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Abstract

For linear control systems in discrete time controllability properties are characterized. In
particular, a unique control set with nonvoid interior exists and it is bounded in the hyperbolic
case. Then a formula for the invariance pressure of this control set is proved.
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1 Introduction

Invariance pressure for subsets of the state space generalizes invariance entropy of determin-
istic control systems by adding potentials on the control range. We consider control systems
in discrete time of the form

Xk+1 = F(xk, uk), k e No = {0, 1, .. .},

where F : M x U — M is smooth for a smooth manifold M and a compact control range
U C R™.Theinvariance entropy %;,, (K, Q) determines the average data rate needed to keep
the system in Q (forward in time) when it starts in K C Q. Basic references for invariance
entropy are Nair et al. [12] and the monograph Kawan [10], where also the relation to minimal
data rates is explained. With some analogy to classical constructions for dynamical systems,
invariance pressure adds continuous functions f : U — R called potentials giving a weight
to the control values.

We have announced some results of the present paper in “Invariance pressure for linear discrete-time
systems”, Proceedings of the 2019 IEEE Information Theory Workshop (IEEE ITW 2019), Visby, Sweden,
24-26 Aug. 2019.
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For continuous-time systems, invariance entropy of hyperbolic control sets has been ana-
lyzed in Kawan [9] and Kawan and Da Silva [5]. Kawan and Da Silva [11] and [6] analyze
invariance entropy of partially hyperbolic controlled invariant sets and chain control sets.
Huang and Zhong [8] show dimension-like characterizations of invariance entropy. Measure-
theoretic versions of invariance entropy have been considered in Colonius [4] and Wang et
al. [15]. Invariance pressure has been analyzed in Colonius et al. [1-3]. In Zhong and Huang
[18] it is shown that several generalized notions of invariance pressure fit into the dimension-
theoretic framework due to Pesin.

The main results of the present paper are given for linear control systems xz+; = Axy +
Buy with an invertible matrix A and control values uy in a compact neighborhood U of the
origin in R™. It is shown that a unique control set D with nonvoid interior exists if and only
if the system without control constraints is controllable (i.e., the pair (A, B) is controllable),
and D is bounded if and only if A is hyperbolic. In this case a formula for the invariance
pressure of compact subsets K in D is presented.

The contents of this paper are as follows: Sect. 2 collects general properties of control
sets for nonlinear discrete-time systems. Section 3 characterizes controllability properties of
linear discrete-time systems with control constraints and Sect. 4 shows that here a unique
control set with nonvoid interior exists and that it is bounded if and only if the uncontrolled
system is hyperbolic. Section 5 introduces invariance entropy and as a generalization total
invariance pressure where potentials on the product of the state space and the control range
are allowed. For linear systems, Sect. 6 first derives an upper bound for the total invariance
pressure and a lower bound for the invariance pressure. Combined they yield a formula for
the invariance pressure in the hyperbolic case.

2 Control Sets for Nonlinear Systems

In this section we introduce some notation and prove several properties of control sets with

nonvoid interior for nonlinear discrete-time systems. They are analogous to properties of

systems in continuous time, however, the statements are a bit more involved, since one has

to consider in addition to the interior of control sets their transitivity sets. A discussion of

various slightly differing versions in the literature is contained in Colonius [4, Section 5].
We consider control systems of the form

Xi41 = F(xg, ug), k € Ny, (1

on a C*°-manifold M of dimension d endowed with a corresponding metric. For an initial
value xg € M attime k = 0 and control u = (ug)k=0 € U = UMNo we denote the solutions by
ok, xo, 1), k € NO Assume that the set of control values U C R™ is nonvoid and satisfies
U c intU. Let U be an open set containing U and suppose that the map F : M x U — M
is a C*°-map.

Definition 1 For x € M and k € N the reachable set Ry (x) and the controllable set Cy(x)
are

Ri(x):={yeM[Fueld:y=qplkx u)}
Cix):={yeM|queld:pk,y,u) =x},
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resp., and R(x) and C(x) are the respective unions over all k € N. The system is called
accessible in x if

intR(x) # @ and intC(x) # @. 2)
Accessibility in x certainly holds if
intF(x,U) 2 @andint{y e M|x € F(y,U)} # @.
Next we specify maximal subsets of complete approximate controllability.

Definition 2 For system of the form (1) a nonvoid subset D C M is called a control set if
it is maximal with (i) D C R(x) for all x € D, (ii) for every x € D there is u € U with
@(k,x,u) € D forall k € N. The transitivity set Do of D is Dg := {z € D |z € intC(z) }.

We define for k > 1 a C*°-map
G M x UF - M, Gr(x,u) := ok, x,u).

Following Wirth [17] we say that a pair (x, u) € M x intU* is regular if rank% (x,u)=d
(clearly, this implies mk > d). For x € M and k € N the regular reachable set and the regular
controllable set at time k are

ﬁk(x) = {p(k, x, u) |(x, u) is regular},

Ci(x) :={y € M |x = (k. y, u) with (y, u) regular},
resp., and the regular reachable set lA((Ax) and controllable set C(x) are given by the respective
union over all & € N. It is clear that R(x) and C(x) are open for every x.

Accessibility condition (2) implies that there is kg € N such that for all £ > ko one has
intR; (x) # @ and

Ry (x) C {@(k, x, u) € intR(x) |u € intUk}.

By Sard’s Theorem the set of points ¢ (k, x, u) € Ry (x) such that (x, u) is not regular has
Lebesgue measure zero.

Proposition 3 Assume that accessibility condition (2) holds for all x € M. Then for every
control set D with nonvoid interior the transitivity set Dy is nonvoid and dense in intD.

Proof For x € intD there is kg € N such that the reachable set Ry (x) at time k has nonvoid
interior for all k > kq. There is k > ko with Rx(x) NintD # &, hence we may assume that
there is y := ¢(k, x, u) € intRg(x) NintD. Then, by Sard’s Theorem, it follows that there
is a point y = ¢(k, x,u) € intD with some regular (x, u), i.e., y € intD N ﬁk(x). Then
x € intC(y). Let V C intC(y) be a neighborhood of x. Since x € intD and D C R(y),
there is z € V N R(y) C D and thus y € C(z). By construction, the point z € D satisfies
z € intC(y) C intC(z), hence it is in the transitivity set of D and Dy is dense in intD. 0O

Remark 4 1n the general context of semigroups of continuous maps (and with slightly differ-
ent notation), Patrdo and San Martin [13, Propositions 4.8 and 4.10] show that the transitivity
set Dy is dense in a control set D with nonvoid interior provided that Dy # &.

We note the following further results for control sets.

Proposition 5 Assume that D is a control set for a control system which is accessible for all
X € M. Then its transitivity set Dg satisfies Do C R(x) for all x € D.
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Proof Let x € D and xo € Dy. By approximate controllability of D and xg € intC(xo),
there are k > 1 and u € U with ¢(k, x, u) € intC(xp). Hence there are / > 1 and v € U such
that o (I, p(k, x, u), v) = xo. Therefore x € C(xp), that is, xg € R(x). O

Proposition 6 Assume that D is a control set with nonvoid interior of a control system, which
is accessible for all x € M. Then the transitivity set Dy of D is nonvoid and

D = R(xp) N C(xp) for all xog € Dy,
in particular, the set D is measurable.

