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Abstract
Lesson study has been implemented in schools around the world as a method of profes-
sional development for teachers. Lesson study consists of five steps, among which the 
“Research Lesson” and “Post-lesson Discussion” are central. During the Post-lesson Dis-
cussion, after the teacher has commented on the lesson, all of the observers discuss the 
lesson, and the “knowledgeable other” (koshi), a specially invited expert, provides final 
comments. The quality of these final comments is critical to the learning of the lesson-
study participants, and, consequently, the koshi plays an extremely important role. How-
ever, few studies have examined the nature and structure of the final comments that koshis 
provide. This study analyzed the final comments made in three elementary-school research 
lessons in Japan by a highly distinguished university mathematics educator with consider-
able teaching experience and an outstanding reputation as a koshi. We found that his final 
comments clustered into seven categories, which we named: (1) considering the didactical 
value of mathematical content; (2) use of representations; (3) fostering positive attitudes to 
learning; (4) incorporating students’ ideas into whole-class discussions; (5) giving atten-
tion to what students write down; (6) giving attention to the content of the board-work; and 
(7) teacher growth through reflection. These categories provide insight into the nature of 
final comments that are regarded as being particularly useful and may form the basis for 
less-experienced koshis to structure their final comments in lesson study.
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Introduction

Lesson study is a powerful form of professional development, which enables Japanese 
teachers to improve their lessons and enhance their teaching competence (Fernandez and 
Yoshida 2012). In recent years, many other countries have sought to adopt and adapt 
aspects of lesson study for use in their own schools, especially in mathematics (Baldry 
and Foster 2019; Groves et  al. 2016; Lewis 2002; Stigler and Hiebert 1999; Takahashi 
and McDougal 2016; Takahashi and Yoshida 2004; Yoshida 1999). However, for Japanese 
teachers, lesson study is so familiar that it is “like air” (Fujii 2014, p. 80), meaning that 
essential aspects of the process may be taken for granted and not critically interrogated. 
This means that it can be hard for those new to lesson study—whether teachers in other 
countries, or less-experienced teachers in Japan—to learn about how to enact the process 
in the most effective ways possible. To achieve this, it is necessary to examine aspects of 
successful lesson study in Japan in considerable detail, so that practices that contribute to 
the effectiveness of the process can be captured, codified and analyzed.

Lesson study is commonly conceived of in five steps (Fujii 2016): Goal Setting, Lesson 
Planning, Research Lesson, Post-lesson Discussion, and Reflection. When a new school 
academic year begins in Japan, Japanese teachers set research themes for the year under the 
leadership of a ‘chief researcher,’ a teacher at the school charged with that particular role. 
Various factors are considered, such as the latest developments in technology, any changes 
to the course of study, the research history of the school, and the current learning of the 
children in the school, and a suitable research theme is decided on. One example could 
be: “To help children to think for themselves and learn actively together: improvement of 
mathematical thinking, decision making, and expressing.” Following this goal setting, the 
next step involves designing a lesson that will address the research theme. A lesson plan is 
created based on deep research into the teaching materials (kyouzai kenkyuu). At the three 
schools studied by Fujii (2016), meetings were held for about 4–6 weeks to develop a les-
son plan for one lesson. Following this, the research lesson is taught by one of the teachers 
in the planning group, and then, in the Post-lesson Discussion, the lesson is considered in 
detail, drawing on notes made by the observers during the lesson. The purpose of the Post-
lesson Discussion is to very carefully analyze the learning of the students in the research 
lesson, organize the knowledge obtained through the research lesson, clarify how the les-
son could be improved, and create a school bulletin as a summary of the school’s research 
for that year. The terms Lesson study and research lesson are sometimes viewed as syn-
onymous, but they are distinct, as a research lesson is one component of lesson study (Fujii 
2016).

