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Abstract
The goal of this paper is to investigate Gevrey properties of formal solutions of certain
generalized linear partial differential equations with variable coefficients. In particular, we
extend the notion of moment partial differential equations to include differential opera-
tors that are not connected with kernel functions. Using the modified version of Nagumo
norms and the properties of the Newton polygon we compute the Gevrey estimate for formal
solutions of such generalized partial differential equations.
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1 Introduction

Over the last decade many studies have been devoted to the topic of the Gevrey proper-
ties of formal series solutions of linear partial differential equations. Main topics of interest
include inhomogeneous PDEs with constant coefficients [3], the heat equation and its vari-
ous generalizations [2, 8, 9] and PDEs with time-dependent coefficients [10]. Those results
have also been generalized to the case of moment partial differential equations with constant
and time-dependent coefficients [5–7].

In this paper we aim to further generalize the notion of moment partial differential equa-
tions. To this end, we define Gevrey-type sequences and operators, which maintain many of
the characteristics of the moment functions and moment differential operators, respectively.
More details on the subject are given in Section 2.
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We focus our attention on a general Cauchy problem of the form:

{
P
(
∂m0,t , ∂m1,z1 , . . . , ∂mN ,zN

)
u(t, z) = f (t, z)

∂
j
m0,t

u(0, z) = φj (z) for 0 ≤ j < M
, (1)

where P
(
∂m0,t , ∂m1,z1 , . . . , ∂mN ,zN

)
is a linear operator with coefficients depending on both

variables t ∈ C and z ∈ C
N , and ∂m0,t , ∂m1,z1 , . . . , ∂mN ,zN

are Gevrey-type differential
operators (see Definition 3). Our goal is to connect the Gevrey order of its solution with the
orders of the inhomogeneity f and the variable coefficients.

While analyzing an equation very similar to the ones studied in [7, 10], we mostly draw
inspiration from [2, 8], where the concept of Nagumo norms is utilized. Below we recall the
definition used in papers mentioned above:

Definition 1 Let us consider a function f holomorphic on a disc DR = {z ∈ C : |z| < R},
p ≥ 0 and 0 < r < R. Then the Nagumo norm ‖f ‖p,r of f is defined by

‖f ‖p,r = sup
z∈Dr

|f (z)(r − |z|)p|.

The usefulness of this family of norms lays in their properties. Namely, for any two
functions f1, f2 holomorphic on DR , non-negative numbers p, q and 0 < r < R we have:

– ‖f1f2‖p+q,r ≤ ‖f1‖p,r‖f2‖q,r ,
– ‖∂zf1‖p+1,r ≤ C(p + 1)‖f1‖p,r for a certain constant C > 0,
– |f1(z)| ≤ ‖f1‖p,r (r − |z|)−p for all z ∈ Dr .

Especially the second attribute is very important, because it enables us to estimate ∂zf by
f without making shrinking of the domain necessary. Unfortunately, the standard definition
mentioned above could not be used to determine the Gevrey order of the solution of (1). This
fact made creating a new tool with similar properties necessary and so certain modifications
were utilized to generalize the Nagumo norms in a way more fitted to our needs. Indeed, it
has been proven in Lemmas 2, 4 and 7 that the properties listed above hold for the modified
Nagumo norms defined in Section 2. Moreover, in some cases both norms coincide for
z ∈ C.

The main result of the paper, Theorem 1, shows that under certain additional assump-
tions the Gevrey order of the formal solution of (1) is equal to the reverse of the slope of
the first non-horizontal segment in the Newton polygon for P . This outcome is a direct
generalization of results found in [2, 7, 8, 10].

The paper is structured as follows. In Section 2 we first establish the notation and then
move on to defining Gevrey-type sequences and operators and presenting their character-
istics. Some of the most important examples are listed there as well. We also recall the
definition of the Newton polygon and alter it to better accommodate the structure of (1).
Section 3 is entirely devoted to the modified Nagumo norms. Several important properties
of these norms are presented. We also go into further detail on their connection with the
Gevrey order of a function. Section 4 contains all conditions, under which we would like to
consider our initial equation. After that we present the proof of Proposition 2, from which
the main result of this paper follows. Ideas for further study are included in Section 5.
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2 Preliminaries

2.1 Notation

Let us introduce the notation that will be used throughout this paper. First, note that by N0
we shall denote the set of all non-negative integers and N = N0 \ {0}.

For any positive integer N , by DN
R we denote a polydisc with a center at 0 and a radius

R > 0, i.e., a set

DN
R =

{
z = (z1, . . . , zN ) ∈ C

N : |zj | < R for j = 1, . . . , N
}
.

If � ⊂ C
N and a function f is holomorphic on the set � then we write f ∈ O(�).