Proof By Proposition 3 the transitivity set Dy is nonvoid. Let xo € Dg. Note that D C R(xp)
by the definition of control sets. For every x € D, Proposition 5 shows that xo € R(x), that
is x € C(xg). Hence D C D’ := R(xq) N C(xp). It is not difficult to see that the set D’ is a
set of approximate controllability with nonvoid interior. It follows that D’ is contained in a
maximal set D” of approximate controllability with nonvoid interior, which by Kawan [10,
Proposition 1.20] is a control set. By the maximality property of control sets and D C D”,
it follows that D = D’ = D”, which concludes the proof. O

The following proposition shows that a trajectory starting in the interior of a control set
D and remaining in it up to a positive time must actually remain in the interior of D.

Proposition 7 Assume that the maps F (-, u) are local diffeomorphisms on M for allu € U.
Let x be in the interior of a control set D and suppose that for some v € N and u € U one
has o(k,x,u) € D,k e {1,...,t}. Then o(k,x,u) €intD,k € {1, ..., t}.

Proof Suppose that y := ¢(k, x,u) € D N 9D for some k € {1, ..., t}. By the assumption
on the maps F(-,u) and x € intD, there is a neighborhood Ny(y) of y with No(y) =
¢(k, N (x), u) for aneighborhood N (x) C D of x.Since y € D, there are a control v € U and
ko € Nwith ¢(kg, y, v) € intD. Then there is a neighborhood Nj (y) with ¢ (kg, N1(y), u) C
intD. By the maximality property of control sets it follows that the neighborhood Ny(y) N
Ni(y) of y is contained in D, contradicting y € dD. m}

3 Controllability Properties of Linear Systems

Next we consider linear control systems in K¢, K = R or K = C, of the form
Xkl = Axg + Buy, up € U C K™, 3)

where A € GI(d, K) and B € K¢*™ and the control range U is a compact convex neighbor-
hood of 0 € K™ with U = intU.
For initial value x € K¢ and control u € U = UM the solutions of (3) are given by

k—1
ok, x,u) = Afx + ZAkil*iBu,-, k € Np.
i=0

Where convenient, we also use the notation gy, 1= @(k, -, u) : RY — RY. Note the following
observation.

Proposition8 For x € K< the reachable set Ry (x) at time k,
Ri(x)={y e K4 | Ju e U with p(k,x,u) =y}

is compact and convex.
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Proof Convexity follows from the convexity of U. Since U C K™ is compact, thereis M > 0
such that ||u|| < M, forallu € U. Then, if y = ¢(k, x, u) € Re(x), u = (u;) € U¥, we get

k—1 k—1
Iyl < A% x) + Y A Bug | < JAIM Il + M)A B < oo,
i=0 i=0

hence Ry (x) is bounded. In order to show that Ry (x) is closed, consider a sequence y, =
@k, x,u™) in Rg(x) such that y, — y € K9 and u" € U*. By compactness of U, we have
that U* is compact, hence there is a subsequence converging to some u € UK. Therefore
y = @(k, x,u) € Ri(x) by continuity. ]

Proposition 9 Forall k,l € N we have
R (0) + A*R;(0) = R4 (0) and intRy (0)+A*R;(0) C intRy;(0).

Proof Let x; € R;(0) and x> € R;(0). Then there are u, v € U such that

k—1 1—1
x| = ZAk_l_iBui and xp, = ZAZ_I_tii.
i=0 i=0
Define
wo v if O<i<i-1
YT luiy, if I<i<k+1-1°
Then
k+1—1 -1 k+1—1
Pl +1,0,w) =Y AT gy = N AR gy, N AR By,
i=0 i=0 i=l
-1 k-1 _
= AR AT By + Y AR Buy = ARy 41
i=0 i=0

Hence x| + A¥x, = @k 41,0, w) € Rj44(0). The converse inclusion follows by reversing
these steps. The second assertion follows since the set on left hand side is open. O

Define the time reversed counterpart of system (3) by
Xkl = A7y — A" Bug, up € U C K™ )

The reachable and controllable sets from the origin at time k for this system are denoted by
R, (0) and C; (0), respectively.

Proposition 10 The reachable and controllable sets for system (3) and the time reversed
system (4) satisfy for all k € N

R (0) = C, (0) and Cy(0) = R, (0).

Proof Note that x € Ci(0) if and only if there is u € U with

k—1 k=1
Afx + ZAk_l_iBui =0,ie, x = — ZA_I_iBui.
i=0 i=0
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For any u € UF, we define vj =ug—1-;,0 =< j <k —1.Then

k—1 k—1 k—1
x==Y A" Bu ==Y AT DBy ;=% "(A"H I By,
i=0 j=0 j=0
k—1 k—1
==Y (A H AT By = (ATH T (AT B,
Jj=0 j=0

Hence we conclude that x € Ci(0) if and only if there exists a control v € U K such that
x = ¢ (k, 0, v), where ¢~ is the solution of (4). This proves that C¢ (0) = R, (0). The other
equality follows analogously. O

Lemma 11 If (A, B) is controllable, there is § > O such that the ball Bs(0) satisfies Bs(0) C
intR;_1(0). Furthermore, R,;(0) C R, (0) for m > n.

Proof Since the control range is a neighborhood of 0, controllability implies that there is
8 > 0 with Bs(0) C intRy;_1(0). The second assertion follows since 0 is an equilibrium for
u=20. O

Proposition 12 If (A, B) is controllable, the reachable set of system (3) satisfies R(0) =
intR(0).

Proof The inclusion intR(0) < R(0) holds trivially. For the converse we first show that
R(y) C intR(0) for y € intR(0). In fact, let there exists a neighborhood V), of y such that
Vy C R(0). Given z € R(y), there are k € N and u € U such that z = ¢(k, y, u). Since
A € Gl(d, R), the map ¢, is a diffeomorphism and we have that ¢ , (V) is aneighborhood
of z and clearly ¢ ,(R(0)) C R(0).Soz € ¢ ,(Vy) C R(0), which shows that z € intR(0).

Now, let x € R(0) and V a neighborhood of x. There is y € R(0) such that y € V,
so there are k € N and u € U such that y = ¢(k, 0, u). Since 0 € intR(0) there exists a
neighborhood W of 0 such that W C intR(0) and ¢ , (W) C V by continuity of ¢y ,. For
z € W the arguments above show that R(z) C intR(0) and it follows that

ok,z,u) € VNR(z) C VNintR(0)

and hence x € intR(0). ]

We will need the following lemmas.

Lemma 13 For every A € C there are ny — oo such that % — 1, and, in particular,

Tm(A"%)
Re (M%)

— O fork — oo.

Proof Thereis 6 € [0, 2) with A = |A| (cos 6 + 1 sin ), hence
A" = |A|" (cos(nB) + 1 sin(nh)).

If 0 € 27 Q, there are n, N € N with nf = N2x, hence A" = |A|" cos(N2x) = |A|". Else,
there are ny — oo such that modulo 27 one has ny0 — 0. This implies cos(n;6) — 1 and
sin(n;60) — 0, hence

ATt

NG = cos(nif) + 1 sin(ni0) — 1.
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This implies

Im(A") Im(‘*T,’fk) _ sin(ng0) N
Re(W%) Re( "k ) " cos(ngb)

Mlnk

The next lemma states a property of convex sets.
Lemma 14 If C is an open convex subset of K" and Y C C a subspace, then C = C + Y.

