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Abstract

Nonlinear Young integrals have been first introduced in Catellier and Gubinelli (Stoch Pro-
cess Appl 126(8):2323-2366, 2016) and provide a natural generalisation of classical Young
ones, but also a versatile tool in the pathwise study of regularisation by noise phenomena.
We present here a self-contained account of the theory, focusing on wellposedness results
for abstract nonlinear Young differential equations, together with some new extensions; con-
vergence of numerical schemes and nonlinear Young PDEs are also treated. Most results
are presented for general (possibly infinite dimensional) Banach spaces and without using
compactness assumptions, unless explicitly stated.
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1 Introduction

The main goal of this article is to solve and study differential equations of the form

t
x =xo+/ A(ds. x) (L)
0

where x is an a-Holder continuous path taking values in a Banach space V and A : [0, T'] x
V — Visavector field with suitable space-time Holder regularity. If A is sufficiently smooth
in time, then A(ds, xy) can be interpreted as d; A(s, x;)ds, so that (1.1) can be regarded as
an ODE in integral form; here however we are interested in the case d; A does not exist, so
that (1.1) does not admit a classical interpretation.
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In the case A(t,z) = f(z)y;, where y is an U-valued o-Holder continuous path and f
maps V into the space of linear maps from U to V, Eq. (1.1) can be rewritten as

t
= x0+ fo Fdys (12)

which can be regarded as a rough differential equation driven by a signal y.

In the regime o € (1/2, 1], for sufficiently regular f, Eq. (1.2) can be rigorously inter-
preted by means of Young integrals, introduced in [44]; wellposedness of Young differential
equations (YDEs) was first studied in [34]. After that, several alternative approaches to (1.2)
have been developed, either by means of fractional calculus [45] or numerical schemes [14];
see also the review [33] for a self-contained exposition of the main results for YDEs and
the paper [13] for some recent developments. YDEs have found several applications in the
study of SDEs driven by fractional Brownian motion (fBm) of parameter H > 1/2, see for
instance [37].

Although Eq. (1.1) may be seen as a natural generalization of (1.2), its development is
much more recent. Nonlinear Young integrals of the form

t
/ A(ds, x;)
0

were first defined in [9] in applications to additively perturbed ODEs and subsequently
rediscovered in [30], where they were employed to give a pathwise interpretation to Feynman-
Kac formulas and SPDEs with random coefficients.

In this paper we will consider exclusively the time regularity regime o > 1/2, also known
as the Young (or or level-1 rough path) regime. However it is now well known, since the
pioneering work of Lyons [35], that it is possible to give meaning to Eq. (1.2) even in the
case @ < 1/2 by means of the theory of rough paths, see the monographs [18,19] for a
detailed account on the topic. An analogue extesion of (1.1) to the case of nonlinear rough
paths has been recently achieved in [12,38]; so far however it hasn’t found the same variety
of applications, discussed below, as the nonlinear Young case. Let us finally mention that all
of the above can also be seen as subcases of the theory of rough flows developed in [2,4].

Nonlinear YDEs of the form (1.1) mostly present direct analogue results to their classical
counterpart (1.2), but their importance and the main motivation for this work lies in their
versatility. Indeed, many differential systems which a priori do not present such structure,
may be recast as nonlinear YDEs; this allows to give them meaning in situations where
classical theory breaks down.

This methodology seems seems particularly effective in applications to regularization by
noise phenomena; to clarify what we mean, let us illustrate the following example, taken
from [10,11]. In these works the authors study abstract modulated PDEs of the form

where w : [0, T] — R is a continuous (possibly very rough) path, A is the generator of a
group {¢’4},cr and A is a nonlinear functional, possibly ill-posed in low regularity spaces.
Formally, setting ¥, := e~ "4 ¢;, ¥ would solve

t

Y=o+ / AN (e Ay )ds,

e
0
which can be regarded as an instance of (1.1) for the choice

1
A(t,z):/ e AN (W Az)ds. (1.4)
0
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Under suitable assumption, even if w is not smooth (actually exactly because it is rough,
as measured by its p-irregularity), it is possibile to rigorously define the field A, even if
the integral appearing on the r.h.s. of (1.4) is not meaningful in the Lebesgue sense. As a
consequence, the transformation of the state space given by ¢ > i allows to interpret the
original PDE (1.3) as a suitable nonlinear YDE; the general abstract theory presented here
can then be applied, immediately yielding wellposedness results.

A similar reasoning holds for additively perturbed ODEs of the form

t
X; = Xo +/ b(xg)ds + w;
0

which were first considered in [9], in which case the transformation amounts to x — 6 :=
x — w. This case has recently received a lot of attention and developed into a general theory
of pathwise regularisation by noise for ODEs and SDEs, see [20-22,26,28] and on a related
note [27].

Motivated by the above discussion, we collect here several results for abstract nonlinear
YDESs which have appeared in the above references, together with some new extensions; they
provide general criteria for existence, uniqueness and stability of solutions to (1.1), as well
as convergence of numerical schemes and differentiability of the flow. This work is deeply
inspired by the review [33], of which it can be partially regarded as an extension; all the
theory is developed in (possibly infinte dimensional) Banach spaces and relies systematically
on the use of the sewing lemma, a by now standard feature of the rough path framework.
We hope however that the also reader already acquainted with RDEs can find the paper of
interest due to later Sects. 5-7, containing less standard results and applications to Young
PDEs.

Structure of the paper. In Sect. 2, the nonlinear Young integral is constructed and its main
properties are established. Section 3 is devoted to criteria for existence, uniqueness, stability
and convergence of numerical schemes for nonlinear YDEs, Sects. 3.4 and 3.5 focusing on
several variants of the main case. Section 4 deals continuity of the solutions with respect to
the data of the problem, giving conditions for the existence of a flow and differentiability of
the It6 map. The results from Sect. 3.3 are revisited in Sect. 5, where more refined criteria
for uniqueness of solutions are given; we label them as “conditional uniqueness” results, as
they require additional assumptions which are often met in probabilistic applications, but
are difficult to check by purely analytic arguments. Sections 6 and 7 deal respectively with
Young transport and parabolic type of PDEs. We chose to collect in the “Appendix” some
useful tools and further topics.

Notation. Here is a list of the most relevant and frequently used notations and conventions:

e We write a < b if a < Cb for a suitable constant, a <, b to stress the dependence
C =C(x).

e We will always work on a finite time interval [0, T']; the Banach spaces V, W appearing
might be infinite dimensional but will be always assumed separable for simplicity.

e Given a Banach space (E, || - || ), we set C,OE = C([0, T]; E) endowed with supremum
norm

I flloo = up Ifille VfeClE

tel0,

where f; := f(¢) and we adopt the incremental notation f;, := f; — f;. Similarly,
for any o € (0, 1) we set C;FE = C*([0, T']; E) be the space of a-Holder continuous
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functions with norm

[fla=sup ”f”s”f,, 1 e = 1 Flloo + [f D

0<s<t<T |t_ |

e The above notation will be applied to several choice of E such as C{'V, Cf R4 but also
Cf‘Cé”AW or C?C\é,w,loy for which we refer to Definitions 2.3 and 2.5.

e We denote by £(V; W) the set of all linear bounded operators from V to W, L(V) =
L(V;V).

e Whenever we will refer to differentiability this must be understood in the sense of Frechét,
unless specified otherwise; given amap F : V — W we regard its Frechét differential
D¥F of order k as a map from V to [lk(V; W), the set of bounded k-linear forms from
V¥ to W. We will use indifferently DF (x, y) = DF (x)(y) for the differential at point
x evaluated along the direction y.

e Given a linear unbounded operator A, Dom(A) denotes its domain, rg(A) its range.

e As a rule of thumb, whenever J(I") appears, it denotes the sewing of I' : Ay, — E;
we refer to Sect. 2.1 for more details on the sewing map. Similarly, in proofs based
on a Banach fixed point argument, / will denote the map whose constractivity must be
established.

e As a rule of thumb, we will use C;, i € N for the constants appearing in the main
statements and «; for those only appearing inside the proofs; the numbering restarts at
each statement and is only meant to distinguish the dependence of the constants from
relevant parameters.

2 The Nonlinear Young Integral

This section is devoted to the construction of nonlinear Young integrals and nonlinear Young
calculus more in general, as a preliminary step to the study of nonlinear Young differential
equations which will be developed in the next section. We follow the modern rough path
approach to abstract integration, based on the sewing lemma as developed in [24] and [17],
which is recalled first.

2.1 Preliminaries

This subsections contains an exposition of the sewing lemma and the definition of the joint
space-time Holder continous drifts A we will work with; the reader already acquainted with
this concepts may skip it.

Given a finite interval [0, T'], consider the n-simplex A, := {(#1,...,6;) :0 <ty <... <
t, < T}. Let V be a Banach space, forany I : Ay — V we define 6T" : A3 — V by
Olsur = Ts: —Tsu—Tu;.

We say that T' € 57 ([0, T1; V) = CYPV if Ty, = O forall t € [0, T] and [[Tlq5 < 00,
where

8Ty
IVlle := sup ”FS’IHV» 615 := sup M

s<t |Z — S|a s<u<t |[ _S|’3

+ T llep == ITlle + 118l -

Foramap f : [0, T] — V, we still denote by f; ; the increment f; — fs.
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Lemma 2.1 (Sewing lemma) Let o, 8 be such that0 < o < 1 < B. Forany " € Cg’ﬂ\/
there exists a unique map J(I') € CV such that J(I')o = 0 and

17 (D)5 = Tsully < Cr 18T llglt — 51 2.0

where the constant Cy can be taken as C1 = (1 — 26-1=1 Thus the sewing map J :
Cg’ﬁ V — CPV is linear and bounded and there exists C» = Co(a, B, T') such that

17 Mlle = C2lIT Nl p- 2.2)

For a given T, J (') is characterized as the unique limit of Riemann-Stjeltes sums: for any
t>0

N, =1 | IPRR
j( )t |H1\IEOIZ Lislig1

The notation above means that for any sequence of partitions Il, = {0 =1t <t < ... <
Ik, = t} with mesh |l = sup;_; 4 |ti —ti—1| = Oasn — oo, it holds

,,,,,

kn—1
J [T, = nlggo Z Uiyt -
i=0

For a proof, see Lemma 4.2 from [18].

Remark 2.2 Let us stress two important aspects of the above result. The first one is that all
the estimates do not depend on the Banach space V considered; the second one is that, even
when the map 7 (I") is already known to exist, property (2.1) still gives non trivial estimates
on its behaviour. In particular, if f € C*V is a function such that |y ; — fs ;llv < k|t —s]*
for an unknown constant «, then by the sewing lemma we can deduce that f = 7 (I") and
that « can be taken as Cy [|6T|g.

Next we need to introduce suitable classes of Holder continuous maps on Banach spaces.

Definition 2.3 Let V, W Banach spaces, f € C(V; W), B € (0, 1). We say that f is locally
B-Holder continuous and write f € C 5,w,1oc if for any R > 0 the following quantities are
finite:

Ulpri=  sp OO ey flpr+ sup 1@l
x#EyeV lx = yliy xev
lxlly, Iylly =R lxlly =R

For A € (0, 1], we define the space C 5'},‘, as the collection of all f € C(V; W) such that

Uhm=yﬁ”wmm|vmu=UMH4ﬂWW<w

Finally, the classical Holder space C €.W is defined as the collection of all f € C(V; W)
such that '

If ) = fOlw

[flg:= sup ————p—

5 Ifllp= [f1g +sup [ f()lv < oo.
x#EyeV lx =¥l xeV

Remark 2.4 We ask the reader to keep in mind that although linked, [ f] g, £ and [ ], denote
two different quantities. Throughout the paper R will always denote the radius of an open ball
in V and consequently all related seminorms are localised on such ball; instead the parameter
X measures the polynomial growth of [-]g  as a function of R.
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Ce W loc is a Fréchet space with the topology induced by the seminorms {|| |l g, R} r>0,
while C 6 w and C v.w are Banach spaces. Observe that if f € C 6 );V, we have an upper

bound on its growth at infinity, since for any x € V with ||x||y > 1 it holds

L@y < 1F@ = FOlly + 1L Oy < 11§ L Tg ety + 17Oy < 17 1p2 0+ 1x15).

In particular, if 8 + A < 1, then f has at most linear growth.

We can now introduce fields A : [0, T] x V — W satisfying a joint space-time Holder
continuity. We adopt the incremental notation Ay ;(x) := A(t,x) — A(s, x), as well as
A;(x) = A(t, x); from now on, whenever A appears, itis implicitly assumed that A(0, x) = 0
forallx e V.

Definition 2.5 Given A as above,«, 8 € (0, 1), wesaythat A € C?C\fi,w,loc ifforany R > 0
it holds

[As.i g R lAs.cllg, R
[Ala.g = sup —"— ||Algp:= sup —»>r—
“f 0<s<t<T |t |a b 0<s<i<T |f—S|a
B .
We say that A € C{*Cyy, if
[As, ]2 | As.clip.a
[Alapri= sup P2 Ay ps = sup NP

0<s<t<T |t — sl 0<s<t<T |t — s

analogue definitions hold for C;’Ce wo Flag: - lla,p-

The definition can be extended to the cases « = 0 or § = 0 by interpreting the norm in
the supremum sense: for instance A € C'C 6 wif

Allo,s = sup [lAsllg < oo.
tel0,T]

Given a smooth F : V — W, we regard its Frechét differential D¥ F of order k as a map
from V to £X(V; W), the set of bounded k-linear forms from V¥ to W.

Definition 2.6 We say that A € CFC, ' if A € CC}) , and it is k-times Frechét differ-

entiable in x, with D¥A € C"‘C’3

v ckv,w forallk < n. ceCyty is a Banach space with
norm

n
I Allontp =D I1D*Allap-
k=0

Analogue definitions hold for C¥ C'&T‘f,’loc and CfC "+ﬁ )\.

2.2 Construction and First Properties

We are now ready to construct nonlinear Young integrals, following the line of proof from [28,
30]; other constructions are possible, see “Appendix A.2”.
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Theorem 2.7 Leta, B,y € (0, 1) suchthata + By > 1, A € C?C\é,w,loc and x € C,y V.
Then for any [s,t] C [0, T] and for any sequence of partitions of [s, t] with infinitesimal
mesh, the following limit exists and is independent of the chosen sequence of partitions:

t
/A(du,xu) = lim YAy ().
s i

1| — 0

The limit is usually referred as a nonlinear Young integral. Furthermore:

1. Forall (s,r,t) € Az it holds [ A(du, x,) + frt A(du, x,) = fst A(du, x,).
2. If 3; A exists continuous, then f; A(du, x,) = f_: 3 Au, x,)du.
3. There exists a constant C1 = Cy(«a, B, y) such that

< Cilt = 5|7 [Ala,p.xi [ (2.3)
w

t
/ A(di, x) — Aso(x)

4. Themap (A, x) — fo A(du, x,) is continuous as a function from C?Ce W.loe X C,y V —>
CYW. More precisely, it is a linear map in A and there exists Co = Ca(a, B, v, T) such

that
/Al(du,xu>—/ A%(du, x,)
0 0

it is locally §-Holder continuous in x for any 6 € (0, 1) such that 6 < (¢ + By — 1)/y
and there exists C3 = C3(«a, B, v, 8, T) such that, for any R > ||x|loo V || Y]l 0o, it holds

/'A(du,xu) - /.A(duvyu)
0 0

Proof In order to show convergence of the Riemann sums, it is enough to apply the sewing
lemma to the choice I'y ; := A, /(x5) = A(t, x;) — A(Ss, X4). Indeed we have

< Col| A" — A% lap e (14 [X]y): (2.4)

o

< C3l|Alla,p.r(1+ lIxlly, + Iy, [x = ¥]5 (2.5)

o

As 1 (xs)llw A
1Pl = sup MAs G w10

< =< [|Alle.0.)x
s<t [t — s« s<t [t —s|* ¥lee

and

18T uellw = [1Au,r (xs) — Au s () llw < [[Au,t]]ﬂ,llxlloo”xu,s”€
< |t —ul*u = s1°" [Alap.x)o [X]15

which implies |37 la4py < [Ala.p.jxlo [x]5- In particular T' € CY*™P"W with o +
By > 1, therefore by the sewing lemma we can set

t
/ A(ds, x5) == J([), = |l‘ll\im0 E F[[,[t+l'
0 - -
1

Property 1. then follows from J(I')s;;, = J(I)s.r + J(T'),; and Property 3. from the
above estimates on ||8I" ||+ gy . Similarly estimate (2.4) is obtained by the previous estimates
appliedto A = A! — A2, Property 2. follows from the fact that if 8, A exists continuous, then
necessarily

t
lim ZA,[,,,H(x,[):/ 3 Au, x,)du.
0

[TT| = 0 “=
i
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It remains to show estimate~(2.5). To t?is end, for fixed x, y € Czy V and R as above, we need
to provide estimates for ||6T"||14 for I's ; := Ay ;(xs) — Ay (ys) and suitable ¢ > 0. It holds

18 s el < 1Aus () = At )]+ [Aui i) = Aus 901 < 1 Allap e (K15 + [¥D9)1E — 517,
18 s el < 1Aus () = Aut )| + 1At (55) = At 9] S N Allap.rllx — y||§|z — s/
which interpolated together give
0
18Tl (1-6)@+py)+0a S 1Alla,p,r(L + [x]y + [¥])lIx — yllg
for any 6 € (0, 1) such that (1 — 0)(« + By) +60«a = 1 4+ & > 1, namely such that

a+ By —1

BO <
14

The sewing lemma then implies that

t t t t
‘ / A(dr, x;) — / A(dr, yr) S / A(dr, x,) — / A(dr, yy) =Ty, + ITs.ellw
s s w K s w
S ST Wielt — 51" + | Alla, g, -7 — 51I1x = Y1l
S I+e @.B,R s1%Mlx = ylly
0
So.r It — s Alla,g,r(L+ lxlly + Iy I)llx — yllg :
Dividing by |t — s|* and taking the supremum we obtain (2.5). O

Remark 2.8 Several other variants of the nonlinear Young integral can be constructed. For
instance, for A and x as above, we can also define

/ A(s,dx,) € CPrw
0

as the sewing of I'y ; := A, (x;) — As(xs). Another possibility are integrals of the form

/ ysA(ds, xy)
0

fory e C f]R such that « + 8 > 1 and A, x as above. This can be either interpreted as
a more classical Young integral of the form fo yid (fot A(ds, xs)> = J@) for I'y; =

Vs f; A(dr, x,), or as the sewing of I'y ; = v Ay, (x,);it is immediate to check equivalence
of the two definitions. This case can be further extended to consider a bilinear map G :
W x U — Z, where U and Z are other Banach spaces, so that

/ G(yX7 A(dsa xS)) € CgZ
0

is well defined for y € CfU, A and x as above, as the sewing of I's ; = G (yy, As ;1 (x5)) €

Cg’aHZ, since

ITsell < 12 = sI“NG Y looll Alle,p
18T el S 12 = s UGNyl Alla, (1 + [],)-

Nonlinear Young integrals are a generalisation of classical ones, as the next example
shows.
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Example2.9 Let f € CP(RY; R¥*™) and y € CYR™, then A(t, x) := f(x)y; is an element

of C¥ C]gd, since

|45 (0) = A = ILF @) = FONysal < 1F @) = FOysel < [fTpIyTalt = s1¥1x = yIP.

