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Abstract

We show that a linear Young differential equation generates a topological two-parameter
flow, thus the notions of Lyapunov exponents and Lyapunov spectrum are well-defined. The
spectrum can be computed using the discretized flow and is independent of the driving path
for triangular systems which are regular in the sense of Lyapunov. In the stochastic setting, the
system generates a stochastic two-parameter flow which satisfies the integrability condition,
hence the Lyapunov exponents are random variables of finite moments. Finally, we prove a
Millionshchikov theorem stating that almost all, in a sense of an invariant measure, linear
nonautonomous Young differential equations are Lyapunov regular.

Keywords Young differential equation - Two parameter flow - Lyapunov exponent -
Lyapunov spectrum - Lyapunov regularity - Multiplicative ergodic theorem - Bebutov flow

1 Introduction
In this article we study the Lyapunov spectrum of the nonautonomous linear Young differ-
ential equation (abbreviated by YDE)

dx(t) = A(t)x()dt + C(t)x(t)dw(t), x(tg) = x0 € RY, ¢ > 10, (1.1)

where A, C are continuous matrix valued functions on [0, 00), and w is a continuous path on
[0, 0o) having finite p-th variation on each compact interval of [0, co), for some p € (1, 2).
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Such system (1.1) appears, for instance, when considering the linearization of the autonomous
Young differential equation

dy(t) = f(y®)dt + g(y(t))dw(t) (1.2)

along any reference solution y(¢, yo, ). An example is when we would like to solve in
the pathwise sense stochastic differential equations driven by fractional Brownian motions
with Hurst index H € (%, 1) defined on a complete probability space (2, F, P) [24]. In
fact it follows from [5] that (1.2) under the stochastic setting also satisfies the integrability
condition.

The Eq. (1.1) can be rewritten in the integral form

t t
x(t) = xo +/ A(s)x(s)ds —l—/ C()x(s)dw(s), t > 1y, (1.3)
fo fo

where the second integral is understood in the Young sense [28], which can also be presented
in terms of fractional derivatives [29]. Under some mild conditions, the unique solution of
(1.1) generates a two-parameter flow @, (1, t), as seen in [9]. Under a certain stochastic
setting, (1.1) actually generates a stochastic two-parameter flow in the sense of Kunita [16].

Our aim is to study the Lyapunov exponents and Lyapunov spectrum of the linear two-

parameter flow generated from Young Eq. (1.1). Notice that Lyapunov spectrums and its
splitting are the main content of the celebrated multiplicative ergodic theorem (MET) by
Oseledets [25]. It was also investigated by Millionshchikov in [18-21] for linear nonau-
tonomous differential equations. In the stochastic setting, the MET is also formulated for
random dynamical systems in [1, Chapter 3]. Further investigations can be found in [6-8,10]
for stochastic flows generated by nonautonomous linear stochastic differential equations
driven by standard Brownian motion.
For Young equations, we show that Lyapunov exponents can be computed based on the dis-
cretization scheme. Moreover, if the driving path w satisfies certain conditions, the Lyapunov
spectrum can be computed independently of w for triangular systems (i.e. both A, C are
upper triangular matrices) which are Lyapunov regular.

One important issue is the non-randomness of Lyapunov exponents when the system is

considered under a certain stochastic setting, namely if the driving path w is a realization
of a certain stochastic noise. In case the system is driven by standard Brownian noises, a
filtration of independent o — algebras can be constructed and the argument of Kolmogorov’s
zero-one law can be applied to prove the non-randomness of Lyapunov exponents, which are
measurable to tail events, see [7].
In general, the stochastic noise might be a fractional Brownian motion which is not Markov,
hence it is difficult to construct such a filtration and to apply the Kolmogorov’s zero-one law.
The question of non-randomness of Lyapunov spectrum is therefore still open. However, the
answer is affirmative for some special cases. For example, autonomous and periodic systems
can generate random dynamical systems satisfying the integrability condition, thus the Lya-
punov spectrum is non-random by the multiplicative ergodic theorem [1]. Our investigation
shows that the Lyapunov spectrum of triangular systems that are Lyapunov regular are also
non-random. In general, we expect that the statement of non-randomness of Lyapunov spec-
trum is still true for any Lyapunov regular system, although finding a counter-example of a
nonautonomous system with random Lyapunov spectrum also attracts our interest.

The paper is organized as follow. In Sect. 2, we prove in Proposition 2.4 the generation of
a two-parameter flow from the unique solution of (1.1). The concepts of Lyapunov exponents
and Lyapunov spectrum of system (1.1) are then defined in Sect. 3. Under the assumptions on
the driving path w and on the coefficient functions, we prove in Theorem 3.3 that Lyapunov
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spectrum can be computed using the discretized flow and give an explicit formula of the
spectrum in Theorem 3.7 in case of triangular systems which are regular in the sense of
Lyapunov. Theorem 3.11 provides a criterion for a triangular system of YDE to be Lyapunov
regular. In Sect. 4, we consider the system under random perspectives in which the driving
path acts as a realization of a stochastic stationary process in a function space equipped with
a probabilistic framework. The system is then proved to generate a stochastic two-parameter
flow which satisfies the integrability condition, hence the Lyapunov exponents are proved in
Theorem 4.3 to be random variables of finite moments. Section 4.2 is devoted to study the
regularity of the system, where we prove a Millionshchikov Theorem 4.6 stating that almost
all, in a sense of an invariant measure, nonautonomous linear Young differential equations
are Lyapunov regular. We end up with a discussion on the non-randomness of Lyapunov
spectrum in some special cases, and raise this interesting question in general.

2 Preliminary

In this section we present some well-known facts of Young differential equations and two
parameter flows. Let 0 < 77 < T < oco. Denote by C([T1, T2], RdXd) the Banach space of
continuous matrix-valued functions on [77, T>] equipped with the sup norm || - |loo,[7}, 73]
by C"Y¥([T}, T»1, R?) the Banach space of bounded r —variation continuous functions on
[Ty, T»] having values in R? with the norm

el —var,[7y, 151 = e (TO] + Nl —var. (7,75 < 0©,
in which | - | is the Euclidean norm and |||, _yar [7;,75] 15 the seminorm defined by

n—1

1/r
"|u”|r—var,[T1,T2] = sup |u(ti+l) - u(ti)|r , uUEe€ Cr—var([Th T3], Rd)a
I(7y,12)
1:42) =0

where the supremum is taken over the whole class of finite partitions [1(77, T2) = {T1 =ty <
1, <--- < t, = Ta} of [T}, T»]. For each 0 < < 1, we denote by C*~Hol([T}, T»], RY)
the space of @« —Holder continuous functions on [T}, T2] equipped with the norm

lulla, 17y, 71 = Nulloo,(1y. 121 + Nl —Hol, (7). 757 »
: : ._ _ [u(@)—u(s)|
in which [|ulleo,[7). 73] 1= SUPei7y, 157 ()] and [l llg—viol, (1), 75) = SUPT <5 <1<Ty =5y -
It is obvious that for all u € C* 1N T}, T»], RY),

Nl —var. 7. 751 < (T2 = TD* Nutllg—piol (7. 751 »

with o = 1/r. Moreover, we have the following estimate, whose proof follows directly from
the definitions of the p—var seminorm and the sup norm and will be omitted here.

Lemma2.1 Letty > 0 and T > O be arbitrary. If C € C1™V¥*([ty, to + T1], RIxd) x ¢
CI7v ([19, to + T1, RY), then for all s < t in [to, o + T,

NCxNg—var,1s.01 = 1Clloo, 5.1 XMl g —var,1s.e7 + 1% oo, 15,1 NC g —var, 15,11 -

Now, consider x € CI Y4 ([Ty, T»], Rdxm) and w € CPY¥ ([T}, T»1, R™), p,q > 1 and
% + é > 1, the Young integral f: x(t)dw(t) can be defined as

b
/ x(do(t) = limjmo Y x(t)(@(ti41) — o)),

tiell
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where the limit is taken on all finite partitions I[1 = {T} =1t < t; < ... < t, = T} with
ITT| := maxo<j<n—1 |ti+1 — ;| (see [28, p. 264-265]). This integral satisfies additive property
by the construction, and the so-called Young—Loeve estimate [12, Theorem 6.8, p. 116]

t
/ x)do W) — x()[w(t) — o) < K lxlly—varis,:1 1ol p—var, 15,11 » 2.1

where

1-6y—1 1
K=01-2"%", 6=—+4+—>1. (2.2)
P 4
Now for any w € CP™([t9,to + T1, R) with some 1 < p < 2, we consider the
deterministic Young equation

t t

x(t) = xo +/ A($)x(s)ds +/ C(s)x(s)dw(s), (2.3)
1o 0]

in which A € C([tg, 1o + T1,R¥*4), C e ¢4V ([1y, to + T1, R¥*?) with ¢ > p and

% + % > 1. We first show that under mild conditions on coefficient functions A, C, (2.3) has

a unique solution in C7 ™Y ([1o, 1o + T, RY).

