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Abstract In this paper we define the index at infinity of an asymptotically linear autonomous
Hamiltonian system. We use this index to prove the existence and bifurcation from infinity
of periodic solutions of the system. We apply the degree for G-invariant strongly indefinite
functionals defined by Golebiewska and Rybicki in (Nonlinear Anal 74:1823—-1834, 2011).
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1 Introduction

Consider the problem of existence of periodic solutions of the system
x=JH (x), (1.1

where H € C?>(R?>M,R) is such that H' is asymptotically linear at infinity, i.e. H'(x) =
H" (00)x + o(|x]) for |x| — oo, where H” (c0) is a symmetric matrix.

One of the ideas of studying such a system is to consider an associated functional defined
on an appropriate Hilbert space. Using this functional one can define an index of the stationary
solution and of the infinity. Comparing these indices we can prove the existence of solutions.
Such an idea has been used by many authors, see for example [1,10,15,16,21]. The methods
used to define the indices include theories of Morse index and the Conley index.
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In the paper [12] we have defined the indices, using the degree of S'-invariant strongly
indefinite functionals. Namely, we have considered the system (1.1) with assumptions
() (HY'O) ={p1, ..., pgh;

(2) o(JH"(c0)) NiZ = @.

Assumption (2) implies the system is nonresonant at the infinity. On the other hand, the
stationary solutions can be resonant. For p being such a solution and for the infinity we have
defined indices (or almost all their coordinates) /5 (p) and Iy (co) being elements of the
Euler ring U (S"). Comparing the sum of the indices /5 (p) with the index 7z (o0) we proved
the existence of solutions, see Theorems 3.1, 3.2 of [12].

The main aim of our paper is to define the index /x (00) in the resonant case. To this end,
following the method of Su (see [20], also [4,17]), we introduce the additional assumptions,
see conditions (H4) and (HS) of Sect. 3, and obtain the so called strong angle conditions on
the associated functional.

Note that the index /g (00) can be also used for studying other problems, for instance the
bifurcation from infinity, i.e. the problem of the existence of unbounded closed connected
sets of periodic solutions of the family of systems:

x=JH (x, ),

where H € C2(R?M x R, R) is such that H'(x, 1) is asymptotically linear at infinity. It is
known that if the difference of the indices computed on some levels A_, A is nontrivial,
then there exists an unbounded continuum of solutions. The proof of this fact in the case of
the operator being completely continous perturbation of the identity can be found in [8], the
proof in the general case is analogous.

After this introduction this paper is organized in the following way: in Sect. 2 we fix
notation and remind the definitions of degrees used in the next part of the paper. Moreover
we compute the index at the infinity for the asymptotically linear operator. To this end we
introduce the so called strong angle conditions.

In Sect. 3 we study periodic solutions of autonomous Hamiltonian systems. We formulate
main results of this paper, namely Theorems 3.1 and 3.3. In the former one we prove the
existence of solutions in the resonant case, while in the latter one we prove the existence of
a connected set of solutions bifurcating from the infinity.

2 Preliminaries

In this section we collect basic facts from the S!-equivariant degree theory. We remind, for
G = S!, the properties of the degree for G-equivariant gradient maps defined by Geba in
[9]. We also recall for G = S! the generalisation of this degree defined in [13], namely the
degree for S!-invariant strongly indefinite functionals.

The degrees mentioned above are elements of the Euler ring U (S"). The definition and
the properties of this ring in the general case of any compact Lie group G one can find for

oo

example in [6, 11]. It is known that U (S 1) can be identified with the ring Z @ (@ Z) with
k=1

actions +, x : U(SH) x U(SY) — U(SYY and - : Z x U(S') — U(S") defined as follows:

a+pB=(ao+ Po.ar+ P, ..., o+ Bk, ...,
axf = (ap-Po,ao-B1+Po-oar,...,a0 Bx+ Bo-ax,...), 2.1)
)"05:()"0107)/'Ollsu»,)/'aka'n),
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for o = (ag,o1,..., 0, ... 8 = (Bo,Bls---,Pr,...) € UBSYH, y € Z. We set
® = (0,0,...,0,..)and I = (1,0,...,0,...). Note that we can index the coordi-
nates of elements of U(S') by the conjugacy classes of closed subgroups of S!, writing
a = (Qgl, 07, .-y AZys ).

LetVbeareal, orthogonalSl-representation. Put C’;l (V,R) ={f € CK(V,R); fis S'—
invariant}. Since V is an orthogonal representation, for f € C g, (V, R) the gradient V f :
V — Vis an S'-equivariant C*~!'-map.

For § > 0 and p € V we denote by Bs(V, p) an open ball centered in p with radius §.
We also write Bs (V) instead of Bs(V, 0) and B(V) instead of B (V).

2.1 Degree for S'-Equivariant Gradient Maps

Let V be a finite-dimensional, orthogonal S -representation and  C V an open, bounded and
S1-invariant subset. For fecC ;1 (V, R) such that (V £)~1(0) N3 = @ one can consider the
degree Vgi-deg(V f, Q) e U(S 1, as a special case of the degree for G-equivariant gradient
maps defined by Geba in [9]. The coordinates of the degree can be written in the following
way:

Vi-deg(V f, Q) = (Vgi-deggi (V f, Q), Vgi-degy, (V£, Q). ..., Vgi-degg, (Vf, Q),...).