In particular, for any x € C,V]Rd with « + By > 1, we can consider fo A(ds, x,); this
corresponds to the classical Young integral [ f(xs)dys, since both are defined as sewings
of

As,t(xs) = f(xo)yr — fxs)ys = f(xs)YS,t~

The previous example generalizes an infinite sum of Young integrals, i.e. considering
sequences f" € CA(RY; RY), y" € C# (10, T']; R) such that (possibly locally)

D U 1y e < oo
n

Inthis case we candefine A(zr, x) := )", f"(x)y}', whichsatisfies || Alla,g < >, I f" g1V la
and for any x € CSR? it holds

/O-A(ds,xs) = Z/O J"(xs)dyy

Remark 2.10 1In the classical setting (let us take d = 1 for simplicity), if f : [0, T]xR — R
satisfies

|t 20) = f(s,22)] < C(t =517 + |21 — 22, (2.6)

x € C/ and y € Cy with @ + By > 1, then one can define the Young integral
Jo [ (s, x5)dys. However, [ f (s, xs)dys does not coincide with [ A(ds, x;) for the choice

A(t, x) == f(t, x)y.
This is partially because the domain of definition of the two integrals is different, since

condition (2.6) (which is locally equivalent to f € C,ﬂ yCS nc ,0 (o f ) is not enough to ensure

that A € CfC f ; however, if we additionally assume f € C{C f , then so does A, and the
relation between the two integrals is given by

t t t
/A(ds,xs>=/ f(s,xs)dys—l-/ yo f(ds, %) 27
0 0 0
To derive (2.7), define I'?; = Ay ;(x); then

T4, = F(t x0)y — f5, %) Y5 = F(5, %) + Vs fi.0(6s) + Ryy = T2, + T, + Ry,

where | Ry ;| = | f5.1(x) — fs.0 ()| S |t —s[*TP7 . This implies 7 (I'*) = J(I'") + 7 (I'/),
namely (2.7).

2.3 Nonlinear Young Calculus

Theorem 2.7 establishes continuity of the map (A, x) +— fo A(ds, xy); if A is sufficiently
regular, then we can even establish its differentiability.
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Proposition 2.11 Let o, B,y € (0, 1) such that o + By > 1, A € Cf‘C‘l/TVf,JOC. Then the
nonlinear Young integral, seen asamap F : Cty V= CW, F(x) = fo A(ds, xy), is Frechét
differentiable with

DF(x):y+> / DA(ds, x5)ys. 2.8)
0

Proof For notational simplicity we will assume A € C{'C ‘l/ﬁf, It is enough to show that, for

any x, y € C/' V, the Gateaux derivative of F at x in the direction y is given by the expression
above, i.e.

. F(x+ey) — F(x)
lim =

/ DA(ds, xs)ys 2.9
e—0 & 0

where the limit is in the C{* W-topology. Indeed, once this is shown, it follows easily from
reasoning as in Theorem 2.7 that the map (x, y) — f DA(ds, xg)yy is jointly uniformly
continuous in bounded balls and linear in the second variable; Frechét differentiability then
follows from existence and continuity of the Gateaux differential.

In order to show (2.9), setting for any ¢ > 0

As,t(-xs + gys) - As,t(-xs)
&

itsuffices to show that 7 (I"*) — 0in C{* W.In particular by Lemma A.2 from the “Appendix”,
we only need to check that [|[I'® ||, — Oase — 0 while |[|I"¢ |44, stays uniformly bounded.
It holds

&
o=

— DAy (xg)Ys,

1
”rit”W = H/ [DAs (x5 + Aeys) — DA 1 (x5)]ysdA
0

w
1 1
< ePIDA Ipllys 15T < ePlt —sINAlla s plly I

which implies that | ['¢|l, < ¢f — 0; similar calculations show that

1
”F;u,t”W = H/ [DAu,l(xs + Aeys) — DAu,t(xs)])’sd)V - / [DAu,t(xu + reyy) — DAu,t(xu)]Yud)‘H
0 0

w

1
= - / [DAuA,t(xs + Aeyg) — DAu,t(xs)]Ys.ud)\
0

1
+ / [DAu,t(Xs + Aeyg) — DAu,t(xs) - DAu,t(-xu + Aeyy) + DAu,r(xu)]thdMlW
0
St = s UDAllaplyITP + 1t = sV DAl pllyly (Ix15 + [Y]))
which implies that [|6T |44, < 1 uniformly in & > 0. The conclusion the follows. O

Proposition 2.11 allows to give an alternative proof of Lemma 6 from [20].

Corollary 2.12 Let o, B,y € (0, 1) such thata + By > 1, A € CXCy'l o x' 22 e O V.
Then

/'A(ds,xsl)—/.A(ds,xsz) =/.vds(xsl —x2) (2.10)
0 0 0

with v given by

t 1
v ::/ / DA(ds, x2 4+ A(x! — x2))da; .11
0 JO
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the above formula meaningfully defines an element of CY L(V, W) which satisfies
[vla < CIDAllap.r(1+ [x'Ty + [¥°]) (2.12)
where R > |[X|loo V [|Y]lcc and C = C(a, B, y, T).
Proof 1t follows from the hypothesis on A that the map
yevVis /01 [/Ot DA(ds, x2 + A(x! —xf))y] drew (2.13)
is well defined, the outer integral being in the Bochner sense, and it is linear in y; moreover

estimate (2.3) combined with the trivial inequality 1+ [x?4A(x! —xsz)]]g < 1+[x'] y+ [x?] v
valid for any A, 8 € [0, 1], yields

1 t
/O[/O DA(ds,xZH(x;—xf))y]dxH SUIDAlla,p.r(1+ [x'T, + Iyl
w

In particular, if we define v; as the linear map appearing (2.13), it is easy to check that
similar estimates yield v € C{L(V, W). The fact that this definition coincide with the one
from (2.11), i.e. that we can exchange integration in dA and in “ds”, follows from the Fubini
theorem for the sewing map, see Lemma A.1 in the “Appendix”. Inequality (2.12) then
follows from estimates analogue to the ones obtained above. Identity (2.10) is an application
of the more abstract classical identity

1
Fixh) — F(x?) = [/ DF(x* 4+ r(x!' — xz))dx] (x' = x?)
0

applied to F(x) = fo A(ds, xs), for which the exact expression for D F is given by Proposi-
tion 2.11. O

The following It6-type formula is taken from [30], Theorem 3.4.

Proposition 2.13 Let F € CCYy . and x € C'V with o + By > 1, then it holds
t t
F(t,x;) — F(0, x) = / F(ds, x) +/ F (s, dxs); (2.14)
0 0
if in addition F € COCy'ly \ with p € (0.1) s.t. y(1+ p') > 1, then

t t
F(t,x;) — F(0,x0) = / F(ds, x5) —|—/ DF (s, xs)(dxy). (2.15)
0 0

Inparticular, if x = fo A(ds, ys) for some A € C,}/Cf/, y € C]'V withy +né > 1, then (2.15)
becomes

t t
F(t,x;) — F(0,x0) = / F(ds, x5) —I—/ DF(s, xs)(A(ds, ys)). (2.16)
0 0

Proof Let0 =1y <t <--- <t, =t, then it holds
F(t,x) = F(0,x0) = Y _[F(tis1, %) — Fti, x;,)]

i

= Z Fti»ti+] (xti) + Z[Ft; (xfi+1) - Ffi (xt,)] + Z Rtivti+l = Iln + Iél + I3n
i i i
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where Rt,‘,t,‘+1 = Ft,‘,l,‘+1 (xt,'+1)_Ft,',t,'+1 (-xt,') satiSﬁes ” Rt,‘,t,‘+1 ” = ” F”O(,,B,“X”oo IIX]]]/? Iti+] -
1 |4TPY | while I and I} are Riemann-Stjeltes sums associated to Fsl , = Fs:(xs) and
1“3, . = Fs(x;) — Fs(x,). Taking a sequence of partitions I, with |IT,,| — 0, by the above
estimate we have /3 — 0 and by the sewing lemma we obtain

F(t,x1) = F(0,x0) = J(I'); + T (I);,
which is exactly (2.14). If F € COC,H# . then setting T3, := DF (s, x;)(x;.,). it holds
ITS = T3 v = I1F (s, x) = F(s.x5) = DF (s, %) (xs 0 lv

1
/ [DF(s, x5 + Axs, ) — DF (s, x5)](xs,/)dA
0

|4
SUDF s, g efioe 155, 1P S N F llo14p oo [X15 12 = 517 1D

which under the assumption y (1 + ') > 1 implies by the sewing lemma that 7 (I'?) =
J('3) and thus (2.15). The proof of (2.16) is analogue, only this time consider F?y, =
DF (s, xs)(As.: (y5)), then it’s easy to check that IIFS’, — F?yt lv < |t —s|¥+7 which implies
that 7(I'%) = J(T'*). u]

Remark 2.14 The above formulas admit further variants. For instance for any F' € C;"C‘e W
xeC/Vandge C;S]Rwitha—i—ﬁy > 1l,a+6 > 1and By + 8 > 1itholds

t t t
/ gsd[F (s, x)] = / gsF(ds, xy) +/ gsF (s, dxy)
0 0 0

and we have the product rule formula

t

t t
ng(t,xt)—goF(O,xo)zf F(s,xs)dger/ ng(ds,xs)Jr/ gsF (s, dxy).
0 0 0

Also observe that, whenever 0, F exists continuous, it holds

t t
/gSF(ds,xs):/ g8 F(s,x)ds Vg e C'R.
0 0

3 Existence, Uniqueness, Numerical Schemes

This section is devoted to the study of nonlinear Young differential equations (YDE for short),
defined below; it provides sufficient conditions for existence and uniqueness of solutions, as
well as convergence of numerical schemes.

Definition 3.1 Let A € C}¥ Ce loc» X0 € V. We say that x is a solution to the YDE associated

to (xg, A) onaninterval [s, t] C [0, T]ifx € CY([s, t]; V) for some y suchthata + Sy > 1
and it satisfies

-
Xp = Xg +/ A(du, x,) Yrels,t]. 3.1)

Before proceeding further, let us point out that by Example 2.9 any Young differential
equation

Xy =x0 + f f(xs)dys
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can be reinterpreted as a nonlinear YDE associated to A := f ® y. Nonlinear YDEs there-
fore are a natural extension of the standard ones; most results regarding their existence and
uniqueness which will be presented are perfect analogues (in terms of regularity require-
ments) to the well known classical ones (which can be found for instance in [33] or Section 8
of [18]).

Throughout this section, for x : [0, T] — V and I C [0, T'], we set

[],.7 = sup llxs,ellv
vil -—
s,tel |t—s|y
s £t

as well as [x],.; ; in the case I = [s, ¢]; similarly for ||x[|oc.7 and [|x]|,,;. For any A > 0
we also define

) llxs,llv
[[x]]y,A,V = [[x]]y,A = sup v
seefo, ) 1Tl
Is —t] € (0, Al

3.1 Existence

We provide here sufficient conditions for the existence of either local or global solutions to
the YDE, under suitable compactness assumptions on A. The proof is based on an Euler
scheme for the YDE, in the style of those from [14,33]; its rate of convergence will be
studied later on. Other proofs, based on a priori estimates and compactness techniques or an
application of Leray—Schauder—Tychonoff fixed point theorem, are possible, see [9,30].

Theorem 3.2 Let A € Cf‘C‘é’W where W is compactly embedded in V and a(1 + ) > 1.
Then for any s > 0 and x; € V there exists a solution to the YDE

t
X; = Xg —|—f A(ds,xg) Vtels, T]. 3.2)
N

Proof The proof is based on the application of an Euler scheme. Up to rescaling and shifting,
we can assume for simplicity 7 = 1 and s = 0.

Fix N € N, set t} = k/n for k € {0, ..., n} and define recursively (x;);_, by x5 = xo
and

X1 =X+ Agp ().

T4t
We can embed (x})?_, into CPV by setting

n .__ ny.
Xy =X+ Z At,:‘,t/\tZH (x0);
0<k<|nt]

note that by construction x” — xo is a path in C;* W. Using the identity

t t
Ay (xg) = / A(dr, x]") + / [A(dr, xi) — A(dr, x)]
s N
we deduce that x" satisfies a YDE of the form

t
x; =x0+ / A(ds, x}) + ;! (3.3)
0
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where
eng vy
K&
yr= >yt =Y / [Adr. x) — A(dr, x)].
0<k=<n 0<k=<n’%

By the properties of Young integrals, " satisfies

S D Al p[x"1 y-B4)

~

w

lgn
n _ ny _ n
IIW,;,,;+l lw = /t [A(dr, xpn) — AWdr, x,)]

k

We first want to obtain a bound for [1/"], A w; we can assume wlog A > 1/n, since we
want to take n — oo. Estimates depend on whether s and ¢ lie on the same interval [#', ;! +1]
or not; assume first this is the case, then

2l =

t
/ [Adr, xp) — A(dr,xf)]H
K K w

S A (el = Ao D llw + 1t = s1“CP ANl g [T 5y
S B = s Al 1

Next, given s < t such that [t — s| < A which are not in the same interval, there are
around n|t — s| intervals separating them, i.e. there exist / < m such thatm — [ ~ n|t — 5|
ands <t <--- <t <t. Therefore in this case we have

m—1
Il = Wl 30 19+ 1
S ”A||a~ﬂ[[X"1]5,A,v[lf — 5107 4 (m — Dn=*IFP)
SN Al 5yl — 510~ 4 |1 — s|n'—=0+A)]
SN Allag[X"TS oyl — 510! =0+

where in the second line we used both (3.4) and the previous bound for v} ,, and ¥/, ,, while
i} m»
in the last one the fact that —a¢8 < 1 — (1 + B). Overall we conclude that

V" Toaw < k10 OB Al g[8 5 (3.5)

for a suitable constant k| = «(«, B) independent of A and n.
Our next goal is a uniform bound for [x" 4 A, w. Since x” solves (3.3), it holds

2 lw S A D llw + 17— s1¥FPY ALl g [x"15 5w + 102 Dlw
St =511 Allag + 1t = 51 A Alla g [x"5 oy + 1 = 51 [V Jeaw
SN = 51N Allag + It = sI1Allap[x"T5 oy (A% + 17200

and so dividing by | — s| and taking the supremum over all |t — s| < A, choosing A such
that A%F||Allq.p < 1/4, then for all n big enough such that n! =+ || A||, 5 < 1/4 it holds

1 1
[ Toaw S A0 + 51T w S 1Al + 5 + 5 [ aaw

by the trivial bound aP <1 + a, which holds for all 8 € [0, 1] and @ > 0. This implies the
uniform bound [x" ], A, w S 1+ [|Alle,p for all n big enough.
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The subspace{y € C*([0, 1]; W) : yo = 0} is a Banach space endowed with the seminorm
[¥]e. A, w, which in this case is equivalent to the norm ||y|o. w3 {Xn — X0}neN is a uniformly
bounded sequence in this space. By Ascoli—Arzela, since W compactly embeds in V, we can
extract a subsequence (not relabelled for simplicity) such that x,, — xo — x — xo in C} °V
for any ¢ > 0, for some x € C*V such that x(0) = xo. Observe that " satisfy (3.5) and
[[x”]]f, a.v are uniformly bounded, therefore " — 0in C¥*W as n — o0; choosing ¢ small
enough s.t. @ + B(a — €) > 1, by continuity of the non-linear Young integral it holds

v/A(ds,x;’)—>/ A(ds, x;) inCfW
0 0

and therefore passing to the limit in (3.3) we obtain the conclusion. O

Remark 3.3 If V is finite dimensional, the compactness condition is trivially satisfied by
taking V. = W. The proof also works for non uniform partitions I1, of [0, T], under the
condition that their mesh |I1,,| — 0 and that there exists ¢ > 0 such that |tl.”+ |t > el
foralln e N,i € {0,..., N,}.

Remark 3.4 The proof provides several estimates, some of which are true even without
the compactness assumption. For instance, by [x"]o,a S 1 + [|Alle,p and Exercise 4.24

from [18], choosing A s.t. AP |Alla,s ~ 1, we deduce that there exists C; = Cy(a, 8, T)
such that

14+1=¢
[x"]e = Cy <1 + Al 5™ ) VneN.

Estimate (3.5) is true for any choice of A > 0, in particular for A = T, which gives a
global bound; combining it with the above one, we deduce that

I4ap

[0 < Con!—o(48) (1 +AlLS > VneN

for some Cy = Cy(«, B, T). Also observe that from the assumptions on « and S it always
holds
l—« 14+«
<2 1T
ofp o
Under the compactness assumption, since x” — x in C tOV, the solution x obtained also
satisfies

1+ <3.

1+1a
[xJe < liminf[x"]q < C) (1 + 1Al 5" ) <2011+ [|AI2 ). (3.6)
Finally observe that by going through the same proof of (3.5), forany 7 > 0 and «, 8, ¥
such that @ + By > 1, there exists C3 = C3(«, B, ¥, T) such that
[¥"lwav < Can' ™ PV | Allap[x"15 5, ¥neN. (3.7)

This estimate is rather useful when A enjoys different space-time regularity at different scales,
see the discussion at Sect. 3.4.

Corollary 3.5 Let A € C?C\é,w,loc where W is compactly embedded in V and a(1+ ) > 1.
Then for any s € [0, T) and any xs € V, there exists T € (s, T] and a solution to the
YDE (3.2) defined on [s, T*), with the property that either T* = T or

lim ||x[ly = +o0.
4T+
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Proof As before it is enough to treat the case s = 0, T = 1. Fix R > 0 and consider AR ¢
C;’C‘fi’w such that AR (¢, x) = A(¢, x) for any (¢, x) with ||x|ly < 2R and AR, x) =0 for
lxlly =3R;let Cgp :=C(1 + ||A||§’ﬁ’3R), where C is the constant appearing in (3.6).

For any x¢g € V with ||xg]| < R, by Theorem 3.2 there exists a solution x. to the YDE
associated to (xp, A®) on the interval [0, 1]; setting t; := inf{t € [0, 1] : ||x/]ly > 2R},
by (3.6) it holds [x]:[0.7;] < Cr, and so

2R = ”xr] lv < llxollv + f{x[[x]]a;[O,nJ <R+ tftcR

T > (%>_ . (3.8)

In particular, since A = AR on [0, T] x Bag, we conclude that x. is also a solution to the
YDE associated to (xg, A) on the interval [0, 71].

We can now iterate this procedure, i.e. setx!' := X, and construct another solution to (3.2),
defined on an interval [71, 72], and so on; by “gluing” these solutions together, we obtain an
increasing sequence {t,} C [0, 1] and a solution x. defined on [0, T*), where T* = lim,, t,.