Proposition 2.2 Fix [ty, to + T] and consider w varying as an element of the Banach space
CP=V (19, 1o+ T1). Assume that A € C([ty, to+T1, R?*9), C € C17V¥([19, 1o + T, R4*4)
withq > p and é + % > 1. Then Eq. (2.3) has a unique solution x (-, ty, xo, ) in the space

CPV (19, 1o 4+ T, RY) which satisfies

@) llx(, 10, x0, @)oo, [19,70+T1

2M*\p » »
< bxolexp [n[2+ (=) (77 + 000 g s )} 2.4)
(ll) |||x(9 th X0, (U) |||p7VaI,[f0,l()+T]
2M*\p » »
< lolexp {1+ m)[3+ (7) (7 0] i )]} @)
where
M* = M*(t9, T) = max{| Alloc. .00+ 71> 2K | Cllg—var. o077} < 00, (26)

K is defined in (2.2), i is a constant such that 0 < p < min{l, M*} and n = — log(1 — ).
In addition, the solution mapping

X R x PV (19, 10 + T1, R) —> CP ¥ ([19, 1o + T1, RY)
(x0, w) = x(-, 19, X0, ®).

is continuous w.r.t (xg, o).
Proof See the “Appendix”. O

Remark 2.3 (i) Fix [fo, to + T'], by considering the backward equation similar to that of [9],
we can draw the same conclusions on the existence and uniqueness of the solution for
the backward equation at an arbitrary point a € [fg, fo + T]. Moreover, it can be proved
that the solution mapping X is continuous with respect to (a, xo, ®) € [to,to + T] X
R? x CP~V ([19, to + T1, R).
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(i) Ifow e cY/P~Hol(1y 1o+ T1, R) C CP~V¥([tg, tg + T], R) then similar arguments prove
that the solution is 1/p—Holder continuous and the solution mapping X is continuous
with respect to (a, xo, ) € [to, to + T] X RY x cV/r=Hol([4. to + T], R).

For any 190 < t; < tp < to + T the Cauchy operator ®,(t1, 1) : R? — R4 of the YDE
(1.1) is defined as @, (11, 12)x;, := x(f2, t1, X4, , @) for any vector x;, € R,

Following [1, p. 551], a family of mappings X, , : RY — R? depending on two real
variables s,¢ € [a,b] C R is called a two-parameter flow of homeomorphisms of R? on
[a, b] if the mapping X ; is a homeomorphism on R4, X5 =id; X:,l = X;sand X ; =
Xu10Xs, foranys, t,u € [a, b]. If in addition, X, ; is a linear operator for all s, ¢ € [a, b],
then the family X ; is called a two-parameter flow of linear operators of R? on [a, b].

Proposition 2.4 Suppose that the assumptions of Proposition 2.2 are satisfied. Then the
Eq. (1.1) generates a two-parameter flow of linear operators of R¢ by means of its Cauchy
operators.

Proof First note that the same method in the proof of Theorem 2.2 can be applied to prove
the existence and uniqueness of solution @, (7, ¢) of the matrix-valued differential equation

t t
o(r)=1 +/ A(s)D(s)ds —i—/ C)P(s)dw(s), t € [to,to+ T1. 2.7
1o 1o
It is easy to show that the solution @, (-, -) : A? - RI¥4 with A2 := {(s,1) € [to, tp +
T] x [tg, to + T] : s < t}, has properties that ®,,(s, s) = Iyxq forall s > 0 and

D(s,1) 0 Py(t,5) = Po(7,1), Vip<T=<s=<t=<i+T. (2.8)

The solution ®,,(-, -) is the mapping along trajectories of (2.3) in forward time since YDE is
directed. Like the ODE case, in our setting, the solution of the matrix Eq. (2.7) is the Cauchy
operator of the vector Eq. (2.3).

Next, consider the adjoint matrix-valued pathwise differential equation

dV (1, 1) = — AT ()W (19, )dt — CT )W (1o, H)dw (1) (2.9)

with initial value W (1o, o) = I, and AT (), CT () are the transpose matrices of A(-) and C(-),
respectively. By similar arguments we can prove that there exists a unique solution W, (o, t)
of (2.9). Introduce the transformation u(¢) = W, (19, 1)T x (¢). By the formula of integration
by parts (see [12, Proposition 6.12 and Exercise 6.13] or a fractional version in Zihle [29]),
we conclude that

du(t) = [dV,(to, )T 1x (1) + Wy (10, ) dx (1)
= [~ W, (t0, )T A(t)dt — W, (10, ) C(1)dw (1)]x (1)
+ W, (10, T [A(D)x(1)dt + C(1)x(t)dw ()]
=0.

In other words, u(t) = u(ty) = x(t9) = x¢ or equivalently W, (¢, HTx@) = xo. Combining
with @ in Eq. (2.7) we conclude that W,, (to, t)7 ®,,(to, t)xo = xo for all xo € R, hence
there exists @, (fo, 1)~} and (19, 1)1 = W, (19, )T . As a result, for any xo # 0 we have
®,,(to, t)xo # 0 for all # > 9. Thus we showed that the linear operator ®,(to, t), t > to, is
nondegenerate. Similarly, forall 7y < s <t <9+ T the operator @, (s, t) is nondegenerate
and @y, (s, 1)"" = W, (s, )T, Putting @y, (1, 5) 1= Wu(s, ) forrg <s <t <19+ 7T we
have defined the family ®,,(z, s) for all s,¢ € [tg, top + T], and it is clearly a continuous
two-parameter flow generated by (2.3). O
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Remark 2.5 Using the solution formula for one dimensional system as in Sect. 3, one derives
a Liouville-like formula as follow
t

t
det @, (10, t) = exp {/ trace A(s)ds +/
0]

fo

trace C(s)da)(s)} ,

which also proves the invertibility of ®,(, 7).

3 Lyapunov Spectrum for Nonautonomous Linear System of YDEs

The classical Lyapunov spectrum of linear system of ordinary differential equations (hence-
forth abbreviated by ODEs) is a powerful tool in investigation of qualitative behavior of the
system, see e.g. [4,23]. Since (1.3) generates a two-parameter flow of homeomorphisms, we
can instead study Lyapunov spectrum of the flow generated by the equation.

3.1 Exponents and Spectrum

We aim to follow the technique in [7,18,19]. From now on, let us consider the following
assumptigns on the coefficients of (1.3).

(H) A 1= [ Alloo g+ < 0.

(Hy) For some § > 0, C := ”C“q—var,é,]R‘*' ‘= SUPp<;—s5<s 1C llg—var,[s.r] < 0©.
In (H;) we can assume, without loss of generality that § = 1. Put

My := max{A, 2K C} (3.1)
where K given by (2.2). It is obvious from (2.6) that, for any #; € RT,
M*(t, 1) < Mo.

Note that conditions (Hj), (H,) and Proposition 2.2 assure the existence and uniqueness
of solution of (1.3) on RT. Moreover, Proposition 2.4 asserts that (1.3) generates a two-
parameter flow on R4 by means of its Cauchy operators @, (-, -), and &, (s, t)xo represents
the value at time r € R* of the solution of (1.3) started at xo € R? at time s € Rt.
Following [7], we introduce the notion of Lyapunov exponents of two-parameter flow of
linear operators first, and then use it to define the Lyapunov exponents. We shall denote by
G the Grassmannian manifold of all linear k-dimensional subspaces of R¥.

Recall that for a real function & : Rt — R9 the Lyapunov exponent of h is the number
(which could be co or —o0)

1
x(h(t)) :=limsup — log |h(1)].
t—oo I
(We make the convention that log is the logarithm of natural base and log 0 := — c0.)

Definition 3.1 (i) Given a two-parameter flow @, (s, r) of linear operators of R4 on the
time interval [7g, 00), the extended-real numbers (real numbers or symbol co or —o0)

1
A (w) == inf  suplimsup —log|®,(to, 1)y, k=1,...,d, (3.2)

VeGii+i yev t—oo 1

are called Lyapunov exponents of the flow @, (s, ¢). The collection {X{(®), ..., Ag(w)}
is called Lyapunov spectrum of the flow @, (s, 7).

@ Springer



Journal of Dynamics and Differential Equations (2020) 32:1749-1777 1755

(i) For any u € [f9, 00) the linear subspaces of R4
1
Ef(») :={y e R? | limsup ?10g|¢>w(u, Dyl <@}, k=1,....d, (33)
—00

are called Lyapunov subspaces at time u of the flow &, (s, 7). The flag of nonincreasing
linear subspaces of R?

R? = EY(®) D E4(w) D --- D E%w) > {0}

is called Lyapunov flag at time u of the flow &, (s, ).
(iii) The Lyapunov spectrum, Lyapunov exponents and Lyapunov subspaces of the linear
YDE (1.3) are those of the two-parameter flow @, (s, t) generated by (1.3).

It is easily seen that the Lyapunov exponents in Definition 3.1 are independent of 7g, and are
ordered:

AM@) = (@) > > ), oeQ.

