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Abstract Due to the results of Lewowicz and Tolosa expansivity can be characterized with
the aid of Lyapunov function. In this paper we study a similar problem for uniform expansivity
and show that it can be described using generalized cone-fields on metric spaces. We say
that a function f: X — X is uniformly expansive on a set A C X if there exist ¢ > 0 and
a € (0, 1) such that for any two orbits x: {—N,...,N} > A, v: {—N,...,N} > X of f
we have
sup  d(Xp,Vp) <& = dXo, Vo) <o sup d(Xu, Va).
—N<n<N —N<n<N

It occurs that a function is uniformly expansive iff there exists a generalized cone-field on X
such that f is cone-hyperbolic.
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1 Introduction

In 1892 Lyapunov [9] introduced the idea of Lyapunov functions to study stability of equilibria
of differential equations. The Lyapunov approach allows to assess the stability of equilibrium
points of a system without solving the differential equations that describe the system. This
theory is widely used in qualitative theory of dynamical systems.

In Lewowicz [7,8]proposed to use Lyapunov functions of two variables to study structural
stability and similar concepts, such as topological stability and persistence. The method has
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been applied in particular to study hyperbolic diffeomorphisms on manifolds. For the survey
of the results, methods and possible generalizations see [12].

Let us quote one of the most interesting results from [12]. Let f: M — M be a homeo-
morphism of a compact manifold M. For U: M x M — R we define

ApUx,y) :=U(f(x), f(y)) —U(x,y) for x,y e M.

We say that U is a Lyapunov function for f if it is continuous, vanishes on the diagonal, and
ArU(x,y) is positive for (x, y) on a neighborhood of the diagonal, x # y.

The following result characterizes expansive homeomorphisms in terms of Lyapunov
functions.

Theorem [12, Theorem 3.2]. Let f be a homeomorphism of a compact manifold M. The
Jfollowing conditions are equivalent:

i) f is expansive;

ii) there exists a Lyapunov function for f.

The proof of this result for diffeomorphisms f can be found in [7]; see Sect. 4 and
Lemma 3.3 of that paper. Additional arguments required for the case of a homeomorphism
are discussed in [6, Sect. 1]. See also [12], where Tolosa, basing on the results of Lewowicz,
characterized the expansivity on metric spaces with the using Lyapunov functions.

In this paper we use a generalized notion of cone-fields on metric space to describe uniform
expansivity. The notions of cone-fields and cone condition [4, 10] originally appeared in the
late 60’s in the works of Alekseev, Anosov, Moser and Sinai. Recently, Sheldon Newhouse
[10] obtained new conditions for dominated and hyperbolic splittings on compact invariant
sets with the use of cone-fields. It is also worth mentioning that the notion of cone-field can
be very useful in the study of hyperbolicity [1,3,4,10].

Letus briefly describe the contents of this paper. In Sect. 2 we discuss the notion of uniform
expansivity. We show that if f is uniformly expansive then it is also expansive. In Sect. 3
we recall our generalization of cone-fields to metric spaces which we presented in paper
[11] and show that the existence of hyperbolic cone fields guarantees uniform expansivity.
In Sect. 4 we show how to construct functions cy, ¢, for a uniformly expansive f such that
f is cone-hyperbolic with respect to the cone-field (cy, ¢;,). The main result of the section
can be summarized as follows:

Main Result [see Theorem 3]. Let X be a metric space andlet f : X — X be an L-bilipschitz
map. Assume that A C X is an invariant set for f such that f is uniformly expansive on A.
Then there exists a cone-field on A such that f is cone-hyperbolic on A.

2 Uniform Expansivity

First we define uniform expansivity of f and show that this notion is stronger than the
classical expansivity.