Remark 2.1 Note that the definition of the degree for S!-equivariant, orthogonal maps has
been given also in [19]. Since every gradient map is an orthogonal one, we can use this
definition instead of the one mentioned above. However, formulas defining degree in those
two approaches differ by sign. The general summary of the equivariant degree theory can be
found in [2,3].

The properties of the degree are formulated in the following theorem (see [9]):

Theorem 2.1 (1) Let Q and f satisfy the above assumptions. Then:

(a) (Existence) If Vgi-deg(V f, Q) # © € U(SY), then (V£)~1(0) N Q # 0.

(b) (Additivity) If 2 = Qo U Ry, where Qo, 2 are open, disjoint, Slinvariant sets, then
Vgi-deg(V f, Q) = Vgi-deg(V f, Qo) + Vgi-deg(V £, Q1).

(¢) (Excision)If Qo C Q2 is an open, Sl-invariant subset and (Vf)_1 O)NQ C Q, then
Vgi-deg(V f, Q) = Vgi-deg(V f, Qo).

(d) (Linearisation) If f € C3,(V,R) is such that V f(0) = 0 and V*£(0) is an S'-
equivariant linear isomorphism, then there exists oy > O such that for every o < o
we have Vgi-deg(V f, By (V)) = Vg —deg(sz(O), B(V)).

(2) (Homotopy invariance) Let h € CL(V x [0, 1], R) be such that (V,h)~1(0) N (3 x
[0, 11) = @. Then Vg-deg(V,h(-, 0), Q) = Vg-deg(Vyh(-, 1), Q).

To compute the degree of a product map we use for G = S! the following fact, proven in
the general case in [14].

Fact 2.1 (Productformula) Let ; C V; be an open, bounded, S'-invariant subset of a finite-
dimensional, orthogonal S 1-representation and f; € C ;1 (V;, R) be such that (Vf,-)’1 O)n
0 =W fori =1,2. Then

Vgi-deg((V f1, V f2), Q1 x Q2) = Vgi-deg(V fi1, Q1) x Vgi-deg(V fa, Q7).
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Let us now remind the classification of the equivalence classes of finite-dimensional
S'-representations. Recall that two representations V, V' are equivalent (briefly V ~ V')
if there exists an equivariant linear isomorphism L: V — V’. For k € N define an S'-
action on R?2 by v¢ - (x,y) = (xcos(kt) — ysin(kt), x sin(kt) + y cos(kt)) where y; =
cost +isint € S, (x, y) € R2. Denote by R[1, k] the two-dimensional S l-representation

J
with this action and put R[j, k] = @R[l, k] for j € N. Moreover denote by R[, 0] the
i=1

trivial j-dimensional S'-representation.
r

It is known that any finite-dimensional S'-representation is equivalent to EBR[ Jis kil
i=1
for some r € N, j; € N, k; € N U {0}. Using this fact and the definition of the degree, we
obtain the following computational formulas for the degree of a self-adjoint, S'-equivariant
linear isomorphism (see [9]). By m~ (L) we denote the Morse index of L, i.e. the sum of
multiplicities of negative eigenvalues of L.

Fact 2.2 Let V ~ R[jy, 0] ® R[ji. k1] @ ... ® R[j,, k], where jo € NU{O}, ji. ..., jr.

ki,....kr € Nandlet L : V — V be a self-adjoint, Sl-equivariant linear isomorphism.
Then
(1) L =diag (Lo, L1, ..., L), where L; : R[j;, ki] = R[ji, kil fori =0,...,r,
(—1ym Lo for H= 5",
) Ve- L B(V)) = m=Lo+1 M (Li) _
(2) Vgi-degy (L, B(V)) = (=1 0 T for H =7y,
0 for H ¢ (S', Zyy, ..., Ty, ).
(3) In particular, if L = —1d, then
(—1)do for H=S",
Vgi-degy (—1d, B(V)) = { (=1)0F . ji  for H = Z,,
0 for H ¢ (S, Zy,, ..., 7).

Remark 2.2 Note thatif L: V — Vis an §'-equivariant linear isomorphism, then the degree
Vgi-deg(L, B(V)) is invertible. Moreover

(ElLar, .o, = (EL g, ).
2.2 Degree for S'-Invariant Strongly Indefinite Functional

We briefly recall, in the special case G = S!, the definition of the degree for G-invariant
strongly indefinite functionals given in [13].

Let (H, (-, -)m) be an infinite-dimensional, separable Hilbert space, which is an orthogonal
S!-representation. Denote by I' = {m,, : H — H : n € NU {0}} an S!-equivariant approxi-
mation scheme on H, i.e. a sequence of S'-equivariant orthogonal projections satisfying

(1) H* = 7,,(H) is a finite-dimensional subrepresentation, for all n € N,

(2) there exists a subrepresentation H,, of H"*! such that H"*! = H" @ H,, and H" L H,
foralln € N,

3) lim 7, () = u for all u € H.
n—o0

Assume that:

(al) @ C His an open, bounded, S L_invariant set,
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(@2) L : H — H is a linear, bounded, self-adjoint, S'-equivariant Fredholm operator of
index 0, such thatker L = H® and 77, o L = L o 7, for all n € N U {0},

(@3) K e C;l (cl(2), R) is such that VIC : ¢/(2) — H is an Sl—equivariant completely
continuous operator,

(a4d) ® e Cél (cl(2), R) is of the form ® (1) = %(Lu, u)m — K(u),

@s) (Vo)~l0)ynaQ=a.