For any function f ∈ O(DR) by ordt (f ) we denote the order of zero of the function f

at t = 0.
A space of all formal power series û(t) = ∑∞

n=0 unt
n with coefficients from a given

Banach space E will be denoted by E[[t]]. Throughout this paper we will restrict our-

selves to the case when E is the space O(DN
R ) ∩ C(D

N

R ) of all functions holomorphic on
a polydisc DN

R ⊂ C
N and continuous on its closure, equipped with the standard norm

‖f ‖ = supζ∈DN
R

|f (ζ )|.
For all multi-indices α = (α1, α2, . . . , αN), β = (β1, β2, . . . , βN) in N

N
0 , points z =

(z1, z2, . . . , zN ) ∈ C
N and s = (s1, s2, . . . , sN ) ∈ R

N, and A ∈ R the following notation
will be used:

α + β = (α1 + β1, α2 + β2, . . . , αN + βN) α · β =
N∑

j=1

αjβj

α ≤ β ⇐⇒ αj ≤ βj for j = 1, . . . , N |α| =
N∑

j=1

αj

zs = z
s1
1 z

s2
2 . . . z

sN
N Aα = (Aα1, Aα2, . . . , AαN)

0 = (0, 0, . . . , 0).

Let a(z) = ∑
γ∈NN

0
aγ zγ and b(z) = ∑

γ∈NN
0

bγ zγ be two formal power series. Then

we call b(z) a majorant of a(z) and write a(z) � b(z) if |aγ | ≤ bγ for every γ ∈ N
N
0 .

2.2 Gevrey-Type Sequences and Operators

Definition 2 Let m(n) denote a sequence of positive numbers such that m(0) = 1. Then
m(n) will be called a Gevrey-type sequence of order s ≥ 0 if there exist constants a,A > 0
satisfying the condition

ann!s ≤ m(n) ≤ Ann!s for any n ∈ N0. (2)

Note that Definition 2 encompasses a wide variety of sequences. In particular, (2)
describes one of the main characteristics of so-called moment functions, which are in turn
directly connected to kernel functions. For more information on the topic, we refer the
reader to [1, Section 5.5]. In this paper we depart from this concept, but many elements
used in the theory of moment functions and moment differential operators can be easily
adapted to this more general family of sequences. We devote the next part of this chapter to
presenting their various properties.
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Proposition 1 (see [1, Theorems 31 and 32]) Let m1 and m2 be two Gevrey-type sequences
of non-negative orders s1 and s2, respectively. Then m1 · m2 is a Gevrey-type sequence of
order s1 + s2. Moreover, if s1 > s2 then

m1
m2

is a Gevrey-type sequence of order s1 − s2.

Below we present several examples of Gevrey-type sequences.

Example 1

– Function 	s(n) = 	(1 + sn), where s > 0, is a Gevrey-type sequence of order s.
– Let us put [n]q = 1 + q + . . . + qn−1 = qn−1

q−1 for a fixed q ∈ (0, 1). Then a sequence
given by the formula

[n]q ! =
{ [n]q · [n − 1]q · . . . · [1]q for n ≥ 1
1 for n = 0

is a Gevrey-type sequence of order 0. Indeed, it is easy to see that

1 ≤ [n]q ! ≤ 1

(1 − q)n
for any n ∈ N0.

We will also use a special class of sequences defined below.

Definition 3 If m(n) is a sequence of positive numbers such that m(0) = 1 and s ≥ 0
then we shall call m(n) a regular Gevrey-type sequence of order s if there exist constants
a, A > 0 satisfying the condition

a(n + 1)s ≤ m(n + 1)

m(n)
≤ A(n + 1)s for any n ∈ N0. (3)

Remark 1 It is easy to observe that every regular Gevrey-type sequence of order s is a
Gevrey-type sequence of the same order and for the same constants a and A.

Regular Gevrey-type sequences satisfy the following properties:

Lemma 1 (compare [7, Lemma 2.1])

(i) The class of regular Gevrey-type sequences is closed under multiplication and
division.

(ii) The class of regular Gevrey-type sequences contains the sequence 	s(n) = 	(1+ sn).

Definition 4 (see [3]) Let m be a Gevrey-type sequence. Then we define a Gevrey-type
differential operator ∂m,t : E[[t]] → E[[t]] by the formula:

∂m,t

( ∞∑
n=0

un

m(n)
tn

)
:=

∞∑
n=0

un+1

m(n)
tn.

A couple of examples of Gevrey-type differential operators can be found below:

Example 2

– For m(n) = n! operator ∂m,t coincides with the standard derivative ∂t .
– Consider a Gevrey-type sequence 	s(n) defined in Example 1. Then we have

∂s
t u(ts) = (∂	s,wu

)
(ts)
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with ∂s
t being the Caputo fractional derivative.

– Suppose that m(n) = [n]q ! for a certain q ∈ (0, 1). We have established in Example 1
that m(n) is a Gevrey-type sequence of order 0. We will show that the q-difference
differential operator given by

Dq,tu(t) = u(qt) − u(t)

qt − t

is equal to the Gevrey-type operator ∂m,t for any function u(t) =∑∞
n=0

un[n]q ! t
n. Indeed,

let us note that

Dq,t t
n = qntn − tn

qt − t
= [n]q tn−1 for any n ∈ N.