By a partial map from X to Y (written as f : X—Y) we denote a function which domain
is subset of X [2, Chapter 2]. By dom( f) we denote the domain of a partial map f : X—~7Y,
and by im(f) we denote its inverse image. For a given f : X— X we say that a sequence
x: I — X defined on a subinterval' I of Z is an orbit of f if

X, € dom(f) and x,4+1 = f(x,) for n € I suchthat n +1 € I.

I we say the [ is a subinterval of Z if [k, []NZ C I forany k,[ € I.
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We recall the classical definition of expansivity. We say that f: X—X is expansive on
A C X if there exists an € > 0 such that for any two orbits x: Z — A, v: Z — X if

supd(xy, vy) < ethenx = v.
nez

Definition 1 Let N € N, ¢ > 0 and ¢ € (0,1) be given. We say that f: X—X is
(N, &, a)-uniformly expansive on a set A C X if for any two orbits x: {—N, ..., N} —» A,
v:{—N,..., N} — X we have

dsup(X, V) < & = d(X0, Vo) < adsyp(X, V),
where

dsup(xs v) = sup d(Xp, Vp).
—N<n<N

This notion is more useful because it does not need an infinite trajectory.

Example 1 Consider a rotation of f: ' — S! by an angle . Then f is an isometry, and
therefore is not expansive, and consequently not (N, &, «)-uniformly expansive on A = S'.

Example 2 Let us consider the function f: Ry 3 x = x +4/x € R.. One can easily check
that this function is expansive because its derivative at each point is strongly greater than 1.
On the other hand, f is not uniformly expansive because for sufficiently large x the derivative
of the function at x can become as close to 1 as we want.

One can easily verify that uniform expansivity implies classical expansivity (this result can
also be easily deduced from Theorem 1 below).

Observation 1 [/1, Observation4.1] Let N e N, e > 0,0 € (0,1), AC Xand f: X—X
be given. If f is (N, e, a)-uniformly expansive on A, then it is also expansive on A.

Given L > 1 and f: X—Y we call f L-bilipschitz if

L7'd(x,y) <d(f(x), f(y) < Ld(x,y) for x,y € dom(f). 2.1

Note that if a function f is L-bilipschitz then it is injective.
For § > 0 and aset A C X we define the §-neighbourhood of A as

As =] B(x,5).

xeA

Let an injective map f: X—X be given. We call A C dom(f) an invariant set for f if
f(x)and f~1(x) € A for every x € A.

Now we show how to change the metric so that the function f whichis (N, -, -)-uniformly
expansive becomes (1, -, -)-uniformly expansive.

Theorem 1 Let f: X—X be an L-bilipschitz map for some L > 1 and a € (0, 1). Let
A C X and § > 0 be such that As C dom(f) Nim(f). We assume that A is an invariant set
for f and that f is (N, $, a)-uniformly expansive on A.

Then there exists a metric p on Agy-n+1 such that

dx,v) < p(x,v) < LN_ld(x, v) for x,v e As-n+1, 2.2)

that f is (1, sL~N*L, ¥a)-uniformly expansive on Agp-N+1 and max{a~'/N | L}-bilipschitz
map with respect to the metric p.
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Proof Let B = ¥/a. We put

= Klq(rk k f Agp-n+1.
p(x,v) ke{fNTla?(..,Nfl}'B (ff(x), ff()) for x,v € Agp-n+1

Inequalities (2.2) follow from the definition and (2.1). Note thatfork € {—-N+1, ..., N—1}
we have

X0 € Agp et = fHx), fA) € Agp-nirsw.

This means that p is well defined on Ag; —n+1.