Now suppose that 7* < T and liminf,_ 7+ ||x;||y < oo, then we can find a sequence
t, — T* such that ||x,, |ly < M for some M > 0; but then starting from any of this

X;, we can construct another solution y" defined on [¢,, f, + €], where ¢ is uniform in n
since ||x;, || < M and ¢ can be estimated by (3.8) with R replaced by M. By replacing the
solution x. on [#,, T*) with y”, choosing n big enough, we can construct a solution defined

on [0, T* 4 ¢/2). Reiterating this procedure we obtain the conclusion. O

which implies

3.2 A Priori Estimates

A classical way to pass from local to global solutions is to establish suitable a priori estimates,
which are also of fundamental importance for compactness arguments. Throughout this
section, we assume that a solution x to the YDE is already given and focus exclusively on
obtainig bounds on it; for simplicity we work on [0, 7], but all the statements immediately
generalise to [s, T'].

Proposition 3.6 Leto > 1/2, B € (0,1) such thata(1+ ) > 1, A € C;"Cg, xo € Vand
x € CV be a solution to the associated YDE. Then there exists C = C(«,, T) such that

[xle < CA+1AIZ ), lIxlle < CU+lxollv + AN 5)- (3.9

Proof Let A € (0, T] be a parameter to be chosen later. For any s < ¢ such that s — 7] < A,
using the fact that x is a solution, it holds

t
/ A(du, xy,)
K \%4
A5 G)lly + il = s1*THTA], 4[x1E

It — 510 Alla,s (1 + k1 A% [x]5 )
< |t = s|NAlla, (1 + k1 A% + 1) A% [x] g, )

lxs,ellv =

IA

IA
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were we used the trivial inequality a? < 1+ a. Dividing both sides by |# — 5|% and taking
the supremum over |s — f| < A, we get

[x]a.a < I Allap(1+ k1 AP) + k1 A% || Al p[X]ar -
Choosing A small enough such that « AP |Alla,s < 1/2, we obtain
[Joa < 20 Allap(1 + &1 A%) <1+ [|Allg,p.

If we can take A = T, we get an estimate for [x],, which gives the conclusion. If this is not
the case, we can choose A such that in addition ] A*? |Alle,p = 1/4 and then as before, by
Exercise 4.24 from [18] it holds [x]o <r Ae-l [x]e.a, so that

[xo S (14 [ Alla ) A%
< A+ 1ALl ALS
S 1+1AIL,
where we used the fact that «(1 4+ 8) > 1 implies (1 —«)/(eB) < 1. The conclusion follows

by the standard inequality ||x|l¢ <7 [lxollv + [*]e- O

The assumption of a global bound on A of the form A € Cf‘Cé is sometimes too strong
for practical applications. It can be relaxed to suitable growth conditions, as the next result
shows; it is taken from [30], Theorem 3.1 (see also Theorem 2.9 from [9]).

Proposition 3.7 Let A € Cf‘Cé‘k witha(1+B) > 1, B+ X1 < 1. Then there exists a constant

C = C(a, B, T) such that any solution x on [0, T] to the YDE associated to (xo, A) satisfies
1+

Ixlle = Cexp (1Al g5 |1+ lxollv). (3.10)

Proof Fix an interval [s,¢] C [0,T], set R = ||x||c0:s.¢- Since x is a solution, for any
[u, r] C [s, t] it holds
Iurlly S TAur Gl + 1r = u* P (AT g [2T5
S WAy r (X)) — Aur(x)lv + 1 — u|a”A”a,,8,A(l + lxsllv)
Hr =l = s1P ) Allapa (L + lxlle DIXTE.
S Ir = ulAllapall + I ly + 1 = s1% (1 + x 12, D Ix1E

which implies, dividing by |r — «|* and taking the supremum, that

[ lasss S BAlapa(l+ s llv) + 18 = s1P 1 Alla,pa (1 + llxlio,s XD

o;s,t°

By an application of Young’s inequality, for any a, b > 0 it holds a*b? < af** + pF+7;
moreover 8 + A < 1 so that aPt* <1+ afor any 6 € [0, 1], therefore we obtain

[[x]]ot;s,t S/ ”A”a,ﬂ,k(l + llxsllv) + 1t — s|aﬁ ”A”a,ﬂ,k(l + ”x“oo;s,t + [[x]]ot;s,t)
S NAlla,p0 1+ Ixsllv) + I Alla,palt = $I [x] g0

where in the second passage we used the estimate || X ||oo:s.; S7 X5V + [*]a:s.:. Overall
we deduce the existence of a constant k] = k1 («, 8, T) such that

K1 K1
[¥]ass,r < EllAlla,ﬂ,x(l + llxsllv) + ?“A”aﬁ,ﬂt — 51P [x]ss.r-
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Choosing [s, ¢] such that |t — s| = A satisfies « ||A||O[,/3,;\A°”3 < 1, we obtain

[¥lass.e < k1l Al (14 lIxslv). (3.1

If T satisfies k1 || Allo, g,2 T < 1, then we can take A = T, which gives a global estimate and
thus the conclusion. If this is not the case, then we can choose A < T s.t. k1 [|Alla,,2 A% =]
and (3.11) implies that

[*]a.a < K1 | Alle.p.2 (1 + llx]loo) (3.12)

and thus

l-—a o(

[Kle S A '[xla,a S AN I Allep.0 (1 + l1xlloo)-

Therefore
1

[x]e < KzIIAIIa o (L lxlloo)

where again k» = k2(a, B, T). In particular, in order to obtain the final estimate, we only
need to focus on ||x||s. Let us consider, for A as above, the intervals 1,, ;== [(n — 1) A, nA]
and set J, := 1 4 ||x]|o0;1,, With the convention Jy = 1 + |[xo|lv. Then estimates analogue
to (3.11) yield
Jp <1+ ”x(n—l)A”V + Aa[[x]]a;ln
< (L + 1A Alle, )+ [1x@-1)allv)
< (U1 A Allag,) a1

which iteratively implies

Jn <[+ k1A% All,p,21" Jo < exp(kin A%[[Alla,p,2) (1 + [Ixollv),

where we used the basic inequality 1 + x < e*. Since [0, T] is covered by N ~ TA~!
intervals and we chose A~! ~ || A||1/*P, up to relabelling x| into a new constant k3 we
obtain

+170{
I+ llxlleo = sup Ju < exp <K3||A|Iaﬁ,\ ) (I + llxollv).

n<N

Finally, combining this with the estimate for [x], above we obtain

1 —a I—a
[x]e SKzIIAllaﬂ‘f exp <K3||A||a,“ )(1+||x0||v)

l—ot

+
< k4 €Xp (K4||A||O,,g y ) (1 + lixollv)
where we used the inequality xe** < A~1e?**_ The conclusion follows. |
Remark 3.8 Since (1 + ) > 1,itholds 1+ Al %}/ <1442 ,, and so

I¥lle < Cexp(ClIAIIG 5,)(1 + Ixollv) (3.13)

up to possibly changing constant C = C(«, 8, T).
The dependence of C on T can be established by a rescaling argument: if x is a solution
on [0, T'] to the YDE associated to (xo, A), then x; = X;,7 where X is a solution on [0, 1] to

the YDE associated to (xg, A), A(t, 7) = A(Tt, 7). Therefore one can apply the estimates
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to %, A and T = 1 and then write explicitly how [xl¢, [|All,,» depend on || X]|q, I|A|Ia,ﬂ,,\.
The same reasoning applies to several other estimates appearing later on, for which the
dependence of C on T is not made explicit.

In classical ODE:s, a key role in establishing a priori estimates (as well as uniqueness) is
played by Gronwall’s lemma; the following result can be regarded as a suitable replacement
in the Young setting. One of the main cases of applicability is for A € CYL(V; V).

Theorem 3.9 Let o > 1/2, A € C{ Lipy such that A(t,0) = 0 forall t € [0,T] and
h € CY'V. Then there exists a constant C = C(«) such that any solution x to the YDE

'
Xy :xo—i—/ A(ds, x5) + hy (3.14)
0
satisfies the a priori bounds
[x]oe = C([Alw1lIxlloo + [A]a): (3.15)
Ixlloe < Cexp(CTIADT)(lx0 + holly + T*[h]a); (3.16)
Ixlla < Cexp(CT (1 + [ALZ DllIxo + holly + (1 + T*)[h]q]. (3.17)

Proof We can assume without loss of generality that 7 = 1, as the general case follows
by rescaling. It is also clear that, up to changing constant C, inequality (3.17) follows from
combining together (3.15) and (3.16) and using the fact that [A] ;/ TS+ [[A]}g(’1 since
a > 1/2. Up to renaming x(, we can also assume ko = 0. The proof is similar to that of
Proposition 3.7, but we provide it for the sake of completeness.

Let A > 0 to be chosen later, s < ¢ such that [t — s| < A, then by (3.14) it holds

t
lselly < / A, x|+ hsally
N 1%
< NAws G)lly + 1]t — P [Ala 1[5 + 17 — 51 [A]a
<t = s|*([Ala11xlloo + [A]a + €1 A% [A],1[X]a,A)

and so dividing both sides by |t — s|%, taking the supremum over s, ¢ and choosing A such
that k1 A%[A]le,1 < 1/2 we obtain

[*Je.a < 2([Ala, 11X 0o + [7]e)- (3.18)

Asusual, if k1 [A]4,1 < 1/2, then the conclusion follows from (3.18) with the choice A =1
and the trivial estimate ||x||cc < |[x0|lv + [*]«. Suppose instead the opposite, choose A < 1
such that k1 A*[A]e,1 = 1/2; define I, = [(n — 1)A, nAl, Jy = [x|lco:1,, then estimates
similar to the ones done above show that

Jut1 = lxpally + A% [x]a:1,

lxnally (14 2A%[A]a,1) + 2[A]a
In + [h]a

AN

which implies recursively that for a suitable constant k it holds J, < €2 (|[xo ||y +[h])-
Since n ~ A~1 ~ [A]/*

o1 We deduce that

Ixllos = sup Ju S exp(3[ALYS) (lxolly + [1]a)
n
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which gives (3.16); combined with A™% ~ [A]x.1, estimate (3.18) and the basic inequality
[[xﬂo( S, AT ”x”oo + [[xﬂa,A
it also yields estimate (3.15). O

Another way to establish that solutions don’t blow-up in finite time is to the show that the
YDE admits (coercive) invariants. The next lemma gives simple conditions to establish their
existence.

Lemma3.10 Let A € Cf‘Cg with a(1 + B) > 1, x € C}V be a solution to the YDE
associated to (xo, A) and assume F € C*(V; R) is such that

DF(z)(As1(2)) =0 VzeV,0<s=<t=<T.
Then F is constant along x, i.e. F(x;) = F(xo) forallt € [0, T].

Proof Tt follows immediately from the Ito-type formula (2.16), since it holds

t
F(x;) — F(xo) = /0 DF(x5)(A(ds, x5)) = J(I")
for the choice I'y ; = DF (x5)(As,/(x5)) = 0 by hypothesis. O

Remark 3.11 If V is an Hilbert space with lzI% = (z,z)v, then || - ||y is constant along
solutions of the YDE under the condition (z, A;;(z))y = O forallz € V and s < ¢. In this

case, blow up cannot occurr, thus under the hypothesis of Corollary 3.5, global existence of

solutions holds. Similarly, if in addition A € C{C ‘l,'f_l'gc, then by Corollary 3.13 below, global

existence and uniqueness holds.

3.3 Uniqueness

We now turn to sufficient conditions for uniqueness of solutions; some of the results below
also establish existence under different sets of assumptions than those from Sect. 3.1.

Theorem 3.12 Let A € Cf‘C‘I/Jrﬁ, a(l + B) > 1. Then for any xo € V there exists a unique
global solution to the YDE associated to (xg, A).

Proof The proof is based on an application of Banach fixed point theorem. Let M, t be
positive parameters to be fixed later and set

E:={x e C¥[0,7]; V) : x(0) = x0, [x]e < M},

which is complete metric space with the metric d(x, y) = [x — y]; define the map Z by

x> Z(x). =x9+ / A(ds, xg).
0

‘We want to show that Z is a contraction from E to itself, for suitable choice of M and .

It holds
IZCsellv < A5 G lly + ke [Ala [x]alr — 512
< N Asi(x5) = As s Go)llv + I Ag ) v + k1 [ADat [xalt — s
I Al 1 [xJas®lt = s1% + [ Alla,11t — s1* + k1 [Alo1 [x]alt — s1**
(1 + kD[ Alla1 [x]alt = 1% + | Allo1 1t — 51%.

=
=
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Choosing t and M such that
1
(L + kD) Alla,1 < > M = 2| Allg,1,

for any x € V it holds
IZ) e = TN Al (1 + kD) [x]a + [Alle) < M/2+M/2 <M

which shows that 7 maps E into itself.
By the hypothesis and Corollary 2.12, for any x, y € V it holds

t
/ Uy (Xu — Yu)
s Vv

< vs.e (x5 — Yy + k1 [v]ax — y]alt — s>
< [olalx = yla(s® +1lt = s|%)|t — |
< il Alla+p(1 + [xJo + [V [x — Yozt = 51%,

1Z(x)s,r —ZWs.illv =

which implies
[ZG) = ZW]e = €2l Alle 1460 +2M)T[x — y]o < [x — ¥]a

as soon as we choose 7 such that k3 [|All¢,148(1 +2M)7% < 1. Therefore in this case Z is a
contraction from E to itself; for any xo € V there exists a unique solution x € C*([0, ]; V)
starting from xp. The same procedure allows to show existence and uniqueness of solutions
x € C%(s,s+tIN[0,T]; V) forany s € [0, T] and any x; € V, where t does not depend
on (s, xs5); by iteration, global existence and uniqueness follows. O
Corollary 3.13 Let A € C;"C‘l,ﬁfjc, a(l + B) > 1. Then for any xo € V there exists a unique
maximal solution x to the YDE associated to (xq, A), defined on [0, T*) C [0, T], such that
either T* =T or

lim ||x]ly = 4o0.
t—T*

In particularif A € C;"Cé’k N C;"C‘l/ﬁfc witha(14+B) > 1, B+ A < 1, then global existence
and uniqueness holds.

Proof We only sketch the proof, as it follows from classical ODE arguments and is similar
to that of Corollary 3.5.

By localization, given any s € [0, T) and any x; € V, there exists T = t(s, x;) such
that there exists a unique solution to the YDE associated to (x5, A) on the interval [s, s + t].
Therefore given two solutions x’ defined on intervals [s, 7;] with x! = x2, they must coincide
on [s, T1 A T»]; in particular, any extension procedure of a given solution to a larger interval
is consistent, which allows to define the maximal solution as the maximal extension of any
solution starting from xq at t = 0.

The blow-up alternative can be established reasoning by contradiction as in Corollary 3.5.
IfA e C;"Cé"\, then by the a priori estimate (3.10) blow-up cannot occur and so global
well-posedness follows. O

Once existence of solutions is established, their uniqueness can be alternatively shows
by means of a Comparison Principle, which is the analogue of a Gronwall type estimate
for classical ODEs. Such results are of independent interest as they also allow to compare
solutions to different YDEs; they were first introduced in [9] and later revisited in [20].
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Theorem3.14 Let R, M > O fixed. Fori = 1,2, let x(i) € V such that ||x6||v <R Al e
CECl” witha(148) > 1, +1 < Land | Al | g1 < M, as well as A' € CoC P with

||A1 e, 1485 < M, let x! be two given solutions associated respectively to (xé, AY). Then it
holds

[x' = x*o < Cllixg — x5 llv + 14" = A%[la,p.2)
for a constant C = C(«, B, T, R, M) increasing in the last two variables.

Proof Let x be the two given solutions and set ¢, := x;! — x2, then e satisfies

t t
e = eo—i—f Al(ds,xsl)—/ Az(ds,xsz)
0 0
t t t
- eo-i—/ A1<ds,x§)—/ Al(ds,x3>+/ (4! - A%)(ds, x2)
0 0 0

t
= €O+/ vgs(es) + ¥y
0

for the choice

t 1 t
vy :=/ / DAl(ds,xs2 +)»(xsl —xf))d)», Uy :=/ (A1 - Az)(ds,xf)
0 JO 0
where we applied Corollary 2.12. By the same result, combined with estimate (3.13), it holds
[Vle1 < k1l DA g0 (1 + 15 e + 127 ]l0)
< aexp(ea(lANZ 1455 + IA%Z 5,001+ R)
< k2 expaM?)(1 + R);
similarly, by Point 4. of Theorem 2.7,
[¥]a < k3l A" = A%[lq. (1 + 1212 (1 + [x*]a)
< k4| A" = A%l explia(l + M?))(1 + R).

Applying Theorem 3.9 to e, we have

2
' = x%]y < sl (x) = By + [

which combined with the previous estimates implies the conclusion. O

Remark3.15 If A € C}* C‘lfﬂ and we consider solutions x! associated to (x(g, A), going
through the same proof but applying instead estimate (3.9), we obtain

laa S 1DAlap(l+ llx o + 1x31e) S 1T+ IAI, 144

which combined with (3.17) implies the existence of a constant C = C(«, B, T) such
that

[x' — x*o < Cexp(CIIAIS 1 p) lIxg — x5 llv- (3.19)

As a consequence, the solution map F[A] : xo +> x associated to A, seen as a map from V
to CY'V, is globally Lipschitz. Similar estimates show that, if {A,}, is a sequence such that

A, > Ain Cf‘C‘l/+ﬂ, then F[A,] — F[A] uniformly on bounded sets.
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As a corollary, we obtain convergence of the Euler scheme introduced in Sect. 3.1, with
rate 2a — 1. For simplicity we state the result in the case A € CY C\I,J”3 , but the same results

follow for A € C;C ‘I,Hj * by the usual localization procedure.

Corollary 3.16 Given A € C;"C‘l/'Hg with (1 + B) > 1 and xo € V, denote by x" the
element of C{'V constructed by the n-step Euler approximation from Theorem 3.2, and by x
the unique solution associated to (xo, A). Then there exists a constant C = C(«, 8, T) such
that

lx = x"llo < Cexp(ClIA[IS, 1, p)n' > asn — oo.

Proof Recall that by Theorem 3.2, x" satisfies the YDE

!
X = xo+/ Alds, )+,
0
where by Remark 3.4, for the choice g = 1, it holds
"] < (1 + Al n' =2,

a,l

Define ¢ := x — x", then by Corollary 2.12 it satisfies

t t
el = /0 A(ds, x!) — A(ds, x;) + Y] = /0 vy (e5) + ¥
where again by Remark 3.4 it holds

V"ot S NANaap(1+ [x]o + [x"]e) S 1+ IAIG, 14 4-

Applying Theorem 3.9, we deduce the existence of k1 = k1 (e, B, T') such that

le"llo < x1expliillANS 4 p) [V o

which combined with the estimate for ["], yields the conclusion. O

3.4 The Case of Continuous 8;A

In this section we study how the well-posedness theory changes when, in addition to the
regularity condition A € Cf Ct/3 , we impose 9;A : [0, T] x V — V to exist continuous and
uniformly bounded (we assume boundedness for simplicity, but it could be replaced by a
growth condition).

