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Abstract

We study fractional differential equations of Riemann—Liouville and Caputo type in Hilbert
spaces. Using exponentially weighted spaces of functions defined on R, we define fractional
operators by means of a functional calculus using the Fourier transform. Main tools are
extrapolation- and interpolation spaces. Main results are the existence and uniqueness of
solutions and the causality of solution operators for non-linear fractional differential equa-
tions.
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1 Introduction

The goal of this paper is to develop a unified framework for discussing fractional differential
operators and the associated differential equation in spaces of functions mapping to general
Hilbert spaces H.

Specifically, traditional fractional calculus (in the case where H = R¢ with some d € N)
usually deals with functions defined on intervals of the form [a, b] or [a, oo[ with some finite
a € R and then discusses initial value problems with initial conditions being given at the
point a (often chosen as a = 0) [3,12].
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On the other hand, the techniques from functional analysis and functional/operational
calculus that we will use are most naturally specified in the context of functions defined
on the entire real line. This is also the setting preferred by certain engineers and scientists
that apply fractional derivatives in areas like signal processing and systems theory where
causality is a desired property, cf., e.g., [7].

The concept of a fractional derivative 88‘, o € ]0, 1], which we utilize, will be based on
inverting a suitable continuous extension of the Riemann—Liouville fractional integral of
continuous functions f € C.(R) with compact support given by

t
te \/%/ Ty (0 =97 f(5) ds

as an apparently natural interpolation suggested by the iterated kernel formula for repeated
integration. The choice of the lower limit as —oo is determined by our wish to study dynamical
processes, for which causality! should play an important role.

It is a pleasant fact that the classical definition of 9§ in the sense of [2] coincides with the
other natural choice of 9§ as a function of dg in the sense of a spectral functional calculus of
a realization of dy as a normal operator in a suitable Hilbert space setting. This is specified
below.

The Hilbert space framework is based on observations in [9] and has already been exploited
for linear fractional partial differential equations in [10]. In this paper, however, we study
fractional differentiation and different notions of nonlinear fractional differential equations,
using extrapolated fractional Sobolev spaces.

The approach taken in this paper contrasts with other approaches in fractional calculus.
Indeed, in [13] a fractional derivative is defined as a derivative of a fractional integral, in [4]
the fractional derivative of C-valued functions on a bounded interval and linear fractional
differential equations are also studied with a functional calculus and fractional Sobolev
spaces. Here, using the above mentioned functional calculus of the derivative operator, we
obtain a causal implementation of the fractional derivative. The property of causality is not
shared by the fractional derivative operator constructed in [4] (cf. [4, Formula (2.3)]).

Our approach to study fractional differential equations is to identify initial value problems
involving fractional derivatives as a fixed point problem in a suitable Hilbert space. More
precisely, we will show that equations dealing with both standard cases of fractional deriva-
tives, the Riemann-Liouville derivative and the Caputo derivative, can be studied as such a
fixed point problem, however in different spaces. A similar idea was already used by three
of the authors in [5] to study differential equations with delay effects.

The article is structured as follows. We begin to introduce the Hilbert space setting in
Sect. 2 and to define the fractional derivative in terms of a functional calculus. Moreover, we
provide an explicit representation formula for the fractional integral in Theorem 2.6. Section
3 is devoted to the definition and basic properties of inter- and extrapolation spaces associated
with the differentiation operator introduced in Sect. 2. In contrast to the spaces used in [5]
and [9] we will need a continuous scale of extrapolation spaces to deal with fractional differ-
ential equations. In Sect. 4 we provide the abstract solution theory for fractional differential

I Other frequent choices such as

t
P Koo () /a =97 f (o) ds
fora € R, would lose time-shift invariance (a suggestive choice is @ = 0), which we consider undesirable. For

our choice of the limit case @ = —o0 it should be noted that the Liouville and the Caputo fractional derivative
essentially coincide.
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equations posed as functional equations in the spaces introduced before. More precisely, we
consider equations of the form

agu = F(u) (1.1)

for suitable functions F, which act on extrapolation spaces and satisfy a certain Lipschitz-
condition and show that these equations can be solved easily using the contraction mapping
theorem. Moreover, we address the issue of causality for the associated solution operator. In
the concluding section we study classical initial value problems for Riemann-Liouville and
Caputo fractional derivatives, as they are treated in the literature and show that both can be
reformulated as equations of the form (1.1) and their well-posedness is a direct consequence
of the abstract results obtained in the previous section.

2 Fractional Derivative in a Hilbert Space Setting

In the present section, we introduce the necessary operators to be used in the following. We
will formulate all results in the vector-valued, more specifically, in the Hilbert space-valued
situation.

To begin with, we introduce an L2-variant of the exponentially weighted space of continu-
ous functions that proved useful in the proof of the Picard—Lindel6f Theorem and is attributed
to Morgenstern, [6].

We denote by L? (R; H) and LlloC (R; H) the space of p-Bochner integrable functions and
the space of locally Bochner integrable functions on a Hilbert space H, respectively.

Definition Let H be a Hilbert space, o € Rand p € [1, oo]. For f € LI]OC(]R; H) we denote
e 9" f:=(R >t — e~ f(t)). We define the normed spaces

LER; Hy:={f € Lipo(R; H); e ™" f € LP(R; H)},
with norm
P t e
.— —om — -
”f”LS(R’H)_ He @ f”L”(]R;H) - <‘/R ||f(t)||[-]e pe dt) (P < OO)»
A Lp oy =" £l 1oy = ess sup 7" £l (p = 00).
Remark 2.1 The operator e 9™ : Lg(R; H) - LP(R; H), f — e 9" f is an isometric

isomorphism from Lg (R; H) to LP(R; H). Moreover Lg (R; H) is a Hilbert space with
scalar product

(f. &) = f- uzm = /ﬂg(f(t), ¢ e dr.

Next, we introduce the time derivative.

Definition Let H be a Hilbert space.

1. Let f,g € LIIOC(R; H). We say that f' = g, if forall ¢ € C>°(R)

[ 16~ [ 0.
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2. Let o € R. We define
. 1. 2 m. 2 m.
do.o: Hy(R; H) € L3 (R; H) — L3 (R; H)
fef
where Hy (R; H):={f € L;(R; H); f' € LZ(R; H)}.

The index 0 in 9g , shall indicate that the derivative is with respect to time. We will
introduce the fractional derivatives and fractional integrals by means of a functional calculus
for dg,,. For this, we introduce the Fourier-Laplace transform.