The Post-lesson Discussion is a critical opportunity for all of the teachers and observ-
ers to reflect deeply on the lesson and consider how to improve their teaching. They can 
enhance their understanding of various teaching methods, become more expert at observ-
ing students’ thinking, and learn how to examine teaching materials in greater depth. Thus, 
the Post-lesson Discussion plays a crucial role in the entire lesson-study process. How-
ever, it is not easy to make such a discussion effective for everyone. For a successful Post-
lesson Discussion, it is necessary to interpret and discuss students’ thinking, difficulties, 
and transformation of thinking in the lesson, based on detailed information about what the 
students said and did. This requires detailed lesson notes from the observers. Moreover, 
during the Post-lesson Discussion, it is important to compare and contrast findings across 
the most recent research lessons, in order to develop principles for teaching (Wada 1953).
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The most important factor in ensuring a productive Post-lesson Discussion is the role 
of the “knowledgeable other” (koshi), who provides essential expertise to the process by 
making ‘final comments’ on the lesson, following a general group discussion. These final 
comments seek to draw out the most important learning points for the teachers and observ-
ers (Takahashi 2014; Takahashi and Yoshida 2004; Watanabe 2002; Watanabe and Wang-
Iverson 2005). Previous studies have clarified the role played by the koshi in lesson study, 
and the skills necessary for them to act in this role (Fernandez et al. 2001; Takahashi 2014; 
Takahashi and Yoshida 2004; Watanabe and Wang-Iverson 2005). However, we do not 
know the nature and structure of the final comments that expert koshis typically provide, or 
of those that are considered to be particularly useful.

In countries where lesson study is not yet firmly embedded in school culture, the impor-
tance of the role of the koshi may well be acknowledged, but those taking on this role 
may lack confidence in providing final comments in research lessons and may wonder what 
kinds of comments may be most helpful for the participants (e.g., Baldry and Foster 2019). 
Even in Japan, a new koshi will not yet have gained the experience that makes this process 
feel natural, and the quality of final comments is likely to be improved by giving attention 
to the final comments made by more experienced koshis.

The purpose of this study is to analyze the final comments made during the Post-Lesson 
Discussions of three elementary-school research lessons in Japan by a highly renowned 
koshi with an outstanding reputation as a koshi in Japan. By examining the nature of the 
final comments made in these lessons, we seek to answer the question: What kinds of top-
ics are discussed by a highly-regarded knowledgeable other during the Post-lesson Dis-
cussions of mathematics research lessons? By answering this question, we intend to learn 
about what may constitute effective final comments in lesson study.

The knowledge of a koshi

In Japan, the role of the koshi is typically performed by a highly experienced former school 
teacher of mathematics who has subsequently moved to a position in a university. A koshi 
may also be a teacher from a school affiliated with a national university, a district/prefec-
ture supervisor or a Principal from another school (Watanabe and Wang-Iverson 2005). 
Some schools invite the same koshi to give final comments for all of the research lessons 
taking place during 1 year, while other schools ask different koshis to give final comments 
each time.

We would expect that the knowledge of a koshi could be conceptualized as a devel-
oped version of the ‘pedagogical content knowledge’ (Shulman 1986) needed for math-
ematics teaching, which has been codified in constructs such as ‘mathematical knowledge 
for teaching’ (Ball et al. 2005) and the ‘knowledge quartet’ (Rowland 2008). As an expert 
teacher, a koshi might be expected to have a particularly high level of this kind of didacti-
cal mathematical knowledge (Andrews 2007). This includes common mathematical content 
knowledge, that is drawn on by many users of mathematics, as well as specialized content 
knowledge, which is particularly relevant for those teaching mathematics. Expert didactical 
knowledge particularly includes horizon content knowledge, which attends to the connec-
tions between different mathematical content areas, knowledge of the relationship between 
content and the students, knowledge of content and teaching methods, and knowledge of 
content and the curriculum (Ball et al. 2005), which in Japan includes knowledge of the 
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approved textbooks and their effective use. However, we expect that there may be other 
kinds of knowledge needed to be an effective koshi, and these may relate to the different 
roles that a koshi needs to perform during Post-lesson Discussions.