Moreover, due to [7, Theorems 2.5, 2.7, 2.8], for any u € [tg,00) and k = 1,...,d, the
Lyapunov subspaces E}/ (w) are invariant with respect to the flow in the following sense

D, (s, E}(w) = Ej(w), foralls,t € [fg,00),k=1,...,d.

The classical definition of Lyapunov spectrum of a linear system of ODE is based on the
normal basis of the solution of the system (see [11]). Millionshchikov [18] pointed out that
these definitions are equivalent. In the following remark we restate some facts in [11].

Remark 3.2 (i) For every invertible matrix B(w), the matrix ®,,(fo, ) B(w) satisfies

d d
> ai(@) =) ri(w)
i=1 i=1

where «; () is the Lyapunov exponent of its ith column.
(ii) Furthermore, we have Lyapunov inequality

d
1
> i = limsup = log | det @, (fo. 1)].
t—oo I

i=1

Note that if Lyapunov exponents {«;(w),i = 1,...,d} of the columns of the matrix
D, (1o, t) B(w) satisfy the equality Zf:] a(w) = limsup,_, % log | det @, (tp, t)| then
{1 (), ..., aq(w)} is the spectrum of the flow ® (s, 1), i.e

{gj(w),i=1,....d} ={}(w),i=1,...,d},

(but the inverse is not true).

Now let us consider the following assumptions on the driving path w.

. 1 p _
(H3) hmnn—é&o a el _var 1 = 0-
ART 1 -1 P _
(H3) hm”,;l%o w 2k=o lloll p—var,lkk+1] = L p(@) < 00.

It is easy to see that assumption (Hj3) implies (H3). We formulate below the first main result
of this paper on the Lyapunov spectrum of Eq. (1.3).
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Theorem3.3 Let ®,(s,t) be the two-parameter flow generated by (1.3) and
(A (w), ..., Xg(w)} be the Lyapunov spectrum of the flow ®, (s, t), hence of Eq. (1.3). Then
under assumptions (Hy), (Hy), (H3), the Lyapunov exponents L (w), k = 1,...,d, can be
computed via a discrete-time interpolation of the flow, i.e.

1
M(w) := inf  sup limsupys;_, 0 " log|®,(to, )yl, k=1,...,d. 3.4

VeGa—iti yev
In addition, if condition (H}) is satisfied, then
2My
he@) < 2+ (= p D'+, vk=1.....4, (35)
where My is determined by (3.1), 0 < u < min{1, My} and n = — log(1 — p).

Proof Recall from (2.4) that for each s € R

2M
sup_1og [ @, (5. DIl < 02+ (OPA+ 10l ii)] GO
tels,s+1] 1

Fix k € {1,...,d}and y € R?. Suppose 0 < 19 < t| < 15 < t3--- is an increasing
sequence of positive real numbers on which the upper limit

lim sup 10g|¢'w(t0, t)yl=:ze€ R
1—00
is realized, i.e.,

. 1
lim — log |®,(to, tm)y] = z.
m—oo t,

Let n,, denotes the largest natural number which is smaller than or equal to #,,. Using the
flow property of @, (s, ¢) and assumption (H3) we have

. 1
z= lim —log|®, (0, tm)y]
m—o00 tm

. 1
lim *log(|q>w(nmvlm)q>w(t07 nm)y|)
m—oo t,,

IA

. 1
tim_ — (10 @ (1, 1) | + 102 (Do (t0, 1) ¥)))
m— 00 tm

IA

1 1 2My
lim sup — log |, (f9, 1y, ) y| + lim sup —n[Z + ( P ) 1+ |||a)|||p R nm+ll)]

m—o0 Nm m—oo Ny

1
= lim sup — 10g |q>a)(t07 nm)y|

m—oo Ny

1
< lim sup — log |®,(t0, 1) y]-
—00
teN

On the other hand,

1 1

lim sup — log |®,, (10, 1) y| < limsup — log | P, (to, 1)y| = z.
t_)I%o t t—oo I
te
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Consequently, forallk € {1,...,d}and y € R4, we have the equality

lim sup 10g|¢w(to,t)y|—llmsup 10:‘;|<I>w(to,t)y|
[*)&O
te

which proves (3.4).
Next, assume condition (H ) is satisfied. Then

n—1

1 1
lim sup - log [P, (fo. n)y| < lim sup -~ | log || (t0. Tt DI + Z log [Py, (), j + DI

n—oo n—00
=[]

< limsup — Z [2+( 2/[0)"( +|||w|||§ var,[ jj+1])]

n—oo N

< n[z+(2f ) a+r, @] 3.7

Since @y, (s, 1) = (Vo (s, 1)T)~ where W is the solution matrix of the adjoint Eq. (2.9), it
follows that

1 1
lim sup log |®, (g, n)y| > lim sup—flog 1Yy, (20, n)|| = —11m1nf log Wy (2o, n) .

n—o00o n—oo

Hence, either

1 2M,
0 =< lim sup ~ log |, (10, m)| < n[z+( p ) a +rp(w))]

n—0o0
or
1 o1
0 > lim sup log |®, (g, n)y| = —liminf — log || W, (o, n)|,
n—00 n—oo n
which yields

1 1
0 < liminf — log W, (to, n)|| < lim sup log | W, (0, n)||
n—00

n—oo
2M
<2+ (Z2) a4+ )]
u
where the last inequality can be proved similarly to the one in (3.7). Hence (3.5) holds. 0O

Remark 3.4 The discretization scheme in Theorem 3.3 can be formulated for any step size
h > 0.

3.2 Lyapunov Spectrum of Triangular Systems

Itis well known in the theory of ODE that a linear triangular system can be solved successively
and its Lyapunov spectrum is easily computed via its coefficients. In this subsection we present
our similar result for linear triangular systems of YDE, under additional assumptions. Let us
consider the system

dX(t) = AO)X(@)dt + C(HX()dw(t) (3.8)
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in which, X = (x1,x2,...,xq4), A = (a;j(t)), C = (c;j(t)) are d dimensional upper trian-
gular matrices of coefficient functions satisfying conditions (H;j), (Hy), the driving path @
satisfies (H3) and also the additional assumption

| fi'cii(0)deo(5)

(Hy) limnrzl%o — = Oforanyelementsc;;(t), i =1, ..., d inthe diagonal
of C.

As a motivation of our ideas, (Hy) is satisfied for almost all realization w of a fractional
Brownian motion (see Lemma 5.3 in Sect. 5 for the proof and [22] for details on fractional
Brownian motions). Another situation satisfying (Hy) is the case in which w(¢) = * with
0 < o < 1 and C(-) is continuous and bounded.

To see how assumption (Hy) is applied, we first consider Eq. (3.8) in the one dimensional
case

dz(t) = a(t)z(t)dt + c(t)z(t)dw(t), z(0) = zp. 3.9)
Thanks to the integration by part formula (see Zihle [29, Theorem 3.1]), (3.9) can be solved
explicitly as
(1) = Zoef(;a(s)derf(; c(s)da(s) (3.10)
Moreover, we have the following lemma.

Lemma 3.5 The following estimates hold for any nontrivial solution z # 0 of (3.9)

(i) x(z(?)) = a,

(i) xzllg—var,[s,r+1) < @

1 n
where a := lim supf/ a(s)ds.
n—oo N Jo
neN

Proof (i) The statement is evident under the assumption (Hy4). Namely,

<logn|z()| N Jo a(s)ds N I c(s)dw(s)) — Jimsup I ar(ls)ds

=a.

X (z(t)) = lim sup
n—0o0
neN

n n n— 00

neN
(ii) Due to linearity it suffices to prove for zo = 1. Introduce the notations f(t) =
foa(s)ds, g(t) = [y c(s)dw(s), then z(1) = e/ D+E®. We have
NNy —var,ts.1 = @ =l alloo,is.1s N8y —var, 5.1
= Kllcllg—var,is. loll p—var 5.1 » forall 0 <s <1
and
x(e 0y =a, ye*)=o.
For given ¢ > 0, there exists D such that
e < P @te/Ds - p8() o pef3 s > 0.
Hence, for any 7y > 0, the estimates

] < Dze(ﬁ+8/3)l0. eto/3

lle! oo, 110,10+ 1 €8 lloo,110,10+1] < D2e

hold for D, = max{D;, D1¢*t4/3}. On the other hand, due to the inequality |e? — e’ <
la — ble™®{@:b} for all a, b € R we have

le/ @ — /O < e/ oo, 15011 £ ) = £ = lle! ootst1 I Mg —var.fs.11 -
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which yields

f f
’”e Wq—var,[s,t] <lle ||oo,[s,t] |||f|||q—var,[s,tj .
Similarly,

|||eg”|q7va_r,[5,[] = ”eg”OO-,[S,l‘] "|g”|q7var,[x,t] .
Fors,t € [ty, to + 1],
1z(t) — z(s)| = |/ DT8W _ () F2())
< ef(t)|eg(t) _ eg(.f)| + eg(S)|ef(t) _ ef(S)|

= ||ef||oo,[to,to+1]||€g||oo,[to,to+1] (”|f|"q—var,[s,t] + ”|g|"q—var,[s,t]) ,

hence by using Minkowski inequality we get

|||Z|||q—var,[t0,t0+1] = ||€f ||oo,[to,to+1]||eg ll oo, 1r0.10+11 (|||f|||q7var,[to_[0+1] + |||g|||q7var,[,0,,0+1])

2 2¢/3)1q
< D320 (la|| o go + Kllelly—var 1 &+ Dl p—var.fr9.10+17)-

”lwmp—var,[to.ro-%—l
1

Note that condition (H3) implies the boundedness of I 1o € R*. Therefore,

there exists a constant D3 such that

1
Nzlly—var,fro, 10417 < D3e @,

which proves (ii). ]

Next we will show by induction that the Lyapunov spectrum of system (3.8) is {axr, | <

13
k < d} with ag, = lim;_, o M, provided that the limit is well-defined and exact.