The following theorem describes the general structure of reachable and controllable sets.
It is analogous to a well known property of linear systems in continuous time, cf. Sontag
[14, Section 3.6] and Hinrichsen and Pritchard [7, Theorem 6.2.15]; the proof for discrete-
time systems, however, is more involved. Recall that the state space K¢ can be decomposed
with respect to A into the direct sum of the stable subspace E*, the center space E and the
unstable subspace E* which are the direct sums of all generalized (real) eigenspaces for the
eigenvalues A of A with [A| < 1, [A|] = 1 and |A| > 1, respectively. Furthermore, we let
E"¢ := E* @ E€ and E*¢ := E* @ E°.

Theorem 15 Consider the control system given by (3) and suppose that the system without
control restriction is controllable.

(i) There exists a compact and convex set K C E* C K9 with nonvoid interior with respect
to E* such that R(0) = K + E%“. Moreover 0 € K and E"¢ C intR(0).

(ii) There exists a compact and convex set F C E* C K? with nonvoid interior with respect
to E* such that C(0) = F + E*¢. Moreover 0 € F and E*¢ C intC(0).

Proof We will first prove the result for K = C.

(i) Inthe first step, we will show that E“¢ C intR(0). As R(0) is convex, its interior is convex
too. Therefore it suffices to prove that the generalized eigenspaces for eigenvalues with
absolute value greater than or equal to 1 are contained in intR(0). Fix an eigenvalue A
of A with [A] > 1 and let E,(1) = ker(A — A1)?, g € Ny. It suffices to show that
E, (1) C intR(0) for all g.

We prove the statement by induction on ¢, the case g = 0 being trivial since E (1) =
{0} C intR(0). So assume that E, (1)) C intR(0) and take any w € E;(1). We must
show that w € intR(0). By Lemma 11 there is § > 0 such that aw € intR;_1(0) for all
a € C with |a| < 6.

Note that for all |a| < §dand alln > 1

n
Alaw = (A=A + D) aw =Y <”,)(A —a" I aw
 \ j
j=0

n—1

= Maw + E (n) (A=AD"" M aw.
: J
Jj=0

Since aw € E4 (1), it follows that (A — ADiaw € E,1(A) for all i > 1, hence
2(n) = Y1, (A =aD"Xaw € Eqm1(M),n = 1. Using aw € intRg—1(0)
Lemmas 11 and 14 imply forn > 1

Maw = A"aw — z(n) € A"aw + E4_1(A) C intRy,44-1(0) + E4—1 (1) C intR(0)(5)
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We write
a=a+1fand A" = x, + 1y,

with o, 8 € R and x,,, y, € R%.

Claim: There are a sequence (ny)ken With ny — oo and a,, € C with |a,,k| < & such
that A"*a,, € R.

In fact, we have

Ma = (xp +1yn)(@ +1B8) = xpa — yp B+ 1(xp, B + yua) € R,

if and only if x, 8 + y,a = 0.

Case (a): If x, = 0, one may choose «;,, := 0 and gets A"a, = —y, B, € R for B, = %
with [a,| = |Ba] = 3.

Case (b): Otherwise A"a € R if and only if

Yn Im(A")

P= = T Re)

According to Lemma 13 there are ny € N, arbitrarily large, such that with ;,, := % and

/3 e Yn
ny +— —0ny g

8

< —.
2

8 [Im@)
[Bni| = 2 ‘Rewk)

It follows for a,,, := oy, + By, that
|a |2 =a’ + ﬂz < 182 + 182 and hence ]a } <34
nk — Yng nk 4 4 ’ nk .

We have shown that with this choice of a,,, we have A"**a,,, € R and the Claim is proved.
Furthermore in case (a), by |A| > 1,

8
["an| = A" lan| = lan] = 3.
and in case (b)
8
‘)‘-nkank‘ = |)‘|nk ’ank’ = ‘ank| > |(xnk‘ = E

Now choose £ € N with £ > 2/§. Recall that all points a,, w € intR;_;(0). We may
assume that np > ny +d — 1, hence

A"ay, w € intR,, +4-1(0) C intR,, (0).
We may also assume that n3 — ny > ny +d — 1, hence
A"ay,w € intR,,+4-1(0) C intR,;;_p, (0).
Thus Proposition 9 implies
AMay w + A ap,w € intRy, (0) + ARy;—n, (0) C intRyy;_yy 44, (0) = intR,; (0).

Proceeding in this way, we finally arrive at

4

> AMayw € intRy, (0).
k=1
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Thus we find with (5),

4 4
Y Wagw =Y [A%ayw — z(np)] € intRy, (0) + E4—1(1) C intR(0).
k=1 k=1
If A"ay,, > O0forallk € {1, ..., £}, then (the real number)
4
D A ay, > £-8/2> 1.
k=1

For the k with A"a,, < O, replace a,, by —ay,, to get the same conclusion. This
shows that w is a convex combination of the points 0 and Zﬁ: | A"*ay, w in intR(0), thus
convexity of this setimplies w € intR(0) completing the induction step E, (1) C intR(0).
Hence we have shown that E“¢ C intR(0).

It remains to construct a set K as in the assertion. Define K := intR(0) N E*. Then it
follows that

Ko+ E" = (intR(0) N E¥) + E“* ¢ intR(0) + E"* C intR(0).

For the converse inclusion, let v € intR(0), then v = x 4+ y where x € E¥ and y € E"¢,
hence by Lemma 14,

x=v—ye€ intRO)+ E* = intR(0),
which shows that x € K and therefore v € Ko + E*. This shows that
Ko+ E* = intR(0). (6)

In order to show that Ko is bounded, consider the projection 7 : C? = ES @ E“¢ —
E* along E"¢. Since E* and E"“¢ are A-invariant, 7 commutes with A and we have
wA" = A"m, for all n € Ny. For each x € Ky = intR(0) N E¥, there are k € N and
u = (u;) € U such that

k—1

X = ZAkiliiBui.

i=0
Since A|gs is a linear contraction, there exist constants @ € (0, 1) and ¢ > 1 such that

|A"x]|| < ca™|x|| foralln € N and x € E®. Since U is compact, there is M > 0 such
that |7 Bu|| < M, forallu € U, so

k—1 k—1 k—1
x=nx)=m (Z AkliBui) = ZnAkil*iBu,- = Z Aki]f"nBui,
i=0 i=0 i=0

hence

k—1 k—1
el = 30 [ A Bu | < 3 | AR i B
i=0 i=0

k

k—1
. 1—
‘ < cMZak_l_’ =cM 1 a
—a
i=0

showing that K is bounded. As a consequence, K := Ko =intR(0) N ES isa compact
convex set which has nonvoid interior relative to ES. Moreover, K + E"“¢ is closed,
because K is compact. Therefore it follows from Proposition 12 and (6) that

R(O) = lntR(O) = KO + Euc = K 4 Euc.
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(ii) Consider the time reversed system (4). Note that C?=FES ® EC ® E*, where E* , E€
and E“ are the sums of the generalized eigenspaces for the eigenvalues u of A~! with
;| < 1, || = 1and || > 1, respectively. Now A is an eigenvalue of A (note that A # 0
since A € Gl(d, C)), if and only if u = 2 lisan eigenvalue of A~!. Hence we have
E* = E",E¢ = E€and E* = E*. By (i) there exists a compact and convex set F C C?
which has nonvoid interior with respect to E* = E" suchthat R=(0) = F+E““,0 € F
and E“¢ C intR™(0). By Proposition 10,

E“ = E* C intR™(0) = intC(0)
and
C(0) = F + E" = F + E*.
This completes the proof of the theorem for the case K = C.