The key point is that, by Point 2. from Theorem 2.7, any solution to the YDE is also a
solution to the classical ODE associated to d; A; as such, it is Lipschitz continuous with con-
stant [|9; A || 0. We can exploit this additional time regularity, combined with nonlinear Young
theory, to obtain well-posedness under weaker conditions than those from Theorem 3.12.

While the existence of 9; A is not a very meaningful requirement for classical YDEs, i.e.
for A(t,x) = f(x)y, as it would imply that y € C ,1, there are other situations in which it
becomes a natural assumption. One example is for perturbed ODEs x = b(x) 4 w, in which
the associated A is the averaged field

t
A(t,x) = / b(s, x + wy)ds
0

for which 9; A exists continuous as soon as b is continuous field; still classical wellposedness
is not is not guaranteed under the sole continuity of b.

@ Springer



1008 Journal of Dynamics and Differential Equations (2023) 35:985-1046

Theorem 3.17 Let A besuchthat A € C*Cy*P and 9, A € C,([0, T1x V; V) witha+p > 1.
Then for any xo € V there exists a unique global solution to the YDE associated to (xq, A).

Proof Similarly to Theorem 3.12, the proofis by Banach fixed point theorem. For suitable val-
ues of M, T > 0 to be fixed later, consider the space E := {x € Lip([0, t]; V) : x(0) = xo,
[xJLip < M}; it is a complete metric space with the metric d(x,y) = [x — y],
(the condition [x]Lijp < M is essential for this to be true). Define the map Z by

t

t
Z(x); = X0 +/ 0 A(s, x5)ds = xo +/ A(ds, xy)
0 0

and observe that under the condition ||9; Allcc < M it maps E into itself. By the hypothesis

and Corollary 2.12, for any x, y € E it holds

t
/ Vdy (X — Yu)
s |4

= ||Ux,t(xs —y)llv + k1 [[v]]ot[[x - yﬂLip“ — S|2a
< [vlalx = y]a(s® + &ilt — s|)|t — s|*
<2t Allg, 14 + [x]Lip + [yILip [x — Y]elt — s|*

”I(x)s,t - I(y)s,t ||V =

which implies
[ZC) —ZW)]e = k2t Alla, 1461+ 2M)[x — y]o < [x — y]a

as soon as we choose 7 small enough such that k7% |[All¢,148(1 + 2M) < 1. Therefore
7 is a contraction on E and for any xo € V there exists a unique associated solution
x € C7([0, t]; V). Global existence and uniqueness then follows from the usual iterative
argument. O

We can also establish an analogue of Theorem 3.14 in this setting.

Theorem 3.18 Let M > O fixed. Fori = 1,2, let A’ € c;xcé such that 9, A" € C°([0, T] x
ViV),a+p > land || A'llap+ 13 Allc < M, aswellas A' € c;’fcé*“” with || A g, 145 <

M, and x6 € V; let x* be two given solutions associated respectively to (xg), AY). Then it
holds
[x' = xJa < Clllxg =l + A" = A%[la.p)

for a constant C = C(a, B, T, M) increasing in the last variable. A more explicit formula
for C is given by (3.20).

Proof The proof is analogous to that of Theorem 3.14, so we will mostly sketch it; it is based

on an application of Corollary 2.12 and Theorem 3.9.
Given two solutions as above, their difference ¢ = x! — x?2 satisfies the affine YDE

t
e =eo+ f vases + Yy
0
with

t 1 t
v,:/ / DA'(ds, x? + rey)da, wt:/ (Al — A?%)(ds, x2).
0 JO 0
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We have the estimates

Ivlla,t Sapr 1A 1461 + [ Teip + [x2Lip) S NA e 1481+ 18 A oo + 118, A%[100)
1Wille Sapr 1A' = A2lla,p(1 + [2Tuip) S IA" — A% [lap(1 + (18, A%[|oc)

which, combined with Theorem 3.9, yield

e (I AME )48, A H%c+||a,A2H§o>(”eO”V AT = A2 (14 (13 A%]50))

1+]]AY)2 140, A2 4110, A2||% 1 2
SKzekz( IATNG, 145 (A118 AT IS 4119 Hco)(||eo||v+”A — A20p)

llelle < Kie

for some k3 = k2(a, B, T). In particular, C can be taken of the form
Cla, B. T, M) = k3(et, B, T) exp(xz(et, B, T)(1 + M*)). (3.20)
O

Corollary 3.19 Given A as in Theorem 3.17, denote by x" the element of C¥'V constructed
by the n-step Euler approximation from Theorem 3.2 and by x the solution associated to
(x0, A). Then there exists a constant C = C(a, B, T, ||Alla, 148, |10 Alloo) such that

lx —x"l« <Cn™% asn — oo.

A more explicit formula for C is given by (3.21).

Proof By Theorem 3.2, x" satisfies the YDE

t t
o =x0+/ Alds, ) + " =xo+f A" (ds, x7)
0 0

where A" (¢, z) 1= A(t, z)+;" and that by estimate (3.7), for the choice A =T, 8 =y =1,
we have

V"o St 1Al [x" TLipn ™ S 11 Alle1 110: Alloon ™.

Defining e" := x — x", by the basic estimates |A — A" |lo,g Sr [V"]e and |3;A" |oo <
19: Allo, going through the same proof as in Theorem 3.18 we deduce that

1+ A2 D (1+]13; A2
e lla < Kle/(l( +HlAllG ) A+110: H°°)||A _ An”a,ﬂ
and so finally that, for a suitable constant ko = x2(«, T'), it holds

le"lloa < K2 explia(l + [AIZ (1 + (13, AllZ)n . (3.21)

3.5 Further Variants
Several other kinds of differential equations involving a nonlinear Young integral term can

be studied. In this section we focus on two cases: nonlinear YDEs involving a classical drift
term and fractional YDEs.
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3.5.1 Mixed Equations

Let us consider now an equation of the form

' t
X =Xx0+ / F(s, x5)ds + f A(ds, xg). (3.22)
0 0

where F : [0, T] x V — V is continuous function; the first integral is meaningful as a
classical one.

Proposition 3.20 Let A € C;"C‘l/+ﬂ witha (14 B) > 1, F be bounded and globally Lipschitz,
namely

I1F@ )y =Cr,  |IF@,y) = F@,2llv =<Crlly—zlly  forallt €[0,T], y,z€V

for some constant Cr > 0. Then global well-posedness holds for (3.22).

Proof For simplicity we will use the notation [|A|| = ||Al|«,1+4; the proof is analogue to that
of Theorem 3.12. Let M, 7 be positive parameters to be fixed later and define as usual

E={xeC*(0,7]; V) : x(0) = xo, [x]« < M}.

A path x solves (3.22) if and only if it belongs to E and is a fixed point for the map
X = Z(x). =x9+ /0. F(s, xs) + /0. A(ds, xy).
We have the estimates
1Z(x)s,llv = /St IF G, x)llvdr + A e lly + k1|t — s> | All[x]o

<t = sICr + | As.s (x0) — Ags ) lv + 1A ko) lv + 1l — s All[x]
< |t =sI[CrT' ™ + | AllT*M + | A]| + K1 | Al M],
which imply
[Z)]e < Crt' ™ + Al + [t + A1+ k1) T“IM.
In order for Z to map E into itself, it suffices to choose T and M such that
<1, T+ A0+t <1/2, M =>2(Cr+ ||A]D.

Next we check contractivity of Z; given x, y € E, it holds

t
/ var (X — yr)
s Vv

< Crlt — s17%[x — ¥]a + s, (x5 — ) llv + k21t — s [v]ax — V]«
<k3t¥[Cr + AN + [x]a + [Y]e)][x = y]alt — sI*

t
1ZC)s,e = ZWs.illv = / IF(r,x) = F(r, yo)llvdr +

which implies

[ZC) =Z(W)]a = &k37t¥[CF + [AlI(1 +2M)]

thus choosing t small enough we deduce contractivity. Therefore existence and uniqueness
of solutions holds on the interval [0, t]; as the choice of t does not depend on xp, we can
iterate the reasoning to cover the whole interval [0, T']. ]
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Theorem 3.21 Let A € Cf‘C\l,J’rl’gc witha (14 B) > 1 and F be a continuous locally Lipschitz

function, in the sense that for any R > 0 there exist a constant Cg such that

IF@, y) = F(t,29llv < Crlly —zllv forall t €[0,T]and y,z € V such that ||yllv, llzlv < R.

Then for any xo € V there exists a unique maximal solution x to (3.22), defined on [0, T*) C
[0, T such that either T = T™ or

lim_|lx;[ly = +o0.
t—T*

If in addition A € C;”C‘é’}" with B + A < 1 and F has at most linear growth, i.e. there exists
Cr > 0s.t.

IF Dy = Cr+lzllv) V(. 2) €[0,T]xV,

then global wellposedness holds. Moreover in this case there exists C = C(a, 8, T) such
that, setting 0 = 1 + 107—;, any solution to (3.22) satisfies the a priori estimate
Ixlle < € exp(C(CY + IIAIL, 5 (1 + x0llv). (3.23)

Proof The first part of the statement, regarding local wellposedness and the blow-up alter-
native, follows from the usual localisation arguments, so we omit its proof.

The proof of a priori estimate (3.23) is analogue to that of Proposition 3.7, so we will
mostly sketch it; as before [|A|| = ||Allg,pg,1 for simplicity. Let x be a solution to (3.22)
defined on [0, T*), then for any [r, u] C [s, t] C [0, T*) it holds

Together with the estimates from the proof of Proposition 3.7 and the fact that |t — 5| <
[t — s|"‘ﬂ, this implies the existence of k; = «1(«, 8, T') such that any solution x to (3.22)
satisfies

K1 K1
[*]as.e < ?(CF +I1AIDA + llxsllv) + ?(CF + 1AIDIE = 51 [x]ass.r-

The rest of the proof is identical, up to replacing ||A|| with Cr + ||A]| in all the passages.
Specifically, if T is such that 1 (CFr + lAINT*# < 2, then we obtain a global estimate by
choosing s = 0, r = T, which shows that T* = T and gives the conclusion in this case.
Otherwise, taking A < T such that k] (Cr + ||A||)A°‘ﬂ = 1 and defining J, as before, we
obtain the recurrent estimate

.
f F(a, x,)da

’
< Crlr —ul +ch g lda
\% u

<Ir—ulCrl + lIxsllv) + Ir — ullt — s|“Crx]a;s,e
S = ul*Crll + lIxslly + 1t = s|[x]a;s,e]-

Jn < [1+ K1 A%(CF + 1 AID1Tp—1
and going through the same reasoning the conclusion follows. O
3.5.2 Fractional Young Equations
We restrict in this subsection to the finite dimensional case V = R for some d € N; as usual

we work on a finite time interval [0, 7]. We are interested in studying a fractional type of
equation of the form

DY, x; = A(dt, x;) Vtel[0,T] (3.24)
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for a suitable parameter § € (0, 1). Here Dg . denotes a Riemann-Liouville type of fractional
derivative on [0, T']; for more details on fractional derivatives and fractional calculus we refer
the reader to [40]. In the case § = 1, formally D?x; = dx, and we recover the class of YDEs
studied so far.

In order to study (3.24), it is more convenient to write it in integral form, using the fact
that Dg .. is the inverse operator of the fractional integral Ig _ given by

$ 1 ’ 5—1
gy e = ﬁ./o (t—$)°" fsds

(being interpreted componentwise if f : [0, T] — R¢). From now on we will for simplicity
drop the constant 1/ I"(8), which can be incorporated in the drift A. We need the following
lemma.

Lemma 3.22 For$ € (0, 1), consider the functional E defined for smooth f by

t
B = (12, ) = /0 (1 — ) fyds.

For any o € (0, 1) such that « + § > 1 and any ¢ > 0, E extends uniquely to a continuous
linear map from C*([0, T1, ]Rd) to C‘“‘a_l_s([(), T, Rd); in particular, there exists C =
C(a, 8, e, T), which will be denoted by | E||, such that

1L Mats—1-¢ < IEI[fa forall f € C([0, T]; RY). (3.25)

Proof Up to multiplicative constant, & = I} . D. Recall that fractional integrals and fractional
derivatives, on their domain of definition, satisfy the following properties, for «, 8, @ + B €
[0, 1]:

i 18 o 1f, = 1577, 19, =1d, similarly for D, ;

ii. 18, o DY, = Dg, ol =1d,D}, = D.

Let f be asmooth function, then E[ f] = Ig L Df = D(l):3 f;moreover forany y < «, we can
write f as f = 1, f with || flloc < || fla; choosing y > 18, we obtain E[f] = 1}, "'
and so overall E[ f] € Ig:sil(Lfo) S C,yH*l*s with

= y+8—1 ~
I1ELA My +o-1-¢ S gy fll,oyra—l(L?O) S llee S lle-

The conclusion for general f follows from an approximation procedure. Indeed, since all
inequalities are strict, we can replace o with o — & and use the fact that functions in C¥ can
be approximated by smooth functions in the C¥~®-norm.

The fact that in (3.25) only the seminorm [ f] appears is a consequence of the fact that by
definition E[1] = 0 and so we can always shift f in such a way that fo = 0. ]

Remark 3.23 Let us point out two properties of the operator E. The first one is that, if f = g
on [0, t] with T < T, the same holds for E[ f] = E[g]; in particular, since we can always
extend [ € C*([0, t]; R to C%([0, T1; RY) by setting f; = f; for all t > 7, we can
consider E as an operator from C*([0, t]; Rd) to ceto=1=¢(10, 77; Rd). Aslongast < T,
the operator norm of this restricted functional is still controlled by || E||.
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The second one is that if 7 = 0 on [0, 7], then E[h].1; = E[h.4+-]. Indeed for & smooth
it holds

t+71 . t+t .
Elhliqr = / (t+7—9)°"""heds = / (t+7 —5) hds
0

T
t
= [ =7 Vet = Sl
0
The general case follows from an approximation procedure.

Thanks to Lemma 3.22 we can give a proper meaning to the fractional YDE.

Definition 3.24 We say that x is a solution to (3.24) if [; A(ds, x,) is well defined as a
nonlinear Young integral in C{* for some o > 1 — § and x satisfies the identity

X.=x0+ & [/'A(ds,x_v)i|.
0

Proposition 3.25 Let A € C;"Cf with o, B € (0, 1) satisfying

l—«a
a+d6—1> .

(3.26)

Then for any xo € R? and any y < a + 8 — 1 there exists a solution x € C,y to (3.24), in the
sense of Definition 3.24.
Proof Due to condition (3.26), we can find y € (0, 1), ¢ > 0 sufficiently small satisfying
l—«

5

The existence of a solution is then equivalent to the existence of a fixed point in C} for the
map

at+d—1>y>y—e>

I(x):=x0+ & [/'A(ds,xs)].
0

The above conditions imply « + B(y — ¢) > 1, so by Theorem 2.7 the map x +— A(ds, xy),
from C}~° to C¥ is continuous and satisfies

[[/O A(ds,xs)ﬂ S A (1 + [0

which together with estimate (3.25) implies that I is continuous from C; ™ ° to C} with

11Ny < lxoll +x1llEAlle, (1 + [[X]]ﬁ_g)

for suitable k1 = k1 (T, a + B(y — ¢)). It follows by Ascoli-Arzela that / is compact from
C/ ™ * toitself; for any A € (0, 1), if x solves x = AI(x), then

xlly— = lixlly = ATy < llxoll +cill EAlle,p(1 + ||x||’§_g).
Since B < 1, any such solution x must satisfy (for instance)
1
llxlly—s < max {Z(IIXOII + k1l EAle,p), CerllENAlle,p) “5}
where the estimate is uniform in A € [0, 1]. We can thus apply Schaefer’s theorem to deduce

the existence of a fixed point for / in C}~*, which also belongs to C] since I (x) does so. 0
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Theorem 3.26 Let A € C¢ Ciﬂs with «, B, 8 satisfying (3.26). Then for any xo € R? there
exists a unique solution x € Cly to (3.24), for any y satisfying

1l—«a

B

a+déd—1>y >

Proof Existence is granted by Proposition 3.25, so we only need to check uniqueness. Let x
and y be two solutions, say with ||x |4, ||¥|le < M for suitable M > 0; we are first going to
show that they must coincide on an interval [0, ] with t sufficiently small. It holds

[[E [/ A(ds, xy) — / A(ds, ys)ﬂ]
0 0 y:;0,7
El [[/ A(ds,m—f A(ds,yaﬂ
0 0 a0,7
— IE| [[/ vm(xs—ys)]]
0 ;0,7

[[x - yﬂy;O,r

IA

where v is given by

1 t
Uy = / / VA(s, ys + Alxs — ys))dA
0 JO

and satisfies |[v]lq;0,7 < k1| Alle,145(1 + M). Since xo = yo, for any [s, ] C [0, 7] it holds
t

/ vdr (X — yr)
N

combined with the previous estimates we obtain

< s, (x5 — y Il + k2lt = 51TV vllo [x = ¥]y:0,2

<|r—s*T"A+ k) [v]lex — y]]y;O,r?

[x = ¥ly:0c < NENTY (1L +k2)lIvlle[x — ¥]y:0,0
< k31 EIANle, 1441+ M)T" [x = y]y:0,7-

Choosing t small enough such that «3||E||||Alle,144(1 + M)T¥ < 1, we conclude that
x =yon]l0,t].

As aconsequence, [, A(ds, x;) = [y A(ds, ys) on [0, 7] as well; define v; = X;47 — yr 41,
then applying Remark 3.23 to v we obtain

v = & / A(ds,xs)—A(ds,ys)]
0

t+t

+T -+t
/ A(ds, x;) — / A(ds, ys)i|
T T t

=& / A(ds, x‘v+‘r) _/ A~(ds’ys+r)i|
0 0 t

[
o}

where A(r, x) = A(t + 7, x) has the same regularity properties of A. We can therefore iterate
the previous argument, applied this time to A, x.;, and y.4, to deduce that x and y also
coincide on [z, 27]; repeating this procedure we can cover the whole interval [0, T]. ]
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4 Flow

Having established sufficient conditions for the existence and uniqueness of solutions to the
YDE associated to (xg, A), it is natural to study their dependence on the data of the problem.
This section is devoted to the study of the flow, seen as the ensemble of all possible solutions,
and its Frechét differentiability w.r.t. both (xg, A).

In order to avoid technicalities we will only consider the case of A € C*C ‘1/+’3 with global
bounds, but everything extends easily by localisation arguments to A € C;*C 5’)‘ ncyge ‘]/'Sfc;
similar results can also be established for the type of equations considered respectively in
Sects. 3.4 and 3.5.

4.1 Flow of Diffeomorphisms

We start by giving a proper definition of a flow for the YDE associated to A; recall here that
A, denotes the n-simplex on [0, T'].