Put Z = (V®)~1(0), ro = dist (Z, ) and Q, = Z + B.(H), for & < %"

Definition 2.1 Ler ® € C;l (cl(R), R) satisfy assumptions (al)~(a5). The degree for S'-
invariant strongly indefinite functionals, denoted by Vg1 -deg(V®, Q) € U(S 1Y is defined by
Sformula

Vi-deg(Vd, Q) = Vgi-deg(L, B(H" © H)) ™! % Vgi-deg(L — 7, o VK, 2, N H"),
where n is sufficiently large and ¢ sufficiently small.

It was shown in [13] that such the degree is well-defined and it has the same properties
as the degree for S'-equivariant gradient mappings, i.e. properties of existence, additivity,
excision, linearisation and homotopy invariance. In the fact below we formulate the slightly
different version of the last of those properties, the so called generalized homotopy invariance
property. The proof of this fact catries over from the Leray-Schauder degree case, see [5].
We put an assumption:

(ab) @ € C;,l (H x R, R) is such that ®(u, ) = %(Lu, u)yy — K(u, 1), where L satisfies
(a2) and V,,K is an S'-equivariant completely continuous operator.

Fact2.3 Let ®: H x R — R satisfy condition (a6) and Q@ C H x [r_, ;] be an open,
bounded and S l-inyariam‘ subset. Moreover assume that there exist open, bounded, S'-
invariant sets Qy, Q_ C H such that

(1) QN H x {re)) = Qi x {As), i
2) (V@) 0)N IR C (Q- x (-} U (Qy x {Ay)).

Then Vgi-deg(V, (-, 1_), Q_) = Vgi-deg(V, ®(-, A1), Q).

Using this property we can study the bifurcation from infinity of solutions of the equation
V@ (u, 2) = 0. Assume that there exist A_, A, € R satisfying A_ < A4 and y > 0 such
that

(Vu®(-, 1+)) "' (0) C By, (H). 2.2)

Define the bifurcation index at oo for [A_, A4 ] by
BIF(00, [A—, 24+]) = Vi-deg(V, (-, A1), By (H)) — Vgi-deg(V, (-, 1), By (H)).

Theorem 2.2 Let ® satisfy condition (a6) and let A+ € R,y > 0 be such that assumption
(2.2) is fulfilled. If BIF(co, [A—, A1) # © € U(S"), then there exists an unbounded closed
connected component C of (V,, &)L O)NEHx [A_, Ay suchthat CN(By, (H) x{A_, Ay}) #
@.

The proof of this theorem in the case of the SO (2)-equivariant operators of the form
compact perturbation of identity can be found in [8]. The authors use the properties of the
SO0 (2)-degree, especially the generalized homotopy invariance property and the fact that the
set V,®~1(0) is compact in H x R. Using the counterparts of these facts in the case of the
degree for G-invariant strongly indefinite functionals, we obtain our result.
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2.3 Index at the Infinity

In this section, under some additional assumptions, we compute the degree of an asymptot-
ically linear operator, which is a gradient of a strongly indefinite, S'-invariant functional at
the sufficiently large disc centered at the origin. Let (H, (-, -)i7) be an infinite dimensional
Hilbert space, which is an orthogonal S!-representation. Let ® € C gl (H, R) be such that

1
D(u) = E«L + Loo)u, uym + n(u), (2.3)
where L satisfies condition (a2) of Sect. 2.2 and moreover

(bl) Lo : H — His a linear, S'-equivariant, self-adjoint, completely continuous operator,
satisfying Lo, o m;, = 7, 0 Loo,

(b2) Vn :H — His an S'-equivariant, completely continuous operator,

(b3) V() = o(llullm) as |lullm — oo.

Denote by V2®(00) = L + Lo, the linearization of V& at the infinity. In the case when
V2®(00) is an isomorphism, analogously to the linearization property at the origin, one can
prove the property of the linearization at the infinity.

Fact2.4 Let® € Cg, (H, R) be a functional given by (2.3) and let conditions (a2), (b1)—(b3)

be satisfied. Assume that V2>® (00) : H — H is an S'-equivariant, self-adjoint isomorphism.
Then there exists aso > 0 such that for all « > as

Vgi-deg(V®, B, (H)) = Vg -deg(V2<b(oo), B(H)).

In the rest of this section we will assume V2® (c0) is not an isomorphism, i.e.
(b4) 0 € o(V2P(c0)).

Denote by Voo and Wy, the kernel and the image of V2®(00), respectively and put
Ax = (V2<1>(oo))wyoo : Woo — Weo. Moreover, denote by W and W subspaces of
W oo such that (Aoo)leo is positive definite and (A0°)|Wgo is negative definite.

To compute the degree of ® at the sufficiently large disc centered at the origin we put
additional assumptions, so called strong angle conditions.

(SACY) There exists M > 0,8 > 0 and « € (0, 7) such that (V® (u), m)ﬂ >B>0
forany u = (v, w) € H = Vo & Woo with [lullg > M and |w(m < |lulmsine.
(SACZ,)) There exists M > 0, 8 > Oand & € (0, 5) such that (VO (u), m)ﬂ <-B8<0
forany u = (v, w) € H =V & Wy, with |Jullg > M and ||w|g < ||u|lm sin .

