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Abstract
Consider the Kirchhoff equation

Syt — Au(l n /w |W|2) -0

on the d-dimensional torus T¢. In a previous paper we proved that, after a first step of
quasilinear normal form, the resonant cubic terms show an integrable behavior, namely they
give no contribution to the energy estimates. This leads to the question whether the same
structure also emerges at the next steps of normal form. In this paper, we perform the second
step and give a negative answer to the previous question: the quintic resonant terms give a
nonzero contribution to the energy estimates. This is not only a formal calculation, as we
prove that the normal form transformation is bounded between Sobolev spaces.
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1 Introduction

We consider the Kirchhoff equation on the d-dimensional torus T¢, T := R/27Z (periodic
boundary conditions)

8,,u—Au(l+/d|Vu|2dx>:O. (1.1)
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Equation (1.1) is a quasilinear wave equation, and it has the structure of a Hamiltonian system

{B,u = VyH(u,v) =v, (1.2)

v =—-V,Hu,v) = Au(l + Jqa |Vu|2dx>,

where the Hamiltonian is

H( )—1/ 2 +1/|v 2d +(1/|v |2d)2 (13)
u,v—szvszdux ZTdMX, .

and V,H, V, H are the gradients with respect to the real scalar product
(o0 [ Fwsdx Vr.g e @), (14

namely H'(u, v)[f, g] = (VuH(u,v), f) + (VyH(u, v), g) for all u, v, f, g. More com-
pactly, (1.2) is
ohw = JVH(w), (1.5)

where w = (u,v), VH = (V,H, V,H) and

0 1
1= (2 ) (16

The Cauchy problem for the Kirchhoff equation is given by (1.1) with initial data at time
t=0
u(0,x) =a(x), ou(0,x)=p(x). 1.7)

Such a Cauchy problem is known to be locally wellposed in time for initial data («, 8) in

the Sobolev space H 3 (T x H 3 (T9) (see the work of Dickey [18]). However, the conserved
Hamiltonian (1.3) only controls the H I's L2 norm of the couple (u, v). Since the local well-
posedness has only been established in regularity higher than the energy space H' x L2, it
is not trivial to determine whether the solutions are global in time. In fact, the question of
global wellposedness for the Cauchy problem (1.1)—(1.7) with periodic boundary conditions
(or with Dirichlet boundary conditions on bounded domains of R?) has given rise to a long-
standing open problem: while it has been known for eighty years, since the pioneering work
of Bernstein [7], that analytic initial data produce global-in-time solutions, it is still unknown
whether the same is true for C initial data, even of small amplitude.

For initial data of amplitude ¢, the linear theory immediately gives existence of the solution
over a time interval of the order of ¢ 2. In [4], we performed one step of quasilinear normal
form and established a longer existence time, of the order of £~%*: indeed, all the cubic terms
giving a nontrivial contribution to the energy estimates are erased by the normal form. One
may wonder whether the same type of mechanism works also for (one or more) subsequent
steps of normal form.

In this paper, we give a negative answer to such a question, as we explicitly compute the
second step of normal form for the Kirchhoff equation on T¢, erasing all the nonresonant
terms of degree five. It turns out that, differently from what happens for cubic terms, the
contribution to the energy estimates of the resonant terms of degree five is different from
zero. This, of course, leaves open the question whether for small amplitude initial data the
time of existence can be extended beyond the lifespan ~ & ~# (partial results in this direction
are in [5]). The presence of resonant terms of degree five that give a nontrivial contribution
to the energy estimates can, however, be interpreted as a sign of non-integrability of the
equation. Another interesting open question is whether these “non-integrable” terms in the

@ Springer



Journal of Dynamics and Differential Equations (2021) 33:1203-1230 1205

normal form can somehow be used to construct “weakly turbulent” solutions pushing energy
from low to high Fourier modes, in the spirit of the works [11,22-25] for the semilinear
Schrodinger equations on TZ2. Proving existence of such solutions may be a very hard task,
but one may at least hope to use the normal form that we compute in this paper to detect
some genuinely nonlinear behavior of the flow, over long time-scales (as in [20,27]) or even
for all times (as in [26]).

1.1 Main Result

To give a precise statement of our main result, we introduce here the functional setting.
Function space. On the torus T4, it is not restrictive to set the problem in the space of functions
with zero average in space, for the following reason. Given initial data ' (x), B(x), we split
both them and the unknown u(t, x) into the sum of a zero-mean function and the average
term,

a(x) =ag+a(x), Bx)=Po+BX), ult,x)=ut)+il,x),

where

/&(x)dx:O, /B(x)dx:o, /ﬁ(t,x)dx:O Vi,
Td Td Td

Then the Cauchy problem (1.1)—(1.7) splits into two distinct, uncoupled Cauchy problems:
one is the problem for the average u((¢), which is

ug() =0, up(0) =ao, uu(0)=pHo

and has the unique solution uo(t) = ag + Bot; the other one is the problem for the zero-mean
component % (f, x), which is

iy — Aﬁ(/w |Vﬁ|2dx) =0, @0,x)=a®), @0, x) =5x).

Thus one has to study the Cauchy problem for the zero-mean unknown (¢, x) with zero-
mean initial data @(x), ,é(x); this means to study (1.1)—(1.7) in the class of functions with
Zero average in x.

For any real s > 0, we consider the Sobolev space of zero-mean functions

HY(TY,C) = [u(x) = Y wieliuj eC lulls < oo}, (1.8)
jez\(0)
laell? ==Y luj P11, (1.9)
70

and its subspace
Hg(Td,R) ={u e Hg(Td, C):ulx) eR} (1.10)

of real-valued functions u, for which the complex conjugates of the Fourier coefficients
satisfy u; = u_;. For s = 0, we write L(2) instead of H(g) the space of square-integrable
functions with zero average.

Let m; := 1 if the dimensiond = 1 and m := 2 ifd > 2. Fors > m, § > 0, denote

B*(8) := {(u, v) € HS+%(T‘1,R) x Hg*%(Td,R) : max{ul| 1} <8},

vl

mi+5

Bl (8) :={(u, v) € HY(T?,C) x Hy(T*,C) : v =i, ullm, < 8}.
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In this paper we prove the following normal form result.
Theorem 1.1 There exists 5 > 0 and a map O : Bg,}n((ﬁ) — B™1(28), “close to identity”
(see Remark 1.3), injective and conjugating system (1.2) to a system of the form

0 (i) = W(u,v) = Di(u, v) + Ts3(u, v) + Ws(u, v) + Ws7(u, v). (111

The transformation ® maps Bgym (8) to B*(26) for all s > my. The vector field Dy, defined
in (4.2), is linear. The vector field T3 contains only terms of homogeneity > 3. Moreover,
Dy and T3 give no contribution to the energy estimates, namely the Sobolev norms of the
solutions of the system 0;(u, v) = Di(u, v) + T>3(u, v) are constant. The vector field W5
contains only terms of homogeneity S, it commutes with Dy and it gives a nonzero contribution
to the energy estimates (see (5.36)—(5.39)). Finally, the vector field W=7 contains only terms

of homogeneity > 7.

Remark 1.2 Notation warning: we are using the same notation (u, v) both for the original
coordinates (u, v) € B™!(2§) in system (1.2) and for the final coordinates (u, v) € Bsn;,ln ©))
in system (1.11), obtained after the normal form transformation ®.

Remark 1.3 In Sect. 2 we will introduce the transformations ®) and ®®, which symmetrize
the system and introduce complex coordinates. These transformations are not close to identity.
By saying that the map @ is “close to identity” we mean that ® = & 0 ®@ o G"Xt where
®"Xt is bounded from BS,_(8) to B, (268) for all s > m; and satisfies

sym sym

(@ —1d) (u, v) |5 < ClIG, V) I3, N1 @, V)]s
Remark 1.4 There is a certain similarity between our computation and the one performed by
Craig and Worfolk [14] for the normal form of gravity water waves. In both cases one deals
with an equation whose vector field is strongly unbounded (quasilinear here, fully nonlinear
in [14]) and in both cases the first steps of normal form show an “integrable” behavior, while
after few steps some genuinely non-integrable terms show up.

However, there is an important difference: while the normal form computed in [14] is only
the result of a formal computation, the transformation & that we construct here to put the
Kirchhoff equation in normal form is a bounded transformation that is well defined between
Sobolev spaces. This is obtained thanks to the “quasilinear symmetrization” performed in
[4], following the strategy for quasilinear normal forms introduced by Delort in the papers
[16]-[17] on quasilinear Klein-Gordon equations on T.

1.2 Related Literature

Equation (1.1) was introduced by Kirchhoff [31] to model the transversal oscillations of a
clamped string or plate, taking into account nonlinear elastic effects. The first results on the
Cauchy problem (1.1)—(1.7) are due to Bernstein. In his 1940 pioneering paper [7], he studied
the Cauchy problem on an interval, with Dirichlet boundary conditions, and proved global
wellposedness for analytic initial data («, §).