Definition 4.1 Given A € C;"Cé witha(1+8) > 1,wesaythat ® : Ay x V — Visaflow
of homeomorphisms for the YDE associated to A if the following hold:

i. d(t,t,x)=xforallt € [0,T]andx € V;
ii. d(s,-,x) e C¥(s,T]; V)foralls € [0,T]and x € V;
iii. forall (s, 7, x) € Ay x R? it holds

t
D(s, 1, x) =x—|—f A(dr, d(s,r, x));
S

iv. @ satisfies the group property, namely
O(u,t, d(s,u,x)) = d(s,t,x) forall (s,u,t) € Asandx € V;

v. for any (s, t) € Ay, the map ®(s, 7, -) is an homeomorphism of V, i.e. it is continuous
with continuous inverse.

From now on, whenever talking about a flow ®, we will use the notation ®;_,,(x) =
D (s, 1, x); we will denote by &3, (-) the inverse of ®;_,;(-) as a map from V to itself.

Definition 4.2 Given A as above, y € (0, 1), we say that it admits a locally y-Holder contin-
uous flow @, ® is Cl};c for short, if for any (s, t) € A itholds &5_,;, s, € Cf;c(V; V);we
say that ® is a flow of diffeomorphisms if ®;_,;, s ; € CIIOC(V; V) for any (s, t) € As.
Similar definitions hold for a locally Lipschitz flow, or a Cﬁgy-ﬂow with y € [0, 1) and
neN.

If V =R, we say that @ is a Lagrangian flow if there exists a constant C such that

C'ha(E) < 24(Py(E)) < Chg(E)  YE € BRY), V(s.1) € Ay,

where A, denotes the Lebesgue measure on R? and B(R?) the collection of Borel sets.
It follows from Remark 3.15 that, if A € C#Cy*” with a(1 + ) > 1, then the solution
map (xg, t) — x; is Lipschitz in space, uniformly in time. However we cannot yet talk about

a flow, as we haven’t shown the invertibility of the solution map, nor the flow property; this
is accomplished by the following lemma.
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Lemma4.3 LetA e C,O‘C"% andx € C}V suchthat a(14p) > 1, x be a solution of the YDE
associated to (xo, A). Then setting A(t, z) = A(T —t,z) and X; == x7_;, X is a solution to
the time-reversed YDE

t
% =fo+/ A(ds. &),
0

Similarly, setting X; = x;_g, A~(t, x)=A(t —s,x) fort € [s, T], then X is a solution to the
time-shifted YDE

t
Xt = Xo +/ A(dr,x;) Ytels, T].
0

The proof is elementary but a bit tedious, so we omit it; we refer the interested reader to
Lemma 2, Section 6.1 from [33] or Lemmas 11 and 12, Section 4.3.1 from [20].

As a consequence, we immediately deduce conditions for the existence of a Lipschitz
flow.

Corollary 4.4 Let A € CY C‘l,+ﬁ with (1 4+ B) > 1, then the associated YDE admits a locally
Lipschitz flow ®. Moreover there exists C = C(a, B, T, || Allg,1+8) such that

Py (x) — (Ds%()’)“a;s,T <Clx—=ylv, [[(Ds%-(x)]]a:s,T <C Vsel0,T], x,yeV
“4.1)

together with a similar estimate for ®.;(-).

Proof The proof is a straightforward application of Remark 3.15 and Lemma 4.3. In both
cases of time reversal and translation we have ||A~||a,1+ﬁ < |[Alle,1+p so that uniqueness
holds also for the reversed/translated YDE, with the same continuity estimates; this provides
respectively invertibility of the solution map and flow property. O

Actually, under the same hypothesis it is possible to prove that the YDE admits a flow of
diffeomorphisms, which satisfies a variational equation.

Theorem 4.5 Let A € C,‘"C‘l,Jrﬂ with a(1 + B) > 1, then the YDE associated to A admits a
Sflow of diffeomorphisms. Forany x € V, Dy ®;_;(x) = J ,, where J} | € CYL(V; V) is
the unique solution to the variational equation

t
I, =1 +/ DAWr, &, (x)oJ5,, Viels T] (4.2)
N

where o denotes the composition of linear operators.

We postpone the proof of this result to Sect. 4.2, as the variation equation will follow
from a more general result on the differentiability of the It6 map. Following [30], we give
an alternative proof in the case of finite dimensional V, in which more precise information
on ® is known.

Theorem 4.6 Ler A satisfy the hypothesis of Theorem 4.5, V = R? for some d € N; then
the associated YDE admits a flow of diffeomorphisms and the following hold:

i. Foranyx € RY and s € [0, T], D, ®,_,.(x) corresponds to J}, € C*([s, T1; RdXd)
satisfying

t
I, =1 +/ DA(dr, &5, (x)JE,. (4.3)
S
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ii. The Jacobian js_;(x) := det(Dy Ps_,,(x)) satisfies the identity

t
Js—1(x) = exp ( / div A(dr, cbﬁ,(x))) (4.4)

and there exists a constant C = C(a, B, T, ||Alla,148) > O such that
C7' < Jymi(x) C V(s.t,x) € Ay x R
In particular, ® is a Lagrangian flow of diffeomorphisms.

Proof For simplicity we will prove all the statements for s = 0, the general case being
similar. By Corollary 4.4, the existence of a locally Lipschitz flow & is known; to show
differentiability, it is enough to establish existence and continuity of the Gateaux derivatives.

Fix x, v € R? and consider for any ¢ > Othemap n; := g1 (Po—.(x +2,v) — DPp_.(X));
by estimate (4.1), the family {n®}.~¢ is bounded in C,"‘Rd. Thus by Ascoli-Arzela we can
extract a subsequence g, — 0 such that n° — 7 in C,"‘_‘S for some n € C{ and any § > 0.
Choose 6 > 0 small enough such that (¢« — §)(1 + B) > 1; using the fact that the map
F(y) = fo A(ds, ys) is differentiable from Cf‘ﬂs to itself by Proposition 2.11, with DF
given by (2.8), by chain rule we deduce that

Do (x + g,v) — Do . (x)

= lim
ep—0 En
. F(®o-.(x + &,v)) — F(Pp.(x))
= v+ lim
en—0 En

=v+ DF(Po.(x))(1.);

namely, n satisfies the YDE

t
m=v+ /0 Dy A(dr, ®or (1)) 4.5)

whose meaning was defined in Remark 2.8. Equation (4.5) is an affine YDE, which admits
a unique solution by Corollary 3.13; moreover it’s easy to check that the unique solution
must have the form 7, = J§ v, where J} , € CZR?*¢ is the unique solution to the affine
R4*4_yalued YDE

t
JE=1+ / Dy AWr, ®oy () I,
0

whose global existence and uniqueness follows from Corollary 3.13 and Theorem 3.9. As
the reasoning holds for any subsequence &, we can extract and any v € R?, we conclude that
®_,;(+) is Gateaux differentiable with D®g_,,;(x) = J(;;[ which satisfies (4.3). A similar
argument shows that J;_, , depends continuously on x, from which Frechét differentiability
follows.

Part ii. can be established for instance by means of an approximation procedure; indeed
by Lemma A.4, given A € Cf‘C}C'HS, we can find A" € C,IC,:—Hg such that A" — A
in Cf‘_C;Jrﬁ* and by Theorem 3.14, the solutions y" = &{_, (x) associated to (x, A")
converge to ®g_,.(x) associated to (x, A). Moreover for A" the YDE is meaningful as the
more classical ODE associated to d; A", so we can apply to it all the classical results from
ODE theory; the Jacobian associated to A" is given by

t t
det(Dy®g_,,(x)) = exp </ div 9, A" (r, g_ﬂ(x))dr) =exp (/ div A (dr, Qg_ﬂ(x))) .
0 0
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Passing to the limitasn — oo, by the continuity of nonlinear Young integrals, we obtain (4.4).
Moreover by Eq. (4.1) we have the estimate

sup

t
/ div Adr, ooy ()| < 1div Alla (1 + [D0m-(0)]a) < [ Alla142
t€(0,T] 0

which gives Lagrangianity. O

It’s possible to show that the flow inherits regularity from the drift, namely that to a
spatially more regular A corresponds a more regular .

Theorem4.7 Letn € N, «, B € (0, 1) be such that x(1 + ) > 1 and assume A € Cf‘CéHj.
Then the flow ® associated to A is locally C"-regular.

We omit the proof, which follows similar lines to those of Theorems 4.5 and 4.6 and is
mostly technical; we refer the interested reader to [20,28] and the discussion at the end of
Section 3 from [33].

Remark 4.8 In line with Sect. 3.4, one can obtain sufficient conditions for the existence
of a regular flow under the additional assumption ;A € C([0,T] x V; V); in this case
if A e CyC $+ﬁ , then it has a locally C"-regular flow, see the discussion in Section 4.3
from [20]. Similar reasonings allow to establish existence of a flow also for the equations
treated in Sect. 3.5.

4.2 Differentiability of the It6 map

Denote by <I>;4_)_(x) the solution to the YDE associated to (x, A); the aim of this section is
to study the dependence of the flow ®* as a function of A € Cf‘C\l/Jrﬂ , namely to identify
DA®L, (x).

For simplicity we will restrict to the case s = 0; we will actually fix A € C{C ‘I,Jrﬂ ,

consider ®A+¢8 with B varying and set X := ®§_, (x).

Theorem 4.9 Let (1 + B) > 1, xo € V and consider the It6 map ®_, (x) : Cf‘CVﬁ —

ClV, A~ dD{)‘_),(x). Then ®,,_, (x) is Frechét differentiable and for any B € CI“‘C‘I;"3 the
Gateaux derivative

1
Da®G, (x)(B) = lim g(cbg‘:?B(x) — ®y,.(x)) € CPV

satisfies the affine YDE

t

t
Y,x:/ DA(ds,ng)(Y;‘)+/ B(ds, X) Vi€[0,T] (4.6)
0 0

and is given explicitly by

t
DA<1>6‘_),(x)(B) = J(;;t/() (J());s)_lB(ds, X}) Vtrel0,T] 4.7)

where Ji_, _is the unique solution to (4.2) and (Jy_, S)’1 denotes its inverse as an element of
L(V).

The proof requires the following preliminary lemma.
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Lemma4.10 Forany L € CYL(V), there exists a unique solution M € C¥L(V) to the YDE

t
M, :Idv+/ LasoMy  Ytel0, Tl 4.8)
0

moreover M; is invertible for any t € [0, T] and N. := M)H)~! e CYL(V) is the unique
solution to

t
Ny =1dy —/ NyoLg Vtel0,T]. (4.9)
0

Finally, for any yo € V and any ¢ € C}'V, the unique solution to the affine YDE

t
Y= Yo + / Lasys + ¥ (4.10)
0

is given by
t
i = M;yo + Mz/ Nydys. (4.11)
0

Proof Setting A(t, M) := L, o M, A € Ct‘"Cz(V)JOC and so existence and uniqueness of
a global solution to (4.8) follows from Corollary 3.13 and Theorem 3.9; similarly for (4.9)
with A(t, N)=NolL; Let M., N. € C{L(V) be solution respectively to (4.8), (4.9), we
claim that they are inverse of each other. Indeed by the product rule for Young integrals it
holds

d(N; o M) = (AN;) o My + N; o (AM;) = —N; o Lgs o My + Ny o Lg; o My =0
which implies Ny o M; = Ng o My = Idy and thus N; = (M) Lety. € C{'V be the

unique solution to (4.10), whose global existence and uniqueness follows as above, and set
Zr = N;yy; then again by Young product rule it holds dz; = N;dy; and thus

t t
Niyi =21 =20 +/ dzs = yo +f Nydyss
0 0
which gives (4.11). ]

Proof of Theorem 4.9 Given A, B € C;"C‘I,Jr/3 , it is enough to show that

i DB () — @f, (x)

exists in C{'V
e—0 &

and that it is a solution to (4.6). Once this is shown, we can apply Lemma 4.10 for the choice
L, = [y DxA(ds, X7), yo = 0 and ¢, = [, B(ds, X¥) to deduce that the limit is given by
formula (4.7), which is meaningful since Jy_, . is defined as the solution to (4.8) for such
choice of L and is therefore invertible. The explicit formula (4.7) for the Gateaux derivatives
readily implies existence and continuity of the Gateux differential D 4 q)()“%, (x) and thus also
Frechét differentiability.

In order to prove the claim, let Y* e C}V be the solution to (4.6), which exists and is
unique by Lemma 4.10; then we need to show that

oot (x) — X7

&

lim

e—0

—-Y*| =0.

o
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Set X&* = 436\:? B (x); recall that by the Comparison Principle (Theorem 3.14), we have
X" — X Nlo S ellBlla.g- (4.12)
Setting e® := ¢~ 1[X5* — X*] — Y¥, it holds

t 1

DA(ds,X;f)(Y;‘)—/ B(ds, X¥)
0

t
e/ ! U (A+eB)(ds, X;*) — A(ds, Xjf)] —/
& 0 0
_ /' [A(ds, Xg) — Ads, X))
0

13
; — DA(ds, X;‘)(Ys)] +f [B(ds, X5%) — B(ds, X1)]
0

t
— / DA(ds, X¥)(€5) + yf
0

where ¢ is given by

;=

v = /f A(ds, X¢) — A(ds, X¥) — DA(ds, X)) (X5" — X*
0 &

t
)+/ B(ds, X&) — B(ds, X¥)
0

\1 2
=y Y

In order to conclude, it is enough to show that ||¥¢||, — 0 as & — 0, since then we can
apply the usual a priori estimates from Theorem 3.9 to ¢°, which solves an affine YDE starting
at 0. We already know that X** — X¥ as ¢ — 0, which combined with the continuity of
nonlinear Young integrals implies that ] 2 > 0ase — 0. Observe that yel = 7(1°) for

IS =6 A (X0 = As (X)) = DAL (X)X = X))
which by virtue of (4.12) satisfies
- 1+
IT5 v S e Al s 1X5 = XTI < Pl = 510 Alla 14

which implies that ||['¢||, — 0 as ¢ — 0. On the other hand we have
1
18TE My = 7' f (DA (X + MXET — X1)) — DA (XX — XA
0
1
—/0 [DAu (X + (X" = X)) — DA (X)X — X;)dAlly

1
<o f [D Ay g (XT 4 AXEY — X1)) — DA (XDIXES — X¥,)dA
0

\4

1
+e! H /0 (DA (X5 + MXE™ = X)) = DA (X5 +AXE = XO)IXE™ = X3)dA

\4

1
+87] H/ [DAu,t(Xi;) - DAu,t(X;()](X;’x - X)uc)d)‘
0

\%4
5 871|t _ S|a(l+ﬂ)”A“a,l+/§ [[Xs,x _ Xx]]a(l + [[Xs.x _ Xxﬂa + HXX]]OK)
S 1t = s TP Alla 145 (1 + [X¥T)

which implies that ||61"®||4(14p) are uniformly bounded in e. We can therefore apply
Lemma A.2 from the “Appendix” to conclude. O

Remark 4.11 Although A +— ®4 is defined only on Cf‘C‘l/+ﬂ , observe that (A, B) —
Dy d>(’§‘ ', .(x)(B) as given by formula (4.7) is well defined and continuous for any (A, B) €
cecyt’ xcech.
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We can use Theorem 4.9 to complete the proof of Theorem 4.5.

Proof of Theorem 4.5 The existence of a Lipschitz flow @ is granted by Corollary 4.4, so it
suffices to show its differentiability and the variational equation; for simplicity we take s = 0.
Existence of a unique solution Jy_, . € C¥L(V) to (4.2) follows from Lemma 4.10 applied to

t
L= / DA(dr, @9, (x))
0
and by linearity it’s easy to check that forany 1 € V, ¥/ := Ji_, ,(h) is the unique solution to

t
Y =h +/ DA(dr, ®o_,(x)) (Y. (4.13)
0

Therefore in order to conclude it suffices to show that the directional derivatives
O (x +eh) — DY (x)
3

Dy ®j.,.(x)(h) = lim

exist in C'V and are solutions to (4.13), as this implies that D, q)g_)_(x) = Jy_, .. Now fix
x,h € Vandlet y* = CI>{)‘H.(x + ¢h), then z° := y® — eh solves

t
Z :x+/ A®(ds, z%)
0

with A°(¢,v) = A(t,v+¢eh),ie. z° = @8‘:_()6). It’s easy to see that, if the first limit below
exists, then

& 0 & 0 e
. ¥z . - . AP —A
lim = lim Y o h, lim

e—0 & e—0 & e—0 e

=B, B(t,x)=DA(t,x)(h).

By the Frechét differentiability of A — d>6\_>_(x) and the chain rule, it holds

& 0 A? A
. -z . P4, (x) — Dy, ()
lim = lim —%= 0~
e—0 & e—0 &

= Da®)_,.(x)(B)
which is characterized as the unique solution Z" to
t t
zZh = / DA(dr, ®f, () (Z" + / DA(dr, &, (x))(h).
0 0

This implies by linearity that yh = Zf’ +h =lime'(y* —y) = Dy d>6‘ (x)(h) solves

—

exactly (4.13). The conclusion follows. O

Example 4.12 Here are some examples of applications of Theorem 4.9.

i. Consider the simple case of an additive perturbation, i.e. for fixed (xg, A) we want to
understand how the solution x of

t
Xt = X +/ A(ds, x5) + ¥y
0

depends on v, where ¥ € C'V with ¥9 = 0. Identifying v with BY(t,z) =y, for all

z € V,itholds x. = ®}*3" (xo) =: F(y), which implies that F is Frechét differentiable
in 0 with

DFOW). = .. /0’(15;9*1%.
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ii. Consider the classical Young case, namely V = R?, with

A(t,2) = Alw](t.2) = 0 (Do, = »_0i(D)w], (t.2) €[0,T] x R
i=1

for regular vector fields o; : RY - RY and w € CFR™, a > 1/2; assume o;
are fixed and we are interested in the dependence on the drivers w, namely the map

(0 == 0N (x). For fixed o € C*R™ and x € RY, setting X7 := d{“)(x),
Jy_, == Dy d>gft]( ), QDAH (x) is Frechét differentiable at w with directional deriva-
tives

w oL, (W) = Ji, / Z(Joﬁn Loy (X)dy). (4.14)

The above formula uniquely extends by continuity to the case ¥ € W, : , in which case
we can write it in compact form as

T
Dw<1>6‘£jt(x)(z//)=/0 K@, redr, K@, r) =1« J,, (5 ) o (XF)(4.15)

Formulas (4.14) and (4.15) are well known by Malliavin calculus, mostly in the case w
is sampled as an fBm of parameter H > 1/2, see Section 11.3 from [18]; formula (4.7)
can be regarded as a generalisation of them.

5 Conditional Uniqueness

This section provides several criteria for uniqueness of the YDE, under additional assumptions
on the properties of the associated solutions. Typically such properties can’t be established
directly, at least not under mild regularity assumptions on A; yet the criteria are rather useful
in application to SDEs, where the analytic theory can be combined with more probabilistic
techniques.