First we show that f is max{8~"!, L}-bilipschitz map with respect to the metric p. Since f
is L-bilipschitz in the metric d, we know that d(fV (x), f¥ (v)) < Ld(fN~1(x), f¥"1(v))
and finally we get

P fon = - max o BHACECF ). D)

ke{—N+1,...,
= max{INTd (N2 ), V), L BN TN (), Y ()
=max{l N~ Bd(f V2 (), V), .. BB Bd(x, v),
BOBBT A (f(x), fFW)). ... BN 2B AN T (), N ),
BN AN ). Y ()}
= max{BB N (FTN ), fVR ), .. BB (x v),
B BY(f ). f). ..., BT BN AN T ), VT ),
BN AN ). Y ()}
< max{Bp N THd(f N2 (), fNTE (), L. BB (x, v),
BBY(f ). f)). ..., BT BN AN T ), VT ),
BN LA (N ), N )
<max(B, 7", L} p(x,v) =max{~', L} p(x,v).
Similarly, as for the opposite inequality, we know that L7'd(fN 1), M) <
d(fN ), fNw))and L~'d(f Nt (), f~N ) < d(f~V12(x), f~V*2(v)). Hence
p(f(x). (W) =max{BB "N d(fNT2), V), .. % (x, ),
BBY(f (). f). ... BT BN AN T ), VT ),
BN AN ). N )}
> max{B N Td(f N2 (x), fVNTEw)), L. BB (x, v),
BIBY(f ). f). ... BT BN AN T ), VT ),
[ A (G R CO N A (D)}
> min{, Lil} - p(x,v).

Now we show that for x € A and v € Ag; -~+1 such that

max {p(f~'(x), f7 ), p(x, ), p(f(x), f)} < SL™VH! (2.3)

the following inequality holds:
p(x,v) < Bmax(p(f(x), fF)), p(f (). £~ @))).
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We have to show that fork = —-N+1,...,N — 1
BHd(f* ), fH ) < pmax
k| 70 pk+1 k+1 Ik 70 pk—1 k—1
X(k? max AH/D’ d(f*m ), f (v)),k} max Nilﬂ d(f* ), f (v))).

,,,,,

For k < 0 or k > 0 it is straightforward. Consider the case k = 0. From (2.2) and (2.3) we
get

max {d(f~ (), 7 W), d(x, ), d(f ), f@)} < 8LV,

which together with (2.1) implies that d( f*(x), f¥(v)) < § fork = —N, ..., N. By the
uniform expansivity and the fact that 8 < 1 we get

d(x,v) = o max d(f* (), 1) = p max (B* (@), fH D)

< B max (|k|’£‘%X_ AU @, ), max ARG, (v))) :

<N-1

3 Cone-fields and Cone-hyperbolic Maps

In this section, for the convenience of the reader, we recall basic definitions concerning
generalization of cone-fields to metric spaces (for more information and motivation see
[5,11]).

Definition 2 [11, Definition 3.1] Let § > 0 and A C X be nonempty. We say that a pair of
functions ¢, ¢, : U — R4 forsome U C X x X forms a §-cone-field on A if

{x} x B(x,8) cU forx € A.

We put c(x, v) := max{cs(x, v), ¢, (x, v)}. If there exists K > 0 such that:
1
240V = e, v) < Kd(x, v) for (x,v) €U

then we call it (K, §)-cone-field on A or uniform §-cone-field on A.

For each point x € A we introduce unstable and stable cones by the formula

Cy(8) :={v € B(x,8) : cs(x,v) < culx, v)},

Ci(8) :={veB(x,8) : cs(x,v) = c,(x,v)}.
We consider a partial map f: X — Y between metric spaces X and Y and A C dom(f).
Assume that X is equipped with a uniform §-cone-field on A and Y is equipped with a

uniform §-cone-field on a subset Z of Y such that f(A) C Z.
For every x € dom(f) we put

By (x,8) :={v € B(x,d8) Ndom(f): f(v) € B(f(x),d)}.