Definition Let H be acomplex Hilbert space and o € R. We recall that the Fourier transform
can be established as a unitary mapping F : L>(R; H) — L*(R; H), which for g €
L'(R; H) N L*(R; H) is given by

Fg) = ge ¥1dr, £ eR.

7=
27 JR
We define the Fourier—Laplace transform on Lé (R; H) as the unitary mapping £,:=Fe~¢" :

LI(R; H) — L*(R; H)

From now on, H denotes a complex Hilbert space. With the latter notion at hand, we
provide the spectral representation of dy,, as the multiplication-by-argument operator

dom(m):={f € L*(R; H); (R 3 £ > £ f(£)) € L*(R; H)},
m: L*>(R; H) D dom(m) — L*(R; H), [+ (R3& > &£f(§)).

Theorem 2.2 Let o € R. Then

1. 30,0 = F*imF,
2. (e79M)*dp,0e™" = o, — 0,
3. 80,0 = L3(im + 0)L,.

Proof For the proof of (a) we refer to [1, Vol 1, p.161-163]. Part (b) can easily obtained by
the product rule and (c) follows from (a) and (b). ]

Theorem 2.2 tells us that do,, is unitarily equivalent to a multiplication operator with
spectrum equal to iR + ¢ = {z € C; Re z = g}. In particular, we are now in the position to
define functions of g o.

Definition Let o € R and F: dom(F) C {ir + ¢; t € R} — C be measurable such that
{t e R; it + o ¢ dom(F)} has Lebesgue measure zero. We define

F(30,0):=L, F (im + 0) Ly,
where
F(im+0) fi=(R > & — F(i€ +0)/©))
incase f € L?(R; H) is such that (§ > F (i€ +0) f(§)) € L*(R; H).

We record an elementary fact on multiplication operators.
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Proposition 2.3 Let F be as in the previous definition. We denote || F| o o :=€s$ SUPgcR
|F @& + 0)| € [0, o0]. The operator F(dy,p) is bounded, if and only if || Fllg,co < 00. If
F(00,0) is bounded, then || F(30,0)|l = || Fllo,c0-

Proof Tt is well-known that multiplication operators are bounded if and only if they stem
from a bounded function. Thus, the assertion follows from the unitarity of £,. O

One important class of operators that can be rooted to be of the form just introduced are
fractional derivatives and fractional integrals:

Example 2.4 Let o > 0 and o € R. Then the fractional derivative of order « is given by
3, = Ly(im +0)“ L,

and the fractional integral of order « is given by
.o = Ly (

1m+g)a£Q'

Note that both expressions are well-defined in the sense of functions of dp , defined above
and that 9, g is bounded if and only if o # 0. Moreover, (38" 9)71 =, g‘. We set 88, o as the
identity operator on Ly (R; H).

In order to provide the connections to the more commonly known integral representation
formulas for the fractional integrals, we recall the multiplication theorem, that is,

V2nFf - Fg=F(f xg),

for f € LY(R) and g € L2(R; H).
‘We recall the cut-off function

()= 1, t>0,
S [}
Lemma 2.5 Forall o, > 0, and & € R, we have
Var £y (1 > st e () ©) = ()" @1
Proof We start by defining the function
X
f(S)::/e_(i§+Q)ssa_1 ds
0

for £ € R. Then we have
o0
f/(f) :/—le (1§+Q)A o s
0

=- mf(%‘)

where we have used integration by parts. By separation of variables, it follows that

Ot

f& = fO )<s+g>a
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for & € R. Now, since

£(0) = /e_gss“_l ds = iar(a),
5 Q
we infer
1
=I'(a)————.
f&) (a)(ig+g)a

Since the left hand side of (2.1) equals ﬁ f (&), the assertion follows.

O

Next, we draw the connection from our fractional integral to the one used in the literature.

Theorem 2.6 Forallpo,a >0, f € Lé (R; H) and t € R, we have

t

0.0/ (1) =/ M (=) f(s) ds.

Proof. We set g:=(]R S5t Lt“_lx]&o(t)). Then g € Lé(R). For f € LZ)(R; H) we

I'(a)
have by Young’s convolution inequality

(e7@"g)x (e f) = e " (g % f) € L*(R: H).
Using the convolution property of the Fourier transform we obtain
N2mLog - Lof = Lo(g* f).
Using Lemma 2.5 we compute
1 o
g of =L L
0o/ =L <im +Q> o
= £Z(v2n£9g Lo f)
= ‘C'Z‘C'Q(g * f)

O -
= / W((') —5)" f(s)ds.

Corollary 2.7 Let o, > 0. Then for all t € R, we have for h € H

1 o
———t%h, t>0
P (1) = I'(a+1) ’ ’
(3.2 xroh)() {07 0

Proof We use Theorem 2.6 and obtain forr < 0

t

(B 2 xroh) () = / (1 =) xry(5) b ds = 0,

1

T(@)
o
since the integrand has positive support. For ¢ > 0, we obtain

t
(B 2 xroh) (1) = fo s =) ds h

t
1 -1 1 1
:A Wsa dshzmata h.
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Remark 2.8 1t seems to be hard to determine analogous formulas for the case o < 0, although
the operator 9 g for o < 0, @ > 0 is bounded. The reason for this is that the corresponding

multiplier (im + ¢)~* is not defined in O and has a jump there. In particular, it cannot be
extended to an analytic function on some right half plane of C. This, however, corresponds
to the causality or anticausality of the operator 9, g by a Paley-Wiener result ([8] or [11, 19.2
Theorem]) and hence, we cannot expect to get a convolution formula as in the case o > 0.

3 Extra- and Interpolation Spaces

We begin to define extra- and interpolation spaces associated with the fractional derivative
80"‘Q for o # 0, @ € R. Since by definition

08, = L5 (im +0)* Lo,

we will define the extra- and interpolation spaces in terms of the multiplication operators
(im + 0)* on LA(R; H).

Definition Let o # 0. For each & € R we define the space

HGm + 0)i= 1 f € LL (R H):; f Gt + )% F (I di < oo
R

and equip it with the natural inner product

(fs g)Hw(i,n+g)1=/((it +0)* (), (it + 0)*g(1)) 1 dt
R

foreach f, g € H*(im + 0).

We shall use X < Y to denote the mapping X > x +— x € Y,if X C Y (under a
canonical identification, which will always be obvious from the context).