The above conditions has been introduced by Li and Su in [17], see also [20]. Using
the method introduced by Bartsch and Li in [4] for a similar type of assumptions (namely
the angle conditions (AC;) they have computed the critical groups of the functional at the
infinity. Combining some arguments from [4] and the degree theory for S'-invariant strongly
indefinite functionals, we can compute the degree Vgi-deg(V®, B, (H)).

Theorem 2.3 Let ® € C?, (H, R) be a functional given by (2.3) and let conditions (a2),
(b1)—(b4) be satisfied. Then

(a) If @ satisfies the condition (SACY,) then for y and n sufficiently large
Vgi-deg(V®, B, (H)) = Vgi-deg(L, BH" © H) ™' Vgi-deg(Aco, By (H" © Vo).
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(b) If ® satisfies the condition (SACy,) then for y and n sufficiently large

Vgi-deg(V®, By (H)) = Vgi-deg(—1d, B, (Voo)) * Vi-deg(L, BIH" © H) ™'
Vgi-deg(Aoo, By (H" © V)).

Proof (a) We first prove that if @ satisfies conditions (a2), (b1)—-(b4) and (SACjO), the
conditions (al)—(a5) of Sect. 2.2 are satisfied for 2 = B, (H), where y is sufficiently large.
Therefore the degree Vgi-deg(V®, B, (H)) is well-defined. Indeed, the conditions (al)—(a4)
follows immediately from (a2), (b1)—(b4) and the definition of 2. To show (a5) we will prove
that for M sufficiently large if ||u||m > M then V& (u) # 0.

Choose M > Oand a € (0, %) asin (SAC;LO) and note that foru = (v, w) € Voo ®@W, =
H satisfying ||u|lm > M and |w||g < ||u||x sin o, from (SACg'O) we obtain (V® (u), v)g >
0. In the case ||u|lg > M and ||w|lg > ||lu||m sin &, choose € > 0 such that Siga < ||Ag0] -1
and note that from (b3) without loss of generality we can assume that for |u|lg > M
we have |[Vn(u)llm < &lullm. We obtain [[VO )l = AL lwla — IVo@)lla =
AL = e lwli > 0.

To compute the degree define the homotopy H™® € CX(H x [0, 1], R) by the formula
H*®((v,w),t) = d(v,w)+ %t v ”]%1' ‘We will show that this homotopy satisfies assumptions
of Fact 2.3. Using arguments as in the proof of Proposition 2.5 in [4], one can show that for
y sufficiently large and u € H satisfying |lu||g > y:

1) if |w|g < ||u|lm sin « then from (SAC;‘O) follows ||V, H*® (u, t)||%I >0

2) if |wllg > llullgsine, wherew = (wt, w™) € Wi @ W satisfies |w™ || > [lw™ ||lg
then using (b1) and (b3) we obtain (V, H*®(u, t), w)g > 0,

3) if |wllg > |lullg sin e, where w = (wt, w™) € W @ W satisfies |wT g < |lw™ |lg
then using (b1) and (b3) we obtain (V, H*® (u, t), w™ )y < 0.

Hence we obtain that V,, H*(u, t) # 0 for every u € H satisfying |u|lm > y and
t € [0, 1]. Moreover, V, H*®(u,t) = L(u) — Vir(u,t), where ¥ (u,t) = %(Loou, u)m +
%t lv ”%}I —n(u). From assumptions (b1), (b2) and the fact that 7 - /dy_ is a finite dimensional
mapping forevery 7 € [0, 1], we obtain that V1 is S!-equivariant and completely continuous.
Therefore assumptions of the homotopy invariance property (see Fact 2.3) are satisfied.
Hence:

Vgi-deg(V®, By, (H)) = Vgi-deg(V, H*(-,0), B, (H)) = Vgi-deg(V, H*(-, 1), B, (H))
= Vgi-deg(V® + Idy_, B, (H)).
2.4)
Note that functional ¥ : H — R defined by ¥ (v, w) = ® (v, w) + %llv”%I satisfies assump-
tions of the property of linearization at the infinity (Fact 2.4). Using this fact and Definition 2.1
we have

Vgi-deg(V® + Idy_, B, (H)) = Vgi-deg(L + Loo + Idy,,, B, (H))
= Vgi-deg(L, BH" © H) ™! x Vgi-deg(L + 7, o (Loo + Idy_,), (B, (H))e NH"),
(2.5)
where, according to the definition of the degree, (B, (H)), is an e-neighbourhood of the set
(L+Ls —i—ldvoo)_1 (0)NB,, (H). Since L+ Lo +1dy, is anisomorphism, (B, (H)), NH" =
B, (H™).
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For n sufficiently large, from (a2) and (bl), Voo C H". Therefore, using the product
formula,
Vgi-deg(L + m, o (Loo + Idy,,), (B, (H)), NH")

= Vgi-deg((Idv,, , (Aco)Hrav.,), Be(H™)) (2.6)
= Vgi-deg(ldv,, B: (Vo)) x Vgi-deg(Axo, Be (H" © Vy)).

From (2.4)—(2.6), we obtain the assertion.

To prove (b) it is enough to consider the homotopy H* € C 2(H x [0, 1], R) defined by
the formula H*°((v, w), 1) = ®(v, w) — %tllvllﬁzﬂ. The rest of the proof is analogous to the
proof of (a). O

Remark 2.3 Note that if L(V) C Vo, from the excision property of the degree and the
product formula we have

Vi-deg(L, B(H" © H%))~!
= Vgi-deg(L, BH" © (Voo @ H%)) ™! % Vgi-deg(L, B(Vo © H)) 7.
Therefore, using again the definition of the degree, we have

Vgi-deg(V®, By, (H)) = Vgi-deg(L, By (Voo © H)) ™! % Vgi-deg(Ano, By (Wao)).