Fernandez et al. (2001) regarded the role of the koshi in lesson study as: (1) providing a 
different perspective when studying the work of the group; (2) providing information about 
mathematics content, new ideas, or reforms, and (3) sharing the work of other lesson-study 
groups. In addition to the above roles, Watanabe and Wang-Iverson (2005) added “facilita-
tion of discussions.” These overlap with the three roles of the koshi that Takahashi (2014) 
derived, based on observations of final comments in Post-lesson Discussions, surveys of 
koshis, and interviews with three respected koshis. Takahashi’s (2014) list consists of: (1) 
bringing new knowledge from research and the curriculum; (2) showing the connection 
between theory and practice; and (3) helping others to learn how to reflect on teaching and 
learning. Outside of Japan, where the lesson-study process itself is novel, a koshi might 
also need to be able to explain and support the establishment of this process in a school, 
among teachers who have never conducted lesson study before (Baldry and Foster 2019).

These criteria require a koshi to be able to provide access to a deeper understanding of 
the mathematical content, the curriculum, and the didactical ideas that have informed the 
way in which the textbooks have been designed (e.g., see Seino and Foster 2019), all of 
which reside within multiple aspects of mathematical knowledge for teaching (Ball et al. 
2005). The koshi will seek to do this using concrete examples observed in the research les-
son and to make links to the school’s research theme, as well as suggesting in which direc-
tions the school’s research might go next. Takahashi (2014) suggested that a koshi should 
have the ability to collect, evaluate, and use data in lessons, as well as broad knowledge 
regarding the goals of mathematics, the structure of the subject, students’ development of 
mathematics, characteristics of student thinking, and expectations of the curriculum.

Beyond mathematical knowledge for teaching, Takahashi and Yoshida (2004) pointed 
out that the koshi should have: (1) the ability to read the audience and provide appropriate 
comments that help participants learn or want to learn; (2) the ability to point out some-
thing that no one in the audience has noticed, but that is important to learning about the 
topic; and (3) an attitude that he or she is also a learner through the lesson study and an 
appreciation of the teachers’ efforts.

The demands on a koshi are clearly considerable, and the high expectations associated 
with a high-profile visit of a renowned koshi speaking at a well-attended research lesson 
add to the pressure. As the importance of the koshi in lesson study has increasingly been 
recognized, what koshis do and the role they play in lesson study have been clarified. In 
Japan, lesson study has a long history, and, since there are many koshis, one might sup-
pose that much is known about how to learn to become a koshi and how to develop in the 
role. However, this is not the case. Consequently, in this study we analyzed the final com-
ments made across three research lessons by a highly regarded koshi in order to uncover 
the themes stressed and developed. In this way, we hope to go beyond a statement of desir-
able roles and responsibilities to learn in more depth about how a koshi can be most effec-
tive in making final comments in Post-lesson Discussions.
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Method

Selection of the koshi

The purpose of this study was to analyze and organize the final comments made by a highly 
experienced koshi during the Post-lesson Discussions that took place during three elemen-
tary-school research lessons. Takahashi (2014) and Groves and Doig (2016) analyzed final 
comments made by many koshis. However, in this study, we instead focus on a single, 
highly experienced koshi. The reason for doing this is that in previous research the con-
tent of the final comments made differed greatly from one koshi to another, due to differ-
ences in perspectives on teaching, teaching materials, and students. In this study, we seek 
to minimize this variation by studying a single, highly experienced and renowned koshi, so 
that the main source of variation is the nature of the research lesson and the comments of 
the participants contributing to the Post-Lesson Discussion. We intend that by focusing on 
one highly expert koshi we will gain greater insight into the structure and choices made in 
arriving at the final comments.