Hence,

Dq,tu(t) =
∞∑

n=1

un

[n]q ! [n]q tn−1 =
∞∑

n=1

un

[n − 1]q ! t
n−1 = ∂m,t

( ∞∑
n=0

un

[n]q ! t
n

)
.

We can now recall the basic definition of the Gevrey order.

Definition 5 The formal series û(t) =∑∞
n=0 unt

n ∈ E[[t]] is of Gevrey order s if and only
if there exist B,C > 0 such that

‖un‖E ≤ BCnn!s for n ∈ N0.

Then we write that û(t) ∈ E[[t]]s .

Remark 2 Definition 5 implies that any formal power series of Gevrey order 0 is convergent.

2.3 The Newton Polygon

The Newton polygon for linear partial differential operators with variable coefficients has
been introduced in [11]. The notion was later extended in [6] to moment partial differential
equations with constant coefficients with two variables. The definition presented below is
based on [7], where the Newton polygon was defined for linear moment partial differential
operators with time-dependent coefficients.

Let m0, m1, . . . , mN be Gevrey-type sequences of positive orders s0, s1, . . . , sN , respec-
tively, and suppose that ∂m0,t , ∂m1,z1 , . . . , ∂mN ,zN

are Gevrey-type differential operators.
For m = (m1, m2, . . . , mN) and any multi-index α ∈ N

N
0 we use a notation ∂α

m,z :=
∂

α1
m1,z1∂

α2
m2,z2 . . . ∂

αN
mN ,zN

. Suppose that J ⊂ N0 and A⊂ N
N
0 are finite sets of indices. We

shall consider an operator of the form:

P
(
t, z, ∂m0,t , ∂m,z

) =
∑

(j,α)∈J×A

aj,α(t, z)∂j
m0,t

∂α
m,z, (4)

where aj,α(t, z) are holomorphic with respect to t in an open neighborhood of zero for every
(j, α) ∈ J × A. Furthermore let s = (s1, . . . , sN ).

Definition 6 We define the Newton polygon for the operator P given by (4) as

N(P, s0, s) = conv
{


(
s0j + s · α, ordt (aj,α) − j

) : (j, α) ∈ J × A, aj,α ≡ 0
}
,

where 
(a, b) = {(x, y) ∈ R
2 : x ≤ a, y ≥ b

}
for any a, b ∈ R

2.
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An example of a Newton polygon can be seen on Fig. 1.

3 Modified Nagumo Norms

Definition 7 For any a ∈ N0 and s ≥ 0 let us define a power series Θ
(a)
s (x) by the formula

Θ(a)
s (x) :=

∞∑
n=0

(n + a)!s
n!s xn. (5)

Using series Θ
(a)
s (x) we can define a modified version of the Nagumo norm.

Definition 8 For any s ∈ [1, ∞)N , α ∈ N
N , 0 < r < R and z ∈ DN

r we define the
modified Nagumo norm ‖f (z)‖α,r,s of f ∈ O(DN

R ) by the formula:

‖f (z)‖α,r,s := inf

{
A ≥ 0 : f (z) � A

N∏
i=1

1

rαi (αi − 1)!si Θ
(αi−1)
si

(zi

r

)}
. (6)

It is worth mentioning that for N = 1 and s = 1 Definition 8 coincides with the standard
way of defining the Nagumo norm. Indeed, let us take q ∈ N and 0 < r < R. Then, for any
function f , (6) takes form

‖f (z)‖q,r,1 := inf

{
A ≥ 0 : f (z) � A

1

rq(q − 1)!Θ
(q−1)
1

(z

r

)}
.

Note that

Θ
(q−1)
1

(z

r

)
=

∞∑
n=0

(n + q − 1)!
n!

zn

rn
= dq−1

duq−1

( ∞∑
n=0

un

)∣∣∣∣∣
u=r−1z

,

which gives us

sup
|z|<ρ

|f (z)| ≤ A

rq(q − 1)!
rq(q − 1)!
(r − |z|)q = A

(r − |z|)q
for any ρ < r . Hence, A ≥ (r − ρ)q sup|z|<ρ |f (z)|.

Remark 3 Note that ‖ · ‖α,r,s is a norm on O(DN
R ) for any α ∈ N

N , 0 < r < R and
s ∈ [1, ∞)N .

Fig. 1 An example of a Newton
polygon
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Remark 4 For the multi-index 0 we put ‖f (z)‖0,r,s equal to the standard norm in the space
1 for any 0 < r < R and s ∈ [1, ∞)N , i.e., if f (z) =∑γ∈NN

0
fγ zγ then

‖f (z)‖0,r,s =
∑

γ∈NN
0

∣∣fγ

∣∣ r |γ |.