Now we define u, (f; ) and s, (f; 8), the expansion and the contraction rates of f, respec-
tively. These rates are a modification of the classical definition from [10], but we do not
assume that the function f is invertible (for more information see [11]).
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Definition 3 [11, Definition 3.2] Let x € dom(f) and § > 0 be given. We define

ux(f38) == sup{R € [0, 00] | c(f(x), f(v)) = Re(x,v), v € By(x,8); v e C{(3)},
sx(f; ) :=inf{R € [0, 00] | c(f(x), f(v)) < Re(x,v),v € By(x,8); f(v) € Cy,y(9)}.
Letua(f:8) := inf{uc(f:8)} and s4(f:8) := sup{sx(f: 8)}.

xeA
Definition 4 We say that f is §-cone-hyperbolic on A if
sA(f38) <1 <ua(f;9).
The next proposition is a simple analogue of [10, Lemma 1.1].

Proposition 1 /71, Proposition 3.1] Every §-cone-hyperbolic is §-cone-invariant, i.e. for
x € Aandv € By(x, §) we have

veCY() = f()e C?(X)((S),
and
f) e Cj;(x)((S) = v € C;(9).

Theorem 2 [11, Theorem 4.1] Suppose that for K > 0 and § > 0 we are given a (K, §)-
cone-field on A C X. Let f: As—X be 5-cone-hyperbolic on A and let . > 1 be chosen
such that

sa(f38) <27 ua(f;8) = .
Then f is (N, 8, K2 /AN)-uniformly expansive on A for every N € N, N > 2log, K.

Example 3 Let f: T> — T? be defined by f(x,y) = 2x+y, x+y), where T? = R?/Z>.
We know that f is expansive (see [4, Sect. 1.8]). It is easy to show that

3-45 3445
>
2

<1, up(f;é) > 5 1.

st2(f38) <

From Theorem 2 we conclude that f is uniformly expansive on A = T2,

4 Expansivity and Cone-fields

In this section we show that uniform expansiveness of f on an invariant set A lets us construct
a cone-field on A such that f is cone-hyperbolic on A. In our reasoning we will need the
notion of e-quasiconvexity.

Definition 5 Let 7 be a subinterval of Z, and let ¢ > 0 be fixed. We call a sequence o: I —
R e-quasiconvex if

op <max{o,_1,0p+1}—€e fornel: n—1,n+1¢€l.
Now we show some properties of e-quasiconvex sequences, which will be used later.

Observation 2 Let ¢ > 0 and a: I — R be an e-quasiconvex sequence.
Then
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i) ifm,m+2e€land oyt > oy — € then
Upy1 > oy +€forn>m+1suchthatn,n+1 € I. “4.1)
ii) ifm—1,m+1¢el and ays1 < oy + € then

dpt1 <oy —eforn <msuchthatn,n+1 € I. 4.2)

Proof The above statements are similar so we show the first one. The proof proceeds on
induction. Suppose that m, m +2 € I and ;41 > «,, — €. Since « is e-quasiconvex,

U1 < Max{ty,, dmi2} — & = max{a, — €, apyy2 — €.
But o041 > oy — €, SO we get
Um+1 = Apy2 — €,
and hence
Up42 = A1 + €.

It implies that (4.1) is valid for n = m + 1. Suppose now that (4.1) holds for somen > m +1,
ie.thatn;n+1 € I and ay41 > @, + €. Assume additionally that n + 2 € . Then we get

Qpi] < 0pyp — &,
thus
Up42 = Apt1 t+ &,

which completes the proof.
The following proposition will be a basic tool in the proof of our main result, Theorem 3.

Proposition 2 Lete > 0, L > 1, B € (0, 1) and let (Y, p) be a metric space. Let A C Y be
given and f: Y—Y be an L-bilipschitz map such that A, C dom(f) Nim(f). Assume that
A is an invariant set for f and that f is (1, &, B)-uniformly expansive on A.

Then

cs(x, v) == inf{p(f*(x), F*@)) |k € (—00,0)NZ: f(v) € B(fl(x),e)
forl € [k,0] N Z},

cux, v) = inflp(/* (), FF@) [k € 10,00 NZ: flw) € B(f () e) )
forl € [0, k] NZ},
define an (L, e/L) cone-field on A. Moreover, f is cone-hyperbolic on A and
1
sa(fie/L) =B < 5 <ua(fie/L). 4.4

Proof First we show that ¢s(x, v) and ¢, (x, v) defined above are (L, ¢/L) cone-field on A,
ie.