The koshi in this study, Professor Takashi Nakamura, worked for 19 years in the faculty 
of education at the University of Yamanashi, after first working for 21 years at the univer-
sity’s attached elementary school. During his time as an elementary school teacher, Naka-
mura wrote several papers and books on mathematics education, using data from his own 
mathematics lessons. He also contributed as an author to government-approved elementary 
mathematics textbooks. During his time as a university academic, he conducted research 
on the meaning of multiplication of decimal numbers, proportion, use of student reflective 
journals, and lesson study. He also contributed to writing a course of study on elementary 
mathematics. As a koshi, he provided final comments at school-based, district-based, and 
national-level Lesson Studies for a total of about 60 research lessons per year (Nakamura 
2011a). Sometimes, he also conducted demonstration lessons as an actual teacher.

Takahashi (2014) pointed out the bridge between theory and practice as a role of the 
knowledgeable other. Having studied the theory of mathematics education as well as hav-
ing abundant practical experience as a classroom teacher, Nakamura was perceived as 
exceptional in his ability to bridge between theory and practice (Takahashi 2014). At the 
start of this study, our intention was to work collaboratively with Nakamura, by analyz-
ing his final comments, as well as seeking to uncover the intentions behind his final com-
ments by conducting interviews with him. To our great sadness, however, this was not pos-
sible, because Nakamura passed away in 2016, before the study was completed. Instead, 
therefore, we have chosen to interpret and suggest possible intentions behind Nakamura’s 
final comments by referring to our detailed reading of his many papers and books, and we 
include selected extracts from these in the analysis below.

Because of Nakamura’s deep involvement in and commitment to this research before 
his death, we are completely confident of his consent in us publishing this research post-
humously, and without anonymity. Indeed, by studying his thoughts and expert final com-
ments, we seek to ensure that they will not be buried.

Data sources and analysis

Lesson study in Japan is sometimes categorized into school-based, district-based, and 
national-level, and these differ in terms of the range, or scope, of students involved 
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(Takahashi 2006a; Fujii 2016). The Lesson Studies from which the final comments were 
analyzed in this study were school-based Lesson Studies. We collected data from three 
research lessons, as detailed in Table 1. These were lessons in which Nakamura was koshi, 
where a lesson plan was available, and where there was a sense among participants that the 
students’ thoughts in the lesson were particularly interesting and Nakamura’s comments 
were typical of the kinds of comments he might make. Nakamura provided final comments 
to elementary schools in Yamanashi prefecture for 19 years. Consequently, he had the 
opportunity to build strong relationships with many schools and teachers, which created 
an environment likely to be supportive of the development of high-quality final comments. 
Hence, we chose Yamanashi prefecture for these research lessons.

For each research lesson, we obtained the lesson plans and audio and video recordings 
of the lessons and the Post-lesson Discussions, recorded with a digital voice recorder and a 
digital camera. Consent was obtained from the teacher and the students, and also from the 
participants in the Post-lesson Discussion. This research project was approved by the ethics 
committee of Tokyo Gakugei University.

The data were transcribed, and analysis was carried out from the transcripts and video. 
(Full transcripts of the lessons and final comments are available as online supplementary 
materials.) Data analysis was led by the research question, and we adopted a thematic 
approach (see Braun and Clarke 2006). Themes emerged from the data through identifying 
patterns as we watched the videos multiple times and carefully read the transcripts repeat-
edly. The transcripts from the Post-lesson Discussions were then coded according to the 
topics raised by Nakamura. Separate topics were defined according to pauses in Nakamu-
ra’s speech immediately before them, or verbal cues from him that he was moving to a new 
subject. This allowed us to create a list of ‘key points’ made, in chronological order, from 
each research lesson (see Tables 2, 3, 4). We selected from each lesson one or two of these 
key points to expand on in more detail, so as to illustrate the kinds of comments made. 
Finally, we coded the 25 key points obtained across all three lessons in order to organize 
the points into themes, which we present as an overview of the issues discussed.

