # 0 and all v € Co; (R x [0, 1]; R2) we have
D(w, V)T (w, T, M)v € CL_ (R x [0, 1]; R?), and for any ¢ > 0 it holds

sup {10 D(w, 1) T (@, T, MV leo + 10: D(@, T (@, T, MVloo & V]l < 1} < 00.
1/c<w=c,teR,|r|<c

(4.9)
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Proof of Claim The idea of the proof is to show that the composition of the two partial integral
operators D(w, ) and J (w, T, A) is an integral operator mapping Ca, (R x [0, 1]; R?) into
Ci (R x [0, 1]; R?). Indeed, for v € C25 (R x [0, 1]; R?) we have

[Di(w, V)T (0, T, W)V](t, x)
1 /*‘ <01(x,5,)~)b3(€,>») § v1(t+wA(n,$,/\),n)—vz(t+wA(n,$,/\),r7)d >
n)d§
0

2 a(g, 1) 0 a(n, r)
_1/“’ <01(x,€,l)b4(§,k) F Uit — ot + 0A@, 1), 1) — v —wf+wA(n,§,>»),n)dn> dt
2 Jo a(§, ) 0 a(n, A) ’
where

[x/-g ci(x,§, Mb3(E, Mvi(t + A, §, 1), n) dnds
o Jo

a(, Ma(n, 1)
:/X / el & Wb Mo+ 0AGLEN D)
0 Jy a(&, Ma, 1)
1 / /f+wA<W> 1 .02, b3 En o r (§), Wi &)
el ) a(n, )

Here we changed the integration variable £ to a new integration variable

cdn. (4.10)

w
a(&, r)

Note that for @ # 0 the inverse transformation & = &, ; ,,,.(¢) exists and depends smoothly
onn,t,w,Aand .

Obviously, the absolute values of the partial derivatives of (4.10) with respect to ¢ and x
exist and can be estimated from above by a constant times ||v| . Moreover, as long as @
and X are varying in the ranges 1/c < w < ¢ and |A| < c, the constant may be chosen to be
independent on w, T and A (and to depend on ¢ only). The same can be shown for the terms

/x /5 c1(x, & b3 Mot + AWM. E L)1)
o Jo a(&, Ma(n, ))

o d
¢ = CyronlE) =1+ wAG.E.2) =z+wf —Ear=- dt.
g alz, )

ndé

an

d
/x /E c1(x,§, Mby(5, Mt — wt + wA[, §, 1), 1) dndt, j =1.2
o Jo

a(&, Ma(n, 1)

Claim 1 is therefore proved for the first component D (w, A)J (w, 7, 1). The same argument
applies to the second component D> (w, A)J (@, T, X).

Claim2 For all w,7,. € R with @ # 0 and all v € Cy; (R x [0, 1]; R2) we have
D(w, VKM D(w, v € C5_(R x [0, 1]; R?), and for any ¢ > 0 it holds

sup {I10:D(@, MER)D(@, Moo + [10x D@, KA D(@, Moo © [[V]lee < 1} < o0.

l/c<w=<c,TeR,|A|<c -

(4.11)

Proof of Claim The proof is similar to the proof of Claim 1. We have

[Di(@, HKR)D(w, 1)v](7, x)

:_/x /s c1(x, &, )2 (&, n, Mba(E, 1)
0 0 a(f, )\)a(n7)")

0t + 0Ax, §, 1) —0AE, 0, 4), n) dnd§
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:_/" /" ci(x, &, Ve (8, 17J»)bz($,k)vz(t+LUA(X’S7A)_W‘(%’mk)yn)dw’7
0 Jn

a(&, Ma(n, 1)
_ L/" /"‘“A“""'” c1x, &n 0,0 (8), MeaEn 0,08, 1, VD1 En1,0,0.(8), M)
2w 0

t+wA(x,n,A) a('), )‘-)

v2(¢, ) didn.
Here we changed the integration variable & to

= &) =1+ 0(A(x,§3) — A, 0, ) =1+ (/XL+["L) 4
P e R W ATER T I APTERTY

2w
= —7d s
a,n) ¢
and denoted by & = &;,; ,.(¢) the inverse transformation. Now we proceed as in the proof
of Claim 2.

Remark 11 In the proof of Claim 2 we used that the diagonal part of the operator C(})
vanishes. Indeed, if in place of (2.19) we would have, for example, [C;(M)v](t,x) =
v1(t, x) 4+ ba(x, M)va(t, x), then in [Dy(w, A)K(X)D(w, A)v](t, x) there would appear the
additional summand

T ei(x, 8 Dea(EL . 0)
_/o/n & hatr i) Vit + wAx, E, L) +wAE, n, L), n)dédn.

Because of A(x, &, 1) + A&, n, 1) = A(x, n, A) this equals to

T a(x, €, M) 0, A)
_/o /,; a(g, Ma(n, 1) vi(t + wA(x, n, ), n) dédn,

and this is not differentiable with respect to ¢, in general, if v is not differentiable with
respect to 7.

Claim3 For all w, 7,2 € R with @ # 0 and all v € Cy; (R x [0, 1]; ]Rz) we have
D(w, WKM)C(w, Mv € C3_(R x [0, 1]; R?), and for any ¢ > 0 it holds

sup {I19:D(w, HEM)C (@, Vvl + [10xD(@, MEGR)C (@, Mvlleo © IVllec < 1} < 00.

l/c<w=c,teR,|r|<c N

(4.12)
Proof of Claim We have

[D1(w, HER)C (@, MV](t, x)
_ _/‘X c1(x, &, Mea(g, 1, M)b1(§, 4)
0 a(§, 1)

1 t—wA(x,1,1)

vi(t + wA(x, &, 1) —wAE, 1, 1), 1)dE

1%, §1,0,1.(8), Me2(61,0,0(2), 1, Mb1 (& 0,(5), Mi(g, DdE.

20 St wA0.0)—wA©0.1.0)

Here we changed the integration variable & to

£ = Con(®) = 1+ A £, 1) — wAGE, 1, 2) =r+wf d¢
3

2
- =Y g
a@, )
and & = & ,,,(¢) is the inverse transformation. Again, now we can proceed as in the proof
of Claim 1.

dz /1 dz
) ,
a(z, M) g a(z, M)
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Claim 4 Let the condition (1.7) be fulfilled. Then there exists § > 0 such that forallw, A € R
with |A| < § the operator / — C(w, A) is an isomorphism from Ca, (R x [0, 1]; R?) to itself.
Moreover,

sup  {IIJ = C(o, M flloo t 1 fllo < 1} < 0. (4.13)
weR, || <8

Proof of Claim Take f € Co; (R x [0, 1]; R2). We have to show that for all real numbers
w and A with A = 0 there exists a unique function v € Ca, (R x [0, 1]; R?) satisfying the
equation

I —=Clw,))v=Ff (4.14)

and that ||v]|eo < const|| f||co, Where the constant does not depend on w, A and f. Equation
(4.14) is satisfied if and only if for all # € R and x € [0, 1] it holds

vi(t,x) = —c1(x,0, V2 (t + wA(x, 0, 1),0) + fi(z, x), 4.15)
va(t, x) = ca(x, 0, Vv (t — wA(x, 1, 1), 1) + fo(t, x). (4.16)
System (4.15), (4.16) is satisfied if and only if (4.15) is true and if it holds
va(t, x) = c2(x, 1, X)(—c1 (1,0, M2 (t + w(A(1,0, 1) — A(x, 1, 1)), 0)
+/1(t — wA(x, 1, 1), x)) + f2(1, x), (4.17)
i.e., if and only if (4.15) and (4.17) are true and if
v2(1,0) = ¢2(0, 1, A)(—c1 (1, 0, M)va(t + w(A(1,0, 1) — A0, 1, 1)), 0)
+fi(t —wA(0, 1,1),0)) + f2(z,0). (4.18)

Equation (4.18) is a functional equation for the unknown function v, (-, 0). In order to
solve this equation let us denote by C», (R) the Banach space of all 2 -periodic continuous
functions v : R — R with the norm |7 := max{|v(¢)| : ¢ € R}. Equation (4.18) is an
equation in Co, (R) of the type

(I = Clw, M)0 = f(w, 1) (4.19)
with v, f € Cy (R) defined by v(t) := v (t, 0) and
[f(w, )]@) := c2(0, 1, 1) fi(t — wA(0, 1, 1), x) + f>(t,0) (4.20)

and with C(w, A) € L(Cax (R)) defined by
[5(@, MU](t) == —c1(1,0,A)c2(0, 1, Mo(t + w(A(1,0, 1) — A0, 1, 1))). (4.21)
From the definitions of the functions ¢; and c; it follows that

Ups(x, 2)
a(x, )

X,

c1(1,0,2)c2(0,1, 1) = exp/
0

and assumption (1.7) yields
co :=c1(1,0,0)c2(0,1,0) #£ 1.