After that, the research on the Kirchhoff equation has been developed in various directions,
with a different kind of results on compact domains (bounded subsets of R? with Dirichlet
boundary conditions, or periodic boundary conditions T¢) or non compact domains (R? or
“exterior domains” € = RY \ K, with K ¢ R? compact domain).
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On RY, Greenberg and Hu [21] in dimension d = 1 and D’ Ancona and Spagnolo [15]
in higher dimension proved global wellposedness with scattering for small initial data in
weighted Sobolev spaces.

On compact domains, dispersion, scattering and time-decay mechanisms are not available,
and there are no results of global existence, nor of finite time blowup, for initial data (¢, 8) of
Sobolev, or C*, or Gevrey regularity. The local wellposedness in the Sobolev class H SxH?
has been proved by Dickey [18] (see also Arosio and Panizzi [2]). Beyond the question about
the global wellposedness for small data in Sobolev class, another open question concerns the
local wellposedness in the energy space H' x L% orin H® x H*"! for 1 <s < 3.

We also mention the recent results [3,12,34], which prove the existence of time periodic or
quasi-periodic solutions of time periodically or quasi-periodically forced Kirchhoff equations
on T¢, using Nash-Moser and KAM techniques.

For more details, generalizations and other open questions, we refer to Lions [32], to
the surveys of Arosio [1], Spagnolo [35], Matsuyama and Ruzhansky [33], and to other
references in our previous paper [4].

Concerning the normal form theory, and limiting ourselves to quasilinear PDEs on compact
manifolds, we mention, in addition to the aforementioned papers of Delort [16,17], the
abstract result of Bambusi [6], the recent literature on water waves by Craig and Sulem [13],
Ifrim and Tataru [28], Ionescu and Pusateri [29,30], Berti and Delort [8], Berti, Feola and
Pusateri [9,10], and the work by Feola and Iandoli [19] on the quasilinear NLS on T.

2 Linear Transformations

We start by recalling the first standard transformations in [4], which transform system (1.2)
into another one (see (2.6)) where the linear part is diagonal, preserving both the real and the
Hamiltonian structure of the problem. These standard transformations are the symmetrization
of the highest order and then the diagonalization of the linear terms.

Symmetrization of the highest order. In the Sobolev spaces (1.8) of zero-mean functions,
the Fourier multiplier

A :=|Dy|: Hy — Hg_l, et > |jlet
is invertible. System (1.2) writes

du=v

v =—(+ (Au, Au))A2u, @D

where (-, -) is defined in (1.4); the Hamiltonian (1.3) is

1 1 1
Hu,v) = 2 (v, 0) + 5 (Au, Au) + 2 (A, Au)?.

To symmetrize the system at the highest order, we consider the linear, symplectic transfor-
mation

w,v) = dD(q, p) = (A"2q, A?p). 2.2)
System (2.1) becomes
0:g = A
tq p | \ 2.3)
dp=—(1+(Alg, Alg))Aq,
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which is the Hamiltonian system 9, (¢, p) = JVHW (¢, p) with Hamiltonian HV) = H o
WON namely
1

) L1 1 1 1 5 01
H(q,p) = (Azp,/\2 )+§<A2q,A2q)+Z<Azq,A2Q>, I =(_;0 .24

The original problem requires the “physical” variables (u, v) to be real-valued; this corre-
sponds to (g, p) being real-valued, too. Also, note that (A%p, A%p) = (Ap, p).
Diagonalization of the highest order: complex variables. To diagonalize the linear part
0:q = Ap, 9;p = —Aq of system (2.3), we introduce complex variables.
System (2.3) and the Hamiltonian H" (g, p) in (2.4) are also meaningful, without any
change, for complex functions g, p. Thus we define the change of complex variables (¢, p) =

DA (f, g)as

(q,p)=d><2><f,g)=(f—£g,’;;;), p=tTr g = )

so that system (2.3) becomes

a,f=—iAf—i1A<f+g) f+8Af+9)
azg—lAg+z (A(f+8, f+aA(f+9

where the pairing (-, -) denotes the integral of the product of any two complex functions

(2.6)

(w, h) :=/ w@h@)dx = Y wijh_j. w.heL*T¢0). 2.7)
E jezd\(0)

The map D . (f, g — (g, p)in (2.5)is a C-linear isomorphism of the space L (']I‘d C) x
Lz(Td, C) of pairs of complex functions. When (g, p) arereal, (f, g) are complex conjugate.
The restriction of @ to the space

L3(T?, c.c) = {(f, g € LY(T4,C) x LT, C) : g = f)

of pairs of complex conjugate functions is an R-linear isomorphism onto the space
L%(Td ,R) x L%(Td, R) of pairs of real functions. For ¢ = f, the second equation in (2.6)
is redundant, being the complex conjugate of the first equation. In other words, system (2.6)
has the following “real structure”: it is of the form

f _ _ fl(fv g)
o (g) =78 = <fz(f, g))

where the vector field F(f, g) satisfies

Under the transformation ®®, the Hamiltonian system (2.3) for complex variables (g, p)
becomes (2.6), which is the Hamiltonian system 9, (f, g) = i JVH® (f, g) with Hamilto-
nian H® = HD 6 & namely

1
HO(f, )= (Mf, )+ 1A+, [+
where J is defined in (2.4), (-, -) is defined in (2.7), and VH® is the gradient with respect

to (-, -). System (2.3) for real (¢, p) (which corresponds to the original Kirchhoff equation)
becomes system (2.6) restricted to the subspace Lz(Td c.c.) where g = f.
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To complete the definition of the function spaces, for any real s > 0 we define

HY (T c.c.) == {(f,g) € LT, c.c): f,g € H(TY,C)}.

3 Diagonalization of the Order One

In [4] (Section 3) the following global transformation ® is constructed. Its effect is to
remove the unbounded operator A from the “off-diagonal” terms of the equation, namely
those terms coupling f and f.

Lemma 3.1 (Lemma 3.1 of [4]). Let ® be the map

®D Gy, ¥) = N, ¥) ({;) : (3.1)
where N'(n, V) is the matrix
._ 1 1 p(P(n,¥))
N v = 1= p2(P(n, ¥)) (p(P(n, v)) 1 ) (3:2)
p is the function
—x
P T &)
P is the functional
1
P, y) =@M, ¥)), QM ¥):= Z(A(ﬂ-i“ﬁ),ﬂ‘i‘lﬁ), (3.4

and @ is the inverse of the function x + x+/1 4 2x, namely
xNVI+2x =y & x=¢). 3.5)

Then, forall real s > L the nonlinear map ® : Hj (T, c.c.) — Hj (T4, c.c.) is invertible,
continuous, with continuous inverse

B)y—1 _ 1 ( 1 —p(Q(f, g))) (f)
@ (f’g)_,/l—p2(Q(f,g)) —p(Q(f. 8) 1 g)

Forall s > % all (n, ¥) € HS(Td, c.c.), one has

10D . Y)lls < i Wil Vs

for some increasing function C. The same estimate is satisfied by (&)1,

In [4] it is proved that system (2.6), under the change of variable (f, g) = O3, ¥),
becomes

9n=—i1+2P(n, ¥)An+
oY = i1 4+2P(n, ¥) Ay +

i
——((AY, AY) — (An, A
T 2pG gy (A AV = (An An)y -

1
ST PGy AV AV~ (A A

Note that system (3.6) is diagonal at the order one, i.e. the coupling of n and v (except for
the coefficients) is confined to terms of order zero. Also note that the coefficients of (3.6) are
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1
finite for n, ¥ € HO1 , while the coefficients in (2.6) are finite for f, g € HOE: the regularity
threshold of the transformed system is % higher than before. The real structure is preserved,
namely the second equation in (3.6) is the complex conjugate of the first one, or, in other
words, the vector field in (3.6) satisfies property (2.8).
Quintic terms. By Taylor’s expansion,

oM =y -y +00uY (y—0). (3.7)

Hence

P(n,¥) = Q(n, ¥) — Q*(n, ¥) + O(Q*(n, ¥)),

1
[—— = 2 3
2P0 9) Q(n, ¥) +60%(n, ¥) + 0(Q3(n, ¥)),
3
1+2P(n, ) =1+ 0@, ¥) — EQZ(n, ¥) + 0(Q°(n, ¥)). (3.8)

The transformed Hamiltonian. Even if ®® is not symplectic, nonetheless it could be useful
to calculate the transformed Hamiltonian, because it is still a prime integral of the equation.
By definition (3.3), one has

p@) —x L+p2(x) _ 1+x

= , = Vx > 0.
1—p2(x)  2J/T+2x 1-=p%(x) JT+2x

For (f, g) = ®® (1, ¥), one has

p (P, ¥)) 1L+ p*(P(n, ¥))