5.1 AVan Kampen Type Result for YDEs

The following result is inspired by the analogue results for ODEs in the style of van Kampen
and Shaposhnikov, see [41,42].

Theorem 5.1 Suppose A € Ct‘)‘Cg’A witha(l 4+ B) > 1, B + A < 1 and that the associated
YDE admits a spatially locally y-Holder continuous flow. If

ay(I+p8) > 1,
then for any xo € V there exists a unique solution to the YDE in the class x € C}'V.

Proof Let xop € V and x be a given solution to the YDE starting at xo. By the a priori
estimate (3.10), we can always find R = R(xg) big enough such that

sup {[[xlle + PGS, - X9)llass, 7} = R;
s€[0,T]

therefore in the following computations, up to a localisation argument, we can assume without
loss of generality that A € C{C 6 and that ® is globally y-Holder.
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It suffices to show that f; := ® (¢, T, x;,) — ®(0, T, xo) satisfies || fs./|lv < |t — s|1te for
some ¢ > 0; if that’s the case, then f =0, ®(¢, T, x;) = ©(0, T, xo) forall ¢ € [0, T] and
so inverting the flow x; = ®(0, ¢, x¢), which implies that ® (0, -, xo) is the unique solution
starting from xy.

By the flow property

I fsclly =12, T,x) — P(s, T, x9)lv
=P, T,x) — @, T, D(s, 1, x:)lv
Sl = (s, 1 x|l

Since both x and ® (s, -, x;) are solutions to the YDE starting from xg, it holds

lx; — ®(s, ¢, x)lly =

/l A(dr, x,) — ft A(dr, ®(s,r, xy))

S A (x5) — Ag (s, 5, X)) v
+ 1t = s|MPY A p (1 + [x]o + [DCs, -, x9)]a)
< |f _ Slol(1+/3)

Vv

and so overall we obtain || fs ,|lv < |t — s|7¢0+B) wwhich implies the conclusion. o

Remark 5.2 The assumption can be weakened in several ways. For instance, the existence
of a y-Holder regular semiflow is enough to establish that ® (¢, T, x;) = ®(0, T, xq), even
when @ is not invertible. Uniqueness only requires ® (¢, 7', -) to be invertible for t € D, D
dense subset of [0, T']; indeed this implies x; = ® (0, ¢, xo) on D and then by continuity the
equality can be extended to the whole [0, T']. Similarly, it is enough to require

sup [|®(t, T, )lly,r < oo forallR >0
teD

for D dense subset of [0, 7'] as before.

5.2 Averaged Translations and Conditional Comparison Principle

The concept of averaged translation has been introduced in [9], Definition 2.13. We provide
here a different construction based on the sewing lemma (although with the same underlying
idea).

Definition 5.3 Let A € C¥ Ce, y € C,V V with @ + By > 1. The averaged translation 7, A is
defined as

t
T, A(t, X) :/0 Ads,z+ys) Yte[0,T],zeV.

Lemma5.4 Let A € COCh™P y e CI'V witha + By > 1,7 € (0, 1) satisfying n < n + B,

a + ny > L. The operator Ty is continuous from CyC 6“’ to CFC €+ﬁ " and there exists

C=C(a,B,y,nT)s.t
Ity Allantp—n < CllAllan+p(1 + [¥]y)- (6.1

Proof Observe that T, A corresponds to the sewing of I' : Ay — C ;—s—ﬂ given by

rx,t = As,z‘ ( -+ ys) .
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Itholds [Ty ¢ llnt+p < It —s|* | Alla,n+p; moreover by Lemma A.3 in “Appendix A.1” it holds
18 s u.ellntp—n = HAM,Z (- +ys) —Aus (- + y")”nwLﬁfn

S, lys — yu ”r‘]/”Au,t”n—H‘}

St = s ]y I Allan+ -
Since @ + yn > 1, by the sewing lemma we deduce that 7(I') = 7,4 € C*CP™",
together with estimate (5.1). ]

Young integrals themselves can indeed be regarded as averaged translations evaluated at
z = 0. Moreoveor iterating translations is a consistent procedure, as the following lemma
shows.

Lemma 5.5 Assume that o + fy > 1 and A € C?Ce, xeC/Vand A e C;)‘Cg. Then
foranyy e CIVV it holds

¢ ‘
f (zx A)(ds, y5) = / A(ds, xs +ys) Ytel0,T].
0 0

Proof The statement follows immediately from the observation that for any s < ¢ it holds

S (T A)g s (v5) — Agr (s + vl + |1 — s|*TFY

t t
/ (e A)(dr, yr) —/ A(dr, xr +yr)

S (A ¢ +x9)) 5) = Ag e G5 + y9)|| + 12— s1*TPY
Sl — st

so that the two integrals must coincide. O
The main reason for introducing averaged translations is the following key result.

Theorem 5.6 (Conditional Comparison Principle) Let A, A% e C;’Ce witha(148) > 1 for
some a, B € (0, 1) and let x' € C}*V be given solutions respectively to the YDE associated
to (x, A"). Suppose in addition that x' is such that .1 A' € C¥Lipy,. Then there exists
C=C(u,B,T) st
1
Ix! = 22lle < Cexp(Cllra AN/ + 1A% ) (Uxd — 31+ 1A" = A%[lap). (5:2)
In particular, uniqueness holds in the class C{'V to the YDE associated to (xé, AD).

Proof The final uniqueness claim immediately follows from inequality (5.2), since in that
case we can consider A = A2, x(} = xg. Now let x' be two solutions as above, then their
difference v = x!' — x?2 satisfies

t t
v,:vo—i—/ A‘(ds,xg)—f A%(ds, x2)
0 0
t t t
=vo+/ A1<ds,x3)—/ A1<ds,vs+x;>+f (A* — A (ds, x7)
0 0 0
t t t
=v0—/ ‘EX1A1(ds,vs)+/ rxlAl(ds,O)—i-/ (A% — AY(ds, x2)
0 0 0

t
=vo+f B(ds, v) + ¥
0
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where in the third line we applied Lemma 5.5 and we take
B(t,2) = —14A' (1, D) + 1, A'(1,0), Y. = f (A? = AHds, ).
0

By the hypothesis, B € Cty Lipy with B(¢,0) = O for all r € [0, T'], while y € C}V.
Therefore from Theorem 3.9 applied to v we deduce the existence of a constant x| = k1 («, T)
such that

! = x2 e < &1 expler g ATV xg — 32y + [W])-
On the other hand, estimates (2.4) and (3.6) imply that
[W]e < k2llA" — A%l p(1 + 142113 )

for some k2 = Kk2(a, B, T). Combining the above estimates the conclusion follows. m]

Remarkably, the hypothesis 7, A € C{* Lipy, allows not only to show that this is the unique
solution starting at xg, but also that any other solution will not get too close to it. In the next
lemma, in order to differentiate || - ||y, we assume for simplicity V to be a Hilbert space, but
a uniformly smooth Banach space would suffice.

Lemma 5.7 Let V be a Hilbert space, A € C?Cé witha(l 4+ ) > 1, x,y € C{V solutions
respectively to the YDEs associated to (xo, A), (yo, A) and assume that . A € C{ Lipy.
Then there exists C = C(a, T) s.t.

lxr — yellv 1/a llxo — yollv 1/

< Cexp(ClltxAlly 1), sup ————— < Cexp(ClltxAll, ).
ref0,71 I1X0 — yollv ’ re0,71 I1xr — yelly ’

Proof The first inequality is an immediate consequence of Theorem 5.6, so we only need
to prove the second one. By the same computation as in Theorem 5.6, the map v = y — x
satisfies

dv; = A(dt, y;) — A(dt, x;) = 1, A(dt, vy) — T, A(dt, 0) = B(dz, v;)

where B(t,z) = 1, A(t,2) — 1 A(t, 0), which by hypothesis belongs to C{ Lipy with
[Bla.1 = [txAla.1; moreover B(t,0) =0 forallt € [0, T].

Now for 0 < ¢ < ||[xo — yollv, define T¢ = inf{t € [0, T] : ||x; — y|lv < €}, with the
convention that inf ¢ = T'; then on [0, 7] the map z; := ||y, — x,||;1 = ||v,||;l isin CfR
and by Young chain rule

dz; = =l lly> (v Addr, vp))v.

We are going to show that z satisfies a bound from above which does not depend on the
interval [0, T¢]; as a consequence, for all & > 0 small enough it must hold 7¢ = T, which
yields the conclusion.

For any [u, r] C [s, t] C [0, T?] it holds

A

1Zur | < N0ally> 1 (0us Buor W) v ] + k1 [2llass. o [Bla lu — 7™
loally 1Bl 1l — r1* + k1 [2]ass, e [Bla1 1t — s1*|u — 1|
|zl [te Al 1|t — 7 + K1 [2Dass.c [Tx Al 1t = s |u — r|®
<lu—r*[txAla,1llzs| + (A + kD) [2]azs,c |t = s17T;

IA

IA
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dividing by |u — r|* and taking the supremum we obtain
[[Z]]a;s,s+A =< [[TXA]]a,l |zs] + Ko A* [[TXA]]LYJ [[Zﬂw

The rest of the proof follows exactly the same calculations as in the proof of Theorem 3.9:
taking A such that Ky A* [ty A]le.1 < 1/2, ko A¥[1 Alle.1 ~ 1, we deduce that

[2]a:s,s+a < 2[txAla,1lzs;
setting Jp = [1zllo;r, With I, = [(n — DA, nA]N [0, T?], Jo = |zol, it holds
In < Jnr + A%2]asr, = (14 2A%[tx A1) Jn—1.
which implies recursively

Izlloo;0,7¢ = sup Ju < (1 +2A% [ty Alle,1)"V 20| < exp(2N A%[re Ala,1)l20]-
n

Since T¢ < T, it takes at most N ~ T /A intervals of size A to cover [0, T¢], and A ~
[['EXA]](L{ lf, therefore overall we have found a constant C = C(«, T') such that

1 1 1 1
sup ——— = sup |z < Cexp(C[[rxA]]a/‘f‘)lz()l = Cexp(C[[txA]]a/f _—
refo,7e] 1xs — ysllv  refo,7e) ’ ©llxo — yollv
As the estimate does not depend on &, the conclusion follows. O

5.3 Conditional Rate of Convergence for the Euler Scheme

Remarkably, under the assumption of regularity of 7, A, convergence of the Euler scheme to
the unique solution can be established, with the same rate 2« — 1 as in the more regular case
of AeCyC ‘I,Jrﬂ . The following results are direct analogues of Corollaries 3.16 and 3.19.

Corollary 5.8 Let A € C{ Lipy witha > 1/2, xo € V and suppose there exists a solution
x associated to (xo, A) such that tv A € C{ Lipy, (which is therefore the unique solution);
denote by x" the element of C{'V constructed by the n-step Euler approximation from The-
orem 3.2. Then there exists C = C(a, T) such that

1
I — x" [l < Cexp(CllTe Al

= DA+ AR pn' ™ asn — oco.

Proof As in the proof of Corollary 3.16, recall that x" satisfies the YDE
X" = x4 /0 Ads, x) + 97 [ ]e Ser L+ AL n' 2
Therefore v" = x" — x satisfies
v = /Ot Bds, v!) + /', B(t,2) = 1o A(t. 2) — T4 A, 0),  [Bla1 = [txAla1-
Applying Theorem 3.9 we obtain that, for suitable k = « (e, T') it holds

1
Ix = x"llo < expecllzcAllY [V

a,l

which combined with the above inequality for [¥"], gives the conclusion. O
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Corollary 5.9 Let A be suchthat A € Cf‘Cg and ;A € CO([0, T1x V; V) witha(1+8) > 1,
xo € V and suppose there exists a solution x associated to (xo, A) such that Ty A € C{ Lipy,
(which is therefore the unique solution); denote by x™ the element of C{'V constructed by the
n-step Euler approximation from Theorem 3.2. Then there exists C = C(«, T) such that

1 —
o —x"lo < CeXp(CllrxAlla{?)llAlla,lIlatAlloon “ asn — oo.

Proof Recall that x" satisfies the YDE
t
x" =xp +f A(ds, xg) + Y/, [V"le Sa,r 1Alla, 1110 Alloon™ .
0

The rest of the proof is mostly identical to that of Corollary 5.8. O

6 Young Transport Equations

This section is devoted to the study of Young transport equations of the form
Uudr + Ad[ . Vl/t[ + Cdruy = 0. (61)

which we will refer to as the YTE associated to (A, ¢).

We restrict here to the case V = RY; as in Sect. 4 for simplicity we will assume on A
global bounds like A € C;*C ;H} , but slightly more tedious localisation arguments allow to
relax them to growth conditions and local regularity requirements.

Classical results on weak solutions to (6.1) in the case Aq; = b,dt, cq; = ¢,dt can be
found in [1,16]. Our approach here mostly follows the one given in [20], although slightly
less based on the method of characteristics and more on a duality approach; other works
concerning transport equations in the Young (or “level-1”) regime are given by [8,30] and
Chapter 9 from [36]. Let us also mention on a different note the works [3,5,15] which
treat with different techniques and in various regularity regimes rough trasnport equations of
“level-2” or higher (namely corresponding to a time regularity o < 1/2).

Before explaining the meaning of (6.1), we need some preparations. Given any compact
K C R4, we denote by ch = le; (R?) the Banach space of f € CP(RY) with supp f C K;
Cf = Cf (RY) is the set of all compactly supported S-Hélder continuous functions. Cf is
a direct limit of Banach spaces and thus it is locally convex; we denote its topological dual
by (Cf)*. Given y, B € (0, 1), we say that f € C{ Cf if there exists a compact K such that
f € CeCP; similarly, a distribution u € 7 (C)* ifu € €} (CP)* forall compact K C R,
We will use the bracket (-, -) to denote both the classical L2-pairing and the one between
Cf and its dual. Finally, M), denotes the space of Radon measures on RY, Mg the space
of finite signed measure supported on K; observe that the above notation is consistent with
Mo = (C? )*

We are now ready to give a notion of solution to the YTE.

Definition 6.1 Leta, 8 € (0, 1) suchthater(14+8) > 1.Wesay thatu € L® My, NC*? (CF)*
is a weak solution to the YTE associated to A € C{ Cf, ceCy Cf with divA e Cf Cf if

t
(s @) — {100 @) = / (Ags - Vo + (div Ags — ca)gots) Yo eC®  (62)
0
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Observe that under the above assumptions, for any ¢ € C2°, A - Vo and (divA — ¢)¢
belong to C;)‘Cf; since u € Cf‘ﬂ (Cf)* with a(1 + B) > 1, the integral appearing in (6.2) is
meaningful as a functional Young integral.

Remark 6.2 For practical purposes, it is useful to consider the following equivalent charac-
terization of solutions: under the above regularity assumptions on u, A, ¢, u is a solution if
and only if for any compact K ¢ R¢ and ¢ € C % it holds

Wits. 1o 0) — (Ass - Vo + (div As s — ¢5.00, us)| Sxlloll splt — s [u] s s,
Cy cFck)

X ([Alla,p + 1div A = cllg,p)-
(6.3)

Clearly in the 1.h.s. above one can replace u; with u; to get a similar estimate.

Remark 6.3 The presence of ¢ in (6.1) allows to also consider nonlinear Young continuity
equations (YCE for short) of the form

v + V- (Agrvy) + carvr = 0;

weak solutions to the above equation must be understood as weak solutions to the YTE
associated to (A, ¢) with¢ =c+ V - A.

Let us quickly recall some results from Sect. 4: given A € C{C ;'Hg , the YDE admits a
flow of diffeomorphisms ®;_.;(x) and there exists C = C(«, B, T, || Allo,148) such that

| Ds—.(x) — cbs%-()’)”ot;s,T <Clx —y|
| @5 (x) — x| < Clt —5|*
[[(bs—»(x)ﬂa;s,]" + Dy ®5;(x) < C

forallx, y € R4, (s, 1) € Ay, together with similar estimates for .. ;. Moreover

t
det DP;_,,(x) = exp <f div A(dr, dDAyﬁr(x)))

and similarly

t
det DDy 4(x) = (detDch—n(q)s«—t(x)))_l = exp <_/ div A(dr, q)rel(x))> .

Proposition 6.4 Let A € C?Ci-"_ﬁ, c € Cf‘Cf. Then for any oy € Mioc, a solution to the
YTE is given by the formula

!
(uy, @) = /(p(CID()_)t(x)) exp (/0 (divA — ¢)(ds, CI>0_,s(x))> Hno(dx) Vo € Cfo.(6.4)

If o(dx) = up(x)dx forug € Lﬁ)c, then u; corresponds to the measurable function

t
u(t, )C) = uO(q)Oet(x)) exp (_‘/0\ C(d57 CDS«[(-’O)) (65)

which belongs to L?OL{Z)C and satisfies

t
/ lu(t, x)|Pdx = / lug(x)|P exp </ (div A — ¢)(ds, dDOHS(x))) .
K Do (K) 0

If in addition ¢ € C;"C,IC'HS, then for any ug € CllOC it holds u € Ct‘)‘CI%C N C?Clloc.
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Proof Since |®o_;(x) — x| < T, it is always possible to find R > 0 big enough such that
supp (P (-)) C suppg + Bpg forall t € [0, T]; by estimates (2.4) and (3.9), it holds

sup
(t.x)€[0,T]xRd

t
/ (div A — o)(ds, d>oﬂ<x)>‘ S HdivA —cllap sup (1 + [Por. ()]a) < 0.
0 xeRd

It is therefore clear that i, defined as in (6.4) belongs to L® (CE.))*. Similarly, combining the
estimates

lQ(Posr (X)) — @(Poss ()| < 11 — 5| [0] g [Po. (D)L < 1t — 51 [g]p

t
/ (div A — o)(ds, d>oﬂ(x>>‘ St =0 divA — cllap (1 + [Poo(]a) S It — 51,
N

it is easy to check that u € C,aﬂ (Ccﬁ)*.
Let us show that it is a solution to the YTE in the sense of Definition 6.1. Given ¢ € C¢°
and x € R4, define

t
71 (x) 1= (P (x)) exp (/0 (div A — ¢)(ds, CDOﬁS(x))) .