%p(x, v) <c(x,v) < Lp(x,v) for (x,v) € {(x, v) i x €A veE B(x,s/L)},
where c(x, v) := max{cs(x, v), ¢, (x, v)}.

Choose an arbitrary point x € A and v € B(x, ¢/L). We can assume that x # v, because
the case x = v is trivial (¢;(x, v) = ¢, (x,v) =0 = p(x, v)).
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Let 1 be the biggest subinterval of Z containing 0 such that

sup{p(f"(x), f*(v)) :nel} <e. (4.5)

Since f is L-bilipschitz, we know that f~'(v) € B(f~'(x), &), and therefore {—1,0} C I.
This yields c(x, v) < oo.
Now we define a sequence {a,},c; C R by the formula

ay :=Inp(f"(x), f*(v)) forn e I. (4.6)

Observe that a,, is well-defined because p(f"(x), f"(v)) > Oforalln € I.
Let

I_:={nel :n<0}and Iy :={nel :n=>0}L

We have the following relations:

cs(x,v) =exp (nléllf {an}) and ¢, (x,v) =exp (niéllf {a,,}) ,
- +

where we use the convention exp(—oo) = 0.
We show that the sequence {a,} is In(1/8)-quasiconvex. Let n € I be such that n — 1,
n+ 1€ I.By (4.5) we observe that

max{p(f" ' (x), F"71 @), p(F1 ), f1 W), p (), 1)) < e

Consequently, by (1, ¢, B)-uniform expansivity of f we get

p(f"(x), fM(v)) < Bmax{p(f" ' x), "1, p(F" ), D),

which implies that a, < max{a,—_1, an+1} — In(1/p).
Now we consider two cases. If a_; < ag then by Observation 2 i) we get

1
ap+1 > ap —HnB for n >0,nel,
which yields

inf {a,} <a-1 <ap = inf {a,},
nel_ nely

Hence
cs(x,v) < cu(x,v) =c(x,v) =e® = p(x,v).
On the other hand if a_; > ap then by Observation 2 ii) we get
1
ant1 < an —lnE for n < —1,nel.

Therefore

inf {a,} =a—1 > ap > inf {a,},

nel_ nely

and consequently
culx,v) < e, v) = elrv) = e = p(f ) ).

Since f is L-bilipschitz, we get that c;, ¢, define an (L, /L) cone-field on A.
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Now we check that f is cone-hyperbolic on A. Let us take x € A and v € Br(x, /L)

such that f(v) € C;(x)(s/L). We define the sequence {a, },cs as in (4.6).

We show that ap > a;. Suppose that, on the contrary, ap < a;. By Observation 2 i) we get
any1 > ap for n>1,nel.
Hence

In(e, (f &), f)) = inf {ap}=ar>ao= inf {a,}=In(cs(f(x), f(v))),

nf
n<l,nel

which is a contradiction with f(v) € C;(X) (¢/L). So we have a; < ag. By the Observation
2 ii) we get

an+1 <ap —In(1/B) forn < Osuchthatn,n+1 € I.

In particular,

ap <a_i —In(1/B). @.7)
Consequently,
cu(f(x), f(v)) =exp (n>iln£el{an}) <exp(ar) < exp(ap)
= exp (n<ipgel{an}) = o (f (). f) = e(f @) f©))
(4.7)
< Bexpla_1) = Bexp ( iglf {an}) < Belx, v).
Therefore

salfie/l) = sug{sx(f; e/L)} < B <.