Now, we distinguish two cases.
Case 1: ¢ < 1. Then there exists § > 0 such that for all A € [—4,d] it holds
c1(1,0,)¢2(0, 1, ) < 450 < 1. Therefore

+ co

~ 1
[IC(w, )‘)”ﬁ(CZn(R)) < < 1forall A € [-6,§].
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Hence, for all A € [—4, §] the operator [ — C (w, X) is an isomorphism from Cy, (R) to itself,
and

1 2

I+ ~ 1 — ¢
-5 l-a

(I = Clw, M)l 2icon®)) <

Therefore, for all w, A € R with |A| < § there exists exactly one solution v, (-, 0) € Ca (R)
to (4.18), and

o2, 0)lloo < comst]l f (@, Mlloo < const]| flloo,

where the constants do not depend on w, A and f. Inserting this solution into the right-
hand side of (4.17) we get v € Car (R x [0, 1]), and inserting this into the right-hand
side of (4.15) we get finally v; € Ca; (R x [0, 1]), i.e. the unique solution v = (v, v2) €
Cor (R x [0, 1]; R?) to (4.15), (4.16) such that [lv]loo < const|| f||co, Where the constant does
not depend on w, X and f.

Case 2: ¢g > 1. Then there exists § > 0 such that for all A € [—4, ] it holds
c1(1,0,M)c2(0, 1, 4) > H'TCO > 1. Equation (4.18) is equivalent to

va(t + @ (A0, 1, 1) — A(1, 0, 1)), 0)
Cl(l, 0, )\)6‘2(0, 1, )»)
fit —wA(1,0,1), 1) folt + w(A, 1, 1) — A(1, 0, 1)), 0)
- c1(1,0, 1) B c1(1,0, M)e2(0, 1, 1)

v2(t,0) =

This equation is again of the type (4.19), but now with ||5 (1, 0l £(Crr ®)) < 1/co. Hence,
there exists § > 0 such that

IC(@, Ml 2o ) < < 1forall » € [=$,§].

I O e

we can, therefore, proceed as in the case ¢p < 1.

Remark 12 Definition (4.21) implies that & C(w, A)3 = C(w, 1) L5 forall § € CJ,_(R). This
yields the estimate

~ . d ~ -
[C (e, x)u”oo+‘ 5;C@. )P

< |8, )| (I llos + 19]loc) for all § € €3 (R).
o0

L(Crz (R)
Hence, (I — C (w, )~ is a linear bounded operator from Czln (R) into Czlﬂ (R) for A ~ 0.
It follows that, for given f € Czln (R x [0, 1]; R?), the solution v to (4.14) belongs to
Czlﬂ (R x [0, 17; Rz) and, moreover,

sup ||(I —C(w, )7 ||£(C21 Rx[0.1]:R2)) < O©- (4.22)
weR,|A|<5 ™
Letus turn back to Fredholmness of the operator / —C(w, A) —D(w, A) (T (@, T, A)+IC(X))
from the space Cor (R x [0, 1]; Rz) into itself for v # 0 and A ~ 0. Note that the space
Cén (Rx[0,1]: R?)is completely continuously embedded into the space Ca,; (R x [0, 1]; R2).
By Claim 1, for given w # 0, the operator D(w, A)J (w, T, 1) is completely continuous from
Cor (R x [0, 1]; R?) into itself. Therefore, it remains to show that for w # 0 and A ~ 0 the
operator I — C(w, L) — D(w, A)K()) is Fredholm of index zero from Co, (R x [0, 1]; R?)
into itself. By Claim 4, this is true whenever the operator I — (I — C(w, W) I D, VKM
is Fredholm of index zero from Ca, (R x [0, 1]; R?) into itself, for @ # 0 and A =~ 0. For
that we use the following Fredholmness criterion of S. M. Nikolskii (cf. e.g. [20, Theorem
XII1.5.2]):
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Theorem 13 Let U be a Banach space and K € L(U) be an operator such that K? is
completely continuous. Then the operator I — K is Fredholm of index zero.

On the account of Theorem 13, it remains to prove the following statement.

Claim5 For given w # 0 and A = 0, the operator ((I — C(w, WD, MKM))? is
completely continuous from Co, (R x [0, 1]; R2) into itself.

Proof of Claim A straightforward calculation shows that

(I —0)7'DK))? = I — )~ ((DK)* + DKC( - C)™'DK) . (4.23)
The desired statement now follows from Claims 2 and 3.
Remark 14 For proving Lemma 10 we did not need the estimates (4.9), (4.11)—(4.13) and

(4.22). These estimates will be used in the proof of Lemma 20 below (more exactly, in the
proof of Claim 7 there).

4.2 Kernel and Image of the Linearization

This subsection concerns the kernel and the image of the operator
L:=1-C—-DJ+K), (4.24)
where
C:=C(1,0), D:=D(1,0), J:=J(1, 1,0), and £ := K£(0) (4.25)

(cf. (2.18), (2.19), (4.1) and (4.2)). From now on we will use assumptions (A1)-(A3) and
(1.7) of Theorem 2. In particular, we will fix a solution u = ug # 0 to (1.4) with T = 19
and p = i and a solution u = u, # 0 to (1.6) fulfilling assumption (A3) (or, more precisely,
(4.41) below).

We will describe the kernel and the image of the operator £ by means of the eigenfunctions
ug and u. To this end, we introduce two functions vy, v« : [0, 1] — CZ, two functions
0, Vs : R x [0, 1] = C? and four functions v(l), v(z), vivf ‘R x [0,1] — R? by

o= 1 . = i =
(4.26)
and
Vi (x) 1= [Z:g;tig:g;] L Va(t, x) == ey (x), v) :=Rev,, v2 :=Imv,,
(4.27)
where

bg Lot ;
Us(x) = ( o) 2a6<x>) () = ap @ () + —— [ (b3(&) +bJ©)e™) u.(€)de.

ap(x) ap(x) Jy
(4.28)

Lemma 15 [f the conditions of Theorem 2 are fulfilled, then ker L = span{v(l), v(z)}.
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Proof Because ug is a solution to (1.4) with T = tp and i = i, the complex-valued function
uo(t, x) := e''up(x) is a solution to the linear homogeneous problem
d2u(t, x) — aop(x)?d2u(t, x)
= DY ()u(t, x) + bY()u(t — 10, %) + b (X)du(t, x) + b(x)dxu(t, x), ¢ (4.29)
u(0,1) = deu(t,1) =0, u(t +2m,x) = u(t, x).

On the other hand, if u is a solution to (4.29), then for all £ € Z the functions

1 2 .
ip(x) := E/O u(t, x)e % dr

satisfy the ODE (—k? — b9 (x) — b3 (x)e'*™ — ikb2(x)) iix (x) = ao(x)?i} (x) + b2 (x)it] (x)
with boundary conditions it (0) = 12;((1) = 0. Assumptions (A1) and (A2) imply thatiiy =0
forallk € Z\ {£1}and i1 = cug for some constant c, i.e., u € span{ug, up}. In other words,
span{ug, ug} consists of all solutions u : R x [0, 1] — C to (4.29).

Now we apply Lemmas 7 and 8 withw = 1,7 = 79, A = Oand with b(x, X, u3, u4, us, ug)
replaced by bg X)usz+ bg (X)ug+ b(s) X)us+ bg (x)ug. We conclude that span{vg, vo} consists
of all solutions v : Rx [0, 1] — C2 to the linear homogeneous equation v = Cv—D(J +K)v,
where v is defined by (4.26). As v(l) = Revg and v(z) = Imvy, the proof is complete. O

TR

In what follows we denote by the Hermitian scalar product in C2, ie. v - w =
VW] + v2W3 for v, w € C2. Further, for continuous functions v, w : [0, 2] x [0, 1] — C2
we write

1 2 1 1 2 1
(v, w) == — / v(t, x) - w(t, x)dxdt = —/ f (v1(t, x)w (¢, x)
2 0 0 2w 0 0
+va (2, x)wo(t, x))dxdt.