Lemma 2 Let f, g ∈ O
(
DN

R

)
, α, β ∈ N

N . Then for the modified Nagumo norm defined
by (6) the following properties hold:

(i) ‖f (z) · g(z)‖α+β,r,s ≤ ‖f (z)‖α,r,s‖g(z)‖β,r,s,
(ii) ‖f (z) · g(z)‖α,r,s ≤ ‖f (z)‖α,r,s‖g(z)‖0,r,s.

Before we can move on to the proof of these facts, let us introduce the following technical
lemma:

Lemma 3 Let p, q be positive natural numbers. Then
n∑

k=0

(
k + p − 1

k

)(
n − k + q − 1

n − k

)
=
(

n + p + q − 1
n

)
for any n ∈ N0. (7)

Proof First let us note that for any x ∈ R satisfying |x| < 1 it is true that

1

1 − x
=

∞∑
n=0

xn. (8)

After differentiating both sides of (8) p − 1 times we receive

(p − 1)!
(1 − x)p

=
∞∑

n=0

(n + p − 1)!
n! xn.

Hence,

1

(1 − x)p+q
=
( ∞∑

n=0

(n + p − 1)!
n!(p − 1)! xn

)( ∞∑
n=0

(n + q − 1)!
n!(q − 1)! xn

)

=
∞∑

n=0

n∑
k=0

(
k + p − 1

k

)(
n − k + q − 1

n − k

)
xn.

On the other hand, we have

(p + q − 1)!
(1 − x)p+q

=
∞∑

n=0

(n + p + q − 1)!
n! xn,

which leads to the conclusion of this proof.

Let us now return to Lemma 2.

Proof of Lemma 2 Let us fix multi-indices α, β ∈ N
N . By the definitions of the Nagumo

norms and Θ
(a)
s (x) we have

f (z) � ‖f (z)‖α,r,s

r |α|
N∏

i=1

∞∑
n=0

(
n + αi − 1

n

)si zn
i

rn
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and

g(z) � ‖g(z)‖β,r,s

r |β|
N∏

i=1

∞∑
n=0

(
n + βi − 1

n

)si zn
i

rn
.

From these two facts it follows that

f (z) · g(z) � ‖f (z)‖α,r,s‖g(z)‖β,r,s

r |α|+|β|
N∏

i=1

∞∑
n=0

n∑
k=0

(
k + αi − 1

k

)si
(

n − k + βi − 1
n − k

)si zn
i

rn
.

Using Lemma 3 and the fact that as + bs ≤ (a + b)s for any a, b > 0 and s ≥ 1, we
conclude that

f (z) · g(z) � ‖f (z)‖α,r,s‖g(z)‖β,r,s

r |α|+|β|
N∏

i=1

∞∑
n=0

(
n + αi + βi − 1

k

)si zn
i

rn
,

which finishes the proof of (i).
To show (ii), first we note that g(z) = ∑γ∈NN

0
gγ zγ . Analogously to the proof of (i) we

can write:

f (z) · g(z) � ‖f (z)‖α,r,s

r |α|

(
N∏

i=1

∞∑
n=0

(
n + αi − 1

n

)si zn
i

rn

)⎛⎜⎝ ∑
γ∈NN

0

∣∣gγ

∣∣ r |γ | zγ

r |γ |

⎞
⎟⎠

= ‖f (z)‖α,r,s

r |α|

⎛
⎜⎝ ∑

γ∈NN
0

N∏
i=1

(
γi + αi − 1

γi

)si zγ

r |γ |

⎞
⎟⎠
⎛
⎜⎝ ∑

γ∈NN
0

∣∣gγ

∣∣ r |γ | zγ

r |γ |

⎞
⎟⎠

= ‖f (z)‖α,r,s

r |α|
∑

γ∈NN
0

∑
γ ′≤γ

N∏
i=1

(
γ ′
i + αi − 1

γ ′
i

)si ∣∣gγ−γ ′
∣∣ r |γ−γ ′| zγ

r |γ | .

Since for any p ≥ 0 and k ≤ n we have

(
k + p

k

)
≤
(

n + p

n

)
, it follows that

f (z) · g(z) � ‖f (z)‖α,r,s

r |α|
∑

γ∈NN
0

N∏
i=1

(
γi + αi − 1

γi

)si

⎛
⎝∑

γ ′≤γ

∣∣gγ−γ ′
∣∣ r |γ−γ ′|

⎞
⎠ zγ

r |γ |

� ‖f (z)‖α,r,s‖g(z)‖0,r,s
r |α|

∑
γ∈NN

0

N∏
i=1

(
γi + αi − 1

γi

)si zγ

r |γ | .

