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This paper establishes the spectral stability in exponentially weighted spaces of smooth traveling monotone fronts for reaction diffusion equations of Fisher-KPP type with nonlinear degenerate diffusion coefficient. It is assumed that the former is degenerate, that is, it vanishes at zero, which is one of the equilibrium points of the reaction. A parabolic regularization technique is introduced in order to locate a subset of the compression spectrum of the linearized operator around the wave, whereas the point spectrum is proved to be stable with the use of energy estimates. Detailed asymptotic decay estimates of solutions to spectral equations are required in order to close the energy estimates. It is shown that all fronts traveling with speed above a threshold value are spectrally stable in an appropriately chosen exponentially weighted \(L^2\)-space.
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Proof of Lemma 2

Proof of Lemma 2

In this section, we verify that, for fixed \(\lambda \in \mathbb {C}\), if \(u \in H^2\) is a solution to the spectral equation \(({{\mathscr {L}}}- \lambda )u = 0\) then
$$\begin{aligned} w(x) = \exp \left( \frac{c}{2} \int _{x_0}^x \frac{ds}{D(\varphi (s))} \right) u(x) = e^{-\theta (x)} u, \end{aligned}$$

belongs to \(H^2\) as well. Here \({{\mathscr {L}}}\) is the linearized operator around a traveling front \(\varphi \) for the Fisher-KPP equation (1.1), traveling with speed \(c> c_* > 0\), and \(x_0 \in \mathbb {R}\) is fixed but arbitrary.
For Fisher-KPP diffusion-degenerate fronts one has \(u_+ = 0\), \(u_- = 1\), with \(f'(0) > 0\), \(f'(1) < 0\) and they are monotone decreasing with \(\varphi _x < 0\). These fronts are diffusion-degenerate as \(x \rightarrow +\infty \) in view that \(D(u_+) = D(0) = 0\).
On the non-degenerate side, as \(x \rightarrow -\infty \), notice that
$$\begin{aligned} \int _{x_0}^x D(\varphi (s))^{-1} \, ds \le 0, \end{aligned}$$

for all \(x \le x_0\). Therefore,
$$\begin{aligned} 1 \ge \varTheta (x) := \exp \left( \frac{c}{2} \int _{x_0}^x \frac{ds}{D(\varphi (s))} \right) , \end{aligned}$$

This yields \(|w(x)| \le \varTheta (x) |u(x)| \le |u(x)|\) for \(x \in (-\infty , x_0)\) and, consequently, \(w \in L^2(-\infty ,x_0)\). Now, for \(x_0 \in \mathbb {R}\) fixed, let
$$\begin{aligned} \delta _0 := \inf _{x \in (-\infty , x_0]} D(\varphi (x)) > 0. \end{aligned}$$

Then for all \(x < x_0\) we have
$$\begin{aligned} \varTheta (x) \le \exp \Big ( - \frac{c}{2\delta _0} |x-x_0|\Big ) \, \rightarrow 0, \qquad \text {as} \; \, x \rightarrow - \infty . \end{aligned}$$

Also from monotonicity of \(D = D(\cdot )\) we have
$$\begin{aligned} 0 < \frac{c}{2} \frac{\varTheta (x)}{D(1)} \le \varTheta _x(x) = \frac{c}{2} \frac{\varTheta (x)}{D(\varphi (x))} \le \frac{c}{2 \delta _0} \varTheta (x) \rightarrow 0, \end{aligned}$$

as \(x \rightarrow -\infty \). We conclude that \(w_x = \varTheta _x u + \varTheta u_x \in L^2(-\infty , x_0)\). Analogously, it can be easily verified that \(w_{xx} \in L^2(-\infty , x_0)\) (we omit the details).
On the degenerate side, as \(x \rightarrow +\infty \), however, observe that \(\int _{x_0}^x D(\varphi (s))^{-1} \, ds \ge 0\) for all \(x \ge x_0\) and, thus, the analysis of the decay at \(+\infty \) of solutions to resolvent type equations is more delicate. The details are provided by the following lemma.