Moreover, we will work with the operator A € £ (C; (R x [0, 1]; R?); Cor (R x [0, 1]; R?)),
the components of which are defined by

[A](, x) == dv1(t, x) — ag(x)dyvi (f, x) — b ()1 (¢, X),

0 [ L
[A2v1(2. x) = Bva(t. %) + o (x)Byva(t, x)) — BY(D)wa(e, x) | D7) = i 0 =1.2,

ie. A = A(1, 0) (cf. (4.5)), and its formal adjoint one A* € L (C217r (R x [0, 1]; R?); Caxr
(R x [0, 1]; Rz)), which is defined by

[AT](t, x) = —dv1(t, x) + 3y (a0 (x)v1 (2, X)) — b (X)v1 (2, x),
[A3V](7, x) = —va(t, X) — By (ao(x)va(t, X)) — BY (X)v2 (7, x).

Itis easy to verify that (Av, w) = (v, A*w) forall v, w € C1_(R x [0, 1]; R?) which satisfy
the boundary conditions in (2.1).

Lemma 16 If the conditions of Theorem 2 are fulfilled, then
imL={f € Cor (R x [0, 1;R?) : (f, A*v]) = (f, A*02) = 0}

Proof 1t follows from Lemmas 10 and 15 that im £ is a closed subspace of codimension two
in Ca (R x [0, 1]; R2). Hence, it suffices to show that

imL C{f eCou(Rx[0,11:R?): (f, A*v]) = (f, A*v2) =0} (4.30)
and that

A* vi and A* vf are linearly independent. (4.31)
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To prove (4.30), fix an arbitrary v € Co; (R x [0, 1]; R2). There exists a sequence

wh w?, ... € Czlﬂ(]R x [0, 1]; R?) such that |[v — w¥||loc — 0 as k — oo. Moreover,

the functions (C + D(J + IC))wk satisfy the boundary conditions in (2.1). Also the func-
tion v,l satisfies the boundary conditions in (2.1). The last fact follows from the equalities
[(us +iUs) + (us — iUs) k=0 = 2u+(0) = 0 and

bO
[(us +iUs) — (g — iU =1 = 2i |:(6 — Za(')) u*aou;] =0 (4.32)
ao
x=1

because the eigenfunction u, satisfies the boundary conditions in (1.6). Therefore, by (4.6),

(C+ DT + K)wk, A*v]y = (ACC + DT + K)wk, vy = (T + K©wk, vl
= (wk, (T + KHvly,

where the operators J*, K* € L(Cyr (R x [0, 1]; R?)) are the formal adjoint operators to J
and K. Due to (2.18) and (2.19), they are given by the formulas

[JFwlt, x) = [T wl(t, x) = a0t )/ BE) (Wi, E) + wa(t, £))

D) (Wit + 10, 8) + walt + 10, 6)))d§

and

Tw= b(l)wz, Kiw = bgwl,
respectively. It follows that

(Lo, A*v)) = (I =C = DT + K))v, A'v) = (v A*v) = lim (€ + DT + Kpw, A*v))
= (v, A%]) = lim (T + Kk o)) = (o, (A" = T7 = K.

Similarly, (Lv, A*v2) = (v, (A* — J* — K*)v2). Hence, in order to prove (4.30) it suffices
to show that

(A* = T* = K", =0. (4.33)

Taking into account the definitions of the operators A*, 7* and K* and of the function v,
(cf. (4.27)), it is easy to see that (4.33) is satisfied if and only if, for any x € [0, 1],

[—ivet + (aove) — b (Va1 +v:2)] (x) = f (BI(E) + b(E)e ™) (41 (€) + vi2(§))dE,

2a(x) ()
/ (BY(E) + bI(E)E™) (Va1 () + vi2 (§))dE,

[—iv = (@va2) = By(vsr + v2)] ) = —5—— ()

where vy = u, + iU, and vy, = u, — iU, are the components of the vector function v.
Considering the sum and the difference of these two equations and taking into account that
Vil + Vs2 = 2uy and vy — vy = 2i Uy, we get

—iu(x) + i(aoUy) (x) — (B (x) + b (x))u(x) = 0, (4.34)
1 1 .
Ui (x) + (agus) (x) — (b (x) — b9 (x))ux(x) = e / (BYE) + bY(E)e ™) u, (§)dE.
(4.35)
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Thus, (4.33) is equivalent to (4.34)—(4.35). In order to show (4.34), we use the equality
bo + b0 bO (cf. (2.14)) and note that (4.34) is equivalent to

(aoUsy) = (1 — ibs)u*. (4.36)
On the other side, (4.28) yields
(@Us) = (bus) — (@Gus)” — (b3 + b3e ™ )u,. 4.37)

Inserting (4.37) into (4.36), we conclude that (4.34) is true if u,, solves the ordinary differential
equation in (1.6), i.e. (4.34) is satisfied.

Equation (4.35) is satisfied by the definition (4.28) of the function U, and the equality
b0 — bg = —ao + b9 6/ao (cf. (2.14)). The proof of (4.33) and, hence, of (4.30) is therefore
complete

It remains to prove (4 31) To this end, we introduce functions wq : [0, 1] — CZ, wy :
R x [0, 1] = C*and w', w? € C}_(R x [0, 1]; R?) by

e+ robge’”o)uo + apuy, T
wp = [ (i + rbbe g — ague, | O = € w0 (438)
and
(I —Cw' = DRewy, (I —CQw? = —DImwy. (4.39)

Note that the equations (4.39) define the functions wl, w? e Czlﬂ (R x [0, 1]; Rz) uniquely,
as follows from Claim 4 in Sect. 4.1 (see also Remark 12). Combining (4.6) with (4.39), we
obtain

Aw! = Rewy, Aw? = —Imwy.
Therefore,
(w', A* +) = (Aw',v]) = (Rewg, vy)
2 1 1
/ e”wo(x) +e wo(x)) ¢ "oy (x)dxdt = / wo(x) - ve(x) dx.
47r 2 0
(4.40)

By (4.27) and (4.38), the right hand side of (4.40) is equal to

1 [t _
5 [ (((i+fob4€_”°)uo+aouo) (M*—tU*)-I-((l+fob4e_”°)uo—a0u6)-(7*+iU*)>dx
0

1 1
= / == r()bge_im)uoﬁ —iapuyUy)dx = / (i + robge_”o)uoﬂ—l— iug(agUy) dx.
0 0
Finally, we use (4.28) and the definition of o in (A3) to get
(w', A*v,) = / (2i + obfe ™™ — bdyupity dx = o.
Similarly,
2 ) .
(w2, A*v,) = —(Imwg, v,) = e / etwy —e ”Wg) ce'Mvy dxdt
i

1 1
= —— wo - vy dx = io.
2i

@ Springer



1414 Journal of Dynamics and Differential Equations (2022) 34:1393-1431

Now, we normalize the eigenfunctions uq and u, so that

1
o= / (2i —b2(x) + roe—”%g(x)) uo(X)ux(x)dx = 1. (4.41)
0
It follows that
(w!, A*vky = 7k, (4.42)
which yields (4.31), as desired. ]

4.3 Splitting of Equation (4.3)

Given ¢ € R, we introduce a time shift operator S, € L(Cz (R x [0, 1]; R2)) by
[Spv](t, x) :=v(t + @, x). (4.43)
It is easy to verify that
SpA(w, A) = Alw, 1)Sy, SyC(w, A) =C(w,1)Sy, SyD(w, L) = D(w, L)S,(4.44)
and
SpB, w, T, A) = B(Spv, w, T, 1) (4.45)
forallp, w, 7,2 € Randv € Cp (R x[0, 1]; ]Rz)). It follows that S, £ = LS, in particular,
Sy ker L =ker £, Syim L =im L. (4.46)

Since ker £ is finite dimensional, there exists a topological complement W (i.e., a closed
subspace which is transversal) to ker £ in Cp, (R x [0, 1]; R2)). Since the map ¢ € R —
Sy € L(Cox (R x [0, 1]; R2)) is strongly continuous, W can be chosen to be invariant with
respect to Sy, i.e.,

Cox(R x [0,1]; R?) =ker L& W and SoW =W (4.47)

(cf. [6, Theorem 2]). Further, let us introduce a projection operator P € L(Cor (R x
[0, 11; R%)) by

Pv = (v, Avhw! + (v, A v2)w?, (4.48)

where the functions vi and w* are given by (4.26) and (4.39). The projection property P> = P
follows from (4.42). Moreover, Lemma 16 implies that

ker P =im L. (4.49)

Furthermore, from (4.38) it follows that [S,wo](, x) = wo(t + ¢, x) = ety (x) =
e'?wo(x) and, hence,

SpRewo = cosp Rewy — singp Imwg and S,Imwg = cos ¢ Imwq + sin ¢ Re wy.