Lemma 4 Assume that α ∈ N
N and m1, . . . , mN are regular Gevrey-type sequences of

orders s1, . . . , sN , respectively, with every sj ≥ 1. Then

‖∂mj ,zj
f (z)‖α+ej ,r,s ≤ Cα

sj
j ‖f (z)‖α,r,s

for j = 1, . . . , N , where ej denotes a multi-index with a 1 in the j th coordinate and zeros
everywhere else.
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Proof Since mj is a regular Gevrey-type sequence, there exist c, C > 0 such that

c(n + 1)sj ≤ mj(n + 1)

mj (n)
≤ C(n + 1)sj for any n ∈ N0.

Let us now fix α ∈ N
N . It follows that:

∂mj ,zj
f (z) � ‖f (z)‖α,r,s

rαj (αj − 1)!sj
∞∑

n=0

(n + αj )!sj mj (n + 1)

(n + 1)!sj mj (n)

zn
j

rn+1

∏
i =j

1

rαi (αi − 1)!si Θ
(αi−1)
si

(zi

r

)

� ‖f (z)‖α,r,s

rαj +1(αj − 1)!sj
∞∑

n=0

C(n + αj )!sj (n + 1)sj

(n + 1)!sj
zn
j

rn

∏
i =j

1

rαi (αi − 1)!si Θ
(αi−1)
si

(zi

r

)

= C‖f (z)‖α,r,s

rαj +1(αj − 1)!sj
∞∑

n=0

(n + αj )!sj
n!sj

zn
j

rn

∏
i =j

1

rαi (αi − 1)!si Θ
(αi−1)
si

(zi

r

)

= Cα
sj
j ‖f (z)‖α,r,s

N∏
i=1

1

rα̃i (α̃i − 1)!si Θ
(α̃i−1)
si

(zi

r

)
,

where α̃ = α + ej . From this it follows that
∥∥∂mj ,zj

f (z)
∥∥

α̃,r,s ≤ Cα
sj
j ‖f (z)‖α,r,s.

Lemma 5 Let f ∈ O
(
DN

R

)
. Then

‖f (z)‖α+β,r,s ≤ r |β|‖f (z)‖α,r,s

for any 0 < r < R, α ∈ N
N ∪ {0} and β ∈ N

N .

Proof This fact follows directly from Lemma 2. More precisely, it is true that
‖f (z)‖α+β,r,s ≤ ‖1‖β,r,s‖f (z)‖α,r,s. Moreover, ‖1‖β,r,s = r |β|, because

1 �
∑

γ∈NN
0

zγ

r |γ |

and the same is not true for (1 − ε)
∑

γ∈NN
0

zγ

r |γ | , no matter how small ε > 0 we choose.

Hence, 1 = ‖1‖β,r,s

r |β| , which finishes the proof.

The following two lemmas connect Nagumo norms with the Gevrey order of formal
power series.

Lemma 6 Let us consider E = O
(
DN

R

) ∩ C(D
N

R ) and f (t, z) = ∑∞
n=0 fn(z)tn ∈ E[[t]]w

with w ≥ 0. Then for any 0 < r < R and α ∈ N
N there exist A,B > 0 that satisfy

‖fn(z)‖nα,r,s ≤ ABnn!w for any n ∈ N0.

Proof Since f (t, z) is of Gevrey order w, for any 0 < r < R there exist Ã, B̃ > 0 such that

sup
ζ∈DN

r

|fn(ζ )| ≤ ÃB̃nn!w for n ∈ N0.
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Moreover, since fn(z) ∈ O
(
DN

R

)
, we can use Cauchy Inequalities for the power series of

the form fn(z) =∑γ∈NN
0

fn,γ zγ . More precisely, for any 0 < r < R and γ ∈ N
N
0 we have

∣∣fn,γ

∣∣ ≤ supζ∈DN
r

|fn(ζ )|
r |γ | .

Hence,

fn(z) � sup
ζ∈DN

r

|fn(ζ )|
∑

γ∈NN
0

zγ

r |γ | .

First suppose that n ≥ 1. Seeing as

(
m

l

)
≥ 1 for any l ≤ m, we receive

fn(z) � sup
ζ∈DN

r

|fn(ζ )|
N∏

i=1

∞∑
k=0

(
k + nαi − 1

k

)si zk
i

rk

� sup
ζ∈DN

r

|fn(ζ )|
N∏

i=1

Rnαi

rnαi

∞∑
k=0

(
k + nαi − 1

k

)si zk
i

rk
.

� sup
ζ∈DN

r

|fn(ζ )|Rn|α|
N∏

i=1

1

rnαi

∞∑
k=0

(
k + nαi − 1

k

)si zk
i

rk
.

From this it follows that ‖fn(z)‖nα,r,z ≤ Rn|α| supζ∈DN
r

|fn(ζ )| ≤ Ã(B̃R|α|)nn!w .
For n = 0 let us notice that f0(z) ∈ O(DN

R ) ∩ C(D
N

R ) and

f0(z) =
∑

γ∈NN
0

f0,γ zγ .