                  Lemma 8

                  Suppose that \(\varphi \) is a monotone, Fisher-KPP diffusion-degenerate front. Then, for any fixed \(\lambda \in \mathbb {C}\), any \(H^2\)-solution u to the spectral equation \(({{\mathscr {L}}}- \lambda ) u = 0\) can be written as
$$\begin{aligned} u(x) = C \exp \left( - \frac{c}{2} \int _{x_0}^x \frac{ds}{D(\varphi (s))} \, \right) \zeta (x), \end{aligned}$$

                    (A.1)
                

for \(x > x_0\), \(x_0 \in \mathbb {R}\) fixed, \(x_0 \gg 1\) sufficiently large, with some constant \(C \in \mathbb {C}\), and where \(\zeta = \zeta (x) \in H^2(x_0,+\infty )\) decays to zero as \(x \rightarrow +\infty \) like
$$\begin{aligned} \zeta (x) \sim e^{f'(0)x/2c} \exp \left( - \frac{c^2}{2D'(0)f'(0)} e^{f'(0)x/c} \right) . \end{aligned}$$

                    (A.2)
                


                Here we use the standard notation in asymptotic analysis [11], in which the symbol “\(\sim \)” means “behaves like” as \(x \rightarrow x_*\), more precisely, \(f \sim g\) as \(x \rightarrow x_*\) if \(f - g = o(|g|)\) as \(x \rightarrow x_*\) (or equivalently, \(f/g \rightarrow 1\) as \(x \rightarrow x_*\) if both functions are positive).
In view of Lemma 8, for \(x_0 \gg 1\) fixed we have \(w(x) = C\zeta (x) \in H^2(x_0,+\infty )\). Therefore we conclude that \(w \in H^2(\mathbb {R};\mathbb {C})\) as claimed. This finishes the proof of Lemma 2. We are left to prove Lemma 8.

                  Proof of Lemma 8

                  Consider the change of variables \(u = \varphi _x v\). Upon substitution into the spectral equation \(({{\mathscr {L}}}- \lambda )u = 0\) and using \({{\mathscr {L}}}\varphi _x = 0\), we obtain
$$\begin{aligned} v_{xx} + \rho (x)v_x - \frac{\lambda }{D(\varphi )}v = 0, \end{aligned}$$

where,
$$\begin{aligned} \rho (x) = \frac{2(D(\varphi )\varphi _x)_x}{D(\varphi ) \varphi _x} + \frac{c}{D(\varphi )}. \end{aligned}$$

Now, let us define
$$\begin{aligned} v(x) = \exp \left( - \frac{1}{2} \int _{x_0}^x \rho (s) \, ds \right) z(x). \end{aligned}$$

Substituting we obtain the second order equation
$$\begin{aligned} z_{xx} - F(x,\lambda ) z = 0, \end{aligned}$$

                    (A.3)
                

with
$$\begin{aligned} F(x,\lambda ) = \frac{\lambda }{D(\varphi )} + \frac{1}{2} \rho _x + \frac{1}{4} \rho ^2. \end{aligned}$$

Now, it is to be observed that
$$\begin{aligned} \begin{aligned} \exp \left( - \frac{1}{2}\int _{x_0}^x \rho (s) \, ds \right)&= \frac{|(D(\varphi )\varphi _x)(x_0)|}{|D(\varphi )\varphi _x|} \exp \left( - \frac{c}{2} \int _{x_0}^x \frac{ds}{D(\varphi (s))} \, ds \right) \\&= - \frac{C_0}{D(\varphi ) \varphi _x} \exp \left( - \frac{c}{2} \int _{x_0}^x \frac{ds}{D(\varphi (s))} \, ds \right) , \end{aligned} \end{aligned}$$

where \(C_0 = |(D(\varphi )\varphi _x)(x_0)| > 0\), and thanks to monotonicity of the profile (\(\varphi _x < 0\)). Let us now define
$$\begin{aligned} {\widetilde{\varTheta }}(x):= \exp \left( - \frac{c}{2} \int _{x_0}^x \frac{ds}{D(\varphi (s))} \, ds \right) . \end{aligned}$$

Observe that \({\widetilde{\varTheta }}\rightarrow 0\) as \(x \rightarrow +\infty \), and also that
$$\begin{aligned} u = \varphi _x v = \varphi _x \exp \left( - \frac{1}{2}\int _{x_0}^x \rho (s) \, ds \right) z(x) = - C_0 \frac{{\widetilde{\varTheta }}(x)}{D(\varphi )} z(x) =: C_0 \zeta (x) {\widetilde{\varTheta }}(x). \end{aligned}$$

Here \(\zeta = -z/D(\varphi )\) and z is the decaying solution to Eq. (A.3). Since by definition \(w(x) = {\widetilde{\varTheta }}(x)^{-1} u(x)\), we arrive at
$$\begin{aligned} w(x) = C_0 \zeta (x). \end{aligned}$$

Thus, the goal is to show that \(\zeta \) decays as \(x \rightarrow +\infty \) fast enough, so that \(\zeta \in L^2(x_0, +\infty )\).