Lemma 3.1 For o # 0 and o € R the space H*(im + ©) is a Hilbert space. Moreover, for
B > a we have

Jg—a : HP (im + 0) < H®(im + o)
where the embedding is dense and continuous with || jg—q|l < |Q|"‘_ﬁ.
Proof Note that H* (im + @) = L2(u; H), where u is the Lebesgue measure on R weighted

with the function t > |it + o|**. Thus, H*(im + ) is a Hilbert space by the Fischer—Riesz
theorem. Let now 8 > o and f € HP (im + o). Then

[+ s 0l ar = [0+ + 0 FOl @ = @ 1 By
R R

which proves the continuity of the embedding jg—., and the asserted norm estimate. The
density follows, since C°(R; H) lies dense in HY (im + o) for each y € R. i

@ Springer



488 Journal of Dynamics and Differential Equations (2022) 34:481-504

Definition Let o # 0 and @ € R. We consider the space
Wg (R; H):= [u € Loy(R; H); Lou € H*(im +9)}
equipped with the inner product
(1, vV)g,a:={(Lott, LoV) He (im+0)
and set H g (R; H) as its completion with respect to the norm induced by (-, -) .-

Lemma3.2 Let o # 0.

(a) Fora > 0 we have that HS‘(R; H) = Wg(R; H) = dom(a(‘ig .
(b) The operator

Lo: Wy (R H) € Hy (R H) — H(im + 0)

has a unique unitary extension, which will again be denoted by L, .
(c) Fora, B € Rwith B > a we have that

tpo : HE(R; H) <> HY(R: H)

is continuous and dense with ||tg_q || < lo|*—A.
(d) Foreach B > 0 and o € R the operator

o, HEYY (R H) € HY(R: H) - HZ P (R; H)
has a unique unitary extension, which will again be denoted by 863’ o

Proof. (a) Leto > 0.Foru € H*(im+o),i.e.u € L} (R; H) and (im+0)*u € L*(R; H),
we infer that u € L%(R; H). It follows that u € dom((im + 0)¥). Hence H% (im + 0) =
dom((im + 0)%). Moreover,

ueWER; H) < ueLi(R: H) A Lou € H(im + @)
S ue Lr(R: H) A Lou € dom ((im + 0)*)
Su e dom(f)(‘j"g),
by Example 2.4. Moreover, since
Lo : Wy (R; H) — H(im + 0)

is unitary, we infer that Wg (R; H) is complete withrespect to || - lo,o = 1L, - | He (im+0)-
and thus HS‘(R; H) = Wg(]R; H).
(b) Obviously,

Ly: Wy (R H) € Hy (R; H) — H(im + 0)

isisometric by the definition of the norm on H g (R; H).Moreover, its range is dense, since
Lig € WER; H) for each ¢ € C2°(R; H) and thus, C*(R; H) € £, [Wg R H)] .

Hence, the continuous extension of £, to Hg (R; H) is onto and, thus, unitary.
(c) Since tgy = [IZjﬁ_mﬁQ, the assertion follows from Lemma 3.1.
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(d) Since,
(im + 0)? : H*(im + 0) — H* P(im + o)
f (1 Gr+0Pf f@)

is obviously unitary, we infer that for u € Hg el (R; H)

18, yttlloa—p = LoD yull o=t im0
= [1Gm + 0)P Loull g5 im+0)
= [|Loull He (im+0)
= llullg.q
which shows that 3(’)% 0 is an isometry. Moreover, for ¢ € C°(R; H), we have that
(im 4+ 0)"¢ € CP(R; H) for all y € R and thus, in particular L’Z(im +0)Pp €
N, cr HY R: H) € HY T (R: H). Next,

a(ﬁg o(im + 0) Py = Ly (im + Q)ﬁEQCZ(im +o0) Py = Lhe

and thus, L5[COR: H)] < 9 [HT“'(R; H)]. Since CX(R: H) is dense in

HF (im + ), we infer that £3[CS° (R; H)] is dense in Hg " (R; H) and thus, 8} , has
dense range. This completes the proof. |

We conclude this section by providing an alternative perspective to elements lying in
Hg (R; H) for some o € R (with a particular focus on &« < 0). In particular, we aim for

a definition of a support for those elements which coincides with the usual support of L?
functions in the case @ > 0.

Lemma3.3 Leto # 0 and o € R. Then

o1 W R H) © HY(R; H) — H,(R; H)

f= @ f(=0)
extends to a unitary operator. Moreover, for f € Hg (R; H) we have
L_oo_1f =0_1L,f and ﬁ’iga_1f = U_]LZf.
Proof For f € Wg (R; H) we have that
L oo 1f=01Lyf

and hence,

[ 6t = (c-aorr) 0, = [ (2 + )" [(cof) ol o
R

R
= [+ [an) Ol @t =1 g mom
R

which proves the isometry of o_1. Moreover, o_; has dense range, since o_ [Wg R; H)] =
WZ,(R; H). Hence, 0 extends to a unitary operator. The equality £_,0_1 f = 01 Ly f
holds for f € Hg (R; H), since Wg (R; H) is dense in its completion Hg R; H). O
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Proposition3.4 Letpo #0,x € Rand f € Hg‘ (R; H). Then
(f.):CZR;H) - C
given by

(. phi= / (Lof (D), Log(®p dr

R
defines a distribution. Moreover, for f € Hg (R; H) and ¢ € CX(R; H) we have

(f,9) = ([, 05 0e 0 10550 19)0a-

In particular, fora =0

(o) = f ). o) di.

R

Note that the operator 30773629’”0;1307’3071 maps H_j (R; H) to Hy (R; H) unitarily.

Proof. Let f € H, g (R; H). We first prove that the expression ( f, -) is indeed a distribution.
Due to Lemma 3.2(c) it suffices to prove this for [ € Hy k(R; H) for some k € N. Indeed,
if f e Hg_k(]R; H), then we know that

(1> G+ 07 (Lo f) 1) € L2®; H)

and hence, for ¢ € CS°(R; H) we obtain using Holder’s inequality and the fact that
L_op® = (im + 0)F Lo

(f,@) < / (it 4+ 0) K (Lo ) (), (=it + 0)* (L_op) ()| dt
R

< 2ol y-sGmro) 160 (‘P(k)) L2 w: 1)

2
S Lo v e
spt ¢

which proves that (f, -) is indeed a distribution. Next, we prove the asserted formula. For
this, we note the following elementary equality

0_1Lop = Loe®Mo_1¢

forg € Lz)(]R; H).Let f € Hg(R; H) and compute

(f, o) Qf» ﬁ—g@)LQ(R;H)
of 0-1L00-19) 12(R: 1)