Similarly one shows that S, vl =cosgv) —singv? and Sy v2 = cos g v +singvl. On the
account of (4.44), for every v € Co» (R x [0, 1]; R?) we obtain

PSyv = (Spv, A*vhw! + (Spv, A v2)w? = (v, A*S_pv])w! + (v, A*S_,v2)w?
= (cos p(v, A*v}) +sing(v, A*v2)) w' + (= sing(v, A*v}) + cos p(v, A*v?)) w?

= (v, A*v}) (cosg w!' —sing wz) + (v, A*02) (sing w! + cosg wz)
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= (v, A*v))S,w! + (v, A*v2)S,w* = S, Pv. (4.50)
Finally, we use the ansatz (cf. (4.47))
v=u+w, uckerl, weWw (4.51)
and rewrite equation (4.3) as a system of two equations, namely

P —-Clw,\)u+w)—Dw, N)Bu+w,w,1,1) =0, (4.52)
I-P)(I—-Clw,M)u+w)—D(w,)Bu+w,w,t,r)=0. (4.53)

5 The External Lyapunov-Schmidt Equation
In this section we solve the so-called external Lyapunov-Schmidt equation (4.53) with respect
tow~0foru ~0,w~ 1,7 = 19 and A & 0. More exactly, in Subsect. 5.1 we present a

generalized implicit function theorem, which will be used in Subsect. 5.2 to solve equation
(4.53).

5.1 A Generalized Implicit Function Theorem

In this subsection we present the generalized implicit function theorem, which is a particular
case of [25, Theorem 2.2]. It concerns abstract parameter-dependent equations of the type

F(w, p) =0. (5.1
Here F is a map from Wy x P to VNVO, Wy and )/T)o are Banach spaces with norms || - |lo

and | - |p, respectively, and P is a finite dimensional normed vector space with norm || - ||.
Moreover, it is supposed that

F(0,0) =0. (5.2)

We are going to state conditions on F such that, similarly to the classical implicit function
theorem, for all p & 0 there exists exactly one solution w =~ 0 to (5.1) and that the data-
to-solution map p +— w is smooth. Similarly to the classical implicit function theorem, we
suppose that

F(-, p) € C®(Wp: W) forall p € P. (5.3)

However, unlike to the classical case, we do not suppose that F (w, -) is smooth forall w € Wy.
In our applications the map (w, p) + 9y F(w, p) is not even continuous with respect to
the uniform operator norm in £L(W; 17\70), in general. Hence, the difference of Theorem 17
below in comparison with the classical implicit function theorem is not a degeneracy of the
partial derivatives d,, F (w, p) (like in implicit function theorems of Nash-Moser type), but a
degeneracy of the partial derivatives 9, F (w, p) (which do not exist for all w € Wy).

Thus, we consider parameter depending equations, which do not depend smoothly on
the parameter, but with solutions which do depend smoothly on the parameter. For that, of
course, some additional structure is needed, which will be described now.

Letp e R~ S(p) € LOWy), ¢ € R~ §(<p) € E(VNVO), andgp € R+ T(p) € L(P) be
strongly continuous groups of linear bounded operators on W, Wo and P, respectively. We
suppose that

§(¢)F(w, p)=F(S(@w, T(p)p) forallp e R, w € Wy and p € P. 5.4
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Furthermore, let A : D(A) € Wy — W) be the infinitesimal generator of the Cp-group
S(¢). Forl € N, let

W i= D(AD = {w e Wy : SOw € C'(R; Wp)}

denote the domain of definition of the /-th power of A. Since A is closed, W is a Banach
space with the norm

!
, k
lwll; == E A wllo-
k=0

We suppose that for all k,/ € N

Ok Fw, Yy(wi, ..., wp) € CLP; Wo) forall w, wy, ..., wx € W (5.5)
and, for all w, wy, ..., wx € W, and p, p1,..., pr € Pwith |w|; + | pll <1,
10008 F(w, p)wi, ..., wi, pro ..o pdlo < carllwillr - lwelli Lpill - lpill. (5.6)
where the constants cx; do not depend on w, wy, ..., Wk, p, P1,--., PI.

Theorem 17 [25, Theorem 2.2] Suppose that the conditions (5.2)—(5.6) are fulfilled. Fur-
thermore, assume that there exist &g > 0 and ¢ > 0 such that for all p € P with ||p|| < &g

0w F (0, p) is Fredholm of index zero from W into Wg 5.7
and
|0w F (0, p)wlo > cllwllo for all w € Wy. (5.8)

Then there exist ¢ € (0, e9] and § > 0 such that for all p € P with || p|| < € there is a unique
solution w = w(p) to (5.1) with |w|lo < 8. Moreover, for all k € N we have w(p) € W,
and the map p € P+ w(p) € Wy is C*°-smooth.

Remark 18 The maps ¢ € R — S(p) € LOM)) and ¢ € R > S(p) € LON) are not
continuous, in general. Nevertheless, since P is supposed to be finite dimensional, the map
¢ € R~ T(p) € L(P)is C>®-smooth. This is essential in the proof of Theorem 17 in [25].

Remark 19 In Theorem 17 we do not suppose that 9,, F (0, p) depends continuously on p in
the sense of the uniform operator norm in £(W)p; Wy). Hence, assumptions (5.7) and (5.8)
cannot be replaced by their versions with p = 0, in general.

5.2 Solution of the external Lyapunov-Schmidt equation

In what follows, we use the following notation (for ¢ > 0 and k € N):
U ={ueckerL: ullo <&}, Po:={w,1,1) €R: |w—1|+ |t — 10| + || < g},
Cor 1= Cor R x [0, 11} R?),  Ch, = Ch (R x [0, 1]; R?).
We are going to solve the so-called external Lyapunov-Schmidt equation (4.53) with
respecttow ~ Qforu ~0,w ~ 1,7 &~ 19 and A = 0.

Lemma 20 Let the conditions of Theorem 2 be fulfilled. Then there exist ¢ > 0 and § > 0
such that for allu € U and (w, T, \) € Ps there is a unique solution w = w(u, w, T, 1) € W
to (4.53) with ||w|leo < 8. Moreover, for all k € N it holds w(u, w, T, 1) € Cé‘n, and the map
u,w,t, 1) €Uy X Pe = w(u,w, t,L) € Clzcﬂ is C°°-smooth.
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We have that w = 0 is a solution to (4.53) withu = 0, w = 1,7 = 19 and A = 0.
This suggests that Lemma 20 can be obtained from an appropriate implicit function theorem.
Unfortunately, the classical implicit function theorem does not work here, because the left-
hand side of (4.53) is differentiable with respect to w, T and A not for any w € Ca,. We will
apply Theorem 17.

Let us verify the assumptions of Theorem 17 in the following setting:

Wo=W, Wo=imP, P=kerL xR} p=@u,0—1,7—19, 1), 59)
Fw,p)=(— P)((I =Clw, \)u+w) — D(w, VB +w, »,1,1)). :

Note that Wy and Wo are Banach spaces with the norm || - ||oo. Conditions (5.2), (5.3) and
(5.7) are fulfilled, the last one being true due to Lemma 10.

It remains to verify conditions (5.4)—(5.6) and (5.8).

We begin with verifying (5.4). We identify S, and 3:«) with S, defined by (4.43) restricted
to Wy and Wg, respectively. Let

Ty(u, w, 7, 1) = (Syu, w, T, A).
It follows from (4.50) that S,/ = Wp. Taking into account (4.44) and (4.45), we get

§wF(w, p)=S,(I — P)((I—C(w, ))u+w) —D(w, VBu+w,w, 7, 1))
= — P)(( = Clw, V)(Spu + Syw) — D(w, M)B(Spu + Syw, w, T, 1))
= F(Spw, Typ), (5.10)
which gives (5.4).

To verify assumption (5.5), recall that the infinitesimal generator of the group S, is the
differential operator A = %. Therefore,

I
W ={weW: dw,dfw,....00we W), [lwl =118/ wlle forw e W.
Jj=0
We have

Ol — P) (I —C(w, A))(u +w) — D(w, \)B(u + w, w, T, 1)) ]w;
=U—-P)(I —-C(w,A) — D(w, M)0,B(u +w, w, T, \)) wy

and

35)(1 —P)({ -Cw,\)(u~+w)—D(w, \)Blu +w, w, t, ) (wy, ..., wg)
= —(I — P)D(w, M B+ w, o, 7, \)(wi, ..., wy) for k > 2.