By Ito formula, z satisfies
t r
Zs,t(x) = / @(Po—,(x)) exp (/ (divA —c)(ds, Py (X))> (div A — o)(dr, @o-,(x))
K 0

t r
+/ exXp (/ (divA —¢)(ds, q)Oﬁs(x))) Vo(@or(x)) - A(dr, Do r(x)).
s 0

By the properties of Young integrals and the above estimates, which are uniform in x, it holds

25,1 (x) ~ exp (/S(div A —c)(dr, <D0—>r(x))> X
0
X[@(Po—5 (X)) (divA — )5, (Po—s (X)) + V(P05 (X)) - Ag 1 (Po—s(x))]

in the sense that the two quantities differ by O (|t —s|*d+#)), uniformly in x € R?. Therefore

(s ) = / 2o (D)0 (dx)
K+Bg

~ / [As, - Vo + (div A — 0)5,19](Po— (X)) exp (/ (divA — c)(dr, q)()%r(x))> o (dx)
K+Bg 0

~ (s, Asp - Vo + (div A — 0)5,19)

where the two quantities differ by O([lg|| .16 |t — s|*'+#)). By Remark 6.2 we deduce
K

that u is indeed a solution.
The statements for ug € LlpOC are an easy application of formula (4.4); it remains to prove

the claims for uq € C]IOC, under the additional assumption ¢ € C{C ,]('HS . First of all observe
that, for any (s, t) € Ay, it holds

[Pt (x) = Py (Xl = [Py (Pyes (x) — Py (X) |l S | Py r(x) — x| S [t —s]%
(6.6)
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as a consequence, the map (¢, x) — ug(®Po,(x)) belongs to C;"CO Consider now the

loc*
map

t
g1, x) ::/o c(dr, @ (x)).

It holds

t K t s
/ c(dr, <I>rer(x))—/ c(dr, ®rs(x)) 2/ C(dr’(bret(x))*'/ [e(dr, ®r(x)) — c(dr, Prs())];
0 0 0

s

by Corollary 2.12 and estimate (6.6) we have

S ”c”a,H—ﬁ(] + [[q)-et(x)ﬂa + [[d)«—s(x)]]a) X

o
X[ Py (x) — Py () |l
< e —s|*.

H/(; le(dr, @r i (x)) — c(dr, ®rs(x))]

As a consequence, g € Cf C&C and so does u. The verification that u € C? CllOC is similar
and thus omitted. O

Remark 6.5 Analogous computations show that a solution to the YTE with terminal condition
u(T, ) = ur(-) is given by
T
(us, o) = /‘P(q%eT(x))eXp (/ (c — div A)(ds, d)ser(x))> pr(dx) Ve e C>;
t

in the case pur(dx) = ur(x)dx withur € Lf;c it corresponds to

T
ur(x) = ur (P 7(x)) exp </ c(ds, <I>z_>s(X))) .
1

This solution satisfies the same space-time regularity as in Proposition 6.4. Moreover by the
properties of the flow, if pg (resp. f47) has compact support, then it’s possible to find K C R?
compact such that suppu, C K uniformly in ¢ € [0, T]. In particular if c € C{ C;Jrﬁ and
ug € C! (resp. ur € C!), then the associated solution belongs to C*C? N C2C.

The following result is at the heart of the duality approach and our main tool to establish
uniqueness.

Proposition 6.6 Let u € C*C% N COC! be a solution of the YTE
ugr + Adr - Vuy + cqry =0 (6.7)
and letv € L;’O(Cg)* N Cf‘ﬁ (Cf)* be a solution to the YCE
var + V- (Agrvy) — cqrvy = 0. (6.8)

Then it holds (v;, u;) = (vs, us) for all (s,t) € Ajp. A similar statement holds for u €
cy Cﬁlc N Ct0 CllOC and v as above and compactly supported uniformly in time.

The proof requires some preparations. Let { p; } =0 be a family of standard spatial mollifiers
(say p; supported on Bj for simplicity) and define the R?, for sufficiently regular g and #,
as the following bilinear operator:

Rf(g,h) = (g-Vh)* —g-Vh® = p° x(g-Vh) —g-V(p° *h); (6.9)
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the following commutator lemma is a slight variation on Lemma 16, Section 5.2 from [20],
which in turn is inspired by the general technique first introduced in [16].

1+
loc

X CllOC — Cf)c defined by (6.9) satisfies the following.

i. There exists a constant C independent of ¢ and R such that

Lemma 6.7 The operator R? : C

IR (g, Wgr < Cliglhi+p r+1ll1llg, R+1-

ii. For any fixed g € Cllotﬁ, h e Cl’zc
B <B.

Proof It holds

it holds R®(g,h) — 0 in cl oase — 0, for any

loc

w - Vp(z)dz — (hdiv g)°(x)

Rg(g,h)(X)zf h(x — €z)
B
=: R*(g, h)(x) — (hdiv g)* (x).

Thus claim i. follows from || (h div g)®|lg,r < llAll1,R+1l1gll1+8,r+1 and

IRE (g, ) (x) — RE (g, ()] < VB [h(x — e2) — h(y — ”’]w - Vp(2)dz
1

+
&

/ hx — €2) [g(x —e2) —gx) gy — si - g(y)] Y p(o)ds
B

< Ix = P 1hlig re1lglh 411V ol

+ll7llo, r+1 /
By
x|z||Vp(2)|dz

S Ix =yl g re1lIgl14p. R 41

1
/0 [Vg(x —ebz) — Vg(x) — Vg(y —ebz) + Vg(y)l

X

where the estimate is uniform in x,y € Bg and in ¢ > 0. Claim ii. follows from the
above uniform estimate, the fact that R°(g, h) — 0 c? by Lemma 16 from [20] and an

loc
interpolation argument. O

Proof of Proposition 6.6 We only treat the caseu € C*CoNCOC!, v e L (CO*nC (P,
the other one being similar. Applying a mollifier p° on both sides of (6.7), it holds

ug, + Adr - Vui + (cqru)® + R¥(Agr, u;) =0

where we used the definition of R?; equivalently by Remark 6.2, the above expression can
be interpreted as

luf , + Agp - Vil + (csitts)® + R (Ag o uy) oo Se |t — 5|0 uniformly in (s, 1) € A,
Since v is a weak solution to (6.8), it holds
(Mf, Ul‘) - (M‘;, vS) = (ui,fv US> + (Mf, US,!)

~e _<As,t : vuts + (Cs,ﬂ'it)‘8 + Rs(As,ts u), vs) + <As,t : Vutg + Cs,tutsa Vs)

~ (Cs,tuf - (Cs,tut)E - RE(AS,I, Ur), vg)

where by a ~, b we mean that |[a — b| <, |t — s|*04B) Ag a consequence, defining
1 = (uj, v;), we deduce that 7 — f5 = J(I'§ ) for the choice

Fst = <Cs,z”f - (Cs,tut)a - Rs(As,t, Ur), Vg).
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Our aim is to show that J(I'{ ;) — O as & — 0; to this end, we start estimating [|T® ||, (14 8)-
It holds
81_‘;3,;»,; = (Cs,ruf‘;a Us) - (Cr,tuf’ vS,r>
+<Cr,tus,rs vzg) - <Cs,rum U;i;)

—|—<R8(A,’,, ur), vs,r) — (R°(As.r, Ur1)s Vs)-
Therefore, up to choosing a suitable compact K C RY, we have the estimates
0,1 < lestf ey + s,y + IR (A unllco) 1wl ey e

[t = sUlcllas + 1Al DIl cocollvsllco v

A

as well as
1875, ] < IICs,rui,,llcg vsllcg ) + ”Cr,tufncﬁ ”Us,r”(cﬁ)*
+||Cr,tus,r||c% ”Uf”(c%)* + ||Cs,rus||clf§ ||Uf,z||(clfi)*
FHIRMA- gl ll o ||Us,r||(clﬁ<)* IR Asr g llar el co lvsll o )«
St = 1P (el + IR Alla,148) X
X(”””c?c[l( ”v”Lgx(C%)* + “u”C;"C2 ||v||Cf"3(C,ﬁ<)*)'

Overall we deduce that || I"®||, and [|6T°¢ ||« (1+-8) are bounded uniformly in & > 0; moreover
by properties of convolutions and Lemma 6.7, itholds I'; , — Oase — Oforany (s, t) € Ay
fixed. By Lemma 2.1 it holds

1
|fE, —TE, 1 S Jt =@

t

uniformly in ¢ > 0 and so passing to the limit as ¢ — 0 we deduce that
[Gutr, v0) = (g, v)] S |0 =¥V (s,1) € A
which implies the conclusion. O

We are now ready to establish uniqueness of solutions to the YTE and YCE under suitable
regularity conditions on (A, c).

Theorem 6.8 Ler A € C2Cy 1P c € C2Cy ™ witha(148) > 1. Thenforanyug € C._ there
exists a unique solution to the YTE (6.7) with initial condition ug in the class C{ Cl%c ﬁC,OC]loc,
which is given by formula (6.5); similarly, for any o € Mo there exists a unique solution
to the YCE (6.8) with initial condition [ in the class L?O(Cg)* N Cflﬁ (Cf)*, which is given
by formula (6.4).

Proof Existence follows from Proposition 6.4, so we only need to establish uniqueness. By
linearity of YTE, it suffices to show that the only solution « to (6.7) in the class C}* Cl%c n
C,OCIIOC with ug = 0 is given by u = 0. Let u be such a solution and fix 7 € [0, T']; since
(divA —c) € C7 Cf , by Proposition 6.4 and Remark 6.5, for any compactly supported
1 € M there exists a solution v € LMk N Cf‘ﬂ (Cf )* to (6.8) with terminal condition
vy = [, up to taking a suitable compact set K. By Proposition 6.6 it follows that

(ur, u) = (ur, ve) = {up, vo) = 0;

as the reasoning holds for any compactly supported u € M, u; = 0 and thus u = 0.
Uniqueness of solutions to YCE (6.8) in the class L° (C?)* ncy p (Cf )* follows similatly.
O
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7 Parabolic Nonlinear Young PDEs

We present in this section a generalization to the nonlinear Young setting of some of the
results contained in [25]. Specifically, we are interested in studying a parabolic nonlinear
evolutionary problem of the form

dx; = —Ax,dr + B(dt, x;) (7.1)

where — A is the generator of an analytical semigroup.

In order not to create confusion, in this section the nonlinear Young term will be always
denoted by B. As we will use a one-parameter family of spaces {V,}qcRr, the regularity of B
will be denoted by B € C ,y C gV,U’ with W and U being taken from that family; whenever it
doesn’t create confusion, we will still denote the associated norm by || Bl g.

Let us first recall the functional setting from [25], Section 2.1. It is based on the theory of
analytical semigroups and infinitesimal generators, see [39] for a general reference, but the
reader not acquainted with the topic may consider for simplicity A = I — A, V = L2(R%)
and V, = H>*(RY) fractional Sobolev spaces.

Let(V, ||-||lv) be aseparable Banach space, (A, Dom(A)) be an unbounded linear operator
on V, rg(A) be its range; suppose its resolvent set is contained in ¥ = {z € C : | arg(z)| >
/2 — 8} U U for some § > 0 and some neighbourhood U of 0 and that there exist positive
constants C, n such that its resolvent R, satisfies

IRl cvivy < Cn+la)™! Vaex.

Under these assumptions, —A is the infinitesimal generator of an analytical semigroup
(S(1))s=0 and there exist positive constants M, A such that

ISl cvyy < Me™ Yt >0.

Moreover, — A is one-to-one from Dom(A) to V and the fractional powers (A%, Dom(A%))
of A can be defined for any @ € R; if « < 0, then Dom(A%*) = V and A“ is a bounded
operator, while for @ > 0 (A%, Dom(A%)) is a closed operator with Dom(A%) = rg(A™%)
and A% = (A—%)~ L,

For o > 0, let V,, be the space Dom(A%) with norm ||x|ly, = [[A%x||y; for o = 0 it
holds AY = Id and Vy = V. For « < 0, let V, be the completion of V w.r.t. the norm
lx|lv, = [lA%x||v, which is thus a bigger space than V. The one-parameter family of spaces
{Va}aer is such that Vs embeds continuously in V,, whenever § > « and A% A% = petd
on the common domain of definition; moreover A% maps V, onto V45 forall @« € R and
5 >0.

The operator S(¢) can be extended to V,, for all « < 0 and ¢+ > 0 and maps V,, to V; for
alla € R, 8 > 0, > 0; finally, it satisfies the following properties:

IAYS@) |l £evivy < Mgt e foralla > 0,1 > 0; (7.2)
IS(t)x — x|ly < Cat®||A%x|ly forall x € Vi, « € (0, 1]. (1.3)

Remark 7.1 It follows from the statements above and the semigroup property of S() that for
anya € R,§ > 0,x € V, and any s < 7 it holds

IS@)x = S(s)xlly, = ISOISE = $)x = xllv, Sas 1t =51 1X]v,
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which implies that [|S(1) — Sl £(vyrs:ve) S 1t — 12, equivalently S(-) € COL(Vys; Vo).
It also follows that for any given xg € Vy4s, the map ¢t — S(#)xo belongs to C ,5 V, with

[SCxols, vy Seeos 1%011 V- (7.4)
The following result shows that the mild solution formula for the linear equation
d)C[ = —Ax,dt + dy[,

which is formally given by

t
xp = S(t)xo + / S(t — s)dys,
0
can be extended by continuity to suitable non differentiable functions y € C([0, T']; V).

Theorem 7.2 Let o € R and consider the map E defined for any y € Ct1 V_q by

t
E() = /0 St — 5)3yds.

Thenforanyy > a, E extends uniquelytoamap & € L(C] V_g; CfVs)foralls € (0, y—a)
and all k € (0, (y — o — 8) A 1). Moreover there exists a constant C = C(«, k, §, ) such
that

[EWevs = CDly. v, sup IE)illvs < CTY 7 [ylyv,. (7.5)
1€[0,7]

We omit the proof, for which we refer to Theorem 1 from [25]. Let us only provide an
heuristic derivation of the relation between the parameters «, «, §, y based on a regularity
counting argument. It follows from Remark 7.1 that |S(t — )| cv_,:vs) S 12— s| 70 ifits
possible to define the map E (y) taking values in Vj, then we would expect its time regularity
to be analogue to that of

t
o = f It — 5|7, (7.6)
0

where now f, g are real valued functions, f € C;indeed, considering a fixed yo € V_, the
result should also apply to y; := f;yo. The integral in (7.6) is a type of fractional integral of
order 1 — 8 — « and by hypothesisd f € C/ _1, therefore g should have regularity y —§ — «,
which is exactly the threshold parameter for « (this is because Holder spaces do not behave
well under fractional integration and one must always give up an ¢ of regularity by embedding
them in nicer spaces).

Definition 7.3 Given A as above and B € Cty Ces Vo P <8, wesay that x € Cf Vs is a mild

solution to Eq. (7.1) with initial data xo € Vs if y + Bx > 1, so that fo B(ds, x;) is well
defined as a nonlinear Young integral, and if x satisfies

t

xr = S(t)xo +/ St —s)B(ds, x5) = S(t)xo + & </ B(ds,xs)> Vtel0, TI7.7)
0 0

t

where E is the map defined by Theorem 7.2 and the equality holds in V,, for suitable «.

We are now ready to prove the main result of this section.
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Theorem 7.4 Assume A as above, B € C,y C \l,;’?,p with p > & — 1 and suppose there exists
k € (0, 1) such that

{)/+ﬂ/c>1 (7.8)

K<y+p—968"~

Then for any xo € Vsy, there exists a unique solution with initial data xo to (7.1), in the
sense of Definition 7.3, in the class C{ Vs N C,0 Vstic-

Moreover; the solution depends in a Lipschitz way on (xg, B), in the following sense: for
any R > 0 exists a constant C = C(B,y,8,p,«, T, R) such that for any (xo, BY,i=1,2,
satisfying ||x0||V5+K v | B lly, 148 < R, denoting by x* the associated solutions, it holds

[x! = %Ly, < CUXG — x5 llvsy, + IB' = B2ly.14p).

Remark7.5 If B € C}'C2

Vs,V then it is possible to find « satisfying (7.8) if and only if

2y 4+p—8>1.

Proof The basic idea is to apply a Banach fixed point argument to the map

x> Z(x) :=St)xo+ &2 (/ B(ds, x_;)) (7.9)
0

t

defined on a suitable domain.

By Remark 7.1, if xg € Vs, then S(-)xo € Cf Vs; moreover B € C}’C‘l,(S v, SO under
the condition ¥ 4+ « > 1 the nonlinear Young integral in (7.9) is well defined for x € Cf Vs,

= fot B(ds, x;) € C,pr and then E(y) € Cf Vs under the condition x < y + p — 4.
So under our assumptions Z maps C; Vs into itself; our first aim is to find a closed bounded
subset which is invariant under /.

For suitable 7, M to be fixed later, consider the set

={x € C*([0, 7]; V5) : x(0) = x0, [x]e.v; <M, sup |x/llvs,, < M};

T tel0q] N

E is a complete metric space endowed with the distance dg (x1, x2) = [x1 —x2]«,v;. It holds

[Z) ey < [SOxoleys + [[(/ B(ds, xs))]] §||xo||va+p+|[/ 'B(ds,xs)ﬂ :
K, Vs 0 A7)

for the nonlinear Young integral we have the estimate

t
/ B(dr, x;)

S B lly, + It = 51" [B]y1[x]e.vs
Vo

S IBsi (xs) = By, (xo)llv, + 1t — sV IBlly,0 + |t — s|” T [B]y,1 [x]«
St =sIBly,1 (1 +t [x]e,vs)

and so
[U B(dr,xr)ﬂ S By, (14 7 [x ], vy)-
0 Y.V

Overall, we can find a constant k1 such that

[Z)]e,vs < killxollvs,, +c1llBlly,1 (14t [x]e vy)-
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Similar computations, together with estimate (7.5), show the existence of k» such that

sup (1100 llvyy,e < 2llx0llvy,, + <2l Bl at? 7 (1 + 78 [x ] vy).-
te[0,7]

Therefore takng < 1, k3 = k1 V k2, in order for Z to map E into itself it suffices
k3llxollvsy, + 3l Blly,1(1+7“M) < M,
which is always possible, for instance by requiring
2630 Bllyat* < 1, 2«3lxollvsy, + 263l Blly,1 < M.

Observe that 7 can be chosen independently of ||xg||v;,, ; moreover for the same choice of
7, analogous computations show that any solution x to (7.1) defined on [0, T] with T < 7
satisfies the a priori estimate

[xDe.vs:0.2 + sup lxellvs,, < xalllxollvs,, + 11Blly.1) (7.10)
1€[0,7]

for another constant x4, independent of xg.
We now want to find T € [0, t] such that [ is a contraction on E, E being defined as E
in terms of 7, M. Given x!, x2 € E, it holds

dE(I(xl)’I(xZ)) - [[E (/ B(ds,xsl) — / B(ds, xf))ﬂ
0 0 x, Vs

[K/ B(ds, x]) — / B(ds,x§)>ﬂ
0 0 «©,V,

P

A

and under the assumptions we can apply Corollary 2.12, so we have

t t t
/B(dr,x,‘)—/ B(dr, x?) /vd,(x,‘—xf)
K K s Vp

1_ 2 1_ 2
Sle=sly.clixg = x My, + 1t = s/ o]y c[x' = L,

St = s IBlly,14pL+ MF[x' — v,

Vo

This implies
[[/ B(dr, x}) — B(dr, xf)]] SBllya4p(1 + M [x" — x?]yv,
0 v:Vo

and so overall, for a suitable constant x5,
dp(Z(x"), Z(x*) < k5| Blly.14p(1 + M)Tdp(x', x?).