=(C
=(C

((im + )" Lo f. (—im + @) “0_1Lo0-19) 2. 1y
(

(

(

(im+0)* Ly f,0-1(im + )" Lo-10) 12(R: 1)
(im +0)* Lo f,0-1L03) 50-10) 12(R: 1

(im +0)* Lo f, ﬁgezgma—la&g"—w)Lz(R;H)
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= ((im +0)* Lo f, (im + 0)* L35 0™ 0105 5019} 12 1)
=(f, 94 e*"o_ 0, " 00-10)0a

for each ¢ € C2°(R; H). In particular, in the case @ = 0 we obtain

(Fo) = (f. €20 p)00 = / ). 0O g dr. 0
R

Remark 3.5 The latter proposition shows that (_J o20.a0ck Hy R; H) € D(R; H )'. In partic-
ular, the support of f € HJ (R; H) is then well-defined by

(MR\U; U S Ropen, Yo € C(U; H) : (f, ¢) =0},

and the second part of the latter proposition shows, that it coincides with the usual L2-support
if « > 0. Moreover, we can now compare elements in Hg‘ (R; H) and H,f (R; H) by saying
that those elements are equal if they are equal as distributions. We shall further elaborate on
this matter in Proposition 3.9. In particular, we shall show that f — (f, -) is injective. We
shall also mention that the notation ( f, ¢) is justified, as it does not depend on g nor «.

Example 3.6 Let f € LZ (R; H).Then, by definition, dp,, f € HQ’l (R; H). We shall compute
the action of 9y , f as a distribution. For this let ¢ € C°(R; H) and we compute with the
formula outlined in Proposition 3.4 for « = —1:

(B0,0.f+ @) = (B0.0.f» 80,06™"T_180,00-19)0,—1
= ((im 4+ 0) ' Ly0.o f . (im + )™ L8006 0-180,00-10) 2. 1)
= (Lof, Lo€™ "0 130,00-10) 2. 1)

—(Lo f . Lo 30.00) 12 1)

2
=—(f,e Qmﬁ”/>L§,(R;H)

= —/ (f@),¢' () g dr.
R

Thus, 0y, f coincides with the distributional derivative of Lé (R; H) functions.

Lemma3.7 Leta € R. Let HY(R: H):= ey HY(R: H) for o # 0.

(a) Let ¢ € C(R; H). For all 0 > 0 we have 83(,0 e C*°R;H)N HgO(R; H) and
inf spt 97 ¢ > inf sptg. For g, u > 0, @ € R we have B&ng = 8(0)‘#(/).

(b) Letaw € Rand ju,0 # 0. Let y € C®°(R; H) N Hgo(R; H)n Hﬁo(R; H). Then there
is (@n)nen € CP(R; H)N s.1. On — Y forn — o0 in Hg(]R; H) and Hl‘f(]R; H) and
spt(pn) C spt(y) forn € N.

Proof (a): Leta € R. Let u, 0 > 0. For & > 0 it holds that Bg = 3g—ftﬂ Bga] and 8£a]<p =

oD = af‘”(p € C(R; H) and @ — [a] < 0. Thus we may assume that « < 0. By
Theorem 2.6 we have 80 @ = 80 u® and inf spt 30 ¢ > —oo. From ¢ € Hé’o(R; H) we
deduce 38‘ /RS HOO(R H)

(b): Letk € N w1th k > a. We choose a sequence (x,),cy in CE°(R) such that spt x, <
[-n —1,n+1], x, = 1 on [—n, n] and

sup {116 low s j € 0., K}, N} < o0
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Setg,:=x,¥ € C°(R; H). Thenspt(g,) C spt(y) forn € N. Since H]’f (R; H)isdense and
continuously embedded into HY (R; H) (v # 0), it suffices to show that ¢, — ¥ (n — 00)
in H g (R; H) and H l’j (R; H). Indeed, by the product rule, the choice of x, and dominated
convergence we obtain

k k
o =3 ({;)X,gﬁwkfj) =+ 3 (ﬁ)xzﬁ’)w(k’j) A
j=0

j=1
forn — oo in L}(R; H) and in L2 (R; H). O
Lemma3.8 Let o # 0and o € R. Then C°(R; H) is dense in Hg(]R; H).

Proof. Let [ € Hg (R; H). We first note that it suffices to prove the assertion for o > 0,
since the operator o_; from Lemma 3.3 leaves C°(R; H) invariant. It is well known
that C2°(R; H) is dense in L3(R; H). We have o of € LZ(R; H). Let (Y)nen €
CX(R; N with ¢, — B&Qf (n - o0) in Lé(R; H). By Lemma 3.7(a) we have
8&31//,, € C*(R; H) N Hy°(R; H) and by Lemma 3.7(b) we find (¢n)nen € CZ°(R; H)N

with ‘

— 0 (n — 00). Then
o,

1f = gnllow = | £ = 320

8(;Z¢n — ®n

-0 (n— o0). o

0.«

R

With this result at hand, we can characterize those distributions, which belong to
Hg (R; H) for some a € R, o # 0, in the following way.

Proposition 3.9 Let v € D(R; H) and o € R, ¢ # 0. Then, there exists f € Hg(]R; H)
such that

V() =(f.¢) (¢ €CTR;H))

in the sense of Proposition 3.4 if and only if there is C > 0 such that

(@) < Clloll-g,—«
foreach ¢ € C°(R; H).

Proof. Assume first that there is f € Hy (R; H) representing . Then we estimate

[V () = [(f, 9)

= /(ﬁgf(l),ﬁfgw(t)m dr
R

_ / (it + 0% Lo £(1), (it + 0)~*Lgp(t)) 1 dr
R

IA

Lo f Nl e Gim+o) | L—0@ | 1= (im—0)
=1 flloall@ll-g—a
for each ¢ € C°(R; H). Let C > 0 such that v satisfies for 9 € C°(R; H)

V(@) < Clell_p—q-
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The operator A:=9, g 2@%_13 001" H__g(R; H) — HS‘(R; H) (cf. Proposition 3.4) is
unitary. Thus for ¢ € C°(R; H)

@A lp|=cale]_, _, =Clglloq-

Moreover, C°(R; H) € Hg‘ (R; H) is dense. Thus ¥ (A~!-) can be extended continuously
to Hg‘ (R; H). By the Riesz representation theorem, there is a f € Hg (R; H) such that for
¢ € HY(R; H)
V(AT ) = (f. 0)pa
By Theorem 3.4 we have for ¢ € C°(R; H)
V(@) =Y (A Ap) = (f, Ap)yq = (f.9).