It remains to prove the theorem for the case K = R. Note that if A € GI(d, R), then
u—1veES uvelRd implies u + tv, v + 1u € E°® and a similar implication holds for
E“¢. Hence

ReE* = E* NRY Re E¥¢ = E* NRY,
E* =Re E* +1Re E*, E"* =Re E*“ @1 Re E*¢ @)

Let Uc := U + U and apply the result above for K = C. Clearly (A, B) is controllable,
when considered as a system with state space C¢ and U is a convex compact neighborhood
of 0 € C™ with Uc C intUc.

Denote the reachable set from O of the real and complex system by Rg and Rc, respectively.
It follows from the complex version of the theorem that the compact convex set K¢ :=
int(Rc) N ES has non-empty interior relative to £ and satisfies Rc = K¢ N E“C. Since
every u € Uc is of the form u = v 4+ 1w, where v, w € U, and ¢(k, 0, u) = ¢k, 0,v) +
1p(k,0, w), k € N, we have

Uc = Ur + 1Ur and Rc = Rr + 1RR. (8)
It follows that
Rgr = ReRc, intRg = ReintRc,

where the interior of Ry is relative to R4 and the interior of Rc is relative to C4. Now, if
W, Z C C4 are subsets of the form

W=W+1Wy,Z=21+12Z,

where Wi, W, Z1,Z» C R and W N Z # J,then WNZ = Wi NZ)+1(WaNZy)
and so Re(W N Z) = Re W N Re Z. Applying this equality to W = intRc and Z = E* we
obtain from (8) and (7) that

K = (Re(intR¢)) NRe ES = Re(intR¢) N ES) = Re K.

Hence K is a compact convex subset of R?, which has a non-empty interior relative to Re E*.
Using (8) for the second equality we get

Rr = ReR¢ = ReR¢ = Re(K¢ + E**) = K + Re E**.

This concludes the proof. O
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Next we present a necessary and sufficient condition for controllability in K¢, This conse-
quence of Theorem 15 illustrates that controllability only holds under very strong assumptions
on the spectrum of the matrix A. In the next section, we will instead consider subsets of the
state space where complete controllability holds, i.e., control sets. Recall that the system
without control restriction is controllable in R¢ if and only if (A, B) is controllable.

Corollary 16 Consider the discrete-time linear system given in (3).

(i) The reachable set R(0) = K¢ if and only if (A, B) is controllable and A has no
eigenvalues with absolute value less than 1.
(ii) The controllable set C(0) = K9 if and only if (A, B) is controllable and A has no
eigenvalues with absolute value greater than 1.
(iii) The system is controllable in K¢ if and only if (A, B) is controllable and all eigenvalues
of A have absolute value equal to 1.

Proof (i) If R(0) = K¢, then the pair (A, B) is controllable, since R(0) is contained in the
image of Kalman’s matrix [B AB ... A%~ B]. Moreover, if there is an eigenvalue A of
A with |A| < 1,then E® # {0} and E* is a proper subset of K¢. By Theorem 15 (ii), there
is a nonvoid compact set ' C E* such that E°“ + F = R(0) = K<, a contradiction.
Conversely, if (A, B) is controllable and all eigenvalues A of A satisfy || > 1, then by
Theorem 15 (i) we have K¢ = E“¢ C intR(0) C R(0).
(ii) This follows analogously.
(iii) This is a consequence of assertions (i) and (ii) observing that R(0) = C(0) = K4
holds if and only if for all x, y € K¢ there are a control u € U/ and a time k € N with
ok, x,u) = y.

[m}

Remark 17 In the continuous-time case, a result analogous to Corollary 16 is given e.g. in
Sontag [14, Section 3.6]. For the discrete-time case, we are not aware of aresult in the literature
covering Corollary 16. In the special case of two inputs (i.e., m = 2) the characterization of
null-controllability in Corollary 16 (ii) is given in Wing and Desoer [16, Section V, Theorem
2].

4 Control Sets for Linear Systems

Next we analyze linear control systems in R? of the form
Xkl = Axg + Bug,up € U C R" )

with A € GI(d,R) and B € R?*™ and suppose that U is a convex compact neighborhood
of 0 € R" with U = intU. Recall that the system without control restrictions is controllable
in RY if and only if rank[B AB ... Ad_lB] =d, i.e., the pair (A, B) is controllable.

Theorem 18 There exists a unique control set D with nonvoid interior of system (9) if and
only if the system without control restriction is controllable in R. In this case 0 € DyNintD.

Proof The controllability condition for (A, B) is necessary for the existence of D, since it
guarantees that accessibility condition (2) holds for all x € R? and, for the system without
control constraints, the reachable and the null-controllable subspaces coincide with R4, Since
0 € intU, one verifies that fork > d — 1

0 € int(Cx(0)) N int(Rg(0)) =: D'.
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Then every point x € D’ can be steered to any other point z € D’ (first steer x to the origin
in time k and then the origin to z in time k) and O € int(C(0)). As in the proof of Proposition
6 one finds that D’ is contained in a control set D. Thus we have established the existence of
a control set D with nonvoid interior, and 0 € Do N intD. It remains to show uniqueness.

Let D C RY be an arbitrary control set with nonvoid interior. By Proposition 6 its transi-
tivity set Do is nonvoid and for xy € ﬁo

D = R(xg) N C(xp).

By linearity, we have ¢ (k, x1,u) = x» for k € N and x, xp € R4 implies ¢ (k, ax1, au) =
axy for any o € (0, 1]. Here the control o has values in U, since U is convex and 0 € U.
This implies that aD is contained in some control set D¥ and int(aD) is contained in the
interior of D¥. Now choose any x € intD and suppose, by way of contradiction, that

ag = inf{a € (0, 11|VB € [a,1]: Bx € D} > 0.

Then agx € 8@ and agx € intD¥, Therefore DNintD% # &, and it follows that D = D%
and ogx € intD. This is a cont{adiction and so ag = 0. Choosing> o > 0 small enough such
that ox € D, we obtain ax € D N D # &. Now it follows that D = D. ]

The following theorem gives a spectral characterization of boundedness of the control set.
Recall that A is called hyperbolic if all eigenvalues A of A satisfy |A| # 1.

Theorem 19 Assume that (A, B) is controllable. Then the control set D with nonvoid interior
of system (9) is bounded if and only if A is hyperbolic.

Proof By Theorem 15 there are compact sets K C E*, F C E" such that
RO) =K+ E‘“+ E" and C(0) = F + E“ + E°.

By Proposition 6, D = R(0) N C(0), because 0 € Dy C intD, and hence every element
x € D can be represented in the following two ways:

x=k+x1+xy=f+x1+x_,

where k € K C E*, f € F C E", x; € E°, x_ € E® and x; € E". Since RY =
ES®E“@DE"wegethk =x_, f =xy.As EC = ES“N E* Cc R(0O)NC(0) C D, we
conclude that E€ € D C K + E€ + F, and so the control set D is bounded if and only if
E°¢ ={0}. O

Remark 20 We know that in the hyperbolic case
D =Ko+ F (10)

with Ko C E*, F' C F C E", where Ky and F are compact sets with 0 € Ko N F. In
particular, it follows that Ko, F' C D.

Next we present a simple example illustrating control sets.