Now we consider an x € A and v € By(x, &/L) such that v € C¥(e/L). We show that
aop > a—_1. Suppose the contrary, agp < a—1. By Observation 2 ii) we get

apy1 > ap for n < —1,nel.
Hence

inf {a,} =a—1 > ap > inf {a,},
nel nely

which is contradiction with v € C¥(e/L). So we have ap > a_. By the Observation 2 i) we
get

ant1 > ap +In(1/B) forn > O such thatn,n +1 € I.

In particular,
ay > ap+ In(1/p). (4.8)

Finally
cs(f(x), f(v)) =exp (M']Ilge]{an}) < exp(ap) < exp(ar)

= exp (n>illl£d{an}) = cu(f (), f() = c(f(x), f(v),
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which yields
. 1
exp(ay) = c(f(x), f(v) > " eXP(ao) — €xp ( inf {an}) = —c(x,v).
oS B ﬂ nel. B
This shows that
1
ua(fse/L) = inf{ux(fie/L)} > - > 1.
xeA /3
Therefore f is cone-hyperbolic on A.

As a consequence of earlier results we obtain the following theorem.

Theorem 3 Lete > 0,L > 1, N € N, € (0, 1) be fixed. Let (X, d) be a metric space and
A C X be given. Let f: X—X be an L-bilipschitz map such that A, C dom(f) Nim(f).
Assume that A is an invariant set for f and that f is (N, &, a)-uniformly expansive on A.

Then there exists an (max{a~Y/NLY¥=1 LN} min{eL—2N+! Ve, eL™2N}) cone-field on
A such that f is cone-hyperbolic on A and

sa(f, min{e L2V Vo e L7y < Vo < < ua(f, min{eL72NH Vo, e L7V,

V -
Proof We will apply Proposition 2. By applying Theorem 1 (for § = &) we obtain the metric
p which is equivalenttod on U = {x : d(x, A) < eL~N+1} and such that

i) d(x,v) < p(x,v) < LN"ld(x,v) forx,v e U,
ii) fis(1,eL=N+, ¥/a)-uniformly expansive on U with respect to the metric p,
iii) f is max{e~ /N, L}-bilipschitz map on U with respect to the metric p.

LetY = {y 1d(y, A) < L”Ne} and L = max{a~ /N, L}. We use Proposition 2 (for
F=¢L N LB=Va f= Slix:dee, Ay<eLN 1) and construct functions ¢s, ¢, which
define an (L ) cone-field on U such that f is 5-cone- hyperbolic with respect to the metric
p,where § = eL™N /L.

Now we need to “translate” the results from the metric p to the original metric d. For
clarity of notation we use the subscript (.)4 to denote objects with respect to the metric d and
(.)p to denote objects with respect to the metric p.

By the definition of (L 8) cone-field on U and i) we get

) = d(x, v) < %p(x,v) <c(x,v) < Lp(x,y)

<LLN~ 1d(x, y) for (x,v) € {x ceU,ve B(x,g)p}.
From i) we have

B(x,8/LN"N, € B(x,8),, By(x,8/LN"Ny C By(x,8),,
and

CY@E/LNHy c € @)y, CSG/LN TN € CLE),.

Consequently, from Definition 3 for an arbitrary x € U we get

we(f38)p < ux(f:8/LY Ny sx(f:8), = s:(f33/LY Da.

Hence

uy (f:8), <uu(f:8/LN Na. su(f18)p = su(f:8/LY Na.
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From the above inequalities and (4.4)

~ ~ 1 ~
SU(f;S)pSﬂ<1<E§uU(f;5)p,

we obtain that f is (E/ LN~1)-cone-hyperbolic in metric  and

su(f: 3/ Ny < B <1< = < up (3 5/LY .

=

Finally we conclude that ¢ and ¢, are (max{o™'/NLN=1 LN}, §/LN=1)-cone-field on A
such that f is (5/LN~1)-cone-hyperbolic on A with respect to metric d.

Open Access This article is distributed under the terms of the Creative Commons Attribution License which
permits any use, distribution, and reproduction in any medium, provided the original author(s) and the source
are credited.
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