In the next proposition, we shall also obtain the announced uniqueness statement, that is,
the injectivity of the mapping f — (f, -).

O

Proposition 3.10 Leta € Rand i, 0 > 0. Moreover; let f € Hg (R; Hyand g € Hl‘f (R; H).
Then the following statements are equivalent:

(i) f = g in the sense of distributions, i.e., for each ¢ € C°(R; H) we have that

/(ﬁ J @), Lop(t))H / Lp8(1), Lopp(t))p dr.

R R

(ii) 8&Qf = 88"Mg as functions in LIIOC(R; H).
(i) There is a sequence (¢n)neN in C°(R; H) with ¢, — f in Hg‘(R; H)and ¢, — g
in HS(R; H) asn — oo.

Proof (i)=(ii): Let y € C°(R; H) and J-—a_la%_lw =o_ 18“‘0 1. Then by Lemma
3.7(a) ¥ € C®°(R; H) N H™® °(R: H) N H*,(R; H). By Lemma 3.7(b) there is (¢n)nen €
C®(R; H)N with ¢, — ¥ (n — 00) in H-§(R; H) and in H_{(R; H). Thus

/I‘Q(B&Qf(t% w(f))H dr = (885@]0, e2gm¢_)g’0

= ([, 0p0e "0 19 50-1(0-135 ,0-1¥))0.a

hm (f, 80" g2emy 18 00— 19n)o.a
= lim (f, ¢n)
n—oo

n—0o0
= lim (f, 9, « 2”’"0 18 1O—10n)u,
n—oo

/Rw&,tf(r), YD)y dr.

(i1) = (iii): Define ﬁ::x[,n,n] . 88"Qf = X[—n,n] ~8&Mg forn € N. Without loss of generality
let o < . Take a function ¥, € C2°(R; H) with spt ¥, € [—n, n] such that

- 1,
lfn = ¥nlloo < ZC(Q wn
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Then, we estimate

17— Wl = / 17200) — Y (O3~

n
= [ 10— e e o
—n

~ _ 1
< o = Yl ge® " < =
Hence v, — d(,f = 9§ ,& in Ly(R; H) and in L}, (R; H) by the triangle inequality
and dominated convergence. We set @ —80 Y, = 30 Yy, € CC°MR; HYN H, oo(R H)Nn
HOO(R H). Then ¢, — f and ¢, — g in H (R; H) and in H“(R H) respectlvely We

use Lemma 3.7(b) and choose a sequence (<p,,),,€N € CP(R; H)N with ||g, — ¢y o« = 0.
Then

If = @nllpe < If = nllga + 180 — @nllgq — 0 (n — 00),
g —enllg < g —Gnllye + 100 —@ullya =0 (n — 00).
(iii) = (i): Let (¢n)nen be a sequence in C°(R; H) such that ¢, — f and ¢, — g in

Hg (R; H) and Hl‘f (R; H), respectively. Let ¢ € C2°(R; H). Then we have according to
Proposition 3.4

/ (Lof (), Lgo®) dt = (. 0)
R
= (/. 050e™"0_1950-19) 0.

= lim (wn,

a‘ot ZQmO, 18 O’ 190)

= lim {(¢n, @)
n—oo

= lim LYy 9=y
n_)QQ(‘pn 0,1 19 19 1.

(g, ),
= /(ﬁuf(t),,c,w(t)) dr

R

which completes the proof. |

4 A Unified Solution Theory—Well-Posedness and Causality of
Fractional Differential Equations

We are now able to study abstract fractional differential equations of the form
3o, ot = F(u).

In order to obtain well-posedness of the latter problem, we need to restrict the class of
admissible right-hand sides F in the latter equation.
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Definition Letgy > Oand B, y € R. Wecallafunction F : dom(F) S [,=,, Hg(]R; H) —
ﬂQZQO Hg (R; H) eventually (B, y)-Lipschitz continuous, if dom(F) 2 C°(R; H) and
there exists v > p¢ such that for each ¢ > v the function F has a Lipschitz continuous
extension

Fo: H(R; H) — H) (R; H)

satisfying sup,>,, | FplLip < 00. Moreover, we call F eventually (B, y)-contracting, if F is
eventually (B, y)-Lipschitz continuous and limsup,_, ., [FplLip < 1. Here, we denote by
| - ILip the smallest Lipschitz constant of a Lipschitz continuous function:

|FQ| L sup ||FQ(f)_FQ(g)”Q,y
lip "™

raef@my, jrg 1 T 8&los

Note that by Lemma 3.8, any eventually Lipschitz continuous function is densely defined.
Thus, the Lipschitz continuous extension F, is unique.

Remark 4.1 (a) If f € Hg (R; H) and g € Hﬁ (R; H) generate the same distribution, we
have that

Fo(f) = Fu(g).

Indeed, by Proposition 3.10 there exists a sequence (¢,),en in C°(R; H) with ¢, — f
and ¢, — gin Hé’,s (R; H) and H}f (R; H), respectively. We infer that

Fo(f) = lim F(g,) and F,(g)= lim F(g,)
n— 00 n—00
with convergence in HZ,/ (R; H) and Hﬂf (R; H) respectively. Consequently
0 g Fo(f) < 8 ,F (o) = 83, Fon) — 8, Fu(8)

with convergence in Lé (R; H) and hence almost everywhere for a suitable subsequence of
(¢n)nen- The assertion follows from Proposition 3.10.

(b) We shall need the following elementary observation later on. Let F be evenutally
(B, v)-Lipschitz continuous, o € R. Let 0 > gg. Then

F:COMR: H) 3 ¢ > Fyp(df ,0)

is eventually (8 + «, y)-Lipschitz continuous. Indeed, the assertion follows from part (a)
and

|FH=F@l,., <|Fuly,

06,08 = 058, = |Fuli 1S = &lass
foru>v, f,g € CR; H).