                  First we observe that, substituting the profile equation (3.2), we may write
$$\begin{aligned} \rho = \frac{2 (D(\varphi )\varphi _x)_x}{D(\varphi )\varphi _x} + \frac{c}{D(\varphi )} = - \frac{c}{D(\varphi )} - \frac{2f(\varphi )}{D(\varphi )\varphi _x}. \end{aligned}$$

By Lemma 1, the wave decays as \(\varphi = O(e^{-f'(0)x/c}) \rightarrow 0\) as \(x \rightarrow +\infty \). Making Taylor expansions near \(\varphi = 0\) of the form
$$\begin{aligned} D(\varphi ) = \varphi (D'(0) + O(\varphi )), \qquad D(\varphi )^{-1} = \varphi ^{-1}D'(0)^{-1} + O(1), \end{aligned}$$

                    (A.4)
                

we find that
$$\begin{aligned} \rho (x) = \frac{c}{D'(0)} \frac{1}{\varphi (x)} + O(1) \rightarrow +\infty , \qquad \text {as} \;\, x \rightarrow +\infty . \end{aligned}$$

Moreover,
$$\begin{aligned} \frac{1}{4} \rho (x)^2 = \frac{c^2}{4 D'(0)^2} \frac{1}{\varphi (x)^2} \rightarrow +\,\infty , \qquad \frac{\lambda }{D(\varphi )} = \frac{\lambda }{D'(0)} \frac{1}{\varphi (x)} + O(1), \end{aligned}$$

as \(x \rightarrow +\,\infty \). Notice that \(\lambda /D(\varphi )\) diverges at order \(O(1/|\varphi |)\) for \(\lambda \) fixed. Upon differentiation of the expression for \(\rho \) and substitution of the Taylor expansions around \(\varphi \), one can show that
$$\begin{aligned} \rho _x = \frac{3f'(0)}{D'(0)} \frac{1}{\varphi } + O(1), \qquad \varphi \sim 0^+. \end{aligned}$$

Thus, we reckon that
$$\begin{aligned} F(x,\lambda ) = \frac{\lambda }{D(\varphi )} + \frac{1}{2} \rho _x + \frac{1}{4} \rho ^2 = \frac{c^2}{4D'(0)^2} \varphi ^{-2} + \Big ( \frac{\lambda }{D'(0)} - \frac{3f'(0)}{2D'(0)} \Big ) \varphi ^{-1} + O(1), \end{aligned}$$

for \(\varphi \sim 0\) as \(x \rightarrow +\,\infty \). The leading term is \(\varphi ^{-2} c^2 /(4D'(0)^2) > 0\), and since \(\varphi = O(e^{-f'(0)x/c})\), then \(F(x,\lambda )\) diverges at order \(O(e^{2f'(0)x/c})\) as \(x \rightarrow +\,\infty \). For fixed \(\lambda \in \mathbb {C}\), the leading term does not depend on \(\lambda \) and has a definite sign. Therefore, by taking real and imaginary parts, we can assume, without loss of generality, that z decays as the real solution to the equation
$$\begin{aligned} z_{xx} - F(x)z = 0, \end{aligned}$$

                    (A.5)
                

with
$$\begin{aligned} F(x) := \frac{c^2}{4 D'(0)^2} e^{2 f'(0)x/c}. \end{aligned}$$

We now apply the following theorem by Coppel (cf. [7], pg. 122):

                
                  Theorem 5

                  (Coppel [7]) Let \(F(x) > 0\), \(F \in C^2\), be such that
$$\begin{aligned} \int _{x_0}^x |F^{-3/2}F''| \, dx < +\,\infty . \end{aligned}$$