Example 21 Consider ford =2 and m = 1

Xk+1 20 X 1
= N U: _1,1 .
[ykﬂ} [Oé”yk%[l}’k e U=t

We claim that for this hyperbolic matrix A the unique control set with nonvoid interior
is D = (—1,1) x [—2, 2]. The stable subspace associated with the eigenvalue % of A
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is the y-axis, the unstable subspace associated with the eigenvalue 2 is the x-axis. For a
constant control u € [—1, 1], one computes the equilibrium as (x(u), y(u))T = (u,2u)’.
In particular. for u = 1 and u = —1 one obtains the equilibria

x(Hh]_ [-1 x(-D7 _T1
et i e e ] o ey

resp. It is clear that for all u € (—1, 1) the equilibrium (—u, 2u) T is in the interior of the
control set D. Furthermore, observe that for xo > 1 one has in the next step 2xo + u > xo
and for xo < —1 one has 2xp + u < x¢. If yo > 2, then %yo +u < %yo 4+ 1 < yp and if
yo < —2, then % yo+u > % yo — 1 > yo. Hence solutions starting left of the vertical line
x = —1 and right of x = 1 have to go to the left and to the right, respectively. Solutions
which start above the horizontal line y = 2 and below y = —2, have to go down and up,
respectively. This shows that the control set must be contained in (—1, 1) x [—2, 2]. The
controllability property within D can be seen by the following analysis. If we start in an
equilibrium (x («), y(Ol))T =(—a,20),a € (-1, 1), we gete.g.

-2l (2[5 e

For the reachable set, we see that after one step the line segment S = {(u, u)T, uel[-1,1]}
is shifted to (—2a, a)T. After two time steps the line segment S is shifted to (—4«, %a)-'—
and at every point the line segment {(2u, %u)-r |lu € [—1, 1]} is added. One can show that
the equilibrium (0, O)T can be reached. If we start in (0, O)T, we compute

()= [2)= [ i)
BEHESHENNE

Proceeding in this way one finds that one can get approximately to all points in D and, in
particular, to the equilibria (—1,2) " and (1, —2) T. Connecting appropriately the controls,
one finally shows that D = (—1, 1) x [—2, 2] is a control set.

5 Invariance Pressure

In this section we recall the concept of invariance pressure considered in [1,2,18] where
potentials are defined on the control range. Furthermore, we introduce the generalized version
of total invariance pressure, where the potentials are defined on the product of the state space
and the control range. Again we consider the general system (1).

A pair (K, Q) of nonvoid subsets of M is called admissible if K C Q is compact and for
each x € K there exists u € U such that (N, x, u) C Q. For an admissible pair (K, Q) and
T > 0,a (7, K, Q)-spanning set S of controls is a subset of I/ such that for all x € K there is
u e Switho(k,x,u) € Qforallk € {1,..., t}. Denote by C(U, R) the set of continuous
function f : U — R which we call potentials.

For a potential f € C(U, R) denote (S; f)(u) := Zf;ol fui),u €U, and

a:(f, K, Q) =inf {Ze(sff)(”) |S (z, K, Q)-spanning ¢ .
ueS
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Definition 22 The invariance pressure P;,,(f, K, Q) of control system (1) is defined by
— 1
Piny(f, K, Q) = lim —loga:(f, K, Q).
T—>00T

For the potential f = 0, this reduces to the notion of invariance entropy, P;,, (0, K, Q) =
hi nv (K ’ Q)

In order to define the total invariance pressure associate to every control # in a (z, K, Q)-
spanning set S of controls an initial value x,, € K with ¢(k, x,,, u) € Q forallk € {1, ..., t}.
Then a set of state-control pairs of the form

Sior = {(tus 1) € K x Sk, xu,u) € Qforallk e {1,...,7}}

is called totally (z, K, Q)-spanning. Denote by C(Q x U, R) the set of continuous function
f QO x U — R which we again call potentials. For a potential f € C(Q x U, R) and
(x,u) € M x U denote (S; f)(x, u) := Z,:ol fle(i,x,u),u;)and

a(f, K, Q) :=inf Z S N5, totally (¢, K, Q)-spanning

(x,u) €S0

Definition 23 The total invariance pressure Py, (f, K, Q; X) of control system (1) is defined
by

1
Prot(f, K, Q) = lim —loga:(f, K, Q). an
T—>00T
Note that by continuity and monotonicity of the logarithm,

Pio(f, K, Q)

N 1 .

= lim inf { — log Z St N s,  totally (7, K, Q)-spanning | . (12)
T—00 T

(x,u)€Stor

Furthermore —oo < a; (f, K, Q) < oo for every t € N, every admissible pair (K, Q), and

every potential f if every countable totally spanning set contains a finite totally spanning

subset, cf. [2, Remark 7]. If f(x, u) is independent of x, i.e., it is a continuous function on

U, the total invariance pressure coincides with the invariance pressure.

Remark 24 The definition of totally (z, K, Q)-spanning sets is inspired by the definition of
spanning sets for (K, Q) in Wang, Huang, and Sun [15, p. 313], where a similar notion is
introduced in the context of invariant partitions which provide an alternative definition of
invariance entropy..

The next elementary proposition presents some properties of the function Py (-, K, Q) :
C(Q xU,R) - RU {£o0}.

Proposition 25 The following assertions hold for an admissible pair (K, Q), functions
f,8€C(OxU,R)yandc eR:

(i) For f < g one has Py, (f, K, Q) < Pit(g, K, Q).
(ii) Piot(f +c¢, K, Q) = P (f, K, Q) +c.

Proof This follows easily from the definition, cf. also [1, Proposition 13]. O
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The following proposition shows that, in the definition of total invariance pressure, we
can take the limit superior over times which are integer multiples of some fixed time step
7 € N. The proof is analogous to the proof given in [2, Theorem 20] for invariance pressure
of continuous-time systems.

Proposition 26 Forall f € C(Q x U, R) withinf . yyeoxuv f(x,u) > —oo the total invari-
ance pressure satisfies for t € N

— 1
PIOl(f7 K7 Q) = nll)ngOE logant(fa K7 Q)'

Proof Forevery f € C(Q x U, R), the inequality

— 1
Pir(f. K. Q) = Tim —logay:(f. K. Q) (13)

is obvious. For the converse note that the function g(x, u) := f(x, u) —inf f is nonnegative
(f f > 0, we may consider f instead of g). Let 7z € (0, oo) with 7z — oo for k — oo.
Then for every k > 1 there exists ny € Ng such thatnyt < 7% < (nx + 1)t and ny — oo for
k — o0. Since g > 0 it follows that

ark (g7 K’ Q) =< a(nk+1)‘[(ga K! Q)

and consequently

1 1
- logark(gs K,Q) < loga(nk-&-l)r(gv K, Q).
Tk nigt

This yields
lim —loga (g, K, Q) < lim —logagu,+1):(g, K, Q).
k—00 T k—ooniT

Since m%r = "kntl (nk-IH)r and ""H — 1 for k — oo, we obtain

1 1
lim —1 , K, lim —— , K,
kggotk Ogatk(g 0) < kin;o (e + Dt Oga(nk+l)t(g 0)

1
= lim 7]0gan‘t(g7K 0).

n—-oon

Together with Proposition 25 (ii) and (13) applied to f — inf f, this shows that
Pt (f. K, Q) = Pzat(f—inff K, Q) +inf f

= lim —logam(f inf f, K, Q) +inf f

n—>oont

thIOganr(f K, Q).

n—-oon

m}

The following result is given in [2, Corollary 15] for continuous-time systems. The
discrete-time case is proved analogously.