Taking into account that any u € ker £ is C°°-smooth and satisfies the equality ||3i/ Ulloo =
lulloo (cf. Lemma 15), our task is reduced to show that for all k,/ € N and all
w, wi, ..., w; € W the functions C(w, A)w and D(w, A)B{jB(u +w,w, 7, ) (W, ..., w)
depend C l—smoothly on (w, 7, A) and that condition (5.6) is fulfilled.

The proof goes through two claims.

Claim6 For all /,m € N and w € W/t the map (w, X) € R?2 > C(w, Nw € Coy is
C!*t™_gmooth. Moreover,

195,82 C @, MWlloo < cimllwlism, (5.11)

where the constant cj,, does not depend on w, A and w for w and A varying on bounded
intervals.
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Proof of Claim Since w(-, x) is C'-smooth, definition (4.1) implies that C(-, -)w is C!-smooth,
and the derivatives can be calculated by the chain rule. For example,

| —a1(x,0,M)0,wa(t + wA(x,0,1),0)A(x,0, 1)
dulC(@, Mwlt, x) = I:—Cg(x, L )dwi (t — A(x, 1, 1), DA(x, 1, A)] - 612

It follows that |9, [C(w, M)w]||sc < const|w]| 1, where the constant does not depend on w
and A (varying in bounded intervals) and on w € W',

Similarly one can handle 9, C(w, X)w and higher order derivatives, and similarly one can
show (5.11).

Remark 21 In (5.12) the loss of derivatives property can be seen explicitely: Taking a deriva-
tive with respect to w leads to a derivative with respect to ¢. The same happens in formulas
(5.14), (5.16) and (5.17) below.

Claim7 Forallk,l,m,n € N,u € ker Landw, wy, ..., wx € W themap (w, 7, 1) €

R > D(w, Md*Bu + w, , T, A) € Cay is CH"+-smooth. Moreover,

195,070 [D(w, WL Bu + w, . 7. (i, ..., wllloo < Ckmnllwillizmen - -+ 1wWellitmn:
(5.13)

where the constant ¢y, does not depend on w, 7, A, u and w for ||u|lco, |W|j+m+n, @, T
and A varying on bounded intervals.

Proof of Claim Differentiation of (4.2) with respect to w gives

9o D(®, Mw = D(w, )d,w for w € W', (5.14)
where
(D1 (0, Mw](t, x) = —/ ak.& b w1t + wA(x, £, 1), E)A(x, £, 1) dE,
o a(, A

~ 1 A
[Da2(w, Mw](E, x) = —/ %wm—wA(x,s,x),g)A(x,g,x)dg.

Hence, for v, w € W!, it holds

du[D(w, 1)D,B, w, 7, Yw] = D(w, M3 [0,B, w, T, Yw] + D(w, M)du[0,B, w, T, Hw].
(5.15)

Furthermore, similarly to (2.17), we have
WBw,w, 7.0) =T (v, 0,7, 1) + K, 0, 1.,

where

(71 (v, @, 7, Vwl(t, ) = [0, ®, T, Hw](F, x)
_b3(t X, v, w, T, A)[LLwl(t, x)+b4(t xX,v,w, T, M)[Lw](t —wt, x)

and

[ICl(v w, T, M)w](t, x) —bz(t X, v, w, T, A)w(t, x),
[ICz(v w, T, )w](t, x) —bl(t xX,v,w, T, AD)wi(t, x).

Here the coefficients by, are defined appropriately (similarly to (2.12) and (2.14)), as follows:
bi(t, x, v, 0,7, 2) = 3;b(x, A, [Lv](t, ), [v](t — o1, x), [Kv](t, X),
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[Kyv](t, x)) fork =3,4,5,6

and

l;](t,x, v,w,T,A):

1 - 56(t,x,v,a),r,k)
3 —oa(x,\) +bs(t,x,v,0,T,A) + ——— |,

a(x, )
b ! 3 be(t,x, v, 0,7, A
by(t,x, v, 0,7, 4) := 5 | dra(x, A) + bs(t, x, v, 0, T, 1) — bo(t, x, v, 0,7, 4) )
2 a(x, )
Now, [3,B; (v, -, -, Jw](-, x) is C!-smooth because v(-, x) and w(-, x) are C!-smooth. The

derivatives can be calculated by the product and chain rules. In particular, for v, w € W' we
have

3,0, BV, ®, T, 1) = 0, T (v, ®, T, 1) 4+ 0,K (v, w, T, 1),

where

(00T (v, @, T, VW](t, X) = 3,b3(, x, v, ®, T, W[ Jw](t, x)

+0uba(t, x, v, , T, V[ Jw](t — wt, x)

—Ths(t,x, v, w, T, V)[R0, w](t — wt, x) (5.16)
and

- 1{ - dwbe(t, x, v, w, T, 1)
[0,K1(v, w, T, Vw](t, x) = = | dubs5(t, x, v, 0, T, X) + wa(t, x),

2 a(x, )
~ 1 ~ dwbe(t, X, v, w, T, 1)
[0, (v, @, T, Mw](t, x) = = | 9ub5(t, x, v, @, T, A) — wi(t, x).
2 a(x, )

Moreover, for k = 3,4, 5, 6,

Debi (t, X, v, @, T, 1)
= —1049;b(x, A, [Lv](t, x), [Jav](t — 0T, x), [KV](Z, X), [Kp ], X)) [J30,v]( — 0T, X).
(5.17)

The functions d,,by are bounded as long as as ||v]|; w, T and X are bounded. Hence, we have
10[0vB; (v, w, T, Mwlllec < const|w]li,

where the constant does not depend on w, 7, A, v and w as long as ||v]1, [|w||1 @, T and
A are bounded. Similarly one shows [|9;[3,8; (v, w, T, M)w]|loc < const|w]|;. Using (5.15)
we get

10, [D(w, A)0,B(v, w, T, )w]|lec < constflw]ly,

where the constant does not depend on w, 7, A, v and w as long as [|v]|1, |w]; w, T and A
are bounded. Similarly one shows the estimates (5.13) for d; [D(w, 1)3,B(v, w, T, A)w] and
o [D(w, 1)d,B(v, w, T, A)w] and for the higer order derivatives.

Finally, we verify assumption (5.8) of Theorem 17.

Claim 8 There exist § > 0 and ¢ > O such that, for all u € ker £ and w, 7, A € R with
ulloo + | — 1| 4+ |t — 19| + |1] < §, it holds

(I —P) —C(w, ) — D(w, (T (w, T, A) + L)) w|leo > cllw|leo for all w € W.
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Proof of Claim We will follow ideas which are used to prove coercitivity estimates for singu-
larly perturbed linear differential operators (see, e.g., [37, Lemma 1.3] and [40, Sect. 3]).

Suppose the contrary. Then there exist sequences w, € W, u,, € ker £ and (wy, T,, An) €
R3 such that

lwylloo = 1foralln € N, (5.18)
lunllco + lwn — 11+ |t — w0l + [An| = Oasn — oo (5.19)

and

(I = P) (I — Cwy, An) — D(wp, Ap) (T (@n, Tns An) + K(Ap))) wylloo — 0 as n — 00.
(5.20)

We have to construct a contradiction.
For the sake of simpler writing we will use the following notation:

Cp = C(wn, An), Dy := D(wp, Ap)(T (@n, Tns An) + K(Ap)),
&= = C) ™ (Dy+ P(I = Cy — D).

Note that the operators &, are well defined due to Claim 4 from Sect. 4.1. By assumption
(5.20), we have

(I — P)YUI —Cp — Dp)walloo = I —Cn)U — E)wnlloo — 0. (5.21)

Moreover, because of (4.13) it follows that ||(/ — &) w, ||lcc — 0 and, on the account of (4.8)
and (4.13), that

(I + ENUT = EDwplloo = 1 — EDwnlloc — O. (5.22)

Let us show that the sequence S,%wn is bounded in the space Czln. A straightforward
calculation shows that

&= (I —C) " (D} +DyCo(I = C) ' Dy + Ry) (5.23)
with
Rn = Dn(l _cn)ilp(l - Cn - Dn) + P(I - Cn - Dn)(l - Cn)il(’Dn + P(I - Cn - Dn))-
(5.24)

From (4.8), (4.22), (5.18) and (5.23) follows that, in order to show that wa,, is bounded in
Czln, it suffices to show that the operators sequences Dﬁ, D,C, and R, are bounded with
respect to the uniform operator norm in £(Coy; Czln). Let us start with

Dﬁ = D(wpn, An) (T (@n, T, An) + KAn)D(wpn, M) (T (@n, Tny An) + K(Ay)).
This sequence is bounded in £(Cay; Czlﬂ) because of (4.8), (4.9) and (4.11). Then consider
DuCp = D(wn, An) (T (@n, Tn, An) + KAn))C(wn, Ay).