Then the homogeneous equation
$$\begin{aligned} z_{xx} - F(x)z = 0, \end{aligned}$$

                    (A.6)
                

has a fundamental system of solutions satisfying
$$\begin{aligned} \begin{aligned} z&\sim F(x)^{-1/4} \exp \left( \pm \int _{x_0}^x F(s)^{1/2} \, ds \right) ,\\ z_x&\sim F(x)^{1/4} \exp \left( \pm \int _{x_0}^x F(s)^{1/2} \, ds \right) . \end{aligned} \end{aligned}$$

                    (A.7)
                


                In order to simplify the notation, let us define
$$\begin{aligned} \beta = \frac{2f'(0)}{c} > 0, \end{aligned}$$

so that \(\varphi = O(e^{-\beta x/2})\), as \(x \rightarrow +\,\infty \). Since \(F > 0\) diverges at order \(O(e^{\beta x})\), then one can verify that \(F^{-3/2} F'' \sim e^{-\beta x/2}\) is integrable in \((x_0, +\,\infty )\), if \(x_0 \gg 1\) is chosen sufficiently large. Let \(z_1(x)\) and \(z_2(x)\) be two linearly independent solutions in \([x_0, +\,\infty )\) to the homogeneous equation (A.6), decaying and diverging at \(+\,\infty \), respectively. Then, by Coppel’s theorem, \(z_1(x)\) behaves like
$$\begin{aligned} \begin{aligned} z_1(x)&\sim F(x)^{-1/4} \exp \left( - \int _{x_0}^x F(s)^{1/2} \, ds \right) \\&= \left( \frac{2 D'(0)}{c}\right) ^{1/2} e^{-\beta x / 4} \exp \left( - \frac{c}{2 D'(0)} \int _{x_0}^x e^{\beta s/2} \, ds \right) \\&\le \left( \frac{2 D'(0)}{c}\right) ^{1/2} e^{-\beta x / 4} \exp \left( - \frac{c}{\beta D'(0)} e^{\beta x /2} \right) , \end{aligned} \end{aligned}$$

that is,
$$\begin{aligned} z_1(x) \sim e^{-\beta x / 4} \exp \left( - \frac{c}{\beta D'(0)} e^{\beta x /2} \right) \rightarrow 0, \end{aligned}$$

                    (A.8)
                

as \(x \rightarrow +\,\infty \). Likewise, Coppel’s theorem implies that
$$\begin{aligned} \partial _x z_1(x) \sim e^{\beta x / 4} \exp \left( - \frac{c}{\beta D'(0)} e^{\beta x /2} \right) \rightarrow 0, \end{aligned}$$

                    (A.9)
                

as \(x \rightarrow +\,\infty \).
Therefore, the decaying solution to (A.5) (and, consequently, the decaying solution to (A.3)), behaves like
$$\begin{aligned} z(x) \sim e^{-\beta x/4} \exp \left( - \frac{c}{\beta D'(0)} e^{\beta x/2}\right) , \qquad x \rightarrow +\,\infty . \end{aligned}$$

This yields,
$$\begin{aligned} \begin{aligned} \zeta (x) = - \frac{z(x)}{D(\varphi (x))}&\sim e^{\beta x/4} \exp \left( - \frac{c}{\beta D'(0)} e^{\beta x/2}\right) \\&\sim e^{f'(0) x/2c} \exp \left( - \frac{c^2}{2 D'(0) f'(0)} e^{f'(0) x/c}\right) , \end{aligned} \end{aligned}$$

when \(x \rightarrow +\,\infty \), as claimed.
It can be shown, using the decay rate (A.7) for the derivatives of solutions to the homogeneous equation, that \(\zeta _x \in L^2(x_0, +\,\infty )\) as well, with a decay of the form \(e^{kx} \exp ( - \bar{C} e^{f'(0)x/c})\), with \(k > 0\), \(\bar{C} > 0\). A similar procedure leads to \(\zeta _{xx} \in L^2(x_0,+\,\infty )\). The details are omitted as the proof is analogous (the rapidly decaying term \(\exp (- \bar{C} e^{f'(0)x/c})\) controls the possibly blowing up terms of form \(e^{kx}\), so that derivatives remain in \(L^2\)). This concludes the proof. \(\square \)
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