Proposition 27 Let K1, K> be two compact sets with nonvoid interior contained in a control
set D C M and assume that every point in D is accessible. Then (K1, D) and (K>, D) are
admissible pairs and for all f € C(U, R) we have

Pipy(f, K1, D) = Piyy(f, K2, D).
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6 Invariance Pressure for Linear Systems

The main result of this section presents a formula for the invariance pressure of the unique
control set with nonvoid interior for hyperbolic linear control systems of the form (9).

We start with a proposition providing an upper bound for the total invariance pressure
of the unique control set with nonvoid interior, cf. Theorems 18 and 19. The proof uses
arguments from [3] which in turn are based on a construction by Kawan [9, Theorem 4.3],
[10, Theorem 5.1] (for the discrete-time case cf. also [10, Remark 5.4] and Nair, Evans,
Mareels, Moran [12, Theorem 3]).

Let AT be the restriction of A to the unstable subspace E“. The unstable determinant of
Ais

det A" = [] A" and log|det A*[ = " n; max{0, log [A]}.
Lo (A) rea(A)

where 7, denotes the algebraic multiplicity of an eigenvalue A of A.

Proposition 28 Consider a linear control system of the form (9) and assume that the pair
(A, B) is controllable with a hyperbolic matrix A. Let D be the unique control set with
nonvoid interior and let f € C(D x U, R). Then there exists a compact set K C D with
nonvoid interior such that the total invariance pressure satisfies

T—1

e ] .
Piot(f, K, D) <log|det A*[+ inf — " f(p(i,x,u),u;),
(t,x,u) T i

where the infimum is taken over all T € N with t > d and all t-periodic controls u with a
T-periodic trajectory ¢ (-, x, u) in intD such that u; € intU fori € {0,..., 7 —1}.

Proof We will construct a compact subset K C D with nonvoid interior such that the inequal-
ity above holds. Observe that then by Proposition 27 the pair (K, D) is admissible.

We may suppose that A has real Jordan form R = T~! AT In fact, writing x = Tx’ one
obtains

Xy = T‘IATx,/( + T 'Buy = Rxj, + Buy (14)

with B := T~'B. Then with ' (x’,u) = f(Tx',u) =: f(x,u), K':= T7'K,and D' :=
T ! D the total invariance pressure Py, (f, K, D) coincides with the total invariance pressure
Poi(f', K’, D) of (14). Consider a t%periodic control «°(-) with t9-periodic trajectory

o(-, x%, 49 as in the statement of the theorem, hence
0 1’071 0
O =R"x"+ Y R B, (15)
i=0

Step 1: Choose a basis B of R? adapted to the real Jordan structure of R and let
Li(R),...,L,(R) be the Lyapunov spaces of R, that is, the sums of the generalized
eigenspaces corresponding to eigenvalues A with the absolute value [A| = p;. This yields the
decomposition

R'=L(R)®---® L,(R).

Let d; = dim L ;(R) and denote the restriction of R to L;(R) by R;. Now take an inner
product on R? such that the basis 5 is orthonormal with respect to this inner product and let
Il denote the induced norm.
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Step 2: We fix some constants: Let Sy be a real number which satisfies

.
So > Zmax{l,djpj} =
j=1

and choose & = £(Sp) > 0 such that
,
0 <dé < Sp— Y max{l,djp)
j=1

and such that p; < 1 implies p; +& < 1forall j.Let$ € (0, &). It follows that there exists
a constant ¢ = ¢(§) > 1 such that for all j and for all k € N

HRﬂ‘H < clp; + 0.
For every m € N we define positive integers by

ol +em 1 it p=1
Mf(’”)'_{l ! if pj-<1

and a function 8 : N — (0, co) by

M (m)

d.
B(m) : —]max {(,0,—}— H" \/7 } m € N.

If pj < 1,then p; +68 < 1 and M;(m) = 1, and hence (p; + 8)" /M ; (m) converges to zero
form — oo.If p; > 1, we have M;(m) > (p; + &)™ and hence

; d; i+ 5\"
(pj + " ——— < (pj +8)" Vi =("f )JoT, (16)

M( ) (i +6" ~ \pj+¢
ig < 1 showing that also in this case 8(m) — 0 for m — oo.

Since we assume controllablhty of (A, B) and 70 > d there exists Co > 0 such that for
every x € R there is a control u € U with

0-1
9% x,u) = R"x+ Y R" 7 Bu; = 0and |lull < Co 2] (17)
i=0
The inequality follows by the inverse mapping theorem. For the corresponding trajectory we
find a constant C; > 0 such that fork € {1, ..., ‘L'O}
k—1
ok, x, )] < IRIFxll + D IR B Collxll < Culx]l .- (18)
i=0

For by > 0 let C be the d-dimensional compact cube C in R? centered at the origin with sides
of length 2b( parallel to the vectors of the basis B. Choose by small enough such that

K:=x"+ccDp
and B(uO(k), Cbhy) C U forall k € {0, ..., t°}. This is possible, since x0 € intD and all

values u (k) are in the interior of U.
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Step3.Lete >0and t = m70 withm € N. By Thegrem 19, the closure D is compact,
hence for the continuous function f on the compact set D x U there is £; > 0 such that for
all (x,u), (x',u")e DxU

max {[x —x'||, [|u —u'|[} < &1 implies | f(x,u) — f( u)| <e. (19)
We may take m € N large enough such that
d d
—log2 = —Ologz <. (20)
T mt
Furthermore, we may choose by small enough such that

Cobg < €1 and C1bg < €. 21

Partition C by dividing each coordinate axis corresponding to a component of the jth Lya-
punov space L ;(R) into M;(t) intervals of equal length. The total number of subcuboids in
this partition of C is ]_[;zl M ()% . Next we will show that it suffices to take ]_[;-=l Mj(r)%
control functions to steer the system from all states in x° + C back to x* + C in time 7 such
that the controls are within distance ¢ to u° and the corresponding trajectories remain within
distance & from the trajectory ¢(-, x°, u%). Let y be the center of a subcuboid. By (17) there
exists u = (up, ..., up0_p) such that

o’ y,u) = 0and |lulls < Collyll < Cobo < e1. (22)

For k > tg let uy = 0. Hence ¢(t, y,u) =0and u(t) € U forallk € {0, ..., t}. Using (15)
and linearity, we find that x9 + y is steered by u® + u in time T = mz° to x°,

o, X" +y,u® +u) = o(r, %, u®) + o(z, y, u) = x°. (23)

Now consider an arbitrary pointx € C. Then it lies in one of the subcuboids and we denote the

corresponding center of this subcuboid by y with associated control u = u(y). We will show

in Step 4 that 1 + u also steers x° + x back to x” 4 C and in Step 5 that the corresponding

trajectory ¢(k, x% + x, u® + u) remains within distance &; of o(k, X0 u% ke {0,...,t}.
Step 4. Observe that

bo
— < d
e =31 = 570 V)

By (16) this implies that

o by
lx =yl <clpj +8)"° 70)\/d»j—> 0 for m — oo,

T, pt mro
|7 RyHSHRJ M;(mt

and hence for m large enough | R?x — R7y|| < bo. This implies that the solution ¢ (k, x* +
x,ud + u), k € N, satisfies for m large enough by (23) and linearity,

||<p(r, x° + x, ud +u) —x0||

T—1
=|RT( +x) + Z R B ) 4 u;) — x°
i=0
-1 )
< ||Rt(x0 +x) — R + y)|| + [RT(" + y) + Z RT_’B’(M? +u;) —x°
i=0

< [R7x = Ry + o o0 + 5.0 +u) =20

@ Springer



Journal of Dynamics and Differential Equations (2022) 34:5-28 23

<bg+0.