Af,g)=——""""((An, Ay, An,
(A 8) = 1 gy (e + () 05 2 P v)
and
1 2 2 2
T6(A(f+g),f+g) =Q0°(f,8) =P (V).
Hence the new Hamiltonian H® := H® o O s
3) _ —P(n, ¥)
HO0.9) = 5 e ((Ann) + (Av. )
1+P(7]7w) 2
——————(An,¥) + P°(n, ¥).
\/m( n,v) n, ¥)

4 Normal Form: First Step

The next step is the cancellation of the cubic terms contributing to the energy estimate.
Following [4], we write (3.6) as

a, <1Z) =X ¥) =D ¥) + D=3, ¥) + Bs(n, ¥) + Rzs (0, ¥) @.1)

where

D101, ) = (jj\f/,”) Dos(n ) = (VT+2PGLY) = DD ), (42)
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Bz (n, ¥) is the cubic component of the bounded, off-diagonal term

Bs(n. v) = 7 ((Av. A) — (An. An)) (‘;’7’) *3)

and R>5(n, ¥) is the bounded remainder of higher homogeneity degree
—iP(n, ¥) (1//)
R>5(1, :—<A L AY) — (An, A ) . 44
>5(n, ¥) 20+ 2P0 ) (AY, Agr) — (An, An) " (4.4)

In [4] the term 35 (and not D=3, as it gives no contribution to the energy estimate) is removed
by the following normal form transformation. Let

@ (w, 2) 1= (I + M(w, 2)) (’j) : 4.5)
Mw, 2) = (Alz[z’ oy Gl Z]>, 46)
where A1y, Cqg are the bilinear maps
Apluvih:= > ujv_jg(ljlﬁflkl)hke"k% (4.7)
J k£, |j1£IK|
Ciplu, vlh:= u,-ng(U"Jf'thkeik*. (4.8)
j.k#0
Ford € N, let
mo=1 ifd =1, mo=% ifd > 2. (4.9)

Lemma4.1 (Lemma 4.1 of [4]). Let A1z, C12, mo be defined in (4.7), (4.8), (4.9). For all
complex functions u, v, h, all real s > 0,

3 1

lAi2fu, vialls < gllullmollvllmollhlls, ICrzlu, viklls < T6I|u||1||v||1||h||s~ (4.10)
The differential of ®® at the point (w, z) is
(@)Y (w,2) =T +Kw,2), Kw,z)=Mw,z)+Ew,2), @.11)
where M (w, z) is defined in (4.6), and
o 2An[w, alz +2C1alz, Blz

E(w, = . 4.12
(. 2) </3> <2C12[w, alw+2A1(z, Blw +-12)
To estimate matrix operators and vectors in H (T4, c.c.), we define ||[(w, 2)|Is := |lw]s =

lIz]|s for every pair (w, z) = (w, w) of complex conjugate functions.

Lemma4.2 (Lemma 4.2 of [4]). For all s > 0, all (w,z) € H(TO('[[‘d,c.c.), (o, B) €
Hj (T4, c.c.) one has

HM(w, 2) <§>

o 7 7
|k, <ﬁ> |, = T hwlolals + ghwhg il (4.14)

IA

;
Euwn%ﬂo leells, (4.13)

)
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where my is defined in (4.9). For |w||m, < %, the operator (I + K(w, 7)) : H(')"0 (T4, c.c.)
— H(’)”0 (Td, c.c.) is invertible, with inverse

I+Kw, ) =1—Kw,2+Kw,2), Kwz2):=) (—Kw,2)",

n=2
satisfying
|+ kw27 (Z) | = caals + 1wl Il e,
forall s > 0, where C is a universal constant.
The nonlinear, continuous map ® is invertible in a ball around the origin.

Lemma 4.3 (Lemma 4.3 of [4]). For all (n,V¥) € H(;"O(Td, c.c.) in the ball |n|lm, < %,
there exists a unique (w, 7) € Héﬂo('ﬂ‘d, c.c.) such that ®® (w, 2) = (n, ¥), with Nwllme <
21nllmy- 1f, in addition, n € Hy for some s > mo, then w also belongs to Hy, and |w|s <
2|0 ls. This defines the continuous inverse map (®®)~! : Hg(']l‘d, c.c.) N{lInllmy < %}

— H{(T? c.c.).

Lemma 4.4 (Lemma 4.4 of [4]). For all complex functions u, v, y, h, one has

(Aplu, vly, h) = (y, Azlu, vlh),  (Cr2lu, vly, h) = (y, Ci2[u, vlh), 4.15)
Applu, vly = Aplu, vly, Cizlu, vly = Ci2[u, vy, (4.16)
[A1a[u, v], A* 1 =0, [Cizlu,v], A*1=0 “4.17)

where u is the complex conjugate of u, and so on. Moreover, for all complex w, z,

M(w,2)Dy +DiM(w, z) =0. (4.18)

Under the change of variables (n, ¥) = oW (w, 7), itis proved in [4] that system (3.6)
becomes

o, (’;) =+ Kw,2) ' X@Pw,2) = XT(w,2)

= (14+Pw, 2))Di(w, 2) + X5 (w,2) + XI5 (w, 2) (4.19)

where

Pw,z) =1 +2P(@®w, 7)) — 1, (4.20)

X7 (w, z) has components

i . .
XD === > wjwj|jPaue*, 4.21)
J-k#0, [k|=| ]
i .
XDow. )=~ > zjz_jlilfuee™*, (4.22)
Jk#0, [k|=| ]

and
XI5, 2) == Kw, 2)(I + K(w, 2) " (Bs(w, 2) — X{ (w, 2) + REs(w, 2)
—Pw, (I + K(w,2) " (Bs(w, 2) — X{ (w, 2)) (4.23)
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with
REs(w, 2) = (I + K(w, )" Ra5(@W (w, 2)) + [B3(®W (w, 2)) — B3 (w, 2)]
+ (= K, 2) + K(w, 2))B3(®“ (w, 2)), (4.24)
R>5 defined in (4.4).

Lemma 4.5 (Lemma 4.5 of [4]). The maps M (w, w), K (w, w), and the transformation oW
preserve the structure of real vector field (2.8). Hence X defined in (4.19) satisfies (2.8).

The terms (1 + P)D; and X; in (4.19) give no contributions to the energy estimate,
because, as one can check directly,

(A1 +P)(—iAw), A*z) + (A*w, A*(1 + P)iAz) =0

and
(AS(X;')I, Az) + (A'w, AS(X;')Z) =0. (4.25)

Similarly, also PX ;L gives no contribution to the energy estimate, because
(AS(PXD)1, A'2) + (ASw, A (PXT)2) = P(A (XT)1, A’2) + P(A w, A*(XT)2) = 0.

Lemma 4.6 (Lemma 4.6 of [4]). For all s > 0, all pairs of complex conjugate functions
(w, 2), one has

1B3(w, 2)ls = %IIwII%IIWIls, I1X3 (w, )5 < %IIWII%Ilels, (4.26)

and, for [[wll,, < %,for all complex functions h,
IP(w, 2)hlls = P(w, llklls, 0=Pw,z) = Cllwlli, (4.27)
[R=s(w, 2)lls = 2P(w, ) [1B3(w, 2)ls = Cllwllz%llwll%llwlls (4.28)

where R>s is defined in (4.4) and C is a universal constant.

Lemma 4.7 (Lemma 4.7 of [4]). Forall s > 0, all (w, z) € H{(T¢, c.c.) N HY"*(T4, c.c.)
with |wll,, < %, one has

+ 2 2
1XZs(w, 2lls = Cllwliilwliy, lwlls (4.29)
where C is a universal constant.

Quintic terms. Now we extract the terms of quintic homogeneity order from X j s(w, 2).
Using (4.23), (4.24), (3.8), (3.4), (4.5), we calculate N

X, 2) = P(w, ) X5 (w,2) + X5 (w, 2) + X, (w, 2) (4.30)
where

X;r(w, 7) = —K(w, z)X;(w, 2) = 30w, 2)Bs(w, z) + B(w, )M (w, z) (Z) (4.31)

and X ;7(w, 7) is defined in (4.30) by difference. As already observed, the term P(w, z) X ;r
(w, z) in (4.30) gives no contributions to the energy estimate. By (4.19), (4.30), the complete
vector field is

Xt (w, 2) = 1+ Pw, ))(Di(w, 2) + X7 (w,2)) + X{ (w,2) + X, (w, 7). (4.32)

Moreover, adapting the proof of Lemma 4.7, we obtain the following bounds.
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Lemma 4.8 Foralls > 0, all (w,z) € Hj (T9, c.c) N Hé"o (T4, c.c.) with lwllme < %, one
has

+ 4 + 6
X5 (w, 2Dlls = Cllwlip,llwlls,  1XZ7w, D5 = Cllwlly,, lwlls,

where C is a universal constant.