The content of the final comments

For each of the three research lessons, we now provide a table showing the key points 
made in the final comments, in the order that Nakamura made them. For each lesson, we 
focus on one or two of these comments in more detail in order to illuminate the kinds of 
remarks he made.

Research Lesson 1

This research lesson focused on decimals and aimed at enriching students’ number sense 
by considering the number 2.8 in two ways: as a point on a number line and as a result of 
addition and subtraction calculations (e.g., 3 − 0.2, 2 + 0.8, etc.). In the introduction to the 
lesson, the teacher also asked students to think about the number 280 in different ways and 
then asked the students to consider the relationship between 2.8 and 280.

In the Post-lesson Discussion of this research lesson, seven final comments were made 
by Nakamura (see Table 2), and we focus below on one of these that we feel is particularly 
useful in illustrating Nakamura’s approach to making final comments.



513Analysis of the final comments provided by a knowledgeable other…

1 3

Ta
bl

e 
1  

T
he

 th
re

e 
re

se
ar

ch
 le

ss
on

s f
ro

m
 w

hi
ch

 th
e 

fin
al

 c
om

m
en

ts
 w

er
e 

an
al

yz
ed

Th
e 

na
m

es
 o

f t
he

 sc
ho

ol
s h

av
e 

be
en

 a
no

ny
m

iz
ed

Re
se

ar
ch

 L
es

so
n

G
ra

de
N

um
be

r o
f 

pu
pi

ls
Sc

ho
ol

Pa
rti

ci
pa

nt
s

D
at

e

1
3

27
T 

pu
bl

ic
 e

le
m

en
ta

ry
 sc

ho
ol

, Y
am

an
as

hi
 P

re
fe

ct
ur

e
Te

ac
he

rs
 fr

om
 th

e 
sc

ho
ol

O
ct

ob
er

, 2
01

5
2

1
24

S 
pu

bl
ic

 e
le

m
en

ta
ry

 sc
ho

ol
, Y

am
an

as
hi

 P
re

fe
ct

ur
e

Te
ac

he
rs

 fr
om

 m
ul

tip
le

 e
le

m
en

ta
ry

 
sc

ho
ol

s i
n 

Ya
m

an
as

hi
 P

re
fe

ct
ur

e
N

ov
em

be
r, 

20
15

3
3

24
K

 p
ub

lic
 e

le
m

en
ta

ry
 sc

ho
ol

, Y
am

an
as

hi
 P

re
fe

ct
ur

e
Te

ac
he

rs
 fr

om
 th

e 
sc

ho
ol

D
ec

em
be

r, 
20

15



514	 T. Seino, C. Foster 

1 3

Ta
bl

e 
2  

S
um

m
ar

y 
of

 fi
na

l c
om

m
en

ts
 o

n 
Re

se
ar

ch
 L

es
so

n 
1 

(it
al

ic
s i

nd
ic

at
es

 th
e 

ke
y 

po
in

t c
ho

se
n 

fo
r d

is
cu

ss
io

n 
in

 th
e 

m
ai

n 
te

xt
)

K
ey

 p
oi

nt
s o

f fi
na

l c
om

m
en

ts
Su

m
m

ar
y 

of
 fi

na
l c

om
m

en
ts

1.
1 

A
 n

um
be

r l
in

e 
is

 a
n 

im
po

rta
nt

 il
lu

str
at

iv
e 

re
pr

es
en

ta
tio

n 
re

la
te

d 
to

 th
e 

w
ho

le
 o

f m
at

h-
em

at
ic

s i
n 

el
em

en
ta

ry
 sc

ho
ol

A
 n

um
be

r l
in

e 
is

 a
 m

od
el

 o
f n

um
be

rs
, a

nd
 it

 is
 p

os
si

bl
e 

to
 re

ad
 th

e 
or

de
r, 

po
si

tio
n,

 a
nd

 m
ag

ni
tu

de
 o

f n
um

be
rs

 fr
om

 th
e 

nu
m

be
r l

in
e.