This sequence is bounded in £(Cay; Czln) because of (4.8), (4.9) and (4.12). And finally,
the operator sequence R, is bounded in £(Cay; C%ﬂ) because of (4.8), (4.13), (4.22) and
because the projection P belongs to L(Cay; Czln) (cf. (4.48)).

Let us summarize: We showed that the sequence £2w, is bounded in CJ_. Because of
the Arzela-Ascoli Theorem, without loss of generality we may assume that this sequence
converges in C», to some function w, € Ca;. Then (5.22) implies the convergence
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lw, = wylloo = O. (5.25)

In particular, w, € W.
If we would have

Lwy = —C—D(J +K)ws =0, (5.26)

then it would follow w, € ker £ N W and, on the account of (4.47), w, = 0, contradicting
(5.18) and (5.25). Hence, it remains to prove (5.26).
In order to prove (5.26), we take arbitrary w, h € Co, and calculate

(€ = Ow, h)

1 21 1
=— (1166, 0, 2)war = 0, A, 0,3, 0)
2 0 0

+c1(x,0,0)wy(t — A(x,0,0),0)] h(t, x)
+[calx, I, Lp)wi(t + w, A(x, 1, 4,), 1) —ca(x, 1, 0w (t + A(x, 1, 0), 1)]h2(l,x)>dxdt

1 2T 1
=5 /. [0([—cl(x,o,xn)hlu+wnA<x,0,An>,x>

+ci(x, 0,001 (t + A(x, 0,0), x)]wa(z, 0)
+[ca(x, 1, Ap)ho(t — w, A(x, 1, X,), x) —co(x, 1,0)h(t — A(x, 1,0), x)] w (¢, 1))dxdt.
Hence,

lim sup ((C;, —C)w,h) =0forallh € Cyy.

T w1

Similarly one shows for all i1, hy, h3 € Cp, the convergence

lim sup (D, —D)w,h1)+ sup (T —Tw,h2)+ sup (K, — K)w, h3)) =0.

n—00 (||woc<1 lwlloo<1 lwlloo<1

Therefore, we get from (4.49), (5.18) and (5.21) that

0= lim ((I = P)(I = Cp = DT + Kn))wp, ) = (I = P)(I = C = D(T + K)ws, h)
= (Lwy, h)

for all h € Coy,i.e., (5.26) is true.

We have shown that Theorem 17 can be applied to equation (4.53) in the setting (5.9).
This implies the following fact.

Claim 9 There exist ¢ > 0 and § > O such that for all u € U, and (w, T, A) € P, there
is a unique solution w = w(u, w, T, 1) € W to (4.53) with ||w|lcc < §. Moreover, for
all k € N the partial derivatives 8,"12)(u, w, T, 1) exist and belong to Cy,, and the map
U, w, T, 1) €Uy X Pg Btkﬁ;(u, w, T, L) € Cyy is C*°-smooth.

In order to finish the proof of Lemma 20 by using Claim 9, we have to show that for all
k € Nit holds

wu, w,T,A) € C’z‘ﬂ forall (u,w, t,\) € Uy x Pg (5.27)
and that the map

(U, ®, T, 1) € Us X Pe > W(u, w, 7, 1) € Cx_is C*-smooth. (5.28)
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Let us first prove (5.27). We use induction with respect to k. For k = 0 condition (5.27)
is true because of Claim 9.

In order to do the induction step we use that w(u, w, T, 1) € whtl (because of Claim 9)
and that w(u, w, 7, 1) € C’z‘ﬂ (because of the induction assumption), and we have to show
that w(u, w, T, A) € CIZ‘;;I (induction assertion). It holds

w,w, T, A) =FWu, o, t,)),u, o, t,A) forall (u,w,,A) €U X Pg,
where the map F : W x U, X P, — W is defined by

Fw,u,w,t,\) :=C(w, \)w + D(w, \)B(u +w,w,t,A)+ (I — P)(I —C(w, A)u
—PD(w, \)B(u 4+ w, w, T, A).

Hence, we have to show that
F(w,u,w,7,2) € CsT forallw e W n €k and (u, w, 7, ) € Up x Py (5.29)

Obviously, forall w € Coy and (u, w, T, A) € U X Pg itholds (I — P)(I —C(w, X))u € Cén
and PD(w, \)B(u + w,w, 1, 1) € Cén for any / € N. Hence, in order to prove (5.29), it
remains to show that
Clw, Mw, D(w, VB +w,w, 7,2) € C5-T forallw e W N €k and (u, o, 7, 1) € Uy x Py,
or, the same, that
0 [C(w, Mw], 3y [C(w, Mw], 0;[D(w, M)B(u + w, ®, T, A)], 0x[D(w, M) B + w, w, T,A)] € Clz‘n
forall w e WKt N Clgﬂ.
(5.30)

Due to the definitions of 3, C and D, given by the formulas (2.16), (4.1) and (4.2), it holds

3 [C(w, Mw] = C(w, Vdw, [D(w, M)w] = D(w, L)dw,
3, [C(w, Mw] = C(w, Mw + Clw, M)dw, 3;[D(w, M)w] = D(w, M)w + D(w, \)d,w
[ B, w, t,\)] = 0,B(v, w, T, A)d;v,

where

[C~(a), W]t x) = [—Bxcl(x, 0, Mwar(t + wA(x,0, 1), 0):| 7

Oxea(x, I, Mwi(t — wA(x,1,2), 1)

—wd, A(x, 0, Mep (x, 0, Vwa (f + wA(x, 0, 1), 0)]

[Clw, Mw]@@, %) = I:—a)axA(x, 1, M)ea(x, 1, Mwi (t — wA(x, 1, 1), 1)

B wl(tvx) * axCl(x’Sv}‘)
-~ - —/ BS54 wA(x, £, 1), 0)dE
Do mwlax=| o2 oy, a&d ,
2w / BT ) n(t — wA(x, £, 1), 0)dE
| a(x, ) . a&, )
i /X Cl(x,g’)\)wl(f +wA(x,§,1),0)dé
(Bl wle.x) = | Y Olc;z;(f’gk)x)
__a(x,k)/x Y wa(t — wA(x, £, ), 0)d&

Hence, (5.30) is true.
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Now, let us prove (5.28). Again, we use induction with respect to k. For k = 0, condition
(5.28) is true due to Claim 9, again. For the induction step, we proceed as above. We have to
show that the map

(U, w,T,1) € Us X Pe > W, w, 7, 1) € CxT1is C*° — smooth (5.31)
under the assumption that
U, 0,7, 1) €Us X P > W, w, 7, 1) € W NCK is € — smooth.  (5.32)
Thanks to (5.32), the maps
(U, , 7, 1) = C(w, Mo (u, w,7,1) € C5_,
(u, w, 7, ) > Clw, N, w, t,1) € C5_,
(u, w, 7, %) = Clw, N, w, 7, 1) € C_,
(u, w, T, %) > D(w, WBu + b, ,t,1), w,7,1) € CX_,
(u, w, T, 1) > D(w, M)d,Bu + WU, ®, T, 1), ®, T, \)(du + 8,0 (u, », T, 1)) € Cx_
are C°°-smooth, which implies (5.31) as desired.
Remark 22 The uniqueness assertion of Lemma 9 and equality (5.10) yield
Sew(u, w, T, L) = W(Syu, w, v, 1) forall g € R, u € U, and (w, 7, 1) € Pe. (5.33)

Moreover, the uniqueness assertion of Lemma 9 along with equality 5(0, w, 7, A) = Oimplies
that

w(0, w, 7, 1) = 0forall (w, 7, ) € P,. (5.34)
Finally, differentiating the identity
(I = P) (I = Clw, M)+ b, ®, 7, 1) = D, B+ b, o, 1,1)),0,7,1) =0

withrespecttou inu = 0,w = 1,7 = 19 and » = 0, we conclude that £9,,w(0, 1, 79, 0) = 0,
ie., 9,w(0,1,19,0) eker LNW,i.e.,

3, w(0, 1, 79, 0) = 0. (5.35)

6 The bifurcation equation
In this section we substitute the solution w = w(u, w, T, A) to (4.53) into (4.52) and solve
the resulting so-called bifurcation equation

