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Abstract

In this work, the null controllability problem for a linear system in £2 is considered, where
the matrix of a linear operator describing the system is an infinite matrix with A € R on the
main diagonal and 1s above it. We show that the system is asymptotically stable if and only
if A < —1, which shows the fine difference between the finite and the infinite-dimensional
systems. When A < —1 we also show that the system is null controllable in large. Further
we show a dependence of the stability on the norm, i.e. the same system considered £°° is
not asymptotically stable if A = —1.

Keywords Differential equations in Banach spaces - Stability - Controllable system -
Gramian operators - Eigenvalues

Mathematics Subject Classification (2010) Primary 49N05 - 93C15

P4 Marks Ruziboev
marks.ruziboev@univie.ac.at

Abdulla Azamov
abdulla.azamov @ gmail.com

Gafurjan Ibragimov
ibragimov @upm.edu.my

Khudoyor Mamayusupov
mamayusupov @phystech.edu

Section of Dynamical Systems and Their Applications, V.I.LRomanovskiy Institute of Mathematics ,
Uzbek Academy of Sciences, 4, University Street, Olmazor, Tashkent, 100174, Uzbekistan

Department of Mathematics and Institute for Mathematical Research, University Putra Malaysia,
Seri Kembangan, Malaysia

Moscow Institute of Physics and Technology, Institutsky Lane 9, Dolgoprudny, Moscow Region,
141700, Russia

4 The National University of Uzbekistan, 4, University Street, Tashkent, 100174, Uzbekistan

Faculty of Mathematics, University of Vienna, Oskar-Morgnstern Platz 1, Vienna, Austria

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10883-021-09587-6&domain=pdf
http://orcid.org/0000-0002-9738-8595
mailto: marks.ruziboev@univie.ac.at
mailto: abdulla.azamov@gmail.com
mailto: ibragimov@upm.edu.my
mailto: mamayusupov@phystech.edu

596 Abdulla Azamov et al.

1 Statement of the Problem

Control problems in Banach or Hilbert spaces arise naturally in processes described by par-
tial differential equations (see for example [1, 3,7, 8, 11, 13, 15, 16, 19, 22] and references
therein). Sometimes it is useful to reduce the control problem for partial differential equa-
tions to infinite systems of ODEs [4, 5, 9, 10]. Also, it is of independent interest to consider
control systems governed by infinite system as models in Banach spaces. For example in
[20, 21] control problems for infinite systems are considered.

A considerable amount of work devoted to differential game problems for infinite sys-
tems in Hilbert spaces (see for example [2, 17] and references therein). Optimal strategies
for players in suitable classes of strategies have been constructed in [18].

Often it is useful to study finite dimensional approximations of the infinite system, such
an approach is taken in [4, 5]. The main difficulty is then to prove that the approximate solu-
tions converge to a solution of the initial control problem. In the above works the authors
obtain infinite linear ODEs, where the right hand has a diagonal form. Hence it is not diffi-
cult to show that finite dimensional approximations converge to the solutions of the original
system in a suitable sense. The proofs suggest that similar results maybe proven for linear
systems with block diagonal form under certain mild assumptions.

In fact, as it is shown in [23] for certain linear systems with quadratic cost there are
approximation schemes that converge, but the approximating controls do not even stabilize
the original system and also the costs does not converge.

In this work we consider a simple infinite linear controllable system in £2. The main
feature of the system is that it is an infinite Jordan block, with A € R on the main diago-
nal. Therefore, any finite dimensional approximation of the system is asymptotically stable
whenever A < 0, but the infinite system is stable if and only if A < —1 and when A > —1
solutions in certain directions grow exponentially fast. This shows fine difference between
finite dimensional and infinite systems. Another main feature of this notes is that using
Gramian operators, we give explicit form of control functions that stabilize the system.

In the rest of this section we formulate the problem and state the main results. In Section 2
we prove global asymptotic stability. In Section 3 we show global null-controllability and
in Section 4 we discuss the results and further generalizations.

Let 2 ={y = (y1,y2,...) | yu € R, Y onsi yrzl < 00}. We consider £2 with it’s natural
norm: ||y||% = -1 y,zl, which turns it into a Hilbert space.