 A
 n

um
be

r l
in

e 
is

 
us

ed
 fo

r n
um

be
rs

 u
p 

to
 1

00
 in

 G
ra

de
 1

, f
or

 d
ec

im
al

s i
n 

G
ra

de
 3

, a
nd

 fo
r f

ra
ct

io
ns

 in
 G

ra
de

 4
, a

nd
 d

ou
bl

e 
nu

m
be

r l
in

es
 a

re
 u

se
d 

fo
r m

ul
tip

lic
at

io
n/

di
vi

si
on

 o
f r

at
io

na
l n

um
be

rs
 in

 G
ra

de
s 5

 a
nd

 6
. I

n 
so

lv
in

g 
th

e 
m

ai
n 

pr
ob

le
m

 in
 th

is
 le

ss
on

, t
he

 te
ac

he
r d

ea
lt 

w
ith

 th
e 

nu
m

be
r l

in
e,

 b
ut

 in
 so

lv
in

g 
th

e 
pr

ob
le

m
 p

re
se

nt
ed

 a
t t

he
 e

nd
, t

he
 te

ac
he

r d
id

 n
ot

 u
se

 th
e 

nu
m

be
r l

in
e.

 I 
w

an
te

d 
th

e 
te

ac
he

r t
o 

us
e 

it 
to

 se
e 

ho
w

 th
e 

stu
de

nt
s w

ou
ld

 e
xp

re
ss

 o
th

er
 

nu
m

er
ic

al
 v

al
ue

s o
n 

a 
nu

m
be

r l
in

e
1.

2 
C

on
si

de
r t

he
 o

rd
er

 in
 w

hi
ch

 y
ou

 sh
ar

e 
st

ud
en

ts
’ r

ep
re

se
nt

at
io

ns
 (w

or
ds

, e
xp

re
s-

si
on

s, 
fig

ur
es

)

Th
e 

or
de

r i
n 

w
hi

ch
 th

e 
re

pr
es

en
ta

tio
ns

 a
re

 d
is

cu
ss

ed
 d

ep
en

ds
 o

n 
th

e 
st

ud
en

ts
’ i

ni
tia

l i
de

as
. I

t i
s b

et
te

r t
o 

us
e 

re
pr

es
en

ta
tio

ns
 th

at
 m

ak
e 

th
e 

st
ud

en
ts

’ 
pr

ev
io

us
 id

ea
s m

or
e 

un
de

rs
ta

nd
ab

le
. B

eg
in

ni
ng

 w
ith

 e
xp

re
ss

io
ns

, a
nd

 th
en

 m
ov

in
g 

to
 o

th
er

 re
pr

es
en

ta
tio

ns
 is

 a
 b

et
te

r o
rd

er
 th

an
 th

e 
al

te
rn

at
iv

e,
 

be
ca

us
e 

it 
en

co
ur

ag
es

 st
ud

en
ts

 to
 in

te
rp

re
t t

he
 m

ea
ni

ng
 o

f t
he

 e
xp

re
ss

io
ns

1.
3 

W
he

n 
stu

de
nt

s a
re

 so
lv

in
g 

th
e 

pr
ob

le
m

 o
n 

th
ei

r o
w

n,
 fi

nd
 a

 ‘k
ey

’ s
tu

de
nt

W
hi

le
 so

lv
in

g 
th

e 
pr

ob
le

m
 o

n 
th

ei
r o

w
n,

 o
ne

 st
ud

en
t w

ro
te

 th
e 

fo
llo

w
in

g 
in

 th
ei

r n
ot

es
: “

Si
nc

e 
28

0 
ha

s n
o 

de
ci

m
al

 p
oi

nt
, i

t i
s a

n 
in

te
ge

r. 
B

ut
 it

 is
 th

e 
sa

m
e 

as
 2

.8
. I

f t
he

 u
ni

t i
s 0

.1
, i

t b
ec

om
es

 2
.8

 w
ith

 2
8 

pi
ec

es
, a

nd
 if

 th
e 

un
it 

is
 1

0,
 it

 b
ec

om
es

 2
80

 w
ith

 2
8 

pi
ec

es
”