P (I = Clw, M)+ b, w,7,1) — D(w, VBu + b, 0, t,1),0,7,1) =0
(6.1)

with respecttow &~ 1 and T & 19 foru ~ 0 and A & (. The definition (4.48) of the projection
P shows that equation (6.1) is equivalent to

(I = Cw, \)(u+ W, w, t, 1) —D(w, )Bu + wu, o, t,1), o, t,r), A*v,) =0.
(6.2)

By Lemma 15, the variable u € ker £ in (6.2) can be replaced by & € C, by using the ansatz
u=Re(Evo) = §1vg — &, £ =& +ib2, &1, 52 €R. 6.3)
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We, therefore, get the following equation:

FE 0,7,2) = (I = Clw, )Re (Evo) + W(Re (§v0), @, T, 1)), A'v)
—(D(w, M)BRe (§vp) + w(Re (§vp), w, T, 1)), w, T, A), A*v,) = 0.
6.4)

On the account of (4.26) and (4.27), we have S,vo = ¢'“vg and Syv, = ¢'¢v, and, hence,
SyRe (§vg) = Re (e'?&vp). Now, (4.44), (4.45) and (5.33) yield

ECF(E, w, T, M) = F(e'E, w, T, ). (6.5)

Our task is, therefore, reduced to determining all solutions § ~ 0, w ~ 1, T &~ 19 and
A & 0 with real non-negative £. Since from now on £ is considered to be a real parameter,
we redenote it by €. Equation (6.4) then reads

G(e, w,7,1) = ((I — Clw, 1)) (ev} + W(ev), w, T, 1)), A*vy)
—(D(w, MB(ev) + W (ev), w, T, 1), ©, T, 1), A*v,) =0.  (6.6)

From B(0, w, 7, ) = 0and (5.34) it follows that G (0, w, t, A) = 0. This means that, to solve
(6.6) with ¢ > 0, it suffices to solve the so-called scaled or restricted bifurcation equation

1 1
H(,w,1,)) .= -G(g,w,T,L) = / 0:G(se,w, T, )ds = 0. (6.7)
€ 0

In particular, on the account of (4.6) and (6.6) it holds

H(e, 1, 70, 0)

= /1 (A= 8,B(sevy+d(sevy, 1, 70,0, 1, 70, 0)) (I +, W (sevp), 1, 70, 0)vg, v4) ds,
' (6.8)

and (5.34) and (5.35) yield
H(0, ,10,0) = (A — C(,0) — D(w, 0)3,B(0, », 70, 0)) v, vs). (6.9)

By (5.34),(5.35), (6.8) and Lemma 15 we have H (0, 1, 79, 0) = (ﬁvé, A*v,) = 0. Hence,
in order to solve (6.7) with respect to w ~ 1 and T ~ 1 (for ¢ & 0 and A = 0) by using the
classical implicit function theorem we have to show that

¢ d(ReH,Im H)
d(w, T)

de #0. (6.10)

e=1=0,0=1,7=19

Let us calculate the partial derivatives in the Jacobian in the left-hand side of (6.10). Due
to (4.24), (6.9) and Lemma 15 we have

d
0,H (0,1, 79,0) = d—(A(a), 0){ —C(w,0) — D(w, 0)0,B(0, w, 19, 0)) vé, Vi)
)

w=1
= %«A(w, 0) — J (@, 70, 0) — K(0))) v, v) .
= ((0,A(1,0) — 9, T (1, 19, 0)) vé, V). (6.11)
Similarly one gets
3 H(0,1,70,0) = —(3: 7 (1, 10, 0)v, ¥s). (6.12)
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On the other hand, (2.18) implies that fork = 1, 2

* 91t — 19, E) — 002t — 10, )
[Tk (1, T0, 0)V] (7, x) = —%bﬂ(x) /0 E— Sao@)tvz( S
1 x a (t - 5 ) - a (t - 9 )
[9: T (1, 70, 0)v] (£, x) = ‘5”‘0‘(")/0 A ’gao(g)’”z 0-8) e

Moreover, (4.5) yields d,,.4(1, 0)vg = @¢vg. Hence, from (4.26) it follows that

1 _ _ i [ —uo(x) + iao(x)ugy(x)
[0,A(1, 0)vgl(z, x) = Re 9,vp(z, x) = Re (e ! |:—u0(x) N iao(x)ug(x) ])

and, for k = 1, 2, that

[0 Tk (1, 70, 0)v51(t, X) = Re [3, Tk (1, T0, 0] (2, )

=00 it [ V01E) — voa ()
= 2b4(x)Re (le /0 0 ® dé)

= robg(x) Im (ei(’_f")uo(x)) ,
where
vo1 (%) := iug + agug, vo2(x) := iug — aou (6.13)

are the components of the vector function vg (cf. (4.26)). Analogously one gets [d; Jx (1, 79, 0)
v, x) = bY(x) Im (€' "™ (x)) . We insert this into (6.11) and (6.12) and get

0,H (0, 1, 79, 0)

1 2 1 X _ . / . . ]
= — Re (¢’ _MO i_ 1otto 1) 0b3Im ( ¢/~ "o et | i_ Z.U* dxdt
27 Jo Jo ug — iapig uo s — iUy

_ l/l [(*1 +itobe ™) ug + iaoué] [u* i iU*] dx
0

2 (=1 —itob{e ™) ug — iaguy | | us — iU,
1 1
= / ((—1 + irobgefi’“)uoﬂ+aou6Ui*> dx = / ((—1 +itghJe ™Yy — (aom)’) ug dx.
0 0
Here we used (4.32). By (4.36) and (4.41), it holds
1
3, H (0, 1, 79, 0) = / (—2 +itghd(x)e i — ibg(x)) o) (ydx = i. (6.14)
0

Similarly,

1 2 1 . . .
Re d, H(0, 1, 79, 0) = ——Re/ / b0 Im (et(tfro) [uoD _ (en [u* +’,U*Ddxdz
2 0 0 uo uy — iUy
1
=Re (ie—”O/ bg(x)uo(x)u*(x)dx> =p. (6.15)
0

Hence, assumption (A2) implies that

4 Re d,H(0, 1, 79, 0) Im 9, H (0, 1, 79,0
Red:H(0, 1, 79,0) Imad, H(O, 1, 70, 0

} = —Red:H(0,1,7,0) = —p #0,
i.e., (6.10) is true.

Now, the classical implicit function theorem can be applied to solve (6.7) with respect to
w~1and 1t ~ 10 for ¢ =~ 0 and A ~ 0. We, therefore, conclude that there exist &g > 0 and

@ Springer



1426 Journal of Dynamics and Differential Equations (2022) 34:1393-1431

C*-smooth functions &, 7 : [—&g, £0]* — R with &(0, 0) = 1 and (0, 0) = 7o such that
(e, w, 7, 1) = (0,1, 79, 0) is a solution to (6.7) if and only if

w=0uw()), T=1(M). (6.16)
Moreover, equality (6.5) implies that F (—§, w, 7, ) = —F (&, w, T, A),i.e., H(—¢&, 0, T, A) =
H(e, w, t,)). Thus, @(—¢, A) = &(e, A) and T(—¢, A) = T(g, 1). This yields (1.9). Now, by

(5.34) and (5.35), the corresponding solutions to (2.1), where w and t are given by (6.16),
read

v =e[d(e, M, x) == ev)(t, x) + [W(ev), d(e, 1), £ (e, 1), W](E, x)
= ¢Re (e” [in(x) * ao(x)uf)(x) i|> 4+ o0(¢)

iug(x) — ao(x)ug(x)

where o(g)/e — 0 for ¢ — 0 uniformly with respect to A € [—e&p, €o]. Finally, we take into
account (2.6) and conclude that the solutions to (1.3), corresponding to w and t, are defined

by

u = eli(e, M x) == &

/x [01 (e, VI, §) — [D2(e, VI, §)
2

ZED dé = eRe (ei’uo(x)> +o(e),

which proves (1.8).

7 The bifurcation direction: Proof of Theorem 4
Differentiating the identity Re H (¢, @(¢, 0), T(g, 0), 0) = 0 two times with respect to ¢ at
& = 0 and taking into account (1.9), (6.14) and (6.15), we get

Red2H (0, 1, 19,0) = pd27 (0, 0). (7.1)
Furthermore, (6.8), (5.34) and (5.35) yield the equality

92H (0,1, 79, 0)
= —(33B(0, 1, 79, 0) (v}, v}, vh) +282B(0, 1, 70, 0) (v, B2W(0, 1, 70, 0) (v, VY)), V).
(7.2)

Now we use the special structure (1.10), (1.11) of the nonlinearity b as it is assumed
in Theorem 4. It follows from (1.10), (1.11), (2.2) and (2.16) that 836(0, 1,7,0) = 0.
Moreover, for j = 1, 2, it holds

[03B;(0, 1, 70, 0)(v), vh, v)1(r, x) =[] B(O, 1, 70, 0) (v}, vh, v)1(7, x)
= BY[Jov1(1, x)* + IO [Jovd 1t — 70, )* + B (K w1, x)* + () [ Kovgl(t, x)°.