We analyze the terms in (4.31). By (4.11), (4.12), the first component of K (w, z)X;r(w, Z)
is
(Kw, )XT (w, )1 = Aplw, wl(X7)2(w, 2) + Cialz, 21(X7)2(w, 2)
+2Ap[w, (X)) (w, 2))z + 2C1lz, (X2 (w, 2)]1z,

and its second component is the conjugate of the first one. Recalling (4.3), the first component
of the last term in (4.31) is

(Byw. M, (1)), = %((Az, AB) = (Aw, Ad))z + ;i(mz, AZ) — {Aw, Aw))B
with
a = Aplw, wlz + C2lz, 2]z, B = Az, z]lw + C2[w, wlw,
namely

(Bg(w, DM (w, z)(';’)>1 - %(Az, Aplz, 1 Aw)z + %(Az, Ciolw, w]Aw)z

i i
- E(Aw, Aplw, wlAz)z — E(Aw, Cialz, z]AzZ)z
[ i
+ Z(AZ’ Az)Applz, z]w + Z<AZ’ Az)Cra[w, wlw
= L(Aw, AwpAnlz, Zlw = 2 (Aw, Aw)Colw, wlw,

In Fourier series, with all indices in Z¢ \{0}, one has

i j11e? .
Aplw, )Xo, ) =2 Y = wjw_jzez—gwpe?,
o -k

[J1#kl=1€]
i PR
32 42 i+ Ik
[k|=|¢]

k-x

Cialz, 21(X9 )2 (w, 2) = 27— jzez—gwie’

+ —i 1?1 ko
Aplw, (X3 nw, )]z = == Z Wiz jwew—gzke ",

32 ixe [J1— Ik
[€1=|71#Ik|
Cialz, (X2 (w, 2)1z = il Z Mzw izez_pzpetx
(A3 ) = : JjW—jzez— )
32 I [J]+ k]
|j1=1€]
1 .
Qw.2) = 3 3 Lilwjwj + 2wz j +2;2-)).
J
i . i.
Bz(w, )1 = 7 D il iz — wjw_ e,
J.k
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i .
(Qw, B3(w, 2)); = 12 D Wl P(wew—¢ + 2wz
Jok.t

+ z202-0)(zjz—j — wjw_;)zxe* ¥,

_1 1jrer |f|2 ihex

(Az, Aplz, zlAw)z Z =1 w_;zez—ezke" ",
W#U\

jI1?1er ihex

(AZ Clz[w w]Aw> Z sz'w,ngw,[zke ,

1 j121e1? k-
(Aw, Aplw, wlAz)z = < Z 1 |ij—ijw—EZkelkX,

VZI#IJ\

il lef? ©
(Aw, C12lz, z]AzZ)z Z e+ 1] jZ—jZlZ—szelkxv

1 i1%1e)? .
(Az, AZ)Anlz, z]w = - Z ”ﬂiz,/z—jaz_zwke’k"‘,

8 4= il = Ikl
kI
Lj11e? ikex
(Az, AZ)Crolw, wlw = Z g s e,
1 i121€)1> .
(Aw, Aw)Ap[z, zZJw = 3 Z %Zﬂﬁw@w%wkelk'x»
ke Y
k1171
Lj121e? ik
(Aw, Aw)Cpp[w, wlw = Z T |k|ij,ngwfewkel x

Thus the first component of the quintic term X ;r (w,z)is
(XT(w, )1 = —Aplw, wl(XDa(w, 2) — Calz, 21X 2w, 2)
— 24w, (X1 (w, )]z = 2Clz, (X2 (w, )z
3(Q(w, 2)Bs3(w, 7)),

l
+ §<AZ Apnlz, zlAw)z + 2(Az, Cplw, wlAw)z
i
§<Aw Aplw, wlAz)z — §<Aw Cialz, z]AzZ)z
i i
+ ZMZ’ Az)Aplz, zZlw + Z<AZ’ AzZ)Ciz[w, wlw
jz(Aw Aw)Aplz, zlw — Z<Aw Aw)Cralw, wlw
and, in Fourier series,
i lj?1e1? "
(X3, 21 =— =L wjwejzez—gwge't
32 % =1kl
NELY)
[J1#IkI=|¢|
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i L171£] x| L Li1°1€] ikex
~ 25 ———%ji—j2ei—qwke T + — Z T WjZ—jWew—_gZke
32 £ 1l + Ikl 16 4= 1jl— Ik
[k|=I¢| [e1=1j 11k
i L171£] ikex
-0 Z —————ZjW_;jZeT—(Zke€
16 £ 11+ k]
Lj1=lel

3i . ik-
16 Z €117 1P (wew—g + 2wez— + 2e2-0)(2jz—j — wjw_;)zee* ™

Jkt
i Lj1?1e? x| Lj11e? "
= Y e + = Y g waw e
16 4= |¢)—1jl| 16 &= 1¢] + 1]
K 7k,
[e1#1j1
i Lj121¢] e 1j121el .
16 Z Wiz jWeW gzl — Tl Wi jeei—tzke
16 £= 1€l = 1] 16 2= 161+ 1]
[e1#1j1
. 2121912 . 2121912
i Lj121¢] e 1j121¢l .
oA Y Zj7—jZ0Z—Wke + —= W ;W_;ZpI—gWe
32%|]|—|k|j ! 32§|J|+|k| Y
JoK,s J.K,
[kl j1
2121912 2121912
i Lj121¢] e |j1%1e] o
- — Z fzjz_ngw_gwke - - T WiW—_ jWew—_gWge .
32 L= 1jl = Ikl 32 £ 171+ k]
[kl j1

Notation. In the coefficients of the vector field X ;r there appear several denominators,
which imply the corresponding restrictions on the indices j, k, £ to prevent the denominators
from vanishing. From now on, we will stop indicating explicitly the restrictions on the indices
in summations and adopt instead the convention 0/0 = 0 in the coefficients. For instance,
instead of

LjI21el? .
2 T i wee-cwke
Jok.t J
[kIL 1

we will write

. k
i1P1ea = sl

Z TS ijfngw,gwke’k‘x.
ok J
In this example, when |j| = |k| the denominator of the coefficient vanishes; the numerator

1210121 _glkl
also vanishes because of the factor (1 — (SI“;'I‘); this has to be interpreted as W being
zero when |j| = |k|.

We collect similar monomials, and we get that (X 5+(w, 2))1 is the sum of the following
eight terms:

i l
Yl(‘l‘)[w, w, w, wjw = —— w

ik-x
. wiw_ jwew_pwge (4.33)
32 L i+ Ik
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i Sl =35 1
(2) . .12 J
YPlw, w, 2 2l = o 3 1iPIeP(— +—
" 32];( =Tk 1T+ 1K
k]
(1 - SW) ik
- W)wiww’auwkd Y, (4.34)
W, 0=
(0) J ik-x
Y 'lz,z,z, z]w : 1j121€] ( )Z‘Z—'ZZZ—Zwke ,
H Z e
4.35)
YD (w, w, w, wlz = 3 Z 1218w jw_ jwew_pzze’©™ (4.36)
12 LW, W, W, ~ 16 J JW—jWeW—¢Zk s .
Jilk
17l k|
. e8!l — sl
Y lw, w, w, z)z = T Z 21 | ——d 1A
- [€] — |k
7.t
1jl
1] [21(1 =35 o
|z| FyTI T ARK A S (4.37)
Yl(g)[w’ w,z, 2]z = — Z €17 = [eDwjw—zez—ezxe™ ™, (4.38)
j €.k
. .ol . 1]
1) 1 . ) _|]|8m [j1d _‘Sm)
Y w,z,z, 2]z = — 1jl1€] - -6+ -
’ 16 ,; 1+ k] el — 1/
__l . )wjz_jzez_szeik'x, (4.39)
e+ 1l
3i .
Y lz 2.z, 2le = — = D 1ilPlezjz-jzez—ezie™ ™. (4.40)
16 Jj.lk

Symmetrizing in j <> £ when it is possible, we also have

: 2121012 121912
Y4 l
Y(T)[w,w, w, wlw :———l (|]| i 7171€]

)wj w_; wew_pwie*r,  (4.41)

64/,“ i1+ k] €]+ k|
. Kl Ikl
Syl +8
(0) ! 121912 €] Ljl
YPle 2z ehw = 2 3 1R ( - 4
" 64 o= L1+ 1€l
\kl Ik\
a=5;) A-gy) ‘
+ )z - jzez—qwieFF, (4.42)
il =1kl el — 1kl /7
3i , , i%.
Vi Tww,w, wle = 2 3 T I + 1ehwjw-jwew—pzee™, (4.43)
J.lk
0) 3i . . ik-x
Yplazz = -3 D I+ 1€Dzjz—jzez—ezxe™ . (4.44)
J.lk
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5 Normal Form: Second Step

We consider a transformation of the form

@) = (I + M(u,v)) <Z> = &y, v),

where M (u, v) is a matrix operator of homogeneity degree 4. In particular.