Then |f0,γ | ≤
sup

ζ∈DN
R

|f0(ζ )|
R|γ | for any γ ∈ N

N
0 and

‖f0(z)‖0,r,s ≤ sup
ζ∈DN

R

|f0(ζ )|
∑

γ∈NN
0

rk

Rk
≤ sup

ζ∈DN
R

|f0(ζ )| RN

(R − r)N
.

Hence it is enough to put A = max
{
Ã, supζ∈DN

R
|f0(ζ )| RN

(R−r)N

}
and B = B̃R|α|.

Lemma 7 Let f ∈ O
(
DN

R

)
. Then for any 0 < ρ < r < R there exists A > 0 such that for

any α ∈ N
N ∪ {0} the following inequality holds:

sup
z∈DN

ρ

|f (z)| ≤ A|α|‖f (z)‖α,r,s.

Proof When α = 0 it suffices to notice that for certain θ1, . . . , θN ∈ [0, 2π) we have

sup
z∈DN

ρ

|f (z)| =

∣∣∣∣∣∣∣
∑

γ∈NN
0

fγ

N∏
i=1

ργi eiθiγi

∣∣∣∣∣∣∣
≤
∑

γ∈NN
0

∣∣fγ

∣∣ ρ|γ | ≤
∑

γ∈NN
0

∣∣fγ

∣∣ rγ = ‖f (z)‖0,r,s.
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To prove the same for α ∈ N
N first let us note that for any a, b ≥ 0, p ∈ N and n ∈ N0

we have (
n + p − 1

n

)
anbp−1 ≤ (a + b)n+p−1. (9)

In particular, if we set ε > 0 small enough that ρ(1 + ε)|s|−N < r then (9) holds for
a + b = 1 and a−1 = 1 + ε. Then for any n ∈ N0 and i = 1, . . . , N we get(

n + αi − 1
n

)
≤
(
1 + ε

ε

)αi−1

(1 + ε)n .

Now we can apply this fact to majorize f (z) in the following way:

f (z) � ‖f (z)‖α,r,s

r |α|
N∏

i=1

∞∑
n=0

(
n + αi − 1

n

)si zn
i

rn

� ‖f (z)‖α,r,s

r |α|
N∏

i=1

∞∑
n=0

(
1 + ε

ε

)(αi−1)(si−1)

(1 + ε)n(si−1)
(

n + αi − 1
n

)
zn
i

rn

� ‖f (z)‖α,r,s

r |α|

(
1 + ε

ε

)s·α N∏
i=1

∞∑
n=0

(
n + αi − 1

n

)(
zi (1 + ε)si−1

r

)n

.

In particular, the majorization above is true for any z ∈ DN
ρ and so we can conclude that

sup
z∈DN

ρ

|f (z)| ≤ ‖f (z)‖α,r,s

r |α|

(
1 + ε

ε

)s·α N∏
i=1

∞∑
n=0

(
n + αi − 1

n

)(
ρ (1 + ε)si−1

r

)n

.

Moreover, because of the properties of our chosen ε, for i = 1, . . . , N we have
∞∑

n=0

(n + αi − 1)!
n!

(
ρ (1 + ε)si−1

r

)n

= dαi−1

duαi−1

1

1 − u

∣∣∣∣
u=ρ(1+ε)si−1r−1

.

From this fact it follows that

sup
z∈DN

ρ

|f (z)| ≤ ‖f (z)‖α,r,s

r |α|

(
1 + ε

ε

)s·α
r |α|

[
r − (1 + ε)|s|−Nρ

]|α|

≤ ‖f (z)‖α,r,s

{
(1 + ε)|s|

ε|s| [r − (1 + ε)|s|−Nρ
]
}|α|

.

Therefore it is enough to put A = max
{
1, (1+ε)|s|

ε|s|[r−(1+ε)|s|−Nρ]

}
.

4 The Linear Cauchy Problem

Suppose that t ∈ C and z ∈ C
N , N ≥ 1, and let m = (m1, . . . , mN), where

m0,m1, . . . , mN are regular Gevrey-type sequences of non-negative orders s0, s1, . . . , sN ,
respectively. Then we define the Gevrey-type differential operator P

(
∂m0,t , ∂m,z

)
by the

formula:
P
(
∂m0,t , ∂m,z

) = ∂M
m0,t

+
∑

(j,α)∈�

aj,α(t, z)∂j
m0,t

∂α
m,z (10)

with additional assumptions:
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(a) s = (s1, s2, . . . , sN ) ∈ [1, ∞)N ,
(b) � ⊂ N

1+N
0 is a finite set of indices,

(c) ordt

(
aj,α

) ≥ max {0, j − M + 1} for all (j, α) ∈ �.

Our first step is to analyze the Newton polygon for (10). In this case it is given by

N(P, s0, s) = conv

⎧⎨
⎩
(s0M, −M) ∪

⋃
(j,α)∈�



(
s0j + s · α, ordt (aj,α) − j

)
⎫⎬
⎭ .