Theorem4.2 Letra > 0,8 € R,00 > 0 and F : dom(F) C ﬂgzgo Hg(]R; H) —
ﬂQZQO H, “Y(R; H) be eventually (B, B — a)-contracting. Then there exists v > o such
that for each ¢ > v there is a unique u, € Hg (R; H) satisfying

8&Qu9 = Fy(up). 4.1)
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Proof This is a simple consequence of the contraction mapping theorem. Indeed, choosing
v > oo large enough, such that | F,|Ljp < 1 for each ¢ > v, we obtain that

O Fo: HJ(R; H) — HJ(R; H)

is a strict contraction, since 80_,3 : HE’?*“ R; H) — Hf (R; H) is unitary by Lemma 3.2.
Hence, the mapping 9, g F, admits a unique fixed pointu, € Hf (R; H), which is equivalent
to u, being a solution of (4.1). O
Corollary43 Let o > 0.8 € R.gp > 0 and F : dom(F) C (2o, HY R: H) —
mgzgo Hg_y(]R; H) for some y € [0, a[ be eventually (B, B — y)-Lipschitz continuous.
Then there exists v > @o such that for each ¢ > v there is a unique u, € Hgﬂ R; H)
satisfying
30 otto = Fo(up).
Proof. Itsufficestoprovethatig_,_,g_oF iseventually (8, B —a)-contracting by Theorem
4.2.Letv > g, s.t. for ¢ > v, Fj exists. Then for g > v
|tﬁ—y—>ﬁ—a o FQ|Lip =< ”Lﬂ—y—>ﬁ—a“|FQ|Lip =< Qy_a|F,Q|Lip

by Lemma 3.2. Since | F,|Ljp is bounded in ¢ on [v, oo[ by assumption, we infer

. O
lim sup ’L/g_y_”g_a o FQ’Lip =0<1.
—00

0
Next, we want to show that the solution u, of (4.1) is actually independent of the particular

choice of o. For doing so, we need the concept of causality, which will be addressed in the
next propositions.

lemma4.4 Let o > 0,0 € Randa € R. Let f € Hy(R; H) with spt f S Rxq. Then
there is a sequence (¢n)nen € CP(R; H)N with sptg, € Rs, forn € Nand ¢, — f in
Hg(R; H)asn — oo.

Proof. Let (,)nen € C2°(R; H)N be such that v, — 9§, f in HJ(R; H) as n — oo. We
may assume that spt 1;” C R.,. Weset 1//,,::8&2‘@,[ forn € N. Then ¢, - fasn — ocoin

H g (R; H) and inf spt i, > a by Lemma 3.7(a). We use Lemma 3.7(b) and pick a sequence
(@n)nen € CSO(R§ H)N with spt(¢,) C spt(y¥,) forn € Nand ¢, — ¥, — Oin Hg(R; H)
when n — oo. Then

100 — fllow < 160 — Vnllga + 1¥n = Fllge =0 (0 — 0. .

Proposition 4.5 Let f € Hg(R; H) for some o € R, 0 > 0. Assume that spt f < R, for
some a € R. Then

spt 3(/)8,Qf C Rxy
forall B € R.

Proof. Lety € C°(R; H) withsptg € R.,. By Lemma 4.4 we pick a sequence (¢, )neN €
CX(R; H)N, st sptg, € R>, (n e N)yand ¢, — fin Hg(R; H). Then spt 8gg<pn CRsy,

by Lemma 3.7(a). By Proposition 3.4 we have
(oh0n-9) = [ (th0n0000), ar =o.
0,0 R 0,0 H
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Since aég is unitary, we have 85ng,, — aggf in Hgfﬁ (R; H). We compute

(aggf, (p> = @3 f AP0 _100 P o 10) gamp

: B —(a—p) .2 —(a—p)
= nli)nolo(aoﬁgwn, aO,g € Qmo'flao’g 0—19)o,a—p
— T B
i o
=0. O

The proof of the following theorem outlining causality of 9, g F,, is in spirit similar to the
approach in [5, Theorem 4.5]. However, one has to adopt the distributional setting and the
(different) definition of eventually Lipschitz continuity here accordingly.

Theorem 4.6 Let the assumptions of Theorem 4.2 be satisfied. Then, for each ¢ > v, where
v is chosen according to Theorem 4.2, the mapping

dooFp: HY (R; H) — HY (R; H)

is causal, that is, for each u, v € Hég (R; H) satisfying spt(u —v) € Rx, for some a € R, it
holds that spt (8&3 Fo(u) — B(Ig F, (v)) C Rs,. Here, the support is meant in the sense of
distributions.

Proof First of all, we shall show the result for u, v € C°(R; H). So, letu, v € CX(R; H)
with spt(u — v) € Rs,. Take ¢ € C°(R; H) with spto € R_,. Let u > 0. Then
F,(u) = F,(u) and
(05:2 (Fow) = Fow)), ¢) = (0.2 Futw) = Fuw). o)
= (o (Fuw) = Fu ). 05 fe o1yl 1)

= (FM(u) — F,(v), 8&;’370{)62“’"0_18&50_1<p>ﬂ hoa

< | Fu@) = Fu )|

—(B—a) 2
80,;/, e um

—B
1, B—a 0_180#0—1‘/)”#,/3_&

-8
= [ Bl Il = vl Hao’ﬂg‘“pHu 0’

where we have used that B(Il(iﬂ_a)ezﬂma_l : HS(R; H) — Hj;, “(R; H) is unitary and

¢ € H:l’i3 (R; H). According to Proposition 4.5 we have that spt B&I'io_up C R._, and
hence, we compute

185, o112

o0 o0
2 2
_ —B —2ut 3, _ —B _ —2ut 2
= [l(@zew) ol o= [|(atee)o-of, e aee
—a 0

On the other hand
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e = vl 5 = 185, (e = V)20

o
- / 185, (u — v)(0) 13,672 de
a

o0
2
B —2ut —2ua
= 0, —v)( ” M dre==H
/H O,M(” v)(t +a) He e
0

and consequently,

| FlLipllu = vl,u.pl8g 01600

e }
B 2 —2ut

= 1Fulup | [ |06, =00+ @) e ar

0
00

-B 2 —2ut
. ”(8O’lLO'_1(/)) (z—a)HHe dt - 0 (u— 00),
0

by dominated convergence. Summarizing, we have shown that spt(dy, Z Fo(u)— 8& g F,(v)) €
Rxq foru, v € C°(R; H) satisfying spt(u — v) € Rx,.

Before we conclude the proof, we show that if (w,),cN 1S a convergent sequence in
Hg (R; H) with sptw, € R, for each n € N, then its limit w also satisfies sptw € R>,.
For doing so, let ¢ € C°(R; H) with sptg € R,. Then

(w, @) = (w, a&gezgma_]a&gcrqw)é?ﬁ
T —B _20m -B ) T _
= nll)ngo<wn,8()’ge U—la()’ga—lﬁo o0f _nlggo (wn, @) =0.