Alu, u, u, ul+Blu, u, u, v]l+Clu, u, v, vl+Dlu, v, v, v]+F[v, v, v, v], (5.2)

(5.1

M(M,U) =
where Alu, u, u, u] is of the form
Al ., u] = Avilu, w,u, u] Aalu, u,u, u)
P \ Aot [, uy u, u] Agolu, u, u, ul

and similarly for the other terms and for M (u, v). We assume the following symmetries on

the multilinearity of the maps A, B, C, D, F:

A, 4@ y® @] =A@ 4®

Blu®, u® 4 v] = Bu®@. u® u® ),
@ = e, u®, p®, @7 = c[u®,

@ L@,
v @] = Fu®, @ @ 0.

@] = A, 4@ 4@ 40

e, 4@ vy 4@ @ 0y
@ 3 = D, vV, v

Dlu, v(l), v
FloD, v@ @ @] = Fp@ O 4O,

forall u, v, u™, v®™ 5 =1,2,3, 4. We also assume that
Cll[u(l), u(2), v(l), v(2)]h — Z u;l)u(z) (1) (Z)hkc“(] 0,k) oikx
j.lk

for some coefficient c11(J, £, k) to be determined, and similarly for all the other terms. One

3, (Z) (I + M(u, v)) (a’”) + (9 Mu, v)}( ) (I + K(u, v) (3”’)

where
Ku, v) i= (P9 (u, v) = I = M@u, v) + E(u, v)

has

(5.3)

and, thanks to the previous assumptions,

Eu, v) (Z) = [2A[u, o, u, u] + 2A[u, u, u, o] + 2B[u, o, u, v]

+ Blu, u, a, v] + Blu, u, u, gl + 2Clu, o, v, v] + 2C[u, u, v, 1 + Dle, v, v, v]
+ Dlu, B, v, vl +2D[u, v, v, B] + 2F[v, B, v, v] + 2F[v, v, v, B1} <v> 5.4)

3 (ﬁ) = W, v)

I+ K@, v) ' X (@9 (u, v)).

The transformed equation is

where
W(u,v) = (5.5)
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Recalling (4.32), we decompose
W, v) = (1+P@ w, v)(Di(u, v) + X§ (u, v)) + Ws(u, v) + W7 (u, v), (5.6)
where (1 + P(®))(D; + X7) gives no contribution to the energy estimate,
Ws(u, v) 1= X;'(u, v) + Dy (M(u, v)[u, v]) — K(u, v)Di(u, v) 5.7

and W=7 (u, v) is defined by difference and contains only terms of homogeneity at least seven
in (u, v).
We calculate each term of the first component (W5) of Ws. First, one has

(Ws)1(u, v) = (X1, v) — i A (M1 (u, v)u + My, v)v)

. X —iAu
_ (Mn(u, V) (=i Au) + My (u, v)(zAv)) — (5(u, v)< o ))1

—iA
= (X1, v) = 20 M (u, v) Av — (5(”’ ‘”( ilAvu>>1'

Now

(S(u, v) (_IIAAUM) )1 = 2i Ay [u, Au,u, ulu — 20 Ay [u, u, u, Aulu — 2By [u, Au, u, vlu

—iBy[u, u, Au, viu +iBy[u, u, u, Avlu — 2iCy[u, Au, v, vlu + 2iCq[u, u, v, Aviu
—iDy1[Au, v, v, v]u +iD1yu, Av, v, vlu + 2i Dy [u, v, v, Avlu + 2i Fi1[v, Av, v, v]u
+2iFiilv, v, v, Avlu — 2i Ao lu, Au, u, ulv — 2i Aplu, u, u, Aulv — 2iBia[u, Au, u, vlv
—iBialu, u, Au, vlv +iBialu, u, u, Avlv — 2iCio[u, Au, v, vlv + 2iCqplu, u, v, Avly

— iDio[Au, v, v, v]v + iDyalu, Av, v, v]lv + 2iDyalu, v, v, Avlv + 2i Fiz[v, Av, v, v]v

+ 2i Fio[v, v, v, Av]v.

Thus the terms in (Ws)1 (u, v) containing the monomials u ju_ jueu_euge’*~ are

Yl(i‘)[u, w,u, ulu 420 Ay [u, Au,u, ulu +2iAg[u, u, u, Aulu

ok . :
= 3 wjujuen—eue™* (20 (1 + 1Ehan G, €. = = (
J.lk

IPe? 1P ))
i1+ 1k 1el+ k]

Hence we choose

ain(j, €, k) := |j|.2|g|2 (.1 + 1 ) (5.8)
128(1j1 + €D NI+ 1kl €] + |k

so that (Ws)1(u, v) does not contain monomials of the type uju_jugu_gukeik')‘.
Next, since (X;r)l (u, v) does not contain monomials uju_jugv_guke’k'x, we fix

B =0, 5.9)

so that (W5s)(u, v) also does not contain such monomials.
Next, the terms in (Ws); (u, v) containing the monomials u ju_ jvev_uge’** are
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Yl(lz)[u, u,v,vlu + 2iCilu, Au, v, viu — 2iCyq[u, u, v, Avlu
sl k| |kl
( (Sm) 1 (1 _8|g|))

|5|
= UjU_jVgU—_ guke [—| | |€] ( + — _
,% Y =k I je = k]

+2icn (. €011 - leD].

This term can be eliminated for | j| # |£|, while for | j| = |£| it cannot be eliminated, and in
that case we fix ¢1; = 0. Thus we choose

k k
8lg/ (1 = 83 1 ( "SW) 81

- (5.10)
lj1 — [K| 1+ 1k Ler =1k 1e =11

. L
eni 6.0 = 1R (=

and the terms in (W5s); (u, v) containing the monomials u ju_ jve v_pure'® ™ become

k| || k|
) i =8, (1 —6/.) 1 (1-=46,)
P ¢ [
Z uju,jvgv,gukelkx[—|j|2|f|2< | | |jl + . _ |£] )]
- 32 [J] — |kl [J1+ 1kl €] — |k
2
ljl=lel
. ||
) 1-36,,)
i kx| 12 2( 1 Sl )
= — UiU_jVgVU_gUge l — .
3 2 e vev-eune PR = T
Jj. Atk
Ljl=l¢]
Next, since (X;r)1 (u, v) does not contain monomials u;v_jve v_pure’® we fix
D11 =0, (5.11)
so that (W5)(u, v) also does not contain such monomials.
ik-x

Next, the terms in (Ws){ (1, v) containing the monomials v;v_jvev_guge'™™ are

Y(?)[v, v, v, v]u — 2i Fi1lv, Av, v, vlu — 2i Fi1[v, v, v, Av]u

k| k| k| k|
= Z viv_ jvev_puge'l {*Ijl 14 |2( o * + d=9) + a _8‘[|)>
by 7 I+ 1el 1=kl €] — |kl

= 2ifun(j, 60+ €D}

Hence we fix

f11(j, €, k) =

K, lk] ] N
1 R e AN R
128( + ) (5.12)

I+1er 1= 1kl el =1kl /1 el

so that (Ws)1(u, v) does not contain monomials of the type v;v_;vg v_guge'*r,

Next, the terms in (Ws); (u, v) containing the monomials u ju_ jugu_gvee’s™ are

Yl(g)[u, u,u,ulv — 21 Appu, u, u, ul Av + 2i App[u, Au, u, ulv + 2i Applu, u, u, Aulv

PN _ .
= 3 wjuuen—eoe™ | ST+ 16D = 2iann(. ¢ 0k = 1] = leD].
J. bk

Hence we fix
\J|+I/d|)
Ik\

3
i, L, k) == —1jll€]1(Jj 57
ar2(i. €0 = 1 l1E]+ | |>|k|_| e

(5.13)
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and the terms in (Ws);(u, v) containing the monomials uju_.,'ugu_gvke"k'x become
il U X j11e k]
3 Uj_jugd_pvie J .
J.L
[kI=[j1+l€]

Next, the terms in (Ws); (u, v) containing the monomials u ju_ jugv_gvge'™ ™ are

Y(g)[u, u,u,vlv —2iBplu, u, u, v]Av+ 2iBiou, Au, u, viv
+iBiplu, u, Au, vlv —iBialu, u, u, Avlv

. il _ skl
x| F €187/ (1 = 8¢ 1|
=5 uju,jugv,guke’kX{Emzw( R Ly

= el — 1k] el + 1,1
ea—sihy ,
o) 2l €Dk - 1ib}.
Hence we fix
K| 11 \kl
o 10187/ = sly)) ¢ el — 87
bia(j. €. K) = j 1 I( I¢] I¢] 1€ . I¢] ) 8j1 (5.14)
32 el — Ik] e +11 =1 k=11

and the terms in (W5)1(u, v) containing the monomials u ju— jugv_¢ vre'** become

1] Ikl I/l
|E|8‘g|(1 5|4|) €] 141a _(SW)
) L 6
Zgjkuju juev_gvge'™ ||||( o — K] + +|€|—|—|j|+ le| — || )
|j|=|k\
11
o 1€ [e1(1 _8|g|)
LS wju e Rl -+ )
16 by’ ( 1€+ 11 el — 1l )
Lj1=I1k|