Choosing 7 small enough such that k5| B, 144(1 +M)T* < 1, we deduce that there exists
a unique solution to (7.1) defined on [0, 7]. Since we have the uniform estimate (7.10), we
can iterate the contraction argument to construct a unique solution on [0, t]; but since the
choice of 7 does not depend on xp and x; € V54, we can iterate further to cover the whole
interval [0, T'] with subintervals of size 7.

To check the Lipschitz dependence on (xp, B), one can reason using the Comparison
Principle as usual, but let us give an alternative proof; we only check Lipschitz dependence
on B, as the proof for x is similar.
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Given B',i = 1, 2 as above, denote by Zp: the map associated to B! defined as in (7.9);
we can choose T and M such that they are both strict contractions of constant kg < 1 on E
defined as before. Observe that for any z € E it holds

5Ty (2), T2 (2)) = [[: (/ B'(ds, z,) — / Bz(ds,zs)ﬂ]
0 0 K, Vs

< [V'Bl(ds,zs) —/'Bz(ds,zs)]]
0 0 vV

<+ M)|B" - B[l 4.

Denote by x' the unique solutions on E associated to B’, then by the above computation
we get

Ix! = x* vy = de(Tgi(x), Tpa(x?))
<dpZp (Y, Tpi (xH) + dp (T (%), o (%))
< «e[x" = xvy +i7(1+ M)|B' — B?||, 5

which implies that

K7

' =27y, = 7 — A+ MIB' = B2y g

— k¢
which shows Lipschitz dependence on B! on the interval [0, T]. As before, a combination of
a priori estimates and iterative arguments allows to extend the estimate to a global one. 0O

By the usual localization and blow-up alternative arguments, we obtain the following
result.

Corollary 7.6 Assume A as above, B € CZ/C‘I,:"S//J loc With p > & — 1 and suppose there exists

k € (0, 1) satisfying (7.8). Then for any xo € Vs, there exists a unique maximal solution x
starting from xg, defined on an interval [0, T*) C [0, T, such that either T* = T or

tl%r,p* lx vy, = +00.

Remark 7.7 For simplicity we have only treated here uniqueness results, but if the embedding
Vs — V4 for § > « is compact, as is often the case, one can use compactness arguments
to deduce existence of solutions under weaker regularity conditions on B, in analogy with
Theorem 3.2. Once can also consider equations of the form

dx, = _Axtd[ + F(xt)d[ + B(dt, xt),

in which case uniqueness can be achieved under the same conditions on B as above and a
Lipschitz condition on F, see also Remark 1 from [25].
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A Appendix
A.1 Some Useful Lemmas

We collect in this appendix some basic tools; we start with a Fubini-type result for the sewing
map. In the following, the separable Banach space V is endowed with its Borel o -algebra,
the space Cg PV with the o -algebra induced by the norm || - |4, g; recall that by the sewing

lemma, J : Cg’ﬂV — C7'V is linear and continuous.

Lemma A.1 (Fubini for sewing map) Let V as above, (S, A, ;1) a measure space and con-
sider a measurable map I" : S — cg"ﬁv, 0 +— I'(0), such that

/S IT) 0. p11(d6) < 0.

Then the map J oI" : § — C}V is measurable and it holds
J (/S F(Q)M(d9)> = /SJ(F(G))M(d@). (A.1)

Proof Since 7 is continuous, in particular it is measurable, and so is 7 o I being a com-
position of measurable functions; it also follows that for any fixed (s, ) € A, the map
0 — J(I'(0))s, is measurable from S to V. We can therefore define both integrals appear-
ing in (A.1) as Bochner integrals, by considering them for any fixed pair (s, ) € Aj. For
instance it holds

/SF(G)X,zM(d@)

< / IT0)s,ellvpe(dd) < |t — SI“/ IT(O) e, pre(dd) < o0
Vv N S
which also shows that the map (s, ) fs I'(6)s,:14(d6) belongs to Cg’ﬂV with

H/ ['(6)n(do)
S

< / IT(O) Nl pe(dO).
a.f N

In order to show that (A.1) holds, by the sewing lemma it suffices to prove that

H (Ar(@m(d@)) —/SJ(F(O))s,tu(dO)
s,t

from the properties of 7 (I"(9)), we have the estimate

H (/Sr(e)u(de)> —/SJ(F(G))s,tu(dO)

Sle—slP Vs, 1) € Ag;
\%

< /S IT©)s.s — T ©))s1lly 1(d6)
\%4

< It—SIﬁ/SIIF(G)IIa,ﬂM(d@)

and the conclusion follows. O

LemmaA.2 Let {I'}, C Cg’ﬁV be a sequence such that sup, ||6T"||g < R and
lim, [T"|l¢ = 0. Then JT'* — 0 in C{'V and for all n big enough it holds

[TT"]e S1.p (14 R P-D/ B0, (A.2)
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Proof Fix an interval [s, t] C [0, T']. By hypothesis, it holds
I )silly < T llalt = s1* + kgl ST [|gl2 — 517

splitting the interval in m subintervals of size |t — s|/m, applying the estimate to each of
them and summing over we also have

ITTsellv < 1T lam' =t — 1% + kg 18T | gm' Pz — s]P. (A3)
By hypothesis it holds
18T llp

n=00 || lo

therefore for all n big enough we can choose m € N such that m!=% ~ (||sT" llg/NT" lle)?
for some O € (0, 1). Then in estimate (A.3), diving by | — s|* and taking the supremum, we
obtain

— — — 1-6(B—1)/(1—
[T Sr.p IT" g IST" 1y + 0" g F D/ s ===
Srop (L BT g7 4 T gD/,

The conclusion follows choosing 8 = (1 — @) /(B — «). ]
The following basic result was used in Sect. 5.2.
LemmaA3 Let f € C"frﬂ, 21,22 € V. Then for any n € (0, 1) withn < n + B it holds
1F G420 = F G+ 2)lagpy S Izt =22l 1 lnse-

Proof Tt is enough to prove the claim in the cases n = 0 and n = 1, the others being similar.
Assume first n = 0, then we have the elementary estimates

Ifx+z)— fO+z)— fx+z22)+ fO+2)lv <20 flgllx —yll‘é,
Ifx+z)— fO+z0)— fx+22)+ fy+22)lv <2 fligllz —zzlliﬂ
\4

which interpolated together give the conclusion.
Now considern = 1 and n € (B, 1 + B), then

Ifx+zD)—fO+z2) - flx+22)+ fr+22)lv

1
= H/O [Df(zi +y+0(x—y),x—y)—Df(za+y+0(x —y),x —y)ldo

14
Slx = yiviar = 2081 g3
inverting the roles of z; and x (respectively z> and y) we also obtain
IfG+2) = Fo+20— Fa+2) + FO+ v S Iz —zlvix = yIP1 £l
Interpolating the two inequalities again yields the conclusion. O
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A.2 Alternative Constructions of Young Integrals

We collect in this appendix several other constructions of the nonlinear Young integral,
although mostly equivalent to the one from Sect. 2.

In Sect. 2 we constructed the nonlinear Young integral following the modern approach
based on an application of the sewing lemma, but this is not how it was first introduced
in [9]. The approach therein was instead based on combining property 4. of Theorem 2.7 with
estimate (2.3); namely, the classical integral fo 0;A(s, xg)ds can be controlled by || A||¢, s and
llx], , and thus its definition can be extended by an approximation procedure, as the following
lemma shows.

LemmaA4 Any A € Cf‘Cé w can be approximated in C;’“Ce_w by a sequence A" such
that 9; A" exists and is continuous.

Proof Extend A tot € (—00, 00) by
At,x) = A0, x)1;<0 + A, X)Lsepo, 1] + AT, X) LysT

and consider p € C°(R) s.t. p > 0, p(0) =1 andf,o(t)dt = 1. Setting p(¢) = 8_1,0(1/8)
and

A%(t,x) = / p%(t — s)A(s, x)ds,
R

it’s immediate to check that sup, ) |A — A?|| — 0 as ¢ — 0 by the uniform continuity

of A (which is granted from the fact that A € C}C 6 w)- We also have the uniform bound
[A%]a.p < [A]w,p, since

A5, (x) — A, ODllw = Hprs(u)[A(t —u,x) — A(s —u, x) — A(t —u, y) + A(s — u, y)ldu

w
< [Alaplt —s1%lx — y1I%,

as well as similar uniform bounds for || Ay ;| g, etc. Interpolating these estimates together,
convergence of A® to A in Cf‘f‘sC é_vf/ as ¢ — 0, for any § > 0, immediately follows. O

Observe that in the above giving up a § of regularity is not an issue in terms of defining
fo A(ds, xy), since we can always find § > 0 small enough such that it still holds « — § +
B-8y > 1.

Another more functional way to define nonlinear Young integrals is the following one:
for any § > 0, consider the map J : V — E(Ce,w; W) given by x +— 4,; such a map is
trivially S-Holder regular, since

I{Jx —Jy, g)llw lg(x) — gWllw 8
” X y”‘c(ce.W;W) Sup Sup — ”-x y”V

gect,  lgls gect,  lsls

where we denoted by (-, -) the pairing between £(C€’W; W) and Ce.w' Therefore for any
X € C,yV, the map t — Jx; = 8y, is now an element of Ctyﬂﬁ(Ce ws W). If on the other
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hand A € C}* C\é,w and o + yB > 1, then we can define the (linear) Young integral

t
/0 ((stv Ads) = |l_1[l|r20 : <8xfi ) At[,t[+1) = |l_1[1\EOZ Al,’,t,url (xl‘,')
1 l

which immediately shows that it coincides with the definition from Sect. 2.

While this construction might seem unnecessarily abstract, it shows that nonlinear Young
integrals can be regarded as linear ones, after the nonlinear transformation x — §, has been
applied. It also allows to give intuitive derivations of several integral relations: for instance
by Young product rule it must hold

t

t
<6x,,At>—<6,m,Ao>=f <axs,Ads>+/ (5, Ay)
0 0

which is the abstract analogue of the It6-like formula from Proposition 2.13.

We finally mention a third construction of nonlinear Young integrals, given in [29] by
means of fractional calculus, in the spirit of the results by Zihle [45] for the classical Young
integral. Fractional calculus is a powerful tool in the study of detailed properties of solutions
to classical YDEs, see [31,32] and the references therein.

The statement therein is restricted to the case V = RY, although we believe the same
proof extends to more general Banach spaces.

Theorem A5 Let A € C,“Cl’f)c, x € C,y witha + By > land § € (1 — «, By). Then the
following identity holds:

T T
/ A(ds,xs)z_;[/‘ Mdt
0 reyra—-e8) |Jo (r—rt-s

T pt
Ar_(t,x;) — Ar—_(t, x;)
1)
+ /0 /0 (T_t)l_s(t—r)l+5 drdt

T T _
+(- 5)/ / Al x) = A6, 1)
0 s

(t —5)29s8

rops T At (xr) — Ayt (x7)
—5(1 — 8)/0 /0 /S 1 = 525 — )iTD drdrds

where Ap_(t,z) := A(t, z) — A(T, 2).

See Theorem 1 from [29] for a proof.

A.3 The Set of Solutions to Nonlinear YDEs

We restrict here to the case V = R?. Inspired by a series of results by Stampacchia, Vidossich,
Browder, Gupta and others (see [43] and the references therein), we want to study the
topological structure of the set

t
C(xp, A) = {x € Cf such that x; = xo +/ A(ds, x4) forall ¢ € [0, T]}
0

where A € Cf‘Cf’)\ witha(148) > 1and B+ < 1;namely, C(xg, A) is the set of solutions

to the Cauchy problem associated to (xg, A). Recall that by Corollary 3.5 and Proposition 3.7,
1+8.

loc > therefore

existence of global solutions is granted, but uniqueness is not unless A € Cy*'C
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C(xp, A) may not consist of a singleton. The following result is an extension of Proposition 43
from [22], where the structure of the set C(xg; A) was already addressed.

Theorem A.6 Let A € Cf‘Cf’)“ with a, B, A as above, xy € R"; then the set C(xg, A) is
nonempty, compact and simply connected. Moreover, for any fixed y € RY, the map

R x C*CP* 5 (x0, A) — d(y, C(xg, A)) € R
is lower semincontinuous.

Here we recall that for y € Cf, K C C{, the distance of an element from a set is defined
by

d(y, K) =inf ||y — z|l4-
zeK

A main tool in the proof of Theorem A..6 is the use of the Browder—Gupta theorem from [6];
we recite here a slight modification due to Gorniewicz.

Theorem A.7 (Theorem 69.1, Chapter VI from [23]) Let X be a metric space, (E, || - ||) a
Banach space and f : X — E a proper map, i.e. f is continuous and for every compact
K C E the set f~Y(K) is compact. Assume further that for each ¢ > 0 a proper map
fe : X = E is given and the following two conditions are satisfied:

il fe(x) = f) <eforallx € X;
ii. foranye > 0andu € E such that ||ull < ¢, the equation f,(x) = u has exactly one
solution.

Then the set S = f~1(0) is R® in the sense of Aronszajn.
Recall that an R? set is the intersection of a decreasing sequence of compact absolute
retracts, thus always simply connected.

In order to prove Theorem A.6 we need the a preliminary lemma.

Lemma A.8 For A as above and for any y € Cy, there exists at least one solution x € Cy to

t
Xt = Y +/ A(ds,xs) VYtrel0,T]; (A4)

0
moreover, there exists C = C(«, B, T) such that any solution satisfies the a priori estimate
Ixlle < Cexp(ClIANZ g, + IY12)(1 + [y0D). (A5)

If in addition A € CY Cllotﬁ , then the solution is unique.

Proof Set A(r, x) = A(t, x) + v, then x is a solution to (A.4) if and only if it solves
t ~
Xt = Yo +/ A(ds, x5)
0

where A € C2CP" with [|Allaps < Al + llylla- Existence and the estimate (A.5)
then follow from Corollary 3.5 and Proposition 3.7; A € CY*C, L+h implies Ace cyc F and

loc loc
so uniqueness follows from Corollary 3.13. O
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Proof of Theorem A.6 We divide the proof in several steps.

Step 1: C(xo, A) nonempty, compact. Nonemptiness follows immediately from Lemma A.8
applied to y = x; let x” be a sequence of elements of C(xg, A), then by (A.5) they are uni-
formly bounded in Cy* and so by Ascoli—Arzela we can extract a (not relabelled) subsequence
x" — xin C{7° for all ¢ > 0, for some x € C¥. Choosing ¢ > 0 sufficiently small such
that o« 4+ (o —¢) > 1, by Theorem 2.7 the map z. — fo A(ds, z,) is continuous from Cy~°
to Cy, therefore

x" :xo-i-/ A(ds,xf)—)x0+/ A(ds, xs) = x.in C7,
0 0

which shows compactness.
Step 2: C(xp, A) connected. Given A € C?Cf’)‘, consider a sequence A® € C?C;”L’“

such that

A lo,p,0 < 201 Alla,pr, A° — Ain C,"‘Cﬁ ase — 0;

loc

this is always possible, for instance by taking A® = p®* A, {p®}.~ being a family of standard
spatial mollifiers. For xo € R? fixed, take R > 0 big enough such that

Cexp(ClIA®]3 4, + X0+ YDA+ 1yo+x0) R Vee (0. 1), yeCl st yle <1,

where C is the constant appearing in (A.5); this is always possible due to the uniform bound
on ||A®|l,g,x. Define the metric space E to be

E={zeC¥: |lzla =R}, dpz', 2% = 2" — 2llas

and define maps f, f; : E — C{ by

f(x)=x. —x0— / A(ds, xg), fe(x) =x. —x9— / A% (ds, x;).
0 0

By Theorem 2.7, they are continuous maps from E to C{; by reasoning exactly as in Step 1
it is easy to check thar they are proper. Observe that an element x € E satisfies f(x) = y if
and only if it satisfies

t

xeCl, x;=x0+w0 —I—/ A(ds,xg) Yt e[0,T], |xll« <R,
0

similarly for f;; moreover the bound || x|, < R is trivially satisfied for all y such that
Iyll« < 1, by our choice of R and Lemma A.8. It follows that, for any such y, f:(x) =y
has exactly one solution x € E. In order to apply Theorem A.7 and get the conclusion, it
remains to show that f; — f uniformly in E; but by Theorem 2.7 it holds

/. A(ds, x5) — / A®(ds, xy)
0 0

S ”A - A5||a,ﬂ,R(1 + ”Z“Ot)
S IIA— A®|lepr(1+R) — Oase — 0

I1f(2) = fe(@la

o

and the can conclude that f ~10) = C(xg, A) is simply connected in E, thus also in C.
Step 3: lower semicontinuity. Consider now a sequence (x;, A") — (xp, A) in RY x

cy c?*, we need to show that for any fixed y € C{ it holds

d(y, C(xo, A)) < liminfd(y, C(xj, A")).
n—o00o
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Since by Step 1 the set C(x(;, A") is compact, it is always possible to find x" € C(x;j, A™)
such that

Iy —xgll = (v, Clxg, A™));

we can assume wlog that lim d(y, C(x;, A")) exists, since otherwise we can extract a subse-

quence realizing the liminf. Since (x;, A") is convergent, it is also bounded in RY x C¥ Cf *

which implies by estimate (A.5) that the sequence {x"}, is bounded in C7'. It is not difficult
to see, invoking Ascoli—Arzela and going through the same reasoning as in Step 1, that we
can extract a (not relabelled) subsequence such that x” — x in C{* where x € C(xg, A). As
a consequence

d(y,C(xo, A) < lly = xlla = lim [y — x"[lo =liminfd(y, C(xy, A"))
n—oo n—oo
which gives the conclusion. O

Theorem A.6 has relevant consequence when considering C (xo, A) as a multivalued map;
we refer the reader to [7] for an overview on the topic.
Recall that, given a complete metric space (E, d), the space

K(E)={K C E : K is compact}
is itself a complete metric space with the Hausdorff metric

dy (K1, K2) = max{ sup d(a, K2), sup d(b, K1)}
aeky b€K2

and that moreover

dn (K1, K2) = sup |d(a, K1) —d(a, K2)| = ppax, ld(a, K1) —d(a, K2)|.

ackE

If we endow the space (K (E), dy) with its Borel o -algebra, then it’s possible to show that
amap F : (2, A) - (K(E), dp) is measurable if and only if, for all a € E, the map

QLo>wr>d(a, Fw) eR

is measurable.

Corollary A.9 The map from R? x C?Cf’)‘ to K(Cy) given by (xo, A) — C(xp, A) is a
measurable multifunction.

Proof It follows immediately from Theorem A.6 and the fact that lower semicontinuous maps
are measurable. O

Remark A.10 For simplicity we have only treated the case V = R, but it’s clear that Theo-
rem A.6 admits several extensions; for instance it can be readapted to the case of equations
of the form (3.22) with A € CYCyx B* and F continuous of linear growth. In alternative, one
can consider a general Banach space V and A € CY'Cy, b.r v.w Wwith W compactly embedded in
V; this is enough to grant global existence by Corollary 3.5 and the usual a priori estimates.
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