Given an infinite system of ODEs:

yn = }\yn + Yn+1» yn(o) = Yn,0, (1)

where A € R is a fixed number and yo = {yn,0}nen € £2. We can rewrite the system in an
operator form

y = Ay, y(0) = yo, (2)
where yo = {yn.0}nen and A : 02 — ¢%is a linear operator defined by
Ay = {Ayn + Ynt1)lnen-

This is an example of an ODE in a Banach space, which is a well studied topic (see for exam-
ple [13, 14]), here we study the stability and control problems. In particular, we construct
controls function explicitly.

Observe that A is a bounded linear operator, in fact we have

IAYI3 =D 0vn + yar)* < (14 2D2IIyI3-

n>1
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Hence, |A]l = supjy,—1 |Ayll2 < T+ [2].
Now, it is standard to define ¢'4 as

" A"
1A ._
=" =

n>0

which is bounded on ¢ for every ¢ € R. Further, /4 admits all the properties of analogues
operator for matrices. In particular, ¢'4 defines a group of operators. The solution of (2) can
be written in the form

y@) = e'yo.
We also consider the Cauchy problem for non-homogeneous equation
y=Ay+f, y(0) =yo, 3)

forf: R — €2, fe L2([0,T], %), ie. [fl7, = fOT (1) I5dt < +o00.!
A functiony : [0, T] — 02 defined as

t
y(1) = eyo + e’A/ e SA(s)ds
0

is called a mild solution of (3) if y € C([0, T], Ez). Here the integration is understood
componentwise. For completeness we start with the following.

Proposition 1.1 For every f € L%([0, T1, £2) and yo € €% we have y € C([0, T1, £2).

The next result is about stability. In this simple setting we can characterize the system
completely. We have the following.

Proposition 1.2 Let y(¢) be the solution of (1) with an initial condition yo € 22, System (1)
is asymptotically stable if and only if . < —1. Moreover for every yo € €2 and for every
t € R holds [le'*yoll2 < e[|y 2 .

Let p > 0 be fixed. A control function f : R — £2 is called admissible if

T
1112, = /0 If()113dt < p?.

We say that the system (3) is null-controllable from yo € £* an admissible control f : R —
and T = T (f) € R such that the solution of (3) satisfies y(7') = 0.

We say that the system (3) is locally null-controllable if there exists 6 = §(p) > 0 such
that (3) is null-controllable from any yq € 22 with llyoll <6.

We say that the system (3) is globally null-controllable if it is null-controllable from any
yo € £

The main result of this notes is the following

Theorem 1.1 (i) The system (3) is locally null-controllable for every A € R.

(i) If» < —1, then system (3) is globally null-controllable.

(iii) If A < —1 the systems can be transferred from an initial point yo € €2 into the origin
for time T > ||y0||‘2‘/icp4, where k is a constant independent of yo.

IWe note that this norm coincides with ||f Hsz = 1 fOT | fu (1)|dt thanks to Beppo-Levi’s theorem.
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Notice that we didn’t aim to state the results in the most general form. Also, in Propo-
sition 1.2 for —1 < A < 0 we construct solutions going to co as ¢t — 400, i.e. 0 is not
Lyapunov stable. Thus jump when passing from A = —1 somewhat unusual. But apparently
it is due to the structure of £2 and very special structure of A = AI + E, i.e. the shift oper-
ator E : £2 — ¢? is weakly contracting (E"y — 0 as n — oo for all y € £2) in this case.
The proofs show that analogues results are true for all £7 spaces with 1 < p < +00. How-
ever, in £°° the trivial solution 0 is Lyapunov stable, but it is not asymptotically stable when
) = —1 (see Section 2.1).

2 Asymptotic Stability

We start this section with the proof of Proposition 1.1.
Proof of Proposition 1.1 Forany T € R, 19,1 € [0, T] and yq € £ we have
et —e04ly < 1012 - e —Tll2 < |t — to] - | All2 - 1412, )

where in the last inequality we have used the definition of ¢4 and [/ |y < el!lI4l2, For
any f € L?([0, T],£?) and 0 < 7y <t < T we have

'
‘ / e *Af(s)ds
fo

t
< / lle ™51l - [If(s) llodss
2 o

: 12, o 12
([ ) ([ monas) ®
o 1)