Next, the terms in (Ws)1 (u, v) containing the monomials u ju—_ ;jvov_gvge™** are

Y](g)[u, u,v,vlv —2iCipzlu, u, v, v]|Av + 2iCiz[u, Au, v, vlv — 2iCi2[u, u, v, Avlv
= 3w v ewe™ 1161~ 160) — diera, € bk~ 11+ 16D,
Jj.lk
Hence we fix )
_ gl
k]
Ikl —1j1+ €]
and the terms in (Ws);(u, v) containing the monomials uju__,vzv_gvkeik'x become
3i
16

3
ci2(f, £ k) = S 11E1A 1 = 1€D (5.15)

ik-xi
> uju—juevguee™ | jIC]Ik].
jlk
[k|=1j1-1¢l
Next, the terms in (Ws)1(«, v) containing the monomials u jv_;vev_ vee'* ¥ are
Y]%)[u, v, v, v]v — 2iD1alu, v, v, v]Av +iD[Au, v, v, v]v
—iDi2lu, Av, v, vlv — 2iDip[u, v, v, Av]v
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. .ol . 1]
ikx | 1 AT I71CE =383
= > ujomjoevmeve® S P (o — 64—
P 16 2= 1+ Ik] el — 1,
[jl ) . .
- ) = 2idia G, € Ik + e}
e+ 1l
Hence we fix
. 2ol . 1€ .
w1 111 — 8
dinGi, 0, k) = =1 (7l - I “'.), (5.16)
32(1K1 + 1€ \ 7] + Ik| =1l e+l

so that (Ws)1 (u, v) does not contain monomials of the type u;v_jvev_yg vgetkr,
Next, the terms in (Ws); (1, v) containing the monomials v;v_jvev_svge** are

Yl(g)[v, v, v, v]v — 2i Fia2[v, v, v, v]Av — 2i Fo[v, Av, v, v]v — 2i Fi2[v, v, v, Av]v

; 3i
= vyojoeveewe™ [ = S T IS+ 16D = 2ifiaGis € k] + 11+ 1eD -

Julk J.lk
Hence we fix 31ilel i '
frai by = — AW D (5.17)
64(lkl + 171+ 1€D
so that (Ws)1(u, v) does not contain monomials of the type v;v_;jvev_¢ veelkx,
Summarizing, it remains
k|
i ; 1 (l_aw)
(Ws)1(u,v) = = u‘u—'vzv—zuke’k'x|j|2|£|2( . - )
32 122;( ) 71+ 1kl €] — k]
[71=1€]
3i ik-xy .
+35 0 D e juen—evee™ | jl1ENIk|
Jj. .k
[k|=[j1+l€]
. [/
i k12 1£] 10— 8
+— uju_jugv_gvge | |€|(6+ . . )
16 J; Y e +171 1= 1]
[J1=lk|
3i ikx -
T D ujujuev_gvee™ 1K) (5.18)
Jj.lk
[kI=1j1-l€]

With similar calculations, or deducing the formula from the real structure, the second
component (Ws), of Ws is

1 (1- 8'2'))

i )
(Ws)a(u,v) = —— v-v—'uzu—evke’k*ljlzlﬂlz( -
32 Z 7 [jl+ 1kl €] —|k|

ikx +
—= > vjvo v e j|1] k]
J. bk
[kl=[j1+l€]
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el lea —8,'£|>)

i ik-xy :12
- Y v v ane® e (6 + .
16 & €] + 1/ ] — 11

== Y v jupuguge™ |||k (5.19)
Jj.lk
kI=1j1—lel
Lemma5.1 Foralls > 0, all (w, z) € H(‘)Y(Td, c.c)n Hom0 (T9, c.c.), one has
IWs (e, v)ls < Cllull, llulls.

where C is a universal constant.

Proof The estimate is deduced from (5.18)—(5.19), using the following bound: if «, 8 €
72\ {0},0 < ||| — |BI| < 1, then |a|®> — |8/ is a nonzero integer, || < 2|8, |8] < 2||,

and 1 | + B
o
_ <ol + 18] < Cla| < C'|BI. (5.20)
llal — 18I~ il — I8P

[m}

By (5.18)—(5.19), the system for the Fourier coefficients becomes

I
g = —i 1+ P) (1klux + 72 w1 Pve)

|j1=Ik]
' k|
i 2000 1 (1- 5|e\)
+ — uju—_jvgv_gug|jl|¢| ( . - )
32 ; I I+ 1kl 1€] — |k
[j1=l1€]
3i .
+3 > wjujugu gl j1)Ik|
j.e
[J1+1e1=lkl
' 17l
i .12 |2 [£](1 — 8|g|)
+ — uin— jugv_gvilj| |E|(6—|— - : )
16 ]Xe: 7 [€] + 1/l lel — 1l
[J1=lkl
3i .
+T6 Z uju_jvev_g il j €11k + [(W=7)1(u, v) ]k (5.21)
j.e
[71=1€I=lk|

and

1
g = i1+ P) ([kloe + 72 vjv-jljlPu)

[ 1=Ikl
) ||
i 2002 1 - ‘Sm)
— LS o R (- )
32 ,Xz: o L1+ [kl €] = [kl
lj1=1€l
3i ;
-5 > vjvjuev_gul jllel k|
L
Ljl+1e1=1k|
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el lei =87
Z VjU_ Vgl _gutg] j] |Z|< e + 1l — 1l )
U\ |k|
3i
— 16 2 viv-juen—eueljlIEIK] + (W= )]k (5.22)
Jj.t
Lj1-le1=Ik]

where [(Wx7)1(u, v)]x denotes the k-th Fourier coefficient of the first component of
Wx7(u, v), and similarly for the second component.

Now we prove that the transformation ®® is bounded and invertible in a ball. Let us
begin with estimating the denominators |k| £ | j| &£ |£].

Lemma5.2 Letd > 2, andletk, j, € € Z4\{0}. If |k| — | j| + |€| is nonzero, then

1 ‘ 2
———| < C|jI"[£]. (5.23)
’Ikl =il + 1€

If |[k| — |j| — |£]| is nonzero, then

— | < cljneaj+ 1. (5.24)
‘|k| il — m’ SIS

The constant C is universal (C = 27 is enough).

Proof Let |k|—|j|+ €| # 0.If ||k] — | j| +1€|| = 1, then (5.23) trivially holds. Thus, assume
that
0 < [kl —1jI+ €]l < 1. (5.25)

Since |j| > 1, it follows that
[kl +1€] < 1j1 +1 =< 2j]. (5.26)
The product
p = (kI + 11+ €D UKl + 17T — €DKl = [+ €DK — 171 — €D
= (k1> + 11* = 1€ — 41k P1j1? (5.27)
is an integer. If p # 0, then |p| > 1, and, using (5.26),

1
| < |+ 1] + 1D kL 1] — 1ED K] = 1] — €D
k[ — 1] + [€] / / g

< BiDGIHGIED = CljP1el.

If p = 0,then |k|+|j|—|€| = O0or |k|—|j|—|£] = 0.If |k|+]|j|— €] = O, then |k|—|j|+|£| =
2|k| > 2, which contradicts (5.25). If |k| — |j| — |£| = O, then |k| — |j| + [£] = 2]€] > 2,
which also contradicts (5.25). This completes the proof of (5.23).
Now we prove (5.24). Let |k| — | j| — €] # 0. If ||k] — |j| — |£]] = 1, then (5.24) trivially
holds. Thus, assume that
O <[kl =1jl—1lell < 1. (5.28)

Then

k|l < 1j1+ 1€l + 1 < 2(1j1 + [€D-
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Recalling (5.27), if p # 0, then |p| > 1, and
1
Ikl = 1j1 = 1€l

If p = 0, then |k|+|j|—[€| = Oor |k|—|jl+|€] = O.If |k|+|j|—|€] = O, then ||k|—|j|— ||| =
2|j| > 2, which contradicts (5.28). If |k| — |j| + |€] = O, then ||k| — | j| — [€|| = 2|£] > 2,
which also contradicts (5.28). O

< (kT4 171 1D AR+ 1] = €Dkl = 171+ [€D] = Cj1 + [ED111€].

Remark 5.3 The bound |p| > 1 in the proof of Lemma 5.2 is sharp. Indeed, it is enough
to show that there are infinitely many choices of k, j, £ € Z% \ {0} such that the triple
(k1% 1j1%, 1£]?) is of the form (n, n + 1, 4n + 2) for some n € N. In dimension d > 3, this
is trivial.

In dimension d = 2, recall that the set of integers that can be written as the sum of two
squares is closed under multiplication, by Brahmagupta’s identity

(x2 + yz)(z2 + wz) =(@xz+ yw)2 + (xw — yz)z.