The following lemma is a modified version of Demidovich [11, Theorem 1, p. 127].
Lemma3.6 Assume that g : RT — R, i = 1,...,n, are continuous functions of finite
g-variation norm on any compact interval of R, which satisfy

gi

s

X (g (1), x(H ><AieR, i=1..

g—var,[t,t+1]
Then

(i) % (1o 8 O) s 1 (121 8y —varrony) = MX1<in 20
(ii) X (H?:l gi(t)) > X <H|l—l7:1 gi |Hq—var,[t,t+l]) = Z?:] A

Proof (i) The proof is similar to [11, Theorem 1, p. 127] with note that
n n
> =2 |l
i=l1 g—var,[t,t+1]  i=l
(i7) The first inequality is known due to [11, Theorem 2, p. 19]. For the second one, it suffices

to show for k = 2, since the general case is obtained by induction.
It follows from Lemma 2.1 that

gi

g—var,[r,i+1]

e &y var o = (1 oot + g g v grry) (187 ocutrrs1y
+ H|g2|”q—var,[t,t+l]>

=4 (18" O+ N8Ny —varteveny) (182 ON+ 182y 1)) -
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Therefore the the second inequality followed from the first one and (7). O

By similar arguments using the integration by part formula, the non-homogeneous one
dimensional linear equation

dx(t) =[a@®)x(t) + hi(@®)]dt + [c()x(t) + ha(t)]dw (1) (3.11)

can be solved explicitly as

t
x(t) = efga(s)dﬁf(; c(s)dw(s) (xo +/ - fy ats)ds—f; C(s)da)(s)hl(s)ds
0

¢ ' 1
+ / e~ fO a(x)dsffo c(s)dw(x)hz(s)dw(s)> ;
0

provided that A1, i are in CY7V¥ ([0, ¢], R) for all + > 0. This allow us to solve triangular
systems by substitution as seen in the following theorem.

Theorem 3.7 Under assumptions (Hy) — (Hy), if there exist the exact limits
1 t
ai = lim 7/ a(s)ds, k=1,...,d, (3.12)
=00t Jy
then the spectrum of system (3.8) is given by
(@, an, ..., aq4q}-
Proof Forallk =1,2,...,d,put Yi(t) = ef(; ak(s)ds+[g k()40 (s) Then due to Lemma 3.5
XY (@) = akks X NWYillg—var,1r,411) < ks
= ([, ) =0
XY (D) Ak, X ( C My —var g ) = akk

of (3.8) as follows.

We construct a fundamental solution matrix X (¢) = (xi i (t))

dxd
0 ifi >k,
Yi () ifi =k,
xik (1) = . k ' k
Yi(0) / IO a,-j(s)xjk(s)ds—i-/ Y7o Y cij@)xps)dols) | ifi <k,
fik j=i+l lik j=i+l

0, if ax —a;; =0
in which, t;; = ! ?kki dii -

+oo, if apx —aj; < 0.
Now we consider the dth collumn of X and prove by induction that

x (xja (1)), X(|||xjd|||q_var,[z’,+1]) <aqq, j=12,....d.
First, by Lemma 3.5 the statement is true for j = d. Assume that
xGja @) x(lxjall,—yar. s i1y < @aa foralli +1 < j < d, we will prove that
X xia @), xxiallg—var,ir,141)) < @dd-

Put

t d 1 d
1(t) == / Y7 (s) Y aij(9)xja(s)ds and J (1) = / Y76 Y cijo)xja(s)de(s),
ti 1

id Jj=i+1 id Jj=i+1
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then
xig(t) = Yi®U (1) + J (D]
Since A is bounded, we apply [11, Corollary of Theorem 2, p. 129] to get

d
X Zaij(S)xjd(S) < aqq. (3.13)

j=i+1

Therefore, x (Yfl(s) Z7=i+1 a;ij($)Xjd (s)) < dgq — aji. Due to [11, Theorem 4,p. 131]
we obtain

x (1)) < dgq — ai;.
On the other hand, the following estimate holds
XU NG —var, i, +11) < @aa — @ii-
Indeed, with 1(t) = fot k(s)ds and x (k(s)) < A, we have foru, v € [t, 1 + 1],

(@) —I()] < lu—vlllklloo,u,v]
< |u—v|D(e)e?T®" foreach & > 0.

This implies [17]ly—var,(r.r+1] < D(€)e*T®". The proof for the case 1(t) = [, k(s)ds is

similar.
Next, x(¥'(1). X(H Y;"H ) < —a; and C satisfies (Hy), ie
g—var,[t,t+1]

x(C@), xUICI g—var,[t, +17) < 0. Together with the induction hypothesis that

xCja @) xlxjall - argosin)) < @aa Vi+1<j<d

and Lemma 3.6 we obtain

IA
2

dd — Qii-

d d
X Y,-_l(l) Z cij()xja®) |, x Y,-_l Z CijXjd

J=itl J=itl g—var,[1,1+1]

Due to Lemmas 5.1 and 5.2,

x(J (@) < aga —aii, XN Ng=var,ir,i+17) < @dd — @ii-

Again, we apply Lemma 3.6 for Y;, I and J to get

X xia (@), x xiallg—var, ;1,417 < @ii + daa — aii = daa-

Hence, the Lyapunov exponent of the column dth, X4, of matrix X does not exceed agq,
meanwhile y (x44(¢)) = agqq. This proves x (X (t)) = dgq.

Similarly, x (X;(¢)) = a;; fori = 1,2, ...,d,in which X; is the column ith of X. Finally,
since D iy @j; = limy— o0 % log | det X (¢)|, X(¢) is a normal matrix solution to (3.8) and the
Lyapunov spectrum of (3.8) is {aiy, a», ..., aqa}- m]

Remark 3.8 In the theory of ODEs, Theorem Perron states that a linear equation can be
reduced to a linear triangular system (see [11, p. 180]). However, we do not know if it is
true for linear Young differential equations. That is because for a linear YDE, besides the
drift term A corresponding to d¢ we do have also the diffusion term C corresponding to dw.
Hence it is difficult to tranform the original system to a triangular form whose coefficient
matrices only depend on ¢.
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3.3 Lyapunov Regularity

The concept regularity has been introduced by Lyapunov for linear ODEs, and since then
has attracted lots of interests (see e.g. [1, Chapter 3, p. 115], [8,20], or [3, Section 1.2]). For
alinear YDE, we define the concept of Lyapunov regularity via the generated two-parameter
flow.

Definition 3.9 Let ®,(s,?) be a two-parameter flow of linear operators of R4 and
{L1 (@), ..., Ag(w)} be the Lyapunov spectrum of &, (s, ¢). Then the non-negative R-valued
random variable
d
o1
(@) = kX}: Je = lim inf — log | det @, (0, 1)|
is called coefficient of nonregularity of the two-parameter flow @, (s, f).
The coefficient of nonregularity of the linear YDE (1.3) is, by definition, the coefficient of
nonregularity of the two-parameter flow generated by (1.3).
A two-parameter flow is called Lyapunov regular if its coefficient of nonregularity equals 0

identically. A linear YDE is called Lyapunov regular if its coefficient of nonregularity equals
0.

It follows from [7] that if a two-parameter linear flow ®,,(s, #) is Lyapunov regular then its
determinant det ®,,(s, t) as well as any trajectory have exact Lyapunov exponents, i.e. the
limit in (3.2) is exact.

We define the adjoint equation of (1.1) [and also of the equivalent integral Eq. (1.3)] by

dyt) = — AT (®)y(t)dt — CT () y(t)dw (1). (3.14)
The following lemma is a version of Perron Theorem from the classical ODE case.

Lemma 3.10 (Perron Theorem) Let oy > --- > ag and 1 < --- < Bgq be the Lyapunov
spectrum of (1.3) and (3.14) respectively. Then (1.3) is Lyapunov regular if and only if
o+ Bi =0foralli =1,...,d.