This shows that ¢ (7, x04x, u%+u) € xXO+C anditalso follows that ¢ (7, XO4x,u%4u)eD
forallk € {0,1,..., 1}
Step 5. By linearity and formulas (17), (18),and (21) we canestimate fork € {0, 1, ..., 79}

||g0(k, x4+ x,u® 4 u) — ok, x°, u®) ||

‘Rk(xo ) 4 ok, 0, u® + 1) — Rx° — o(k, 0, uO)H

= [R5+ 0k, 0.0 = ok, x.w] = € Il = Cabo < e

Together with (22) and (19) this shows that for k € {0, 1, ..., 7}
| £ (@l x4, u® + ), uf + up) — fphk, x° u®), ud))| < e. (24)

Step 6. We have constructed ]_[;=l M; ()% control functions that allow us to steer the

system from all states in K = x 4 C back to x° 4 C in time 7 and satisfy (24). By iterated
concatenation of these control functions we obtain a totally (nt, K, D)-spanning set S;,; for
each n € N with cardinality

n n

#Su=[IM;@% | = [T (L +&7] +1)"

j=1 Jpj=0
By (24) it follows that
loga,.(f, K, D) <log (Z(x,u)es,,,,

0 .0 (0 5,0
-1 ( (Sue O | (Sur )@ )= (Spe )& u ))
Og Z(X,Lt)ESmt ¢ ¢

nt—1

(Sne H)(x0,u®) sl
< i=0
< log Z(x,u)es,,,, e + loge

e(Snffxx,u))

< log (#8,0,~e(5"’f)(x0’“0)) +nte.

This implies, using also (20),

1 1 . nt—1
arlozan (£, K. D)< 2 3 dlog(( ¥ [+ 04 2 N £ ) e
nt T . nt 4
Jipj=0 i=0
1 1 01
== > djlog(2e® it + = D flol 0’ u)) +e
J:pjz0 i=0
d 1 1 0—1
< Zlog2 + — (o = 20 0y 0
= —log2+ - .Z dj(pj +6)7+ = Zf(go(z,x ), ud) + e
Jipj=0 i=0
1 0—1
setdi+ Y dipj+—5 ) fl a0 ud)u) +e
J:pj=0 i=0
1 01
< So+ - Z o, x% u%), ud) + 26.

i=0
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Since ¢ can be chosen arbitrarily small and Sy arbitrarily close to log |det AT/, the assertion
of the proposition follows. O

For the invariance pressure, we obtain the following consequence.

Corollary 29 Consider a linear control system of the form (9) and assume that the pair
(A, B) is controllable with a hyperbolic matrix A. Let D be the unique control set with
nonvoid interior and let f € C(U,R). Then for every compact set K C D with nonvoid
interior the invariance pressure satisfies

1 T—1
Pino(f, K, D) < log|det A*[ + inf =" fuy),
(t,x,u) T e

where the infimum is taken over all T € N with T > d and all t-periodic controls u with a
t-periodic trajectory ¢(-, x, u) in intD such that u; € intU fori € {0,...,7 — 1}.

Proof The assertion follows from Proposition 28, since every compact subset of D is con-
tained in a compact subset K of D with nonvoid interior and the invariance pressure is
independent of the choice of such a set K by Proposition 27. O

Remark 30 Kawan [10, Theorem 3.1] derives for the outer invariance entropy 4, ou: (K, Q),
which is a lower bound for the invariance entropy, the formula

hinv,out(K7 Q) = log ’det A+’ .

Here (K, Q) is an admissible pair, K has positive Lebesgue measure, and Q is compact. For
the potential f = 0, Corollary 29 shows that the invariance entropy satisfies

hiny(K, Q) < log |det A | = hiny.ou (K, Q) < hiny(K, Q)
implying that
hiny(K, Q) = log |det A™|. (25)

We proceed to prove a lower bound for the invariance pressure. Recall that with respect to
A the state space R? can be decomposed into the direct sum of the center-stable subspace E*¢
and the unstable subspace E* which are the direct sums of all generalized real eigenspaces
for the eigenvalues A with [A| < 1 and |A| > 1, resp. Let 7 : RY — E* be the projection
along E*¢.

Proposition 31 Let K C D be compact and assume that both K and D have positive and
finite Lebesgue measure. Then for every f € C(U, R)

1 —1
Pino(f, K, D) > log|det AT |+ inf —" f(up),
(t,x,u) T =0

where the infimum is taken over all (v, x,u) e Nx DxUwitht >dandmwe(i,x,u) € x D
forief{0,1,...,7t —1}

Proof Every (t, K, Q)-spanning set S satisfies

log Z SN > 1og I}relge(sff)(”) + log #S. (26)
ueS
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First suppose that the unstable subspace of A is trivial, E* = 0. Formula (25) implies that
— 1
lim —inf {log#S|S (7, K, Q)-spanning } = h;,, (K, D) = log |det A+| =0.
T—>00T

Now (12) and (26) implies

1
Pino(f, K, Q) = Tim —inf ilog > e NWIS (z, K, Q)-spanning }
ues

> lim — 1nf {log inf ¢St L 1og#S|S (1, K, Q)- spanmng}
T—>00T
> lim — mf { inf Z fw)|S (zr, K, Q)- spanmng} +0
T—>00T
> lim inf — > f —
> Tim_inf ~ Zf(u )= in Zf(u )-
Since for u € S thereis x € K with mp(i,x,u) =0 € D fori € {0,1,...,t — 1}, the

assertion for trivial unstable subspace £~ follows.

Now suppose that E* is nontrivial. We may assume that P;,,(f, K, Q) < oo and hence
and all considered spanning sets are countable. Note that by invariance of E*¢ and E" the
induced system on E* is well defined with trajectories w¢(k, x, u), k € N. For each u in a
(r, K, D)-spanning set S define

—1

nK,:=nKnN m (n(pt,u)71 (D).
t=0

ThuswK =, s K. Since D is measurable, each set 7 K, is measurable as the countable
intersection of measurable sets. We denote the Lebesgue measure in R? by ;4% and the induced
measure on E“ by 1. The linear part of the affine-linear map 7 ¢, , (x) is given by (A1),
hence it follows that

pD) = prgeaek = [ du= [ Jaetaty | an = porki) aet a”

Qe u(mKy) Ky

Abbreviate B(t) = inf () (S f) (), where the infimum is taken over all (7 x, u) € 7K xU
with T (i, x,u) e # D fori =0, ..., — 1. Then we find

('L’)M(]'[K) < Ze(srf)(u)’u(ﬂK ) < sup (T K, )Ze(S,f)(u)
ueS uesS ves

u(m D) :
|detA+| Z (Se f)(w)_

Since this holds for every (7, K, D)-spanning set S and ud(D) > 0 implies u(w D) > 0,
we find

T K) )

a;(f,K,D) = 1nf{z $eHw s (¢, K, D)- spanning } > M(HD)

ueS

|det A*|" |
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implying
1 1
Pin(f, K, D) = Tim —logar(f, K, D) = inf —f(z) +log |det 4™ |

1
= inf —(S;f)(u) + log|det
(t,x,u) T

where the infimum is taken over all (z,x,u) € N x 7 K x U with (i, x,u) € 7w D for
i=0,...,t—1. ]

The next theorem is the main result of this paper. For linear discrete-time control systems
it provides a formula for the invariance pressure of control sets.