Furthermore, (2.3), (2.4), (4.26) and (6.13) yield

2 ao(§)
1 ; .
[Kvpl(z, x) = Re [Kwol(t, x) = >Re (e" (vo1 (x) + v02(x))) = —Im (e uop(x)),

Lovb 1, x) = Re ool (1, x) = ~Re <e” /x Mdg) — Re (¢/"up(x)),
0

[Kovpl(, x) = 3, [Jovgl(z, x) = Re (¢ ugy(x)).

Therefore,
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[0, B(0, 1, 70, 0) (v, v, v)) (1, x)
= é (BY € o) + e g0 + B0 TP ug (1) + €7 ug ())?
HA (€ o () — e ug()? + BLCO(E () + e (x))?)

1 5.
= §e3” ((BY(x) + B(x)e ™ + i Y (x)uo(x)* + B (x)up(x)?)

3
e (800 + BIe ™ + iAo () 2o () + B () (1) ()

3 . . . N
3¢ (B + AR + B0 (kIuoCe)” + By i) )

1 . . - —
e (B0 + A + i) + B i) )

Inserting this into (7.1) and (7.2), we end up with the equality

24 1 2 1.3 S NS |
0;7(0,0) = fRe 9;H (0,1, 19, 0) = ——(3; B(0, 1, 79, 0)(vy, vy, vg), v,)
P

27‘[ 3 1 1 1 :
[0, B(0, 1, 70, 0) (v, vy, v)1(%, x) ) it | us(x) + iU (x)
27T,0 / [[333(0 1. 70, 1wl v, v (e, x)] Re (e [u*(x)—iU*(x)DdXd’

2
%Re/ / [3 B(0, 1, 19, O)(vo Uo vo)](t x)e_”u*(x)dxdl

3 ; -
= 5K ( fo (B0 + B0 + B0 o (1) P () + Ba )y o) P (o)) u*(X)dX) :

This is exactly the desired formula in Theorem 4 with o = 1 (cf. (4.41)).

8 Example
Let us consider problem (1.1), (1.2) with

4
0 = % ap(x) = —. b(x) = b(x) = 0, bJ(x) = bI(x) = c(x) forall x € [0, 1]

and a smooth function ¢ : [0, 1] — R. The function u(x) = sin %5+ then solves (1.4) with
w =i and (1.6), and the choice ug(x) = u,(x) = sin & gives

_ /01 c(x) (sin %)2&( +i /01 (2 - i%e_’%c(x)) (sin n%)zdx’ P
_# /l c(x) (sin %)de.

Hence, if fo c(x) sm( ) dx # 0, then all assumptions of Theorem 2 are satisfied. If,
additionally, ,34 (x) = 0forall x € [0, 1], then

Q
I

& 5 . ! CoTx\2 1 0 Comx\4
Sl pasr(O,O)——/O c(x) (sm 7) dx/o BO(x) <sm 7) dx

+ /01 (2 - %c(x)) <sin %)de /Ol(ﬁg)(x) — BY%x)) (sin %)401;@

Therefore, if this number is positive, then the Hopf bifurcation is supercritical.
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9 Other Boundary Conditions

The results of Theorems 2 and 4 can be extended to other than (1.2) boundary conditions, for
example, for two Dirichlet, or two Robin (in particular, Neumann), or for periodic boundary
conditions. However, in those cases the transformation (2.5) is not appropriate anymore.
Instead of (2.5), the following transformation can be used:

vi(t, x) = w@u(t,x) —u(t,x)) +a(x, A)ou(t, x), }

v(t,x) = w@u(t,x) —u(t,x)) —a(x, A)oyu(t, x). ©.D

The inverse transformation is then given by

t

t 21
u(t,x) = 2%) (/0 e Y (vi(s, x) + va(s, x))ds — ﬁ /0 e (v1(s, x) + va(s, x))ds) .
9.2)

More precisely, if u € C 227[ (R x [0, 1]) satisfies the second order differential equation in (1.3)
andif v € Czlﬂ (R x [0, 1]; R?) is defined by (9.1), then v satisfies the first order system

wd v (t, x) —a(x, A)oxv(t, x) + wva(t, x) = [B(v, w, T, V)], x) 9.3)
wdva(t, x) + a(x, A)dcva(t, x) + wvi(t, x) = [B(v, o, T, A)](2, x), '

with

[B, w, 7, )I(t,x) == b (x, A, [JV](t, x) /o, [JV](t — wt, x)/o, [(J + K)](t, x), [K3](E, x))

—%Bxa(x, A (i, x) — va(t, x)),
1

t 1 2
[Jv](t, x) = % (A e (v (s, x) + va(s, x))ds — = A e (v1(s, x) + vals, x))ds)

and with operators K and K defined in (2.4). And vice versa, if v € Czln (R x [0, 1]; R?)
satisfies (9.3) and if u € Czlﬂ (R %[0, 1]), is defined by (9.2), then u is C2-smooth and satisfies
the differential equation in (1.3). Note that till now no boundary conditions were used, but
only the periodicity in time.

Now, for definiteness, suppose that u satisfies the Dirichlet boundary conditions

u(t,0) =u(,1)=0. 94
Then, accordingly to (9.1), the function v satisfies
v1(t,0) + v2(2,0) = v1 (¢, 1) + v2(r, 1) = 0. 9.5)
In this case the system (3.1) of partial integral equations reads
vi(t,x)+c1(x,0, Vvt + wA(x,0,1),0)
=- /Ox M[Bl(v, w, T, V)] + wA(x, §, 1), §)d§,

a(&, A)
va(t, x) +c2(x, 1, My (f —wA(x, 1,2), 1) OO
1
:/x %[Bz(v,w7f’k)](l‘—wA(x,g,)\)aS)dE’

where the operator B is now defined by

[B1(v, w, T, V](t, x) := [B(v, w, T, V], x) — b1 (x, A)v(t, X) — wva(t, x),

[B2(v, w, T, V)], x) := [B(v, w, T, V)], x) — ba(x, M)v2 (2, x) — wv (2, X), } ©.7)

while the functions by, by, c¢1, ¢ and A are introduced in Sects. 2 and 3.
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More exactly, if v € Cr (R x [0, 1]; R2) satisfies (9.3) and if 9, v exists and is continuous,
then the function u, defined by (9.2), is C 2_smooth and satisfies the differential equation in
(1.3) and the boundary condition (9.4).

The system (9.6) can be written, again, as an operator equation of the type (4.3) with
operators C; and D as in Sect. 4, with C, slightly changed (cf. (4.1)) to

[Co(w, Mv](x, 1) = —ca(x, 1, VD)1t — wA(x,1,1),1)

and with operator 5 from (9.7).

Now we can proceed as in Sects. 4—7. Specifically, the linearization of operator Binv = 0
is, again, a sum of a partial integral operator and a pointwise operator with zero diagonal part
(ct. (2.17)):

B0, w,7,1) =J (0,7, 1) + K(w, 1)
with, fork =1, 2,

ba(x, 1)

+ bs(x, A)) [Jv](t, x) + T[JU](I — T, X)

b3(x, A

(with functions b3, by, bs from (2.12)) and
[Ki(w, M)v](t, x) = (ba(x, 1) — @)v2(t, x), [Ka(w, Mv](t, x) = (bi(x, A) — @)1 (1, x).
The definition (4.26) of the function vg has to be changed to

(i = Duo(x) + ao(x)ugy(x)
(i = Duo(x) — ap(x)ugy(x) |’
and similarly for vy, vé and v(z). The definitions (4.27) of vy, v, vi and vz stay the same. The
functions v! and v? satisfy the boundary conditions (9.5) because

vo(x) 1= [

Ve1 (X)) + v2(x) = 2uy(x) =0inx =0, 1.

Here ug and u, are eigenfunctions to the eigenvalue problems (1.4) (with 4 =i and T = 10)
and (1.6), where in both eigenvalue problems the boundary conditions are changed to (9.4).
With these eigenfunctions, the formulas for o and p in (A3) and the formula for 83?(0, 0)
in Theorem 4 remain unchanged.
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