Proof The proof goes line by line with the ODE version in Demidovich [11, p. 170-173]. O

Theorem 3.11 (Lyapunov theorem on regularity of triangular system) Suppose that the matri-
ces A(t), C(t) are upper triangular and satisfy (H) — (H4). Then system (3.8) is Lyapunov
regular if and only if there exists lim;_, o % ftg ae(s)ds, k=1,d.

Proof The only if part is proved in Theorem 3.7. For the if part, the proof is similar to the [11,
p- 174]. Indeed, baseq on the normal basis of R? which forms the unit matrix we construct
a fundamental basis X of the system which is an upper triangular matrix and the diagonal
entry is

Y1), Y2(0), ..., Ya(1),

where Y}, are defined in Theorem 3.7.

We choose an upper triangular matrix D = D(w) of which diagonal elements are 1, such that
X := XD is an normal basis of (1.3) with x' to be the column vectors (see also Remark 3.2).
PutY = (y;j) = (X ~1T and repeat the arguments in Lemma 3.10 under the regularity

assumption, it follows that Y is a normal basis of (3.14). Moreover, yix = Y, k_l and

x (@) + xOF) =0,Vk=1,....d.
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Hence
t

1
xR 0) = x (Vi) = lim sup - / gk (s)ds

10
and similarly,

t

1
X0H0) = 107 @) = = timint - [ s

fo

Therefore,
1 [ 1 [!
0 > lim sup — / ai(s)ds — lim inf f/ aix(s)ds =0
t—oo I Jy 1=t Jy
which implies that there exists the limit lim,_, % ft; a(s)ds, k=1,...,d. O

4 Lyapunov Spectrum for Linear Stochastic Differential Equations

In this section, we would like to investigate the same question in the random perspective, i.e.
the driving path w is a realization of a stochastic process Z with stationary increments. System
(1.1) can then be embedded into a stochastic differential equation, or precisely a random
differential equation which can be solved in the pathwise sense. Such a system generates a
stochastic two-parameter flow, hence it makes sense to study its Lyapunov spectrum and also
to raise the question on the non-randomness of the spectrum.

4.1 Generation of Stochastic Two-Parameter Flows

More precisely, recall that CO-P—var([q, b], R?) is the closure of smooth paths from [a, b]
to R? in p— variation norm. It is well known (see e.g. [12, Proposition 5.36, p. 98]) that
cOrP=var([q, b], RY) is a separable Banach space and moreover

e Hol((a, b, RY) C COP7 ([a, b], RY)

for all @ > 1/p. Denote by C*P~V (R, R?) the space of all x : R — R? such that
x|y € ¢%P=var(J R?) for each compact interval I C R. Then equip C%?~V¥ (R, R?) with
the compact open topology given by the p—variation norm, i.e the topology generated by
the metric:

1
dp(x,y) =Y = (lx = Yl p—var.[-m.m1 A D).

= om
Assign

CoP T R, RY) 1= (x € COPTVE (R, RY)| x(0) = 0).
Note that forx € Cg’p TR, RY), [Ix]l p—var,1 and ||x[| ,—var,; are equivalent norms for every

compact interval / containing 0. o

Let us consider a stochastic process Z defined on a probability space (€2, F, P) with realiza-
tions in (Cg’p YR, R), B), where B is Borel o —algebra. Denote by 6 the Wiener shift on
€7 (R ), B)

Gm() =m(t +-) —m(), VieR, meCy’ "™ R,RY).
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Dueto [2, Theorem 5], 6 forms a measurable dynamical system (6;);cr on (Cg’p (R, R), B)
(see also [9]). Moreover, because of its definition the Young integral satisfies the shift property
with respect to 6, i.e.

b b—r
/ x(u)dw(u) = / x(u+r)do,w(u). “4.1)

—r

Namely,

b
/x(u)da)(u) := lim|g)-0 Z x(ti)(@(ti+1) — o))

tieM[a,b]

=limmoo Y, X0 +6) @0+ tip) — o +4))
tiella—r,b—r]

=limmo Y. XC+ DG —Go).  (42)

tiella—r,b—r]

Assume further that Z has stationary increments. It follows, as the simplest version for
rough cocycle in [2, Theorem 5] w.r.t. Young integrals that, there exists a probability [P on
(Q,F) = (cg"”*“ (R, R), B) that is invariant under 6, and the so-called diagonal process
Z: RxQ—R,Z({t, o) =) forallt € R, ® € , such that Z has the same law with Z
and satisfies the helix property:

Zias(@) = Zy(@) + Z;(Os0), Yoo € Q, 1,5 € R.

Such stochastic process Z has also stationary increments and almost all of its realization
belongs to Cg’P YR, R). It is important to note that the existence of 7 is necessary to
construct the diagonal process Z. For example if Z is a fractional Brownian motion then the
corresponding probability space (€2, F, P) can be constructed explicitly as in [13]. The fact
that almost all realizations of a fractional Brownian motion are Holder continuous is a direct
consequence of Kolmogorov theorem.

Next, we consider the stochastic differential equation
dx(t) = A(x(0)dt + C()x(1)dZ(t, w), x(to) = xo € R, 1 > 19, 4.3)

where the second differential is understood in the path-wise sense as Young differential.
Under the assumptions in Proposition 2.2, there exists, for almost sure all w € €2, a unique
solution to (4.3) in the pathwise sense with the initial value xo € R4, Moreover, the solution
X : [to, to+T1x [to, fo+T]x RY x @ — R satisfies: (i)foras.allw € Q, X(-, a, xp, w) €
COa—var [z, 1o + T, ]Rd), and (ii) X (¢, -, -, -) is measurable w.r.t (a, xg, @). As a result, the
generated two parameter flow ®,,(s, 1) : RY — R? in Proposition 2.4 in the pathwise sense
is also a stochastic two-parameter flow (see definition in [16, p. 114]).

Proposition 4.1 (i) The Lyapunov exponents Ax(w), k = 1,...,d, of (s, t) are measur-
able functions of w € .

(ii) For any u € [ty, 00), the Lyapunov subspaces E,’: (w), k =1,...,d, of D,(s,1) are
measurable with respect to w € Q, and invariant with respect to the flow in the following
sense

Dy (s, HE (w) = E,i(w), forall s,t € [ty,0),we L, k=1,...,d.

Proof The proof of Theorem 4.1 is similar to the one in [7, Theorems 2.5, 2.7, 2.8]. O
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Lemma 4.2 (Integrability condition) Assume that there exists a function H (-, -) which is
increasing in the second variable, such that for any r > 0

ENZ|" <H@r,t—s), VO<s<t<1. 4.4)

p—var,[s,t] =

Then under assumptions (Hy) and (H,), ®,, satisfies the following integrability condition for
anyty >0

2Moy\ P
E - swp  logt 0o 0 | = a2+ (520) (14 Hp D) @)
to<s<t<ty+1 1
where My is determined by (3.1), 0 < u < min{1, My} and n = — log(1l — w), and we use

the notation
log™ [| @, (s, )| := max{log || D, (s, 1)]], 0}.

Proof The proof follows directly from (3.6) for ® and W, and from (4.4), with note that for
the inverse flow W, (s, )T = @, (s, 1) !

sup  log" [@u(s,0) = sup  log" [[Wy(s, 0l

fo<s<t=<tp+1 fo<s<t=<tp+1
and that (4.4) is still satisfied for all s, t € [#9, to + 1] due to the increment stationary property
of Z. O

Notice that condition (4.4) derives (H/3) for almost all driving paths @ due to Birkhorff
ergodic theorem. Moreover, I',(w) is a random variable in L" (2, F,P) for all » > 0.
If the metric dynamical system (2, F, P, (6;),cr) is ergodic, it is known that I (w) =
E|z |||f; var.[0.1] almost surely. As a result, the estimate (3.5) implies the following theorem.

Theorem 4.3 Under assumptions (Hy) and (H) and condition (4.4), for eachk =1, ...,d
the Lyapunov exponent iy (w) is of finite moments of any order r > 0. More precisely,

EPa(@)” <n E[2+(2/Aj) (1+r,,(w))] Vk=1,....d.

In particular, if the metric dynamical system (2, F, P, (6;);cr) is ergodic, the Lyapunov
spectrum is bounded a.s. by non-random constants as follow,

2My )
re@) < n[2+ (=2 ; N A+ ENZI) o] VE=1.....d.

Remark 4.4 Assumption (4.4) is satisfied in case Z is a fractional Brownian motion, see [22,
Corollary 1.9.2] with H > % Indeed, applying Garsia—Rademich—Rumsey inequality, see
[24, Lemma 7.3, Lemma 7.4] we see that for any fixed » > 1 and % <v<H

r H_

ENZW,—yar 5.0 < 10 = 51" E(NZNy—tol,i5,11) < Comrgmlt = st — 5|
H

= Cu,H,q,m“ —s|""

Moreover, it is known in [13] that Z can be defined on a metric dynamical system
(2, F, P, (6;);er) which is ergodic.
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4.2 Almost Sure Lyapunov Regularity

In this subsection, for simplicity of presentation we consider all the equations on the whole
time line R. The half-line case R™ can be easily treated in a similar manner.