Note that the first non-horizontal segment (if it exists) of the boundary of N(P, s0, s)
connects points with coordinates (s0M,−M) and

(
s0j

∗ + s · α∗, ordt (aj∗,α∗) − j∗) for a
certain (j∗, α∗) ∈ �. The slope of this segment is positive and given by the formula

k1 = ordt (aj∗,α∗) − j∗ + M

s0(j∗ − M) + s · α∗ .

Alternatively, we can define k1 using the formula

1

k1
= max

{
0, max

(j,α)∈�

{
s0(j − M) + s · α

ordt

(
aj,α

)− j + M

}}
.

Let us consider a linear Cauchy problem of the form{
P
(
∂m0,t , ∂m,z

)
u(t, z) = f (t, z)

∂
j
m0,t

u(0, z) = φj (z) for 0 ≤ j < M
, (11)

further assuming that:

(d) f (t, z) ∈ O
(
DN

R

) [[t]]1/k1 and aj,α(t, z) ∈ O
(
DN

R

) [[t]]1/k1 for all (j, α) ∈ �,
(e) φj ∈ O

(
DN

R

)
for 0 ≤ j < M .

Our aim is to prove the following theorem:

Theorem 1 Under assumptions (a)-(e) listed above the formal solution û(t, z) =∑∞
n=0 un(z)tn of (11) is of the Gevrey order 1

k1
.

Before moving on to the proof of this theorem, we shall show that the following
proposition holds true:

Proposition 2 Suppose that α0 = (α0,1, α0,2, . . . , α0,N ) is a multi-index such that

α0,k :=
⌊

max
(j,α)∈�

αk

ordt

(
aj,α

)− j + M

⌋
+ 1 for k = 1, 2, . . . , N

and that û(t, z) = ∑∞
n=0 un(z)tn is a formal solution of (11). Then for any 0 < r < R

there exist constants A,B > 0 such that

‖un(z)‖nα0,r,s ≤ ABnn!1/k1 for any n ∈ N0. (12)

Proof Without any loss of generality we may assume that u0(z) ≡ 0. Otherwise it is enough
to use substitution v(t, z) := u(t, z) − φ0(z).

Now we can proceed to show (12) by induction on n. It is easy to see that (12) holds for
n ≤ M − 1. This fact follows directly from the properties of functions φ1(z), . . . , φM−1(z)
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and Lemma 6. Let us then show that if n ≥ M and the proposition (with n replaced by i)
holds for any i < n then it is also true for n.

Let tMf (t, z) = ∑∞
n=M fn(z)tn and tM−j aj,α(t, z) = ∑∞

n=qj,α
aj,α,n(z)tn with qj,α =

ordt

(
aj,α(t, z)

) − j + M for every (j, α) ∈ �. Using these facts we find a recurrence
relation describing un(z) for n ≥ M:

un(z) = m0(n − M)

m0(n)

⎡
⎣fn(z) −

∑
(j,α)∈�

n∑
p=qj,α

aj,α,p(z)
m0(n − p)

m0(n − p − j)
∂α
m,zun−p(z)

⎤
⎦ .

(13)
From this point on we shall use a convention that a term m0(n−p)

m0(n−p−j)
disappears whenever

n − p − j < 0.
Let us fix 0 < r < R. By assumption (d) and Lemma 6 there exist positive con-

stants F, G, for which ‖fn(z)‖nα0,r,s ≤ FGnn!1/k1 . Moreover, from regularity of m0 and
m1, . . . , mN , there exist constants c, C > 0 such that

c(n + 1)sj ≤ mj(n + 1)

mj (n)
≤ C(n + 1)sj for any n ∈ N0 and j = 0, 1, . . . , N .

Hence, we have

‖un(z)‖nα0,r,s ≤ c−M(n − M)!s0
n!s0

⎡
⎣FGnn!1/k1 +

∑
(j,α)∈�

n∑
p=qj,α

Cj (n − p)!s0
(n − p − j)!s0

× ‖aj,α,p(z)∂α
m,zun−p(z)‖nα0,r,s

⎤
⎦ .

It is easy to see that the first term on the right-hand side of the inequality above can be
bounded by 1

2ABnn!1/k1 if we put A ≥ 2c−MF and B ≥ G.
Now we can analyze the term:

I = c−M(n − M)!s0
n!s0

∑
(j,α)∈�

n∑
p=qj,α

Cj (n − p)!s0
(n − p − j)!s0 ‖aj,α,p(z)∂α

m,zun−p(z)‖nα0,r,s,

By Lemma 2 we have

‖aj,α,p(z)∂α
m,zun−p(z)‖nα0,r,s ≤ ‖aj,α,p(z)‖pα0−α,r,s‖∂α

m,zun−p(z)‖(n−p)α0+α,r,s.

By Lemma 5 and the definition of α0 we also get

‖aj,α,p(z)‖pα0−α,r,s ≤ Rqj,α |α0|−|α|‖aj,α,p(z)‖(p−qj,α)α0,r,s.