Finally, let u, v € Hg (R; H) with spt(u — v) € R>, According to Lemma 4.4 there is
a sequence (¢n)nen € CO(R; H)N with spto, € R, and ¢, — u — v in Hg(]R; H)
asn — 00. Let (vy)peny € CP(R; H) with v, — v in Hg(]R; H) asn — oo. We set
Up:=¢n + v,. Then u,, — u in Hg (R; H) and spt(u, — vy) € R>,. By the already proved

result for C2°(R; H), we infer that spt (8&2‘Fg(un) — 8(;2‘Fg(vn)) C Ry, foralln € N.

Thus, letting n — 00, we obtain spt (8&3 Fo(u) — 8&2‘ F, (v)) C R4, which shows the
claim. ]

Finally, we prove that our solution is independent of the particular choice of the parameter
o0 > v in Theorem 4.2. The precise statement is as follows.

Proposition 4.7 Let the assumptions of Theorem 4.2 be satisfied and v be chosen according
to Theorem 4.2. Let j1, u > v and up € Hg(R; H), u, € Hf(R; H) satisfying

8&ﬁu,7 = Fy(up) and 83,;1”# = F,(uy).

Then uy = uy, as distributions in the sense of Proposition 3.4.
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Proof We note that it suffices to show v,tzzaguu“ = Bgﬁug::vﬁ as LIIOC(R; H) functions
by Proposition 3.10. We consider the function

F:dom(F) c (| H)®R: H) — (| H“(R: H)
=00 0200
given by
Fu)y:=F(,5v) (e dom(F)) (42)
with maximal domain

dom(F) = {w e () HOR: H): Yo = 0o : 9 hw € dom(F)}.
0=00

Note that the expression on the right hand side of (4.2) does not depend on the particular
choice of o > g by Proposition 3.10. Clearly, F is eventually (0, 8 — «)-contracting (see
also Remark 4.1(b)) and

Fy = Fy052() (0= o0
In particular,
3&;’31)“ = a&ubl“ = Fﬂ(uﬂ) = FH(UN—)
and analogously
%7 vi = Fa(p).

Let now a € R and assume without loss of generality that i < i. We note that spt(vy —
XR-aV) S XR.,. We obtain, applying Theorem 4.6, that

KR =a Vit = AR 0 7 i (0f1) = Ay 0 7 it (X, V)
Now, since xr_, vy € L% (R; H) N L%(R; H), we infer that
p—a 7 p—a 7
XR< Vi = XR<, 90 i Fr(XR-, V) = XR< 00, Fu(XR<, V),

i.e. xR, vy 1s a fixed point of xr_, 8(’)3 ;D‘ F,,. However, since xr_, vy, is also a fixed point of
this mapping, which is strictly contractive, we derive

XRS« Uﬁ = XRSa vﬂ

and since a € R was arbitrary, the assertion follows. O

5 Riemann-Liouville and Caputo Differential Equations

As it has been slightly touched in the introduction, there are two main concepts of frac-
tional differentiation (or integration). In this section we shall start to identify both these
notions as being part of the same solution theory developed in the previous sections. More
precisely, equipped with the results from the previous sections we will consider the initial
value problems for the Riemann—Liouville and for the Caputo derivative. In order to avoid
subtleties as much as possible, we will consider the associated integral equations for both

@ Springer



500 Journal of Dynamics and Differential Equations (2022) 34:481-504

the Riemann—Liouville differential equation and the Caputo differential equation and refor-
mulate these equivalently with the description of our realisation of the time-derivative and
derive the well-posedness from our abstract solution theory.

To start off, we recall the Caputo differential equation. In [2,3], the author treated the
following initial value problem of Caputo type for a €]0, 1]:

Dgy(t) = f(t,y@®) (1 >0)
¥(0) = yo,

where a solution y is continuous at zero and yy € C” is a given initial value; f: R.ox C" —
C" is continuous, satisfying

[f(t, y1) — f(t, y2)| < clyr — y2l 5.D

for some ¢ > 0 and all y;, y» € C", t > 0. For definiteness, we shall also assume that
(t —> f(t.0)) € Ly (Ro0; C") (52)

for some pg € R. In order to circumvent discussions of how to interpret the initial condition,
we shall rather put [2, Equation (6)] into the perspective of the present exposition. In fact,
this equation reads in our notation and under the assumption « €]0, 1]

1 t
(@) =yo+ 7/ t =) f(s.y(s) ds (> 0). (5.3)
(o) Jo

First of all, we remark that in contrast to the setting in the previous section, the differential
equation just discussed ‘lives’ on R o, only. To this end we put
FiRxC" = C", (t,y) = xr.o () f(t, ),

with the apparent meaning that fvanishes for negative times ¢. We note that by (5.1) and
(5.2) it follows that

LyR) > y > (t > f(t,y(1) € LE(R)

is a well-defined Lipschitz continuous mapping for all 0 > gg. Obviously, (5.3) is equivalent
to
t

1 o~
y(t) = Yoxr.o () + —— (=) fs, () ds (1> 0), (5.4
M) J-oo
which in turn can be (trivially) stated for all t € R. Next, we present the desired reformulation
of equation (5.4).

Theorem 5.1 Let 0 > max{0, go}. Assume that y € Lg (R). Then the following statements
are equivalent:

1) y@) = yoxr., () + % fioo(t — s)“"lf(s, v(s)) ds for almost everyt € R,
(i) ¥ =855 70 y() + yoxe.o,
(iii) 95, (¥ — Yoxr.o) = (-, y()).

Proof The assertion follows trivially from Theorem 2.6. O

Remark 5.2 (a) For areal-valued function g : R x R” — R” we may consider the Caputo
differential equation with f : R.o x C* — C", (¢, z) — g(t, Re(2)).
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(b) In particular, we have shown in Theorem 5.1 that the notions of so-called mild and strong
solutions coincide.

Next we introduce Riemann—Liouville differential equations. Using the exposition in [12],
we want to discuss the Riemann-Liouville fractional differential equation given by

d“
Ty = f ey (o),
a—1

W)’(x) =)o,

x=0+

where as before f satisfies (5.1) and (5.2) and yg € R, and o €]0, 1]. Again, not hinging
on too much of an interpretation of this equation, we shall rather reformulate the equivalent
integral equation related to this initial value problem. According to [12, Chapter 42] this
initial value problem can be formulated as

a—1

ra  T@

() = yo f( — 9 f (s, y(s) ds (& > 0).