We start the subsection with a very special situation in which the coefficient functions
are autonomous, i.e. A(-) = A, C(-) = C. In this case, the stochastic two-parameter flow
®,, (s, t) of (4.3) generates a linear random dynamical system @' (see e.g. Arnold [1, Chapter
1] for the definition of random dynamical systems). Indeed, from (4.1) and the fact that

\

S N t t
x(t) = xo +/ Ax(u)du +/ Cx(u)dw(u) +/ Ax(u)du +/ Cx(uw)dw(u)
0 0 s

s

1—s r—s
=x(s) + / Ax(u + s)du + / Cx(u + s)dbsw(u),
0 0

it follows due to the autonomy that @, (s, 1) = ®(r — s, O;w). Hence @' (¢, w) := ©,(0, 1)
satisfies the cocycle property

' (t +5,0) = D(t, o) 0o D' (s, w).
Assign 19 = 0, if follows from (4.5) that

sup log |9/ (r, w)*!| € L'(Q, P).
1€[0,1]

By applying the multiplicative ergodic theorem (see Oseledets [25] and Arnold [1, Chap-
ter 3]) for @ generated from (4.3), there exists a Lyapunov spectrum consisting of exact
Lyapunov exponents provided by the multiplicative ergodic theorem and it coincides with
the Lyapunov spectrum defined in Definition 3.1. In addition, the flag of Oseledets’ subspaces
coincides with the flag of Lyapunov spaces.

The same conclusions hold if the system is periodic with period r, i.e. A(- +r) =
A(-), C(- +r) = C(:). In fact, we can prove that ®,(s, t) = $g,,(s —r,t —r) and

®(nr,w) = ¢, Op—1)rw) o ®((n — Dr,w), Vn € Z.

In this case, (4.3) generates a discrete random dynamical system {® (nr, ®)},<cz which satis-
fies the integrability condition (4.5). Hence all the conclusions of the MET hold and almost
all the path-wise system is Lyapunov regular.

In general, it might not be true that system (4.3) is regular for almost sure w. However,
under the further assumptions of A, C, we can construct a linear random dynamical system
such that almost sure all the pathwise systems are Lyapunov regular. The construction uses
the so-called Bebutov flow, as investigated by Millionshchikov [20,21] (see also [14,26,27]).
Specifically, assume that A satisfies a stronger condition that

(H’l) A= Alloo,[0,00) <00 and lim sup |A(t) — A(s)| =0.

=0 r—5|<s

Consider the shift dynamical system S,A(A)(~) := A(- + t) in the space Cch = ch(R, RI*9)
of bounded and uniformly continuous matrix-valued continuous function on R with the
supremum norm. The closed hull H4 := U,S;(A) in C? is then compact, hence we can
construct on H* a probability structure such that (K4, F4, u?, S4) is a probability space
where u is a S-invariant probability measure, see e.g. [15, Theorem 4.9, p. 63].

When applying Millionshchikov’s approach of using Bebutov flows to our system (4.3),
we need to construct not only (HA, FA, wh, 81, but also (HE, FC, u€, S€), with a little
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more regularity condition for C. Recall that cOa—Hol ([ p] RI*4) is the closure of smooth
paths from [a, b] to R4*d in q-Holder norm and CO-*~Hol(R RI*4) i the space of all
x : R — R4 guchthatx|; € cO¢~Hol(f RI*?) for each compactinterval I C R, equipped
with the compact open topology given by the Holder norm, i.e the topology generated by
metric

1
dx,y) =Y o (1 = Yl fomm) A D

m>1

Following [15, Chapter 2, p. 62], for any ¢ € CO¢~Hol(R R*?), any interval [a, b] and
8 > 0, we define the module of a-Holder on [a, b]:

lc() —c(s)]
mP e, 8) == llelasap =  sup =~ —— .
ass<t<bt-s<s |t =S|
By the same arguments as in [15, Theorems 4.9, 4.10, pp. 62-64] we get the following result,
of which the proof is given in the “Appendix”.

Lemma4.5 A set H C CO“ MR R¥) has a compact closure if and only if the following
conditions hold:

sup |c(0)] < oo, (4.6)
ceH
lim sup m'“?(c, 8) =0, Vla, b]. (4.7)

8=>0cen

To construct a Bebutov flow for C, assume that there exists o > % such that C €
cO-o—Hol(R Rd*d) gatisfies a condition stronger than (Hy):

c@)—-C
(H’z) IClloo.r =sup|C(t)] <oo  and lim sup M =0.

o
teR 8=0 _oocs<i<oo,li—s|<s |t =S|

(4.8)

Consider the set of translations C,(+) := C(r + -) € ¢O-@~Hol(R RI*d) Under conditions
(4.8), Lemma 4.5 concludes that the closure set HE¢ := {C, : r € R} is compact on the
separable completely metrizable topological space C**~HOl(R, R4*?) (the separability of
cO-a—Hol(R RIxdy comes from the separability of CO*~Hol([—m, m], R?*?) [12, Proposi-
tion 5.36, p. 98] and the characteristics of metric d(x, y), see also [2, Proposition 1]), in fact 9,
also preserves the norm on cO-a—Hol(p 'Rdxd) The shift dynamical system Stcc(') =c(t+-)
maps HC into itself, hence by Krylov-Bogoliubov theorem [23, Chapter VI, §9], there exists
at least one probability measure 1€ on HC that is invariant under S, i.e. u€ (S,C 3= uf(),
forallr € R.

It makes sense then to construct the product probability space B = HA x HE x Q with
the product sigma field F4 x F€ x F, the product measure 1® := u? x 1€ x P and the
product dynamical system ©® = §4 x S€ x 6 given by

0/(A, C, w) := (SA(A), SC(C), b,w).

Now for each point b = (A, C, ) € B, the fundamental (matrix) solution ®*(¢, b) of the
equation

dx(t) = A()x()dt + C()x()dw(t), x(0) =xo € R?, 4.9)
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defined by ®*(z, b)x¢ := x(¢), satisfies the cocycle property due to the existence and unique-
ness theorem and the fact that

x(t+s) =x0+ /s A(u)x(u)du + /s C‘(u)x(u)da)(u)
t+0s B 0t+s 5
+ / A(u)x(u)du +/ Cu)x(u)dw(u)

t t
= x(s5) +/ SA(A) (u)x(u + s)du +/ SE(C) (u)x (u 4 5)dbsw (u).
0 0

Therefore the nonautonomous linear YDE (4.9) generates a cocycle (random dynamical
system) ®* : R x B x R? — R? over the metric dynamical system (B, x®). Thus, starting
from investigation of one linear stochastic nonautonomous YDE (4.3) we consider its w-wise
and embed to a Bebutov flow using Millionshchikov’s approach [21], henceforth construct
a random dynamical system over the product probability space for which the following
statement holds.

Theorem 4.6 (Millionshchikov theorem) Under assumptions (H}), (H) and (4.4), the
nonautonomous linear stochastic (w-wise) Young Eq. (4.9) is Lyapunov regular for almost
all b € B in the sense of the probability measure |i®.

Proof The integrability condition for the product probability measure 1 is a direct conse-
quence of (4.5). Hence all the conclusions of the multiplicative ergodic theorem hold for
almost all b € B, which implies the Lyapunov regularity of (4.9) for almost all » € B in the
sense of the probability measure u. O

Remark 4.7 (i) In[20,21], Millionshchikov proved the Lyapunov regularity (almost surely
with respect to an arbitrary invariant measure of the Bebutov flow on H* generated
by the ordinary differential equation x = A(¢)x), using the triangularization scheme
provided by the Perron theorem for ordinary differential equations. In other words,
Millionshchikov obtained an alternative proof of the multiplicative ergodic theorem
(see also Arnold [1, p. 112], Johnson et al. [14]). In fact, Millionshchikov proved a bit
stronger property than Lyapunov regularity that, almost all such systems are statistically
regular.

(i) Theorem 4.6 can be viewed as a version of multiplicative ergodic theorem for a nonau-
tonomous linear stochastic Young differential equation which uses combination of
Millionshchikov [21] approach (topological setting using Bebutov flow for differen-
tial equation) and Oseledets [25] approach (measurable setting with probability space
(2, F,P)).

(iii) It is important to note that, although for almost all » € B the nonautonomous linear
stochastic (w-wise) Young Eq. (4.9) is Lyapunov regular, it does not follow that the
original system (4.3) is Lyapunov regular.

Discussions on the Non-randomness of Lyapunov Exponents

Since we are dealing with stochastic equation YDE (4.3) it is important and interesting to
know whether its Lyapunov spectrum is nonrandom. We give here a brief discussion on this
problem.