If
, w

he
n 

so
lv

in
g 

th
e 

pr
ob

le
m

 o
n 

th
ei

r o
w

n,
 st

ud
en

ts
 w

rit
e 

w
on

de
rf

ul
 id

ea
s, 

co
ns

id
er

 h
av

in
g 

th
em

 re
ad

 th
ei

r n
ot

es
 o

ut
 lo

ud
 la

te
r i

n 
th

e 
le

ss
on

1.
4 

Th
e 

te
ac

he
r u

se
s c

ol
or

 o
n 

th
e 

bl
ac

kb
oa

rd
 

so
 th

at
 st

ud
en

ts
 c

an
 v

is
ua

lly
 se

e 
th

at
 d

ec
i-

m
al

s a
nd

 in
te

ge
rs

 a
re

 b
ot

h 
nu

m
be

rs

W
he

n 
th

e 
te

ac
he

r w
ro

te
 in

te
ge

r n
um

be
r l

in
es

, h
e 

us
ed

 fo
ur

 c
ol

or
s:

 b
lu

e 
fo

r “
30

0 −
 20

”,
 b

la
ck

 fo
r “

20
0 +

 80
”,

 re
d 

fo
r “

10
0 +

 10
0 +

 80
”,

 a
nd

 g
re

en
 fo

r 
“2

8 
gr

ou
ps

 o
f 1

0”

H
ow

ev
er

, t
he

 te
ac

he
r d

id
 n

ot
 u

se
 c

ol
or

 la
te

r o
n 

w
he

n 
he

 d
re

w
 a

 n
um

be
r l

in
e 

fo
r d

ec
im

al
 n

um
be

rs
. H

er
e,

 if
 th

e 
te

ac
he

r h
ad

 w
rit

te
n,

 fo
r e

xa
m

pl
e,

 
“3

 −
 0.

2”
 in

 b
lu

e,
 “

2 +
 0.

8”
 in

 b
la

ck
, a

nd
 “

1 +
 1 

+
 0.

8”
 in

 re
d,

 st
ud

en
ts

 c
ou

ld
 h

av
e 

se
en

 m
or

e 
ea

si
ly

 th
e 

co
nn

ec
tio

ns
 b

et
w

ee
n 

in
te

ge
rs

 a
nd

 d
ec

im
al

s
1.

5 
En

co
ur

ag
e 

stu
de

nt
s t

o 
bu

ild
 o

n 
ea

ch
 

ot
he

r’s
 id

ea
s

It 
is

 im
po

rta
nt

 fo
r s

tu
de

nt
s t

o 
un

de
rs

ta
nd

 o
th

er
s’

 id
ea

s i
n 

th
e 

di
sc

us
si

on
, e

ve
n 

if 
a 

stu
de

nt
 w

as
 u

na
bl

e 
to

 a
rr

iv
e 

at
 th

e 
id

ea
 o

n 
th

ei
r o

w
n.

 In
 a

dd
iti

on
, i

t i
s 

im
po

rta
nt

 fo
r s

tu
de

nt
s t

o 
bu

ild
 o

n 
ot

he
rs

’ i
de

as
 a

nd
 to

 in
co

rp
or

at
e 

th
os

e 
id

ea
s i

nt
o 

th
ei

r o
w

n
1.