< It — o] 1A f] 1,
where in the second inequality the Cauchy-Schwarz inequality is used. We have

ly(@) — y(o)ll2 <lle'* — {12 - llyoll2
t 19
+ ||e’A/ e AM(s)ds — e"’A/ e (s)ds ||
0 0

The first term on the right-hand side of the inequality tends to O when ¢ — #y by (4). We
will show that the second term also tends to O as ¢ approaches 7. Without loss of generality,
assume t > fq then the second term of (6) is bounded by

(6)

t fo
lle" 2 - f e M(s)dsll2 + [l — oMl - | f e (s)dsl,
o 0
which tends to 0 by (5). The proof is finished. O
2.1 Stability of the System

Here we give necessary and sufficient condition for the asymptotic stability of the system in
£2. Recall that the system (1) is called globally asymptotically stable if lim;_, ;o0 y(f) = 0
for the solution y(¢) of (1) with any initial condition yo € £2.

Proof of Proposition 1.2 We write A = Al + E, where I is the identity map, and E : £2 —
2 is the shift map, i.e. [Ef]; = fi4+1. Then we have e/4 = ¢*¢'E. Now, we obtain item (i)
directly:

(A1)t

tA At tE
Iy®Oll2 < lle” [ - llyoll2 = e lle™™ |l - lIyoll2 < e “lyoll2.

If L < —1 the latter inequality implies lim;_, 4, y() = 0.
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If A = —1 then the above argument doesn’t imply the desired conclusion. Thus we
proceed as follows. Observe that
2 k
Le 5 ... Zt‘i’u
A R LT (= VIR -
e = tk72 .
001 ... g= ---
Then for any z € ¢*> with ||zl = 1 and for the solution y(-) started from yg =
(y10, Y20, ...) € £% we obtain
o
(y(t),22) = ¢~ Z Efyo, Zﬁwfyo,z» ®)
jz0/ j=0

From the definition of E we have || E/ygll2 < [lyoll> for all j € Ng and || E/ygll» — 0 as
Jj — oo. Thus for any ¢ > 0 there exists N = N(yp) € Np such that |Eyoll2 < &/2 for
all j > N. Fixing such an N and using {E/yo,z)| < [lE7yoll2 < llyoll2 for j € N from (8)
we obtain

N i o0 i
t/ . t/ .
=t _ J =t _ J
y(@),z)| <e E J.!IlE Yol +e E j!”E yoll2
j=0 j=N+1

. ©
3 t/ 2 €
< liyolle™ Z +§ ZJ— < lIyolCne™" + 2
j=0

Notice that the choice of N and hence Cy is independent of ¢. Therefore, (9) implies that
there exists 7(¢) > O such that ||lyoll2Cne™"/> < e/2 for all t > ¢(¢). Finally, taking
z =y()/|ly(?)|2 in (9) results to

ly®)ll2 < eforallt > t(e).

This finishes the proof of item (ii).

Now we show item (iii). Suppose that A > —1. Since for 1 > 0 the system (1) is not sta-
ble, it suffices to consider the case —1 < A < 0.Let 6 € (0, 1) and ® = (1,6, 62,63, ...).
Obviously, ® € €2 and ¢'F® = ¢?@. Since —1 < 1 < Oif weletd = —1 + 2 ¢ (0, 1)
then as t — 400 one gets

e @1l = e[ F Ol = 2|0, — +oo. (10)

This implies that if A > —1 then (1) is not stable. This completes the proof. O

Remark I Consider the system y = Ay, y(0) = yo € £*°, where
={y =1 y2,...) | sup [ya| < oo}.

nelN

Thene = (1,1,1...) € £*° is an eigenvector of ' corresponding to the eigenvalue e’.
Thus 0 is Lyapunov stable but it is not asymptotically stable.

3 Null-Controllability

Here we show that system (3) is null controllable.
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600 Abdulla Azamov et al.

We start with a standard lemma from operator theory, which will be useful below.

Lemma 3.1 Let L : H — H be a self adjoint operator defined on a Hilbert space (H, |-1)).
Assume that there exists k > 0 such that |Lx|| > «||x|| for all x € L. Then L is invertible
and |L7H| < k1.

To prove controllability we use Gramian operators and prove an observability inequality.
For 7 € R define

T
W(r) = / e A L oS A g,
0
where and A* is the adjoint of A in ¢2. The following lemma is the main technical tool

Lemma 3.2 For every © € R the operator W () is bounded, self adjoint, positive defi-

nite and invertible. Moreover, there exists k > 0 such that |W(2)yll> > «||yll2 for any
2

y € £°.