3 Periodic Solutions of Autonomous Hamiltonian Systems

Throughout this section we study the existence of periodic solutions of autonomous Hamil-
tonian systems of the form:

%= JH (%), 3.1)

0 -—-Id

whereJ::(Id 0

) and H € CZ(R?N | R) satisfies

(H1) H'(x) = H"(c0)x + g'(x) = H"(0c0)x + o(|x]|) for |x| — oo, where H"(00) is a
symmetric matrix,
(H2) (H)7'0) ={p1,.... pq}.

We also study the problem of existence of closed connected sets of periodic solutions
bifurcating from infinity for the family of autonomous Hamiltonian systems:
x=JH (x,)), (3.2)
where H € C2(R?N x R, R) satisfies

(H3) H'(x, 1) = H" (00, M)x + g'(x, 1) = H" (00, M)x + o(|x]) for |x| — oo uniformly
on bounded A-intervals, where H” (00, A) is a real, symmetric matrix for all A € R.

Remark 3.1 Note thatif H € C2(R2N x R, R) satisfies (H3), then for a fixed A the potential
H; € C2(R*N R) defined by H,(x) = H(x, ) satisfies condition (H1) with H” (c0) =
H" (00, X).

We start with recalling the definitions of the appropriate Hilbert space and the functional
corresponding to this system. Put E := HY?(S!, R?Y), the Sobolev space of functions
u(t) = ag + Y32 (ax coskt + by sinkt), satisfying > 52 k(Jax|*> + |bk|*) < oo, where
ao, ax, by € R2N.
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Itis known that E is a separable Hilbert space with an inner product defined by the formula

o0
(. u')g = 2mag - ay+m Y k(ax - aj, + by - by). (3.3)
k=1

Moreover, if we consider an S'-action givenby y-u(t) = u(t+¢)fory = cosp+ising €
S', u € E, it is easy to show that E is an orthogonal representation of the group S'.

Define a sequence of projections I' = {n, : E — E; n € N U {0}} by m,(a0 +
Y ie (ak coskt + by sinkt)) = ag+ Y y_; (ar cos kt + by sinkt) and put E" = 7, (E). Then
[ is an S'-equivariant approximation scheme.

Under the assumption (H1) (or (H3) respectively) one can prove (see [18]) that u(t) €
CE(R,R*NYyisa2x -periodic solution of (3.1) ((3.2) respectively) if and only if u is a critical
point with respect to u of the functional

2 2
Sy(u) = %/0 Ju(t) -u(t) + A H(u(t))dt, 34

or respectively

2 2
Sy, 1) = %/0 Ju(t) -u(t) + A H(u(t), A)dt. 3.5)

Moreover &y € C _%1 (E,R), dy € C él (E xR, R). Let us summarize the properties of these
functionals.

Define £ : E x E — R by L(u,v) = 0271 Ju(t) - v(t)dt. From the Riesz Theorem we
obtain the existence of a unique, bounded, S'-equivariant, self-adjoint Fredholm operator of
index 0, L : E — E such that (Lu, v)g = L(u, v).

Using the definition of L and the inner product formula (3.3) we obtain an explicit formula
for this operator. Namely for u = ag + Z,fi 1 (ak cos kt + by sin kt) we have:

o0
Lu =Y (Jbicoskt — Jay sinkt). (3.6)
k=1
From the above we obtain
(1) ker L = mo(E),
2) mpyoL = Lom, foralln € NU {0}.

Define Sl-representations E;, E, . Ex by IEki := {acoskt F Jasinkt; a € R2N} and
Er = IE,J(r ® E, . Moreover let Ey = R2VN ~ R[2N,0]. It is easy to show that Ef ~
R[N, k], Ex ~ R[2N, k] and L”E;r =1d, LUE; = —Id. Moreover, E" = @;_, Ex.

Note that using (H1) and (H3) we can rewrite ® 5 and by as

2 2
O () = %(Lu,mm% [ 1o - utdi + /0 gu(t)d,
5 1 1 2 2
Oy (u,r) = E(Lu,u)]EJri A H' (00, k)u(t)-u(t)dt—i—/o gu(t), Mdt.

From the Riesz theorem it follows that there exists a unique, bounded linear operator
L : E — E defined by

2
(Loolt, V)E = H" (c0o)u(t) - v(t)dt. (3.7)
0
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Additionally we put n(u) = f02” g(u(r))dt. It is easy to check that L., and Vn are sl
equivariant and, since H" (00) is symmetric, Lo is self-adjoint. Moreover, it is known (see
[18]) that L, and V7 are completely continuous and that condition g’(x) = o(|x]|) for
|x| — oo implies Vn(u) = o(||u||g) as ||u||g — oo (see [16]).

Let A be a real, symmetric, (2N x 2N)-matrix. Consider the functional associated to a
linear system

X = JAx. (3.8)

According to (3.4) we obtain the functional ®4 : E — R given by

1 1 2w
Da(u) = E(Lu, u)g + E(Bu, u)g, where (Bu, v)p = /0 Au(t) - v(t)dre.