Note that qj,α ≥ 1 for every (j, α) ∈ � and so we can write that tM−j aj,α(t, z) =
tqj,α

∑∞
n=qj,α

aj,α,n(z)tn−qj,α and treat every aj,α,n(z) like the
(
n − qj,α

)
th coefficient of

the formal power series. Hence, using Lemma 6 we receive

‖aj,α,p(z)‖(p−qj,α)α0,r,s ≤ K̃Lp
(
p − qj,α

)!1/k1

for a certain pair of positive constants K̃, L. If we put K = Rqj,α |α0|K̃ then

‖aj,α,p(z)‖pα0−α,r,s ≤ KLp
(
p − qj,α

)!1/k1 .
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Moreover, by Lemma 4 we have

‖∂α
m,zun−p(z)‖(n−p)α0+α,r,s ≤ C|α| |α0|s·α ‖un−p(z)‖(n−p)α0,r,s

×
N∏

k=1

(
n − p + αk − 1

α0,k

)sk
(

n − p + αk − 2

α0,k

)sk

. . . (n − p)sk

and, by the inductive assumption,

‖un−p(z)‖(n−p)α0,r,s ≤ ABn−p(n − p)!1/k1 .

Furthermore, let us observe that

(
p − qj,α

)!1/k1(n−p)!1/k1 ≤ n!1/k1

(n − p + 1)1/k1 . . . (n − p + qj,α)1/k1
≤ n!1/k1

(n − p + 1)qj,α/k1

and

n − p + l

α0,k
≤ n − p + qj,αl

αk

for any 0 ≤ l ≤ αk − 1, 1 ≤ k ≤ N .

Hence,

I ≤ ABnn!1/k1
∑

(j,α)∈λ

c−MKCj+|α| |α0|s·α (n − M)!s0(n − p)!s0
n!s0(n − p − j)!s0(n − p + 1)qj,α/k1

×
N∏

k=1

αk−1∏
l=0

(
n − p +

⌈
qj,αl

αk

⌉)sk n∑
p=qj,α

(
L

B

)p

≤ ABnn!1/k1
∑

(j,α)∈λ

c−MKCj+|α| |α0|s·α (n − p)s0j
(
n − p + qj,α

)s·α
(n − M + 1)s0M(n − p + 1)s0(j−M)+s·α

×
n∑

p=qj,α

(
L

B

)p

≤ ABnn!1/k1
∑

(j,α)∈λ

c−MKCj+|α| |α0|s·α
(

n − p + qj,α

n − p + 1

)s·α (
n − p + 1

n − M + 1

)s0M

×
n∑

p=qj,α

(
L

B

)p

.

Moreover,

n − p + qj,α

n − p + 1
≤ 1 + qj,α − 1

n − p + 1
≤ qj,α for any 1 ≤ p ≤ n

and
n − p + 1

n − M + 1
≤ 1

1 − M−1
n

≤ M for any n ≥ M,

368 Maria Suwińska
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By combining facts listed above we receive

I ≤ ABnn!1/k1
∑

(j,α)∈�

c−MKCj+|α| |α0|s·α MMs0qs·α
j,α

n∑
p=qj,α

(
L

B

)p

≤ ABnn!1/k1
∑

(j,α)∈�

c−MKCj+|α| |α0|s·α MMs0qs·α
j,α

∞∑
p=qj,α

(
L

B

)p

= ABnn!1/k1
∑

(j,α)∈�

c−MKCj+|α| |α0|s·α MMs0qs·α
j,α

L

B − L
.

It remains to notice that the last sum can be bounded from above by 1
2 for sufficiently

large B > L.

Now we can go back to the proof of Theorem 1.

Proof of Theorem 1 Using Proposition 2 and Lemma 7 we conclude that for any n ∈ N0
and ρ < r there exist constants Ã, A, and B such that

sup
z∈DN

ρ

|un(z)| ≤ Ãn|α0|‖un(z)‖nα0,r,s ≤ A
(
Ã|α0|B

)n

n!1/k1 .

Hence, û(t, z) ∈ O
(
DN

R

) [[t]]1/k1 .

5 Suggestions for Further Research

It might be possible to extend the result from Theorem 1 to a certain class of non-linear
Gevrey-type differential equations. We would like to achieve this by using methods inspired
by the approach presented in this paper.

Moreover, it is worth mentioning that an idea similar to the Gevrey-type sequences has
already been considered in [4]. Sequences and operators defined there are similar to the
ones presented in Definitions 2 and 3, with the Gevrey sequence n!s replaced with any given
sequence Mn of positive real numbers. Under certain additional assumptions concerning
the sequence Mn the authors were able to analyze the Gevrey properties of a certain class
of linear equations with time-dependent coefficients using the approach similar to [10] and
[7]. A question remains open, whether those findings can be extended to the case when the
coefficients depend on both t ∈ C and z ∈ C

N .
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