Proof One can easily verify that E*f = (0,f) = (0, fi, f,...). Then e'A¢'4" = 24! E .
¢'E" . Further,

T
Wy ) < | / e E e E ydtlly - lalls <
0
! 2t(1—A (11)
5/0 A TDar Nyl - Nzl < M(2) - llyll2 - llzll2,

where the constant M (t) depends only on 7.
Lete;;(t), i, j € N, denote an element of e'E . ¢'E” Fory,z € £2 we have

(W(r)y, 2) ZZ/ e (—1)y;zidt. (12)

i=1 j=1

By (11) the right-hand side of (12) is absolutely convergent. Thus,

(W(r)y, 2) Z Z / Peij(—t)yjzidt = (y, W(1)z).

j=1i=1

This implies that W () is self adjoint for every T € R.
Notice that e’E” is just the transpose of e'E . Therefore, by (7) for i, j € N we have

00 .
" tm—|l—./|
eij(t) = E ol i

m—li —jp!’
el li—jb

which implies that both of the series

Zet]( l‘)y]Zz and ZZeU( l‘)y]Zz

j=1i=1
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converge uniformly in [0, ], hence

(W(r)y, z) ZZ/ e,'j(—t)ijidt

j=li=1

T © X T
= [ T X e ecnymndr= [ ey e aar,
0 0

j=li=1

13)

The above equation immediately implies that (W (t)y,y) > O for every y # 0, i.e. W(r)
is positive definite. In (13) we have showed that we can take integration out of the scalar
product (W (7)y, z). We will use this property several times below.

For every ¢ € [0, 7]

&
(W(Dy,y) > / e ey e E y)dr.
0

Now we look at the operator ¢ '£ - ¢~"E" Note that EE* = I, we have

00 t2n ( [)n m

e 1E . pTIEY _ Z (n’)21+ Z Z

n=0m=n+1

(E™" 4 (EF™T). (14)

It follows that for sufficiently small ¢ > 0 and 7 € (0, ¢) we have
e E e E = 1 t(E + E*) +0(1),

where o(¢) is a linear operator whose 22 norm is o(¢) in the usual sense. Finally,

& &
/ M eE By yydi = / e (= 1(E + E*) + o(0)y, y)dt
0 0

& 1—3e¢ 15
> (1=39)yl3 / e = — = (7 = DIyl
0 —2A
where we used (Ey, y) < [[y3. This proves
. 1- _

IW@yll2 = «llyll2, withx® = _7%< 1) >0. (16)
Thus Lemma 3.1 is applicable and implies that W () is invertible for every 7 > 0 and
W=l(r) : £2 = ¢2 is a bounded linear operator with the norm W@~ < «~!, where «
is independent of 7. O

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1 Below we assume that p > 0 and the set of admissible control is
defined as in Section 1. Recall that y(¢) = e’yq + ¢4 fot e SAf(s)ds is the unique solution
of system (3) with an initial state y(0) = yo.

We look for a solution of the control problem in the form

fo(r) = —e " - Wl (v)yo forevery yoe €% teRY. (17)
We show that for e_SAfo(s)ds = —y for every fixed T € R™. Indeed, by (13) we have

T T
- / e "Modt = / e e dr - W (n)yo = yo. (18)
0 0

It remains to show that fy is admissible, i.e. there exists T > 0 such that ||fp||;2 < p.
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By definition of W(7) and (13) we have

T T
fo Ifo(0)lI3dt = fo le™" " W (D)yoll2dt

_ / <e*’A e AW (), W*l(r)yo>dt (19)
0

= (yo. W' (Do) < llyoll2 - IW ™' (©yoll2.

To prove item (i) we look for the set of yo € £2 with ||y0||2 < kp?. Then by (18) we have
that y(t) = O for the solution started from yg. Also, by (19) and the choice of yg the function
fo defined by (17) is admissible.

To prove item (ii) we consider cases A < —1 and A = —1 separately.

Global null-controllability for A < —1. We will prove that | W~ (t)yol» — Oas 7 —
+o00. To this end we refine the inequality in (15) as follows.