From the above definition and (3.3) we can compute the explicit formula for B. Namely,
foru = ap + Y pe(ax coskt + by sinkt) € E we have

[e.¢]
1 1
Bu = Aagy + I; <E(Aak) coskt + %(Abk) sinkt) . 3.9)

Remark 3.2 Note that from (3.9) it follows that 7, o B = B o 7, forn € N U {0}.

Corollary 3.1 From the above considerations, taking A = H"(00), we obtain that the
functional @ g is of the f~0rm (2.3) with conditions (a2),(b1)—(b3) satisfied. The same statement
is valid if we consider @y (-, X) with X fixed.
A T .
For k € N put T (A) := | * 7 o1lal Note that from (3.6) and (3.9) it follows that the
B k
restriction of V& 4 to E; can be represented by the matrix T (A) for k > 1 and by A for
k=0.

From the above considerations we obtain the following properties of the operator VO 4.

Lemma 3.1 (1) V®y is an isomorphism if and only if o (JA) NiZ = (.
o0

(2) kerVd 4 =ker A & @ker(Tk (A))
k=1

o0
= {u=a; a e ker A} ® (Plur = ax coskt + by sinkt; ay + iby € Vya(—ik)}.

k=1
)

3) kerVdy ~ @ R[my, k], where my is a geometric multiplicity of an eigenvalue ik of

k=0
the matrix J A.

@ P Vva, (i) ~ Rlim™(A), 0] & D RIm™ (T (A)), k.

)L,' <0 k=1

In the case of an isomorphism, we have the following formula for the degree of V® 4, see
[12].

Lemma 3.2 Ifo(JA)NiZ =, then
Vgi-deg(V® 4, B(E))

= ((_1)'"’(/*), (=™ @, (N - M) (=D A (N - M) . ) )

2 2
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For a nonlinear Hamiltonian system with potential H satisfying (H1) we define an index
Iy (co0) e U(SYH depending on the matrix H"” (c0). We start with a nonresonant case.

Definition 3.1 Ler H be such that o (J H" (00)) NiZ = @. Define Iy (00) € U(S') by

(_1)m’(1-1”(00)) fOl’ K = Sl7

Iy (o0 = R — "
H()k {(_l)m (H (oo))(N_M) for K = 7.

Remark 3.3 Note that for k € N sufficiently large, m ™~ (Ty (H" (00))) = 2N, hence I (c0)
is a well-defined element of U (S1).

Lemma 3.3 Let H satisfy condition (HI) and o (J H" (00))NiZ = (. Then, for y sufficiently
large, Iy (00) = Vgi-deg(V®y, By (E)).

Proof The proof follows from the linearization property at the infinity and Lemma 3.2. O

Remark 3.4 Note that for p € (H')~!(0) satisfying o (JH"(p)) NiZ = @ one can define
the index Iy (p) € U(SY) analogously as 7y (00), see Definition 3.1 of [12]. Moreover, in
this case Vgi1-deg(V®yp, By (E, p)) = In(p) for a > O sufficiently small, see Lemma 3.3
of [12]. If 6 (JH"(p)) NiZ = {Ziky, ..., %ik,}, we can define Iy (p), or almost all its
coordinates, by

Tu(p)k
limodegB(JH', By (R2N | p), 0), for K = §1,
a—
— - ”
limodegB(JH’, Boa RN 1), 0) - (N - w> , for K = Zg, k ¢ K(m)
oa—
where K(m) = U{i1 yyyy ictl m}{gcd(kil, ..., ki,)}, see Definition 3.2 of [12]. Moreover,

for K such that Iy (p) g is defined, Iy (p)k = Vgi-degg (VO ., By (E, p)) for « sufficiently
small, see Theorem 3.2 of [12].

In the following we define an index Iy (00) in the case when o (J H” (00)) NiZ # . We
assume that one of the following additional conditions on potential H is satisfied. Remind
that H'(x) = H"(c0)x + g’'(x).

(H4) There exist R, ¢1,c2 > 0, and 0 < s < 1 such that for all x € R2V (g'(x),x) <0
and moreover for all x € R*V with |x| > R we have
(8", 0] = etlxF g ()] < ol
(H5) There exist R, ¢1,¢2 > 0and 0 < s < 1 such that for all x € R2V with |x| > R we
have

|S+1

(&', x) = cllx™ 1g' ()] < ealx .

Remark 3.5 The above conditions have been introduced by Su, see [20]. Moreover, if H
satisfies (H4) then the functional ® g satisfies (SAC;;), and if H satisfies (HS) then &y
satisfies (SAC_,), see Lemma 3.1 of [20].

Definition 3.2 Ler H satisfy (HI), o (JH" (00)) NiZ # @ and condition (H4) be satisfied.
Define Iy (00) € U(S") by

(— 1y (H" (o) for K =S,

I (00 = — — "
H()k {(_l)m H (oo))(N_M> for K = 7.
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Note that /5 (c0) is a well-defined element of U (S1).

Lemma 3.4 Let H satisfy condition (HI) and o (J H"(00)) NiZ # @. Moreover assume
that (H4) is satisfied. Then, for y sufficiently large, 1y (00) = Vgi-deg(V®y, By, (E)).

Proof From Corollary 3.1, Lemma 3.1 and Remark 3.5 we obtain that ® g satisfies conditions
(a2), (b1)-(b4) and (SAC;). Therefore, using Theorem 2.3, we have, for y and n sufficiently
large,
Vi-deg(V®y, By (E)) = Vgi-deg(L, B(E"OE")) '« Vgi-deg(V2 @y (c0), B, (E"OV)),
(3.10)
where V, is the kernel of the operator V2 (00).
From the product formula and the definition of representations E,j, E, , we have

Vgi-deg(L, BEE" ©E°)) ™! = Vgi-deg(—1Id, B(E])) ™" *...x Vgi-deg(~Id, B(E,;)) .