Then, it is enough to observe that for n = 4 the triple (n,n 4+ 1,4n 4+ 2) = (4,5, 18) =
(2% 4 02,22 + 12,32 + 3?) contains only numbers that are the sum of two squares, and
that, given any triple (n, n + 1, 4n + 2) that contains only numbers that are the sum of two
squares, the triple (2n% 4 2n, 2n2 +2n + 1, 4(2n2 + 2n) + 2) has the same property. Indeed,
2n? +2n+1=n*+ (n+ 1)? and 42n* 4+ 2n) + 2 = 2n + 1)> + 2n + 1) are sums of
two squares for any n € N, while 2n> + 2n = 2n(n + 1) is the sum of two squares since it
is the product of numbers that are the sum of two squares (n, n + 1 are sums of two squares
by assumption, and 2 = 12 + 12).

Lemma5.4 For d > 2, the coefficients a1, c11, f11, a12, b12, c12, d12, fi2 in (5.8)—(5.17)
all satisfy the bound

|coefficient(k, j, )] < C(|jI*|€1* +1j1*Ie1*)
for some universal constant C. For d = 1, they satisfy
|coefficient(k, j, €)| < C|j|*|€)>.

Proof Let d > 2. The denominators estimated in Lemma 5.2 appear only in aj» and cq3.
The estimate for |aj;| directly follows from (5.13) and (5.24). To estimate |cj2|, for 0 <
[1k| — 171+ 1£]| < 1use(5.23) and (5.26), otherwise |c12| < C|j||€|(|j| + |£]). The estimate
ofayy, f12 istrivial. To estimate c11, f11, b12, d12, use repeatedly bound (5.20). In dimension
d = 1 all the estimates are trivial. O

Lemmab5.5 Let

1 ifd=1
my = ’jfd ’ (5.29)
2 ifd=2.

All the operators G € {A11, C11, Fi1, A12, Bi2, C12, D12, F12} satisfy
IG[u, v, w, z]h|ls < C”””ml ||v||m| ||w||m| “Z”ml 17l (5.30)

for all complex functions u, v, w, z, h, all real s > 0, where C is a universal constant.

Proof Tt is an immediate consequence of Lemma 5.4. O
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We recall the definition ||(w, z)||s := [|lwlls = |lzlls for all pairs (w,z) = (w,w) €
Hj (T9, c.c.) of complex conjugate functions. By (5.2), (5.3), (5.4), we deduce the following
estimates.

Lemma5.6 Foralls > 0, all (u,v) € Hg” (T4, c.c.), (o, B) € Hg(']I‘d, c.c.) one has
o
| M, v (ﬁ) | = cluli, e, (5.31)

o
|, v (ﬂ) | = Cluli, lallg Nl + Nl el (5.32)

where my is defined in (5.29) and C is a universal constant. There exists a universal § > 0
such that, for ||ullm, < 8, the operator (I + K(u, v)) : H(;"‘(’I[‘d, c.c) — Hg“('JI‘d, c.c.)is
invertible, with inverse

I+ K@, )" =1—K@,v)+Kw,v), K v):=)Y (=K@,v)",  (533)

n=2
satisfying
|+ K, o) (Z) | = caiat + i, huts i),

foralls > 0.
The nonlinear, continuous map ®© is invertible in a ball around the origin.

Lemma 5.7 There exists a universal constant § > 0 such that, for all (w, 7) € Hé’” (T4, c.c))
in the ball ||w|l,,, <&, there exists a unique (u, v) € Hé’” (T4, c.c.) such that ® (u, v) =
(w, 2), with ullm, < 20|wllm,. If, in addition, w € Hj for some s > my, then u also
belongs to Hj, and ||lulls < 2||lwlly. This defines the continuous inverse map (dOH~1 .
H{ (T, c.c) N{|wllm, <8} — Hy(T?, c.c.).

Proof Using the estimates of Lemma 5.6, the proof of Lemma 5.7 is a straightforward adap-
tation of the proof of Lemma 4.3 in [4]. m]

We estimate the remainder W=7 (u, v). By (5.6) (which is the definition of W=7 (u, v)) and
(5.7), (5.5), (4.32), (5.1), we calculate

W7, v) = K, v)[1 4+ P(@ (u, v)1D (u, v)
+ (=K@, v) + K@, v)[1+ P (u, v)) 1Dy (M(u, v)[u, v])
— K@, v)P(®® (u, v))Dy (u, v)
+ P(@O (u, v))Dy (M (u, v)[u, v])
+ (=K@, v) + K@, v)[1 + P u, v)IXT (u, v)
+ (=K@, v) + K(u, v)XJ (u, v)
+ (I + K@, ) 'L+ P@ u, oD[XT (@ (u, v)) — X (u, v)]
+ (I + K@, v) XTI (@D (u, v)) — XT (u, v)]
+ I+ K, v) ' X5 (@O @, v)), (5.34)

where K(u, v) is defined in (5.33). The only unbounded operator appearing in (5.34) is D;.
We rewrite the terms containing D; by using the “homological equation” (5.7) (which is,
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in short, DM — KD; = W5 — Xgr) and the fact that the multiplication by PP (u, v))
commutes with K (u, v), because P(® (u, v)) is a real scalar function of time only. Thus,
omitting to write («, v) everywhere, the first two terms in (5.34) become

K1 4+ P@D)D) + (=K + K)(1 + P(@D)) Dy M

= (1+P@) (Y (0D + Y (K" DiM)

n=2 n=1

=1+ P@) ) (=K)"(=KD; + D1M)

n=1
= (1 +P(@V) (=K + L) (Ws — XT).
Therefore (5.34) becomes
Wor(u, v) = [1+ PP (u, v) (=K (u, v) + K(u, v))(Ws(u, v) — X3 (u, v))
+ P(@ (u, ) (Ws (u, v) — X3 (u, v))
+ (=K@, v) + K@, v)[1 + P (u, v)IXF (u, v)
+ (=K u, v) + K, v) X (u, v)
+ (I + K, )L+ P@ u, oDIIXT (@9 (u, v)) — XF (u, v)]
+ (I + K, v) ' [XT (@D (u, v) — X3 (u, v)]
+ T+ K@, ) X5 (@9 (U, v)). (5.35)

Lemma 5.8 There exist universal constants § > 0, C > 0 such that, for all s > 0, for all
(u,v) € H(;"l (T4, c.c)n Hé(Td, c.c.) in the ball |[u||;n, <8, one has

[W>7(u, v)ls < Cllullfn1 fluells-
Proof Use formula (5.35) and Lemmas 4.6, 4.8, 5.1, 5.6, 5.7. O

Energy estimate. By (5.6), the energy estimate for the system 9, (u, v) = W (u, v) on the real
subspace {v = u} becomes

F(ull?) = (A*du, A™v) + (A u, A*dv) = Ze(u) + Z=5(u) (5.36)
where

Zs(u) = (A°(W5)1(u, v), Av) + (ASu, A*(Ws)2(u, v)),
Zog(w) == (A*(W=7)1(u, v), Av) + (A°u, A*(W=7)2(u, v)),

because the term (1 + P(@O (u, v)))(Dl(u, v) + X;‘(u, v)) gives zero contribution. By
Lemma 5.8, one has

1Z=5)| < Clull$,, lul?.

By (5.18)-(5.19), we calculate

3i ) '
Zow) =35 D (wjujuen v — v oo I (5.37)

J.L.
lkl=1j1+1€]
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3i .

e D (Wjuevevpuev g — v juu ) |jIEIKTE,(5.38)
i L,k
i

which is the sum of the second and the fourth sums in both (W5)| and (W5s),, because the first
and third sums in (Ws)1 and (W5), cancel out. Then, we note that the sum over |k| = |j| —|¢|
in (5.38), namely |j| = |k| + |€|, becomes, after renaming the indices, a sum over the same
set of indices as the sum in (5.37). Hence

3i . .
Zowy =35 Y (wjujueugvvg — vjojoev_puae )| j11EIKI (K —21j*),

J.L,
[k|=1j1+1€]

namely, symmetrizing j <> £,

3i
Zﬁ(l/{)zﬁ Z (wju—jugu_gvpv—g

7]t
[kI=1j 1€l
— vjo—juev—gugu—) | jIEIKI (K17 = 117 =€), (5.39)

For s = %, one has [k|> — || — |€|* = |k| — |j| — €| = 0 over the sum, and therefore
Ze(u) vanishes for s = % Hence (Au, v) is a prime integral up to homogeneity order 8§,
namely

|at(||u||2%)| = [ (Au, v)| < Cllull§, ||u|@.

This is not surprising, since s = % in (5.36) corresponds to the norm in the energy space
H' x L? of the original variables, and that norm is controlled by the Hamiltonian.