We remind the readers of the non-randomness of Lyapunov exponents A (®), ..., Ag(®)
for systems driven by standard Brownian noises (see e.g. [7,10]). Since Theorem 3.3 still
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holds in that situation and the definition of Lyapunov exponent does not depend on the initial
time #g, it follows that Ax (@) is measurable with respect to the sigma algebra generate by
{(Win+1) — W(n) : n > m} for any m > 0, thus measurable w.r.t. the tail sigma field
Nmo({Wn + 1) — W(n) : n = m}). Due to pairwise independence of all variables of the
form W(n + 1) — W(n), one can apply Kolmogorov’s zero-one law [15] to conclude that
Lyapunov exponents are in fact non-random constants. Thus we have nonrandomness of the
Lyapunov spectrum in the case of nonautonomous linear stochastic differential equations
driven by standard Brownian motions. Note that here the Lyapunov exponents of the systems
can be nonexact.

In general, a stochastic process Z does not have independent increments, thus it is difficult
to construct such a filtration and to apply the Kolmogorov’s zero-one law. However, the
second case of nonrandom Lyapunov spectrum is the case of autonomous or periodic linear
stochastic Young equations discussed at the beginning of this subsection where we may apply
the classical Oseledets MET by exploiting autonomy or periodicity of the system. Note that
in this case the probability measure is the probability measure of the process Z and the
Lyapunov exponents of the systems are exact.

The third case is triangular nonautonomous linear stochastic Young differential equations
treated in Sect. 3. In this case, due to the triangular form of the system we may solve it
successively and use explicit formula of the solution to derive Theorem 3.7 showing that the
Lyapunov spectrum consists of exact Lyapunov exponents and is nonrandom. Note that in
this case the system in nonautonomous, the measure is the probability measure of the process
Z and the Lyapunov exponents of the systems are exact.

For a general system (4.3) which satisfies assumptions (H’1 ), (H’2) and (4.4), the statement
on the non-randomness of Lyapunov spectrum depends on whether the product dynamical
system @ is ergodic on the product probability measure 1%, as a consequence of the Birkhorff
ergodic theorem. The answer is then affirmative in case S# and S€ are weakly mixing and 0
is ergodic, i.e. S4 (respectively S€) satisfies the condition

n—1
1
tim =3 |ut (5100 N 02) = (@I (2)| =0, V01 # 02 € F
j=0

n—oo n

(respectively for SC). Tt is well known (see e.g. Mafié [17, p. 147]) that the weak mixing
of S4 and S¢ implies the weak mixing of the product dynamical system S4 x S€ which,
together with the ergodicity of 6, implies the ergodicity of the product flow ®. The problem
on non-randomness of Lyapunov spectrum can therefore be translated into the question on
the weak-mixing of dynamical systems S* and S€.
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5 Appendix

Proof of Proposition 2.2 The proof follows the same techniques in [24] and in [9] with some
modifications. First, consider x € C?~V ([a, b], R?) with some [a, b] C [f9, to + T]. Define
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the mapping given by
Fx)(@) = x(a) + 1(x)(@0) + J(x)(@)
t t
= x(a) +/ A(s)x(s)ds —|—/ C(s)x(s)dw(s), Yt € la,b]. 5.1

Then F(x) € CP~V¥([a, b], R?) and direct computations show that for every [s, ] C [a, b]
WEXN p—var 15,01 = PlIxllg—var,[s.01 (5.2)
WEx = Fyllp—var,s.1 < Pllx — yllg—var,[s.1; (5.3)

where
P = [|Alloo, 110,10+11( — 8) + 2K Cllg—var, 110,10+ 71 loll p—var [s.,7» K is defined in (2.2).

Similar to [9], for a given 0 < u < min{l, M*}, where M* is defined by (2.6), we construct
the sequence of strictly increase greedy times 7,, with 79 = 0 satisfying

(ke = T—1) + ol p—var. (5150 = 1/ M. (5.4)

Then 1, — 0o as k — oo (see the proof in [9]). Denote by N (a, b, ®) the number of 7 in
the finite interval (a, b], then from [9]

*

M*\? »
. ) VN P L ——- (5.5)

2
N(to,to+T,w)—1§<

Without loss of generality assume that 7o = 0. Define the set

B = {x € 77" ([rg, 111, RY)| x(20) = x0, 1Xllg—var.[r0.01] < 1 %o}

It is easy to check that B is a closed ball in Banach space C? V¥ ([ g, 1], RY). Using (5.2),
(5.4) and the fact that p < ¢, we have

||F(x)||q—var,[ro.,r1] < |xo| + M*(t1 — 0 + |||a)|||p7var,[r0,r1])“x”q—val'y[f()wfll
|xo] + /'L”x”q—var,[fo,ﬂ]

IA

=<

|xg|, foreach x € B.
l—pn

Hence, F : B — B. On the other hand, by (5.3) and (5.4), for any x, y € B

| F(x) — F()’)”qfvar,[ro,t]] < pullx — yanvar,[rg,rl]'

Since u < 1, F is a contraction mapping on B. We conclude that there exists a unique fixed
point of F in B or there exists local solution of (2.3) on [7g, 71]. By induction we obtain
the solution on [7;, 7;41] fori = 1,.., N(0, T, @) — 1 and finally on [ty (0,T,0)—1, T']. The
global solution of (2.3) then exists uniquely. From (5.2) it is obvious that the solution is in
CPV (19, 1o + T, RY). Estimate (2.4) can then be derived using similar arguments to [9,
Remark 3.4iii]. In fact,

“x”oo,[ro,rl] < ”x”q—var,[ro,rl] < |xol,
L—pu
thus by induction, it is evident that
N(to,10+T,w)+1
||X||OQ,[[01[O+T] < |x0| <m> < |_x0|en[N(f0,lO+T,a))+1]'
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Combining to (5.5), we obtain (2.4).
Since

|||x|||q—var,[s,z] = ”|F(x)”|q—var,[s,t] =< M*(t -5+ |||a)|"p—var,[s,t])”x”q—var,[s,t]
forall s <t € [to, to + T], by proving similarly to [9, Corollary 3.5] we obtain

.
A+ B+ TP e 10 10 17)]

Wl g—var, [r0.10+71 = 1¥0le

Next, fix (xg, w) and consider (x(’), ') in the ball centered at (xq, w) with radius 1.
Put x(-) = x(-, 19, X0, ®), x'(-) = x(-, 19, x, ®') and y(-) = x(-) — x’(-). By (2.4) and (2.5),
we can choose a positive number D (depending on M*, x(, w) such that

/
x|l p—var, (19,2071 12" | p—var, [20,70+71 < D1.

We have
t t
0 =y = | [ Awywa]+ | [ canywdon)

t
+| [ e mdwm - ow)

= I Alloo, 10,10+ 711 ¥ oo, [s,1(F — )
+2K ||C||q—var,[t0,to+TJ ”y”p—var,[s,tj |||w|||p7var,[x,t]

+ 2K||C||q7var,[10,lo+7] ”x/”P*Val‘,[-YJ] |”w - w/“’p—var,[s,t]

<M (t—s+ |||w|"p7var,[s,t])”)’”p—var,[s,lj

M st 0= e

which yields

Myl —var, 5.0 < M*(t =5 + Mol p—var, 1. D1 | p—var, 15,11

+ M*”x/”pfvar,[to,to+T] |Hw - w/mp—var.[s,t]

By applying [9, Corollary 3.5], we obtain

iyl p—var,[19,10+7]

Dy(TP+lollh_,, )
=< (ly@)l + M*||x/||p—var,[to,to+T] |||a) - w/|||p—var,[to,t0+T])e pvarlig-fo+71]

4
Dy(TP+Nll} e 19 10+71)

< <|y(t0)| + DlM* H’w - w/H’pfvar,[to,to+T]>

< D3(1xo — x| + Il p—var.fa.a1 + [l = @', 1007+

where D;, D3 are constant depending on x and M*. Therefore

||Y||p—var,[t0,t0+T] < |y@o)| + |||y|||p—var,[t0,t0+T]
< Da(1x0 = xg| + Mol p—var a.ar) + |0 = @' a0 070>

with some constant D4, which proves the continuity of X. O
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Young Integral on Infinite Domain

Consider f : RT™ — R such that fab f(s)dw(s) exists foralla < b € RT. Fix tp > 0, we
t

define ftso f(s)dw(s) as the limit tlim / f(s)dw(s) if the limit exists and is finite. In this

—00
case, 0
0] o8] o8]
[ o = [~ rorow - [ fedo)
fo

By assumption (H3) the sequence [M k> 1] is bounded.