Theorefore, since representations [, are equivalent to R[N, k], from Fact 2.2 and Remark
2.2 it follows that
1 fork =S,
Vgi-degg (L, BE" ©E") "' =IN forK =7;,i <n,
0 forK=7%7i,i>n.
To compute the latter factor of (3.10), note that the operator V2dy(00) is associated
to the linear equation x = JH"(oco)x. Therefore, from Lemma 3.1 we conclude that

Voo = ker(H"(00)) @& e ker(Tx(H"(c0))). Moreover m_((VZCI)H(oo))mkmwm) =
m~ (T (H"(00))), where W, = H © V. Hence, Fact 2.2 yields:

Vgi-degg (V20 (00), By (E" © Vo))

(— 1y (H" (o) for K = S,
= { (=1 H'(©)+1 m’(Tk(lz-l”(OO))) for K = Zg, k < n,
0 for K = Z, k > n.
Using formulae (2.1) we obtain the assertion. O

Denote by m~ (A) the sum of multiplicities of nonpositive eigenvalues of the symmetric
matrix A.

Definition 3.3 Let H satisfy (HI), o (JH"(00)) NiZ # @ and condition (H5) be satisfied.
Define Iy (00) € U(S') by
(_1)/71’(H”(00)) fOl’ K = Sl7

Iy (o0 = =— gl n 4

Lemma 3.5 Let H satisfy (HI) and o (J H" (00))NiZ # @. Moreover assume that condition
(H5) is satisfied. Then, for y sufficiently large, Ig(c0) = Vg1 -deg(V®p, By, (E)).

Proof From Corollary 3.1, Lemma 3.1 and Remark 3.5 we obtain that ® g satisfies conditions
(a2), (bl1)-(b4) and (SAC). Therefore, using Theorem 2.3, we have, for y and » sufficiently
large,

Vi-deg(V®y, By (E)) = Vgi-deg(—Id, By (Vo))
* Vgi-deg(L, BE" © E)) ™! % Vi-deg(V® (00), By (E" © Vo)),
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where Vo, is the kernel of the operator V2®p(oco) associated to the linear equation
x = JH"(oco)x. Observe that from Lemma 3.13) Voo =~ @2, Rlmy, k1, where my is
a geometric multiplicity of an eigenvalue ik of the matrix J H” (00). Therefore, from Fact
2.2,

Vgi-deg(—1d. By (Vo)) = (=)™ (=1)"* g, (=)™ oy, ).
Reasoning as in the proof of the previous lemma, we obtain
Vgi-deg(V®y, By, (E))

— ((_1)mo+nf(1"1”(00))7 o (_1)m0+m7(H”(00)) (N_w _ mk) .. >

To end the proof we use the fact that the pair of the eigenvalues ik, —ik of the matrix J H” (c0)
corresponds to an eigenvalue 0 of matrix Ty (H" (00)). Therefore 2my is the multiplicity of
the eigenvalue 0 and m ™~ (Tx (H” (00))) + 2my = m~ (T (H" (00))). |

3.1 Existence of Solutions

In the following we use the definition of the index 7y (00) to formulate conditions sufficient
to the existence of solutions of (3.1).

Theorem 3.1 Let H € C2(R2N | R) satisfy assumptions (H1), (H2) and o (JH" (p)) NiZ =
@ for all p € (H)~1(0). Moreover, let 6 (JH" (c0)) NiZ # ¥ and one of the conditions
(H4), (H5) be satisfied. If [ (00) # Z?:] Iy (pi) then there exists at least one non-stationary
25 -periodic solution of (3.1).

Proof Consider the functional ® g given by (3.4). From Lemma 3.1 follows that if p is
a critical point of H satisfying o (JH”(p)) NiZ = {, then the solution ¥ = p is an
isolated critical point of ® . Moreover, since H satisfy (H4) or (H5), and therefore @y
satisfies (SACé‘O) or (SAC), the set (Vo 1)~ 1(0) is bounded, see the proof of Theorem 2.3.
Therefore, we can choose «),, ao > 0 fori =1, ..., g, such that B“pi (E, pi) are disjoint
neighborhoods of p; € E satistying cl(Bam_ (E, pi)) C By (E) fori =1, ..., q. Suppose,
contrary to our claim, that py, ..., p, are the only 27 -periodic solutions of (3.1). From the
additivity and the excision properties of the degree, we have

q
Vi-deg(V® . Bo, (E) = Y Vi-deg(V®p. Ba, (E. p)).
i=1

Taking into consideration Remark 3.4, Lemmas 3.4 and 3.5, we obtain

q
I (00) =Y Iu(pi),
i=1

a contradiction. O

In the following corollaries, using the definition of /g (00), we formulate the assertion of
the Theorem 3.1 in terms of Morse indices of matrices H” (00), Ty (H" (00)).

Corollary 3.2 Let H € C*(R?N | R) satisfy assumptions (H1), (H2) and o (JH" (p)) NiZ =
@ for all p € (H')~1(0). Moreover, let o (J H"(c0)) NiZ # @ and the condition (H4) be
satisfied. Assume that one of the following conditions is fulfilled:

@ Springer



1522 J Dyn Diff Equat (2018) 30:1509-1524

) (_l)m’(H”(OO)) £ Z?zl(_l)m’(H”(p,-))’
2) (—1m H" () (N - M) £ YL (—1ym H' i) (N - M)
1=
for some k € N.