Theorem 32 Consider a linear control system of the form (9) and assume that the system
without control restriction is controllable in RY, the matrix A is hyperbolic, and the control
range U is a compact convex neighborhood of the origin with U = intU. Let D be the unique
control set with nonvoid interior. Then D is bounded and for every compact set K C D with
nonvoid interior and every potential f € C(U, R), the invariance pressure is given by

Py (f, K, D) =log|det A*| + min f () = hiny(K, D) + min f ().
uelU uelU

Proof Theorems 18 and 19 imply existence, uniqueness, and boundedness of the control set
D. Formula (25) implies that h;,, (K, D) = logdet AT showing the second equality above.
Proposition 31 and Corollary 29 yield the bounds,

T'—1

=Y £ = P/ K. Q) —logldet 4*| < inf Zf(u) @)

///-L-
(T )10

where the first infimum is taken over all (v/,x",u’) € N x D x U with v/ > d and
7o(i,x',u') enDfori € {0,..., 7" — 1} and the second infimum is taken over all T € N
with t > d and all t-periodic controls u with a t-periodic trajectory ¢(-, x, u#) in intD such
that u; € intU fori € {0, ..., 7 — 1}.

Note that there is a control value u® € U with f (%) = mingey f(u). Consider

'—1

) =~ Zf(u°><(,mf = Zf(u) (28)

’
i=0

where the infimum is taken over all triples (z/,x’,u’) € N x K x U with " > d and
me(,x,u') e D fori € {0,..., 7/ — 1}. Let & > 0. Then there is a control function u'
with values in a compact subset of intU such that

1 d—1 1 d—1
22 fuh =3 fed) +e (29)
i=0 i=0

By hyperbolicity of A the matrix I — A9 is invertible, and hence there exists a unique solution
x! of
(1 - Ad) X' = W, 0,uh).
Now by linearity
T pdyl 4 o, 0, ul) = ¢, xl, ul).
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Since the values of u! are in intU and (A, B) is controllable, it follows that a neighborhood
of x! can be reached in time d from x'. Analogously, x! can be reached from every point in
a neighborhood of x! in time d. Hence in the intersection of these two neighborhoods every
point can be steered in time 2d into every other point. This shows that x! is in the interior of
the control set D, and the corresponding trajectory (i, x', u'), i € {0, ..., d — 1}, remains
by Proposition 7 in the interior of D. Extending u' to a d-periodic control again denoted by
u' we find that the control-trajectory pair (u' (), ¢(-, x!, u')) is d-periodic, the trajectory is
contained in intD and all values u 11 are in a compact subset of intU. It follows that

o Zf( ) fad) = Zf( 02 ”Zf(u)—s

(r’x u

> inf Zf(u)

(t,x,u) T

where the first infimum is taken over all triples (', x",u’) € N x K x U with t/ > d
and 7o(i,x",u’) € D fori € {0,...,7" — 1} and the second infimum is taken over all
(7, x,u) € N x D x U such that the control-trajectory pair («, (-, x, u)) is t-periodic with
T > d, the trajectory is contained in intD, and the control values u; are in a compact subset
of intU.

Using this in (27) we get
/1 /-1
Lnf Zf(u)<Pm(f K. Q) ~log|detA®| < i Zf(u)-l—e
Since ¢ > 0 is arbitrary, the assertion of the theorem follows. O

Remark 33 For partially hyperbolic control systems, Da Silva and Kawan prove in [11]
relations between invariance entropy and topological pressure for the unstable determinant.
In contrast to our framework, they consider the topological pressure (with respect to the
fibers) of associated random dynamical systems obtained by endowing the space of controls
with shift invariant probability measures.

Funding Open Access funding enabled and organized by Projekt DEAL.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Colonius, F, Cossich, J.A.N., Santana, A.: Invariance pressure for control systems. J. Dyn. Differ. Equ.
31(1), 1-23 (2019)

2. Colonius, F, Santana, A., Cossich, J.A.N.: Invariance pressure of control sets. SIAM J. Control Optim.
56(6), 41304147 (2018)

@ Springer


http://creativecommons.org/licenses/by/4.0/

28 Journal of Dynamics and Differential Equations (2022) 34:5-28

3. Colonius, F,, Cossich, J.A.N., Santana, A.: Bounds for invariance pressure. J. Differ. Equ. 268, 7877-7896
(2020)
4. Colonius, E.: Invariance entropy, quasi-stationary measures and control sets. Discrete Contin. Dyn. Syst.:
DCDS-A 38(4), 2093-2123 (2018)
5. Da Silva, A., Kawan, C.: Invariance entropy of hyperbolic control sets. Discrete Contin. Dyn. Syst.:
DCDS-A 36(1), 97-136 (2016)
6. Da Silva, A., Kawan, C.: Lyapunov exponents and partial hyperbolicity of chain control sets on flag
manifolds. Isr. J. Math. 232, 947-1000 (2019)
7. Hinrichsen, D., Pritchard, A.J.: Mathematical Systems Theory, vol. 2. Springer, Berlin (2021). (in prepa-
ration)
8. Huang, Y., Zhong, X.: Carathéodory—Pesin structures associated with control systems. Syst. Control Lett.
112, 36-41 (2018)
9. Kawan, C.: Invariance entropy of control sets. SIAM J. Control Optim. 49, 732-751 (2011)
10. Kawan, C.: Invariance Entropy for Deterministic Control Systems. An Introduction. LNM, vol. 2089.
Springer, Berlin (2013)
11. Kawan, C., Da Silva, A.: Invariance entropy for a class of partially hyperbolic sets. Math. Control Signals
Syst. (2018). https://doi.org/10.1007/s00498-018-0224-2
12. Nair, G., Evans, R.J., Mareels, 1., Moran, W.: Topological feedback entropy and nonlinear stabilization.
IEEE Trans. Autom. Control 49, 1585-1597 (2004)
13. Patrdo, M., San-Martin, L.: Semiflows on topological spaces: chain transitivity and semigroups. J. Dyn.
Differ. Equ. 19, 155-180 (2007)
14. Sontag, E.: Mathematical Control Theory. Deterministic Finite Dimensional Systems, 2nd edn. Springer,
New York (1998)
15. Wang, T., Huang, Y., Sun, H.-W.: Measure-theoretic invariance entropy for control systems. SIAM J.
Control Optim. 57(1), 310-333 (2019)
16. Wing, J., Desoer, C.A.: The multiple-input minimal-time regulator problem (general theory). IEEE Trans.
Autom. Control: AC 8(2), 125-136 (1963)
17. Wirth, F.: Dynamics and controllability of nonlinear discrete-time control systems. IFAC Proc. Vol. 31,
267-272 (1998)
18. Zhong, X., Huang, Y.: Invariance pressure dimensions for control systems. J. Dyn. Differ. Equ. 31, 2205—
2222 (2019)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


https://doi.org/10.1007/s00498-018-0224-2

	Controllability Properties and Invariance Pressure for Linear Discrete-Time Systems
	Abstract
	1 Introduction
	2 Control Sets for Nonlinear Systems
	3 Controllability Properties of Linear Systems
	4 Control Sets for Linear Systems
	5 Invariance Pressure
	6 Invariance Pressure for Linear Systems
	References