We abbreviate gﬁ(t):_r(ﬂ+l)t XR.o(t) for £, € R. For @« > 1/2 we have go—1 €
LZ)(R; H). Let us assume that @ > 1/2. Invoking the cut-off function xgr_, and defining

f as before, we may provide a reformulation of the Riemann-Liouville equation on the
space Lé (R; H) by

Y=ga-10+ e fCy(),  yeLyR;H),

By a formal calculation and when applying Corollary 2.7, i.e. 9, g AR-o Y0 = 8a Y0, We would
obtain

8a—1Y0 = 90,084 Y0 = 0,000 5 XR_9 Y0 = 9 5 00,0 XR Y0 = 35 5 Y0d0,

where 99, o X®_ Yo is, when understood distributionally, the delta function yodp and we could
reformulate the Riemann—Liouville equation by

3,y = yodo + F . y(). (5.5)
In order to apply our solution theory, we need the following result.

Proposition 5.3 Lerog > 0,n € N, yg € R?, f: R.g x C" — C" continuous. Assume there
exists ¢ > 0 such that for all y1, y» € R",t > 0 we have

[f(ty) — f(, y2)] <clyr — y2l.

Moreover, we assume that
(t ~ f(t,0)) € Ly (Ro0; C").
Define f: R x C* — C" by

f, =

else.

if(t y) ift >0,

Then the mapping F: C°(R; C") — C(R; C") given by
F(@)0):=f(t, p(t) + y0) (¢ € CXR;C"), 1 €R),

is eventually (0, 0)-Lipschitz continuous.
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Proof Let o > ©p. In order to prove that F attains values in Lg(R; C™), we shall show
F(0) e LZ (R; C™) first. For this we compute

f |F(0)(1)]?e™2¢" d / |f(t, yo)lPe 2" d
>0

=2 (/ £, y0) = £, 0) P di +f
R>O

R-o

| £ (2, 0)|%e 2! dt)

=< 2<C |y0|2 + |f( 0)|L2 (R0 (C")) < 0.

Here we used that Lé(R>o; H) — LZO(R>0; H) as contraction. Next, let ¢, ¥ €
C(R; R"). Then we obtain

/R [F(@)(®) = F@)@)Pe?" dr = /R |F (e, @) + yo) — Ft. w(0) + yo)Pe ™" dt
:A |f(t5(p(t)+y0)_f(I,W(t)+yo)|2 —2ot dr
>0
- / e — gD dt < llg =i,
R-o 3

Since F(0) € L}(R;C"), the shown estimate yields F(¢) € Lj(R;C") for each ¢ €
C(R; C") as well as the eventual (0,0)-Lipschitz continuity of F. O

The next result is concerned with the well-posedness for Caputo fractional differential
equations. We shall use the characterization of the Caputo differential equation outlined in
Theorem 5.1.

Theorem 5.4 Let yy € C". Then there is 01 > O such that for all 0 > 01 there exists a unique
y € LE(R; C") with y — yoxw., € HZ (R; C") satisfying
3 (v = yoxm.) = F (. y().

Moreover, spty € Rxy.

Proof With F as defined in Proposition 5.3, we may apply Corollary 4.3 with § =y = 0 to
obtain unique existence of z € H g (R; C™) such that

H&QZ = F,o(2).

Setting y:=z+4y0 XRr. o, We Obtain in turn unique existence of a solution of the desired equation.
Since spt Fp(z) € R, we obtain with Proposition 4.5 that sptz = spt 8&2‘ Fo(2) € Rxo.
Thus, spty € Rx. O

We remark here that the condition spt y € R together with y — yoxr_, € H, g R; C")
describes, how the initial value yy is attained. Indeed, if « is large enough (e.g. « > 1/2) so
that Hg (R; C") is a subset of functions for which the limit at O exists, then the mentioned
conditions imply

0=y —y0xr.0)(O0—) = (y — Yoxr.,)(0+) = y(0+) — yo,

that is, the initial value is attained.
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We conclude this section by having a look at the case of the Riemann—Liouville fractional
differential equation (5.5). To this end, we note that xg_,yo € Hg (R; H) for o > 0 and by
Example 3.6 we have

3.0 XR-oY0 = S0y0 € Hy ' (R; H).

We also recall the notation gg(¢):= lﬂ(ﬂﬁ)t XR., for B, ¢t € R.

Proposition 5.5 Let yo € C". Assume that C°(R; H) 3 ¢ +— f( @(°)) is eventually
(¢ — 1, @ — 1)-Lipschitz continuous and denote with H"‘_I(R H)ys>ym— fg( y(-)) its
Lipschitz-continuous extension for some ¢ > 0. There is 01 > 0 such that for o > 01 we
have a ungiue solution y € Hg’l (R; H) of the equation

3,y =080 + fo(.y()), vy e HY '(R: H),

with 3§ ;' y = Yoxr., € HJ(R; H) and spt(y) R,
Proof The mapping G defined by

G)()=ft, 3 o 9O+ 8a—1(Dy0), @ eCE[RH), t eR,
is eventually (0, — 1)-L1psch1tz continuous. Indeed, this fact follows from g,—_1y0 €
HZ~'(R; H) and the unitarity of ag{g‘ cHY'(R; H) — HJ(R; H). Let 01 > 0 be such
that ﬁ, and therefore G, exist for ¢ > @1. Let ¢ > ¢1. The Riemann-Liouville equation is
equivalent to

365"y = XogYo = 00y fo( ¥()), v € HY(R; H).

With the transformation z = 8& ;1 Y — XR.,Yo and using 8&;2 XR-oY0 = 00,084 Y0 = a—1Y0
(cf. Corollary 2.7) this equation is equivalent to

0,02 =Go(2),  z€Hy(R; H).

By Corollary 4.3 (with y = o — 1) we find a unique solution z € Hg(]R; H). We have
spt(a(;éGQ(-)) C Rx9. By Proposition 4.5 sptz € Rx(. Hence we have a unqgiue solution
y= 8]_“ (z—XR.¢Y0) € H"‘*1 (R; H) of the Riemann—Liouville equation with spt y € Rxq
and 309 Y = XR.oY0 =2 € HS(]R; H). O

Remark 5.6 The space H, O(R' H) is continuously embedded into Hé‘j’"l(R; H). Thus, the

assumption that C°(R; H) 3 ¢ — f (-, ¢(+)) is eventually (@ — 1, ¢ — 1)- Lipschitz con-
tinuous, can be replaced by the stronger assumption that C2°(R; H) 3 ¢ — f G, () is
eventually (o — 1, 0)-Lipschitz continuous, which might be easier to compute.
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