Then there exists at least one non-stationary 2w -periodic solution of (3.1).

Corollary 3.3 The above corollary remains valid if we replace (H4) by (H5) and conditions

(1), (2) by:

(1) (=1 H"() £ Z?:l(_l)m_(H”(pi))’

(2) (=1)™ (H" (00)) (N— mn (Tk(gl (oo)))) # Z;]:l(_l)m (H" (pi)) (N— m (Tk(gl (Pi))))
for some k € N.

Note that we can omit the assumption o (JH” (p)) NiZ = @ for p € (H')~1(0) by
defining the index Iy (p) (or almost all its coordinates) as in Remark 3.4. In such a situation
we obtain the following theorem:

Theorem 3.2 Let H € C2(R?N | R) satisfy assumptions (HI), (H2), o (JH" (00)) NiZ #
and one of the conditions (H4), (HS) is fulfilled. Let k € 7 be such that for every p €

{p1,..., pg} the number Iy (p)z, is defined. If 1y (c0)z, #* Zzzl In(pi)z, then there
exists at least one non-stationary 2w -periodic solution of (3.1).

Proof Observe, that we can assume py, ..., p, are isolated critical points of the functional
@ y. If not, we obtain an infinite sequence of 2 -periodic solutions of (3.1) and hence the
assertion of the theorem.

Therefore the degrees Vgi-deg(V®y, By (E)), Vgi-deg(VPy, B"‘pi (E, pi)) are well-
defined. Moreover, for k € Z such that Iy (p)z, is defined, Iy (p)z, = Vg -deng (Voy,
B, (EE, p)). The rest of the proof is analogous to the proof of Theorem 3.1. O

3.2 Bifurcation from Infinity

Let us now study the problem of bifurcation from infinity of solutions of the family (3.2).
Assume that A_ < A, are such that for A € {A_, A;} one of the following conditions is
satisfied:

(AL) o (JH" (00, ) NiZ = @,
(BA) o(JH" (00, 1)) NiZ # @ and for H = H (-, 1) the condition (H4) is satisfied,
(CA) o(JH" (00, 1)) NiZ # @ and for H = H (-, 1) the condition (H5) is satisfied.

Theorem 3.3 Consider the family (3.2), where H € C*(R*N x R, R) is such that condition
(H3) is satisfied. Let ._ < A. Assume that one of the following conditions is satisfied:

(BIF1) For . € {A_,Xy} one of the conditions (A)), (BX) is satisfied and
moreover (—1)" H'(00.A0) £ (_1ym"(H (M) op there exists k € 7 such that
(_l)nf(H”(oo,)\_)) (N _ mf(Tk(H;(OO,)P)))) # (_l)m*(H”(oo,)L_;.))

™ (T(H (00.52)
N - %) .

(BIF2) For .. = X\_ one of the conditions (AL), (B\) is satisfied and ]for A= Ay
the condition (CA) is satisfied. Moreover (—1)" (H'(002-)) £ (_ 1y~ (H"(00.21))
or there exists k € 7 such that (—1)m (H"(00.2-) (N— %M) +

(— 1)~ (H"(00.0.4)) (N _ rh‘(Tk(Hg(oo,M)))) .
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(BIF3) For . = A_ the condition (CA) is satisfied and for ). = Xy one of the
conditions (AL), (BA) is satisfied. Moreover (—1)" (H' (0020 £ (_1yn” (H"(c0.21))

or there exists k € 7 such that (—1)’;17(’"1//(00')‘—)) (N— w) #*
(—1ym (H"(00.11)) (N _ m‘(Tk(H;(oo,M)))) _

(BIF4) For ) € {A—, Ay} the condition (C).) is satisfied and moreover (—1)”:17(H”(°°’)‘*))
£ (=) HURAD) op there exists k € 7 such that (—1)" (H"(00.2-))
(N . rh—(Tk(H;(oo,x,)))) £ (1) (H"(00.31)) (N _ r?z‘(Tk(H;(oo,M)))) )

Then there exist y > 0 and an unbounded, closed, connected set C C E x [A_, A+] of
solutions of the family (3.2) such that C N (By, (E) x {A_, Ay}) # 0.

Proof Consider the functional oy given by (3.5). Since H satisfies condition (H3), following
the idea given in [16] we can prove that ® g satisfies (a6) of Sect. 2.2. Moreover, if the condi-
tion (AX) is fulfilled then V, ® 5 (-, A) is an isomorphism satisfying (b1)—(b3) of Sect. 2.3. In
the case of condition (BX) (respectively (CL)), from Corollary 3.1, Lemma 3.1 and Remark
3.5 follows that ® u (-, A) satisfies (b1)—(b4) and (SAC,)) (respectively (SAC:O)). Hence if
one of the conditions (AX), (BA), (C)) holds, then

(Vu®p (-, 2)71(0) € B, (H).

For the proof in the case (BA), (CA), see the proof of Theorem 2.3. Therefore using the
arguments as in the proofs of Lemmas 3.3-3.5 we can show that if one of the conditions
(BIF1)—(BIF4) is satisfied then BI F' (0o, [A_, A+]) # ®. Using Theorem 2.2 we obtain the
assertion. O
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