Lemma 5.1 Consider G(t) = f(; g(s)dw(s), where g is of bounded q—variation function on
every compact interval. If x (8(1)), X (glg—var.(,i+17) < A € [0, +00) then
x(G@0), x NGl g—var r.041)) < A

Proof Since x (g(t)), X(|||g|||q —var.[r.1+1]) =< A, forany e > 0, there exists D| = D (¢) such
that [g(s)| < Dje®T&/2s, gy —var is,5+1) < D1e? e/ for all s > 0. Then

ltl- k+1
G = ]/ (s)dw(s)\+\f g(5)dos)|
-1
< K Y ool gt 1 (R + gl v 1)
k=0
(-1

lleoll
<2KD; Z p—var, [k k+1Jk (A+e/2)k

< 2K Di sup M(I + 1)2 t(h+e/2)
k>1 k

< Dy o1,
where D> is a generic constant depends on ¢. This yields x (G(¢)) < A.
Next, fix#p > Othen [fg, to+1] C [ng, no+2] withsome ng € N.Foreachs, t € [to, fo+1]
we have
|G(l) - G(S)| = K "|w|"p—var,[s,t] (”g”oo,[s,z] + |||g|||q_var’[s’,])
< 2K Dy ol yar 5.1y €T/ P0FD,

Hence

”|G|||q—var,[m,t0+”

< 2K Dy ool i1y €2 0D
_ 2.2%1( el p—var, tng.no+11 + Nl p—var, fng+1,n0+21) (o + l)e(k+£/2)(f0+1)
- fo+ 1

< Dze()h+5)t0 ,

which implies X(|||G|||q_var’[,’,+1]) <A O
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Lemma 5.2 Let g be of bounded q—variation function on every compact interval, satisfying

X)), xUgly—varr.+1) < =4 € (=00, 0). Then the integral G(t) := [ g(s)dw(s)
exists for all t € R™ and

x(G@D), x NGy —var, 11,0411 < —A.
Proof For each ¢ > 0 such that 2& < A, there exists a constant D; such that
|g(S)| < Dle(_k-’_s)s 5 |||g |||q—var,[s,5+]] < Dle(_)\—‘re)s .

Now fix 79 > 0 we first prove the existence and finiteness of lim , ¢y ftz g(s)dw(s). For all
—> 00
n < m € N we have !

k+1

| / " o) = mf] /k g()deo(s)
n k=n
m—1

< K M0l pvar e 11 1G] + gl —var ik g 17)
k=n
m—1
< 2KD1 Y Mol povyar ek e
k=n

lleoll ,— -
< 2KD16(7A+26)n sup )4 VZLU<J<+1] Z ke~ ek
k
k=0

< Dyel—Ht20m

are bounded and the series
Z,fio ke~ke/2 converges. Therefore lim ,en f,z g(s)dw(s) < co. Moreover, for t > fy by
n—0o0

. . llwll ) —va
which converges to zero as n,m — 00 since w

a similar estimate we have
t 1£] t
[ g6 - [ swrdon)] = | [ sordae] o
fo to 7]

as t — oo. This implies the existence of ftso g(s)dw(s). Moreover, |G (t)| < C(g)e~*+2e)
which yields x (G (1)) < —A.
The second conclusion can be proved similarly to Lemma 5.1. O

The following lemma shows that the condition (Hy) is satisfied for almost all realization
w of a fractional Brownian motion BtH (w) (see [22] for definition and details on fractional
Brownian motions).

Lemma 5.3 Assume that co := ||c||eor+ < 00 and the integral

t
X(t, w) = / c(s)d B (w)
0

. . . . " c(s)d B
exists for all t € RY. Then limn— oo X)) — qim Jo 0BT _ 0, a.s.
neN n ﬂﬁf\z{o n
ne

Proof Fix T > 0, and assume that m, is a sequence of partition of [0, T] such that
mesh(m,) — 0asn — oo. Denote
Xu(t,0) =Y _ct)(B] (@) — B ().

i+l
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Then X, (t, w) — X(t, w) as n — oo. It is evident that X,, is a Gaussian random variable
with mean zero. Since

t t
EBI — B =t —s*" = HQH - 1)/ / la — b1*"2dadb
S S

1
B/ - BB — Bl = 5 [ls —uPH = oPH =P s —v|2H]

u t
(2H — 1)H/ / la — > %dadb (5.6)
v s

forallv < u <s <t (see [22, pp. 7-8]), we have

n

V(X)) = EXp =Y ct)c(t) E(AB/ AB/T)
ij=1
tiy1 fz+1
= (H — I)HZC (t,)/ / v* 2 dudv
li+1 f,+1 2H 2
+2QH — I)HZC (t,)/ / dudv

i<j
= D(H)/ / c)ec)|u — v*"“2dudv < D(H)c3*!

where D(H) is a generic constant depending on H.

Since X, — X, a.s, X(¢,.) is a centered normal random variable with V(X (z,-)) <
D(H)c3t*! 1t follows that EX (¢, .)** < D(H, k, co)t** with D(H, k, co) is a constant
dependingon H, k, cg. Fix0 < ¢ < 1— H and choose k large enough sothatk(1—e—H) > 1

we then have
X(n,-) 1 EX(n,-)
ZP <| " | > ,Ta) = Z 2k(1—2)

n=1 n=1

oo
1
< D(H, k, cp) Z n2k(I—e—H)
n=1

o0
1
< D(H.k.co) ) — <o

n=1

X(n -)

Using Borel—Caltelli lemma, we conclude that — 0 asn — oo almost surely. O

Proof of Lemma 4.5 The if part is obvious since it can be proved that
lim m!“?l(c, §) = 0, (5.7)
§—0

ml“Pc, 8) = mlP(c 8] < e = ¢

4 PR (5-8)

which shows the continuity of m on cO-e—Hol(r RK) Hence m is uniformly continuous on
a compact set, which shows (4. 6) and (4.7).

To be more precise, denote by C the space CO¢~HO(R RK). Assume that H is compact in
C, we prove that (4.6) and (4.7) are fulfilled. For each n € N*, put

G, ={ceC ||ci)| < n).
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Then G, is open in C.
Since H C |J;2; G, and G,, is an increasing sequence of open sets, there exists ng such that
H C Gy, which proves (4.6). 3
To prove (4.7), first note that for each ¢ € C and [a, b] C R, lims_,¢ ml@bl (¢, §) = 0 (see
[12, Theorem 5.31, p. 96]). Secondly

e, 8) = mtP )] < le = ¢'lly oty
Indeed, due to the definition of m[®:?! (c, 8), there exists for any ¢ > 0 two points s, fy €
[a, b], 0 < |s9 — to] < & such that

le(to) — c(s0)l

mlaPl(c, 8) <
lto — sol*

On the other hand, m[¢-?1(¢’, §) > % which yields

le(t0) — c(so)| — Ic"(to) — ¢’ (s0)]

m®Pl(c, 8§) —mlPl(c’ ) < +e
[t — so|*
lc(t0) — c(s0) — ¢/ (10) + ¢’ (50)]
< +e
[to — sol*

IA

|||C - c/|”a—Hol,[a,b] te

Exchanging the role of ¢ and ¢’ we obtain

e, 8) = m P e o) < fle = ¢ Iy ot o
since ¢ is arbitrary.
We now prove the continuity of the map

ml@Pl(. ) (C,d) — R.

In fact, fix [—n, n] contains [a, b]. For each ¢y € Cande € (0, 1) choose n = g/2". If
d(c, cp) < nwehave ||c — collg.[—n.n] A1 < 2"d(c, cp) < €. Therefore

<e.

|m[“vb](c, 8) — m[a’b](c’, 8| < H|C _ C/ma’[_n,n] <

Next, fix ¢ > 0 and define the set
Ks:={ceA | mPl(c 8) > ¢).

Then Ky is closed for all §. Due to the fact that lims_, ¢ mla-bl (c,8) =0forall c € C‘, we
have ﬂ K5 = (. Then there exists § = §(¢) > 0 such that K5 = ¢, which proves (4.7).

>0
For the "only if”” part, assume that (4.6) and (4.7) hold, we are going to prove the com-

pactness of . Since C is a complete metric space, it suffices to prove that every sequence
{ca};2; C H has a convergent subsequence. Following the arguments of [15, Theorem 4.9,
p. 63] line by line, we can construct a convergent subsequence {¢,},> by the “diagonal
sequence” such that ¢, (r) — c(r) as n — oo for any rational number r € Q. With (4.6) and
(4.7), H satisfies the condition in [15, Theorem 4.9, p. 63], hence ¢, converge uniformly to
a continuous function c in every [a, b] C R.
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Fix [a, b], by (4.7) for each ¢ > 0 there exist §o > O such that if § < &,

SUPs, refa,b] % < ¢ for all n. Hence
[s—t]<d
c(t) —c(s
e —col _,
sielab) 1 —s|®
|s—1]<é

thus ¢ € C. Finally, we prove that ¢, converge to ¢ in the Holder seminorm on every
compact interval [a, b]. Namely, with €, §o given, there exist ng such that for all n > nyg,
Icn — clloo,fa.b) < 8G €. Then forn > ng

1(Cn = )@) = (& =) _ sup [(€n — ) @) — (¢n — ) (s)]

sup py py
s,1€la,b] [t —s| s,1€la,b] [t —s|
[t—s|<do
[(€n — ) (#) — (Cn — ©)(5)]
+ sup p
s,rela,b] [t —s|
[t—s|=d0
la,b] = la,b] 2
< m"7(cy, 8o) +m 7 (c, 8o) + STXHCn — Clloo,[a,b]
0
< de,

which implies that [|¢;, — ¢lly—pol,[a,5] cOnverges to 0 as n — oo. This completes the proof.
O
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