For s # %, in general the term Zg(#) is not zero. For example, for s = 1 one has
k1> — 1% = 1017 = (L] + 1€D* = 11> = [€e* =21 ]1€l.
Spheres in Fourier space. We observe that the system (or some relevant aspects of it concern-
ing the evolution of Sobolev norms) can be described by taking sums over all frequencies
k € Z2 with a fixed (Euclidean) length |k| = A. For each X in the set

[ = (k| ke Z¢ k #0}C[1,00), (5.40)
let
Sy = Z |ug > = Z upv—g, By = Z upu g,
ki k=2 kile|=A kelk|=A
so that

Bi= Y wv [l =) 37s,.

k:lk|=A rel

Foreach A € T, S; > 0 and B, € C. By (5.21)—(5.22), neglecting the terms from W7, one
has

3i

9,8, = —
V)

- 3] -
> (BuBgB) — BuBgB,)aph + 6 > (BuBgB) — ByByB;)aph
o, el o, Be
a+pB=A a—pB=x

(5.41)
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and

. S
0B, = —2i(1+P) (3 + %AzSA)BA e 'Ba'szo‘z(ﬁ B :x _a;>

ael’

3i i ) o a(l —8%)
2N BuBsSihaB 4= Y SuSiBik (6 “)
" 16 aBpSirap +g 2 SuSiBidie\O 4 o T
o, Bel ael’

a+p=A

> BuBgSiapi. (5.42)

a,Bel
a—p=A

3i

T3

Equations (5.41)—(5.42) form a closed system in the variables (Sj, By)er. They play the
role of an “effective equation” for the dynamics of the Kirchhoff equation. This will be the
starting point for further analysis in the paper [5].

Acknowledgements We thank Roberto Feola for fruitful discussions on this subject. We also thank the anony-
mous referee for his/her useful comments. This research is supported by the INAAM-GNAMPA Project 2019.

Funding Open access funding provided by Universitd degli Studi Roma Tre within the CRUI-CARE Agree-
ment.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Arosio, A.: Averaged evolution equations. The Kirchhoff string and its treatment in scales of Banach
spaces. In: 2nd Workshop on Functional-Analytic Methods in Complex Analysis (Trieste, 1993). World
Scientific, Singapore

2. Arosio, A., Panizzi, S.: On the well-posedness of the Kirchhoff string. Trans. Am. Math. Soc. 348, 305-330
(1996)

3. Baldi, P.: Periodic solutions of forced Kirchhoff equations. Ann. Sci. Norm. Sup. Pisa, Cl. Sci. (5) 8,
117-141 (2009)

4. Baldi, P, Haus, E.: On the existence time for the Kirchhoff equation with periodic boundary conditions.
Nonlinearity 33(1), 196-223 (2020)

5. Baldi, P, Haus, E.: Longer lifespan for many solutions of the Kirchhoff equation, preprint
(arXiv:2007.03543)

6. Bambusi, D.: Galerkin averaging method and Poincaré normal form for some quasilinear PDEs. Ann.
Sci. Norm. Super. Pisa Cl. Sci. (5) 4, 669-702 (2005)

7. Bernstein, S.N.: Sur une classe d’équations fonctionnelles aux dérivées partielles. Izv. Akad. Nauk SSSR
Ser. Mat. 4, 17-26 (1940)

8. Berti, M., Delort, J.-M.: Almost Global Solutions of Capillary-Gravity Water Waves Equations on the
circle. Lecture Notes of the Unione Matematica Italiana, vol. 24. Springer, Berlin (2018)

9. Berti, M., Feola, R., Pusateri, F.: Birkhoff normal form and long time existence for periodic gravity water
waves, preprint (arXiv:1810.11549)

10. Berti, M., Feola, R., Pusateri, F.: Birkhoff normal form for gravity water waves. Water Waves (2020).
https://doi.org/10.1007/s42286-020-00024-y

11. Colliander, J., Keel, M., Staffilani, G., Takaoka, H., Tao, T.: Transfer of energy to high frequencies in the
cubic defocusing nonlinear Schrodinger equation. Invent. Math. 181, 39-113 (2010)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2007.03543
http://arxiv.org/abs/1810.11549
https://doi.org/10.1007/s42286-020-00024-y

1230 Journal of Dynamics and Differential Equations (2021) 33:1203-1230

20.

21.

22.

23.

24.

25.
26.

27.

28.

29.

30.

31.

33.

34.

35.

Corsi, L., Montalto, R.: Quasi-periodic solutions for the forced Kirchhoff equation on T, Nonlinearity
31(11), 5075-5109 (2018)

Craig, W., Sulem, C.: Mapping properties of normal forms transformations for water waves. Boll. Unione
Mat. Ital. 9, 289-318 (2016)

Craig, W., Worfolk, P.: An integrable normal form for water waves in infinite depth. Phys. D 84(3-4),
513-531 (1995)

. D’Ancona, P, Spagnolo, S.: A class of nonlinear hyperbolic problems with global solutions. Arch. Rational

Mech. Anal. 124, 201-219 (1993)

Delort, J.-M.: Long-time Sobolev stability for small solutions of quasi-linear Klein-Gordon equations on
the circle. Trans. Am. Math. Soc. 361(8), 4299-4365 (2009)

Delort, J.-M.: A quasi-linear Birkhoff normal forms method. Application to the quasi-linear Klein-Gordon
equation S'. Astérisque 341, (2012)

Dickey, R.W.: Infinite systems of nonlinear oscillation equations related to the string. Proc. Am. Math.
Soc. 23, 459468 (1969)

Feola, R., Iandoli, F.: Long time existence for fully nonlinear NLS with small Cauchy data on the circle.
Ann. Sci. Norm. Super. Pisa CI. Sci. (2020). https://doi.org/10.2422/2036-2145.201811_003

Grébert, B., Thomann, L.: Resonant dynamics for the quintic nonlinear Schrodinger equation. Ann. Inst.
H. Poincaré Anal. Non Linéaire 29, 455-477 (2012)

Greenberg, J.M., Hu, S.C.: The initial value problem for a stretched string. Quart. Appl. Math. 38, 289—
311, (1980/81)

Guardia, M., Hani, Z., Haus, E., Maspero, A., Procesi, M.: Strong nonlinear instability and growth of
Sobolev norms near quasiperiodic finite-gap tori for the 2D cubic NLS equation. J. Eur. Math. Soc. JEMS)
(arXiv:1810.03694)

Guardia, M., Haus, E., Procesi, M.: Growth of Sobolev norms for the analytic NLS on T2. Adv. Math.
301, 615-692 (2016)

Guardia, M., Kaloshin, V.: Growth of Sobolev norms in the cubic defocusing nonlinear Schrodinger
equation. J. Eur. Math. Soc. (JEMS) 17, 71-149 (2015)

Haus, E., Procesi, M.: Growth of Sobolev norms for the quintic NLS on T2. Anal. PDE 8, 883-922 (2015)
Haus, E., Procesi, M.: KAM for beating solutions of the quintic NLS. Commun. Math. Phys. 354, 1101—
1132 (2017)

Haus, E., Thomann, L.: Dynamics on resonant clusters for the quintic nonlinear Schrodinger equation.
Dyn. Partial Differ. Equ. 10, 157-169 (2013)

Ifrim, M., Tataru, D.: The lifespan of small data solutions in two dimensional capillary water waves. Arch.
Ration. Mech. Anal. 225(3), 1279-1346 (2017)

Tonescu, A.D., Pusateri, F.: Global Regularity for 2d Water Waves with Surface Tension, Mem. Am. Math.
Soc. 256(1227), (2018)

Tonescu, A.D., Pusateri, F.: Long-time existence for multi-dimensional periodic water waves. Geom.
Funct. Anal. 29, 811-870 (2019)

Kirchhoff, G.: Vorlesungen iiber mathematische Physik: Mechanik, ch.29. Teubner, Leipzig (1876)
Lions, J.L.: On some questions in boundary value problems of mathematical physics. In: de la Penha, G.M.,
Medeiros, L.A. (eds.) Contemporary Developments in Continuum Mechanics and PDE’s. North-Holland,
Amsterdam (1978)

Matsuyama, T., Ruzhansky, M.: Global well-posedness of the Kirchhoff equation and Kirchhoff systems,
Analytic methods in interdisciplinary applications. Springer Proceedings in Mathematics and Satistics,
Vol. 116, pp. 81-96. Springer, Cham (2015)

Montalto, R.: Quasi-periodic solutions of forced Kirchhoff equation. NoDEA Nonlinear Differential
Equations Appl. 24, 9 (2017)

Spagnolo, S.: The Cauchy problem for Kirchhoff equations. Rend. Sem. Mat. Fis. Milano 62, 17-51
(1994)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


https://doi.org/10.2422/2036-2145.201811_003
http://arxiv.org/abs/1810.03694

	On the Normal Form of the Kirchhoff Equation
	Abstract
	1 Introduction
	1.1 Main Result
	1.2 Related Literature

	2 Linear Transformations
	3 Diagonalization of the Order One
	4 Normal Form: First Step
	5 Normal Form: Second Step
	Acknowledgements
	References