A

. * o, . .
Since e’ is invertible,

— * — *
tA e tA

Iyllz = lle'* e~ ¥yl < fle" ) - lle™ Ayl
Thus, by Proposition 1.2 we have
le™ A" ylla = e yll2.
Consequently, for any y € £2 holds
—2(1+M0)7 _q
20144

Recalling IW=L(x)|| <«~!and letting z(t) = W) lyy € 22 by the above inequality we
have

T T
(W()y,y) = fo le " yl3dt > fo e 2 y|3dr = |lyl3 -

1 ) 1 5 —2(1+0)7 _ 1
k™ lyollz = (yo, W™ (Dyo) = (W(r)z(7), (1)) > llz(7)]l5 - RS
Hence,
—-2(1+21) 172
lz(t) 2 < <m) lyoll2. (20)

Since A < —1 the right-hand side of the above inequality converges to O exponentially fast
as T — +oo and so does [|z(7)||2. Thus, by (19) there exists 7o such that

T
/ ||fo(t)||%dt < p2 forall t > 19.
0
This finishes the proof of global controllability for A < —1.

Global null-controllability for A = —1. This case needs a slightly different argument.
Recall that in this case the system is locally null controllable, i.e. the control function
defined in (17) remains admissible in the neighbourhood of the origin: if ||yoll2 < p+/k.,
where « is the constant defined in (16), we set

fi() = —e " W l(l)yo forevery yo e €2 1)
Then by (19) we get

T
/0 1) 13dt < llyoll3 - IW (D]l < p?,
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and

1
¥(1) = etyg + ¢ / = M(s)ds = 0,
0

Further, by stability of the system (1) for any yg € £2 there exists 70 = 7 (k, 0, Yo) such that
le'4yolla < p+/k for any ¢ > 7y. Therefore, we set

0, ift < 19,
fo(r) = (22)
fi), o<t <w+1.

One can easily check that fy is admissible and y(zg + 1) = O for the corresponding solution
of (3), which finishes the proof. This finishes the proof of item (ii)
Observe that to prove the item (iii) it is sufficient to obtain estimates on 7 satisfying

lyoll2 - lz(t)ll2 < p%

where z(7) is given by (20), which is equivalent to

—20+x \7* o,
(K(e—Z(H—A)r _ 1)> ||YO||2 S P,

which is satisfied if

4 4
1 2A+1
Lo lyold log(l—l— .+ ||IYO||2>.

T okpt T2l +1] K ot

This completes the proof of the Theorem. O

4 Discussion of the Results and Further Questions

In this paper we addressed an infinite system of linear ODEs with a special operator A =
Al 4+ E on the right-hand side. We obtained stability and controllability of the system when
A < —1. Initially, the main motivation for this choice was to construct an example whose
finite dimensional projections having qualitatively different behaviour than the system itself.
In the proofs we used Gramian operators, which raised a natural question whether or not the
constructed control functions are optimal, since in the finite dimensional setting this method
is known to produce optimal control. In the setting of the current paper, when A < —1 we
expect to obtain optimal control. But we were unable to find an analogue of a general result
in the spirit of (for example, [18, Propostion 2.]), in the infinite dimensional setting; when
A = —1 we don’t control the system until it gets closer to the origin. Therefore, we don’t
expect to obtain optimal control. Notice that, in the proofs we used the special form of A. It
would be interesting to obtain similar results for more general system

y=Ay+ Bf, y(0)=yo. (23)

where A : > — (2 is a bounded operator, and B : £ — L is an operator from (pos-
sible finite dimensional) subspace £ of £2. The proofs suggest that if B is identity and
the spectrum of A lies on the left-hand side of the imaginary axes, then (23) is globally
asymptotically stable. Invertibility of the Gramians seems also to work since it is a pertur-
bative argument. But for the global null controllability, one needs different estimates to the
inverses of the Gramians, or another approach is needed. However, for general B the situa-
tion is unclear, it would be nice to obtain a similar conditions to the classical Kalman (See
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604 Abdulla Azamov et al.

for example, [12, Theorem 1.16]) or an analog of Fattorini-Hautus but in both situations, it
isn’t clear what should be the exact conditions. Since for Kalman condition injectivity of
an operator isn’t sufficient for invertibility, and for Fattorini-Hautus usually one assumes
countable spectrum with certain properties (see for example [6] and references therein).
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