6 
U

se
 th

e 
stu

de
nt

s’
 n

ot
es

 to
 c

ha
rt 

th
e 

ch
an

ge
s i

n 
th

ei
r t

hi
nk

in
g 

an
d 

th
ei

r a
bi

lit
y 

to
 

ex
pr

es
s i

de
as

If
 th

e 
te

ac
he

r e
nc

ou
ra

ge
s s

tu
de

nt
s t

o 
w

rit
e 

no
te

s, 
th

en
, o

ve
r t

im
e,

 th
is

 w
ill

 a
llo

w
 th

e 
te

ac
he

r t
o 

ca
pt

ur
e 

tra
ns

fo
rm

at
io

ns
 in

 th
e 

stu
de

nt
s’

 th
in

ki
ng

. I
t i

s 
im

po
rta

nt
 fo

r t
he

 te
ac

he
r t

o 
ge

t a
 se

ns
e 

of
 th

is
 tr

an
sf

or
m

at
io

n

1.
7 

M
ak

e 
stu

de
nt

s a
w

ar
e 

of
 th

ei
r o

w
n 

le
ar

ni
ng

 
th

ro
ug

h 
ho

w
 th

ei
r n

ot
es

 h
av

e 
de

ve
lo

pe
d 

in
 

th
ei

r b
oo

ks

H
av

e 
stu

de
nt

s d
es

cr
ib

e 
w

ha
t t

he
y 

ca
n 

do
 a

nd
 h

ow
 th

ey
 h

av
e 

be
en

 c
on

sc
io

us
 o

f t
he

ir 
ow

n 
de

ve
lo

pm
en

t b
y 

co
nt

ra
sti

ng
 th

ei
r n

ot
es

 n
ow

 w
ith

 th
ei

r p
re

vi
-

ou
s n

ot
es

. I
t i

s a
ls

o 
im

po
rta

nt
 fo

r p
ar

en
ts

 to
 se

e 
ho

w
 th

e 
stu

de
nt

s’
 n

ot
es

 h
av

e 
de

ve
lo

pe
d



515Analysis of the final comments provided by a knowledgeable other…

1 3

Ta
bl

e 
3  

S
um

m
ar

y 
of

 fi
na

l c
om

m
en

ts
 o

n 
Re

se
ar

ch
 L

es
so

n 
2 

(it
al

ic
s i

nd
ic

at
es

 th
e 

ke
y 

po
in

t c
ho

se
n 

fo
r d

is
cu

ss
io

n 
in

 th
e 

m
ai

n 
te

xt
)

K
ey

 p
oi

nt
s o

f fi
na

l c
om

m
en

ts
Su

m
m

ar
y 

of
 fi

na
l c

om
m

en
ts

2.
1 

B
e 

aw
ar

e 
of

 ‘k
ey

’ s
tu

de
nt

s 
in

 th
e 

le
ss

on
It 

is
 im

po
rta

nt
 to

 th
in

k 
ab

ou
t t

he
 ‘k

ey
’ s

tu
de

nt
s i

n 
th

e 
le

ss
on

, e
lic

iti
ng

 id
ea

s f
ro

m
 th

os
e 

stu
de

nt
s a

nd
 tr

ac
ki

ng
 th

ei
r d

ev
el

op
m

en
t. 

Y
uk

i, 
w

ho
 

w
as

 st
ic

ki
ng

 to
 th

e 
su

bt
ra

ct
io

n–
su

bt
ra

ct
io

n 
m

et
ho

d,
 w

as
 a

 k
ey

 p
er

so
n.

 It
 is

 im
po

rta
nt

 to
 se

e 
if 

Y
uk

i a
pp

re
ci

at
es

 th
e 

va
lu

e 
of

 th
e 

su
bt

ra
ct

io
n–

ad
di

tio
n 

m
et

ho
d

2.
2 

C
re

at
e 

a 
pr

ob
le

m
 a

nd
 a

 
su

m
m

ar
y 

fro
m

 st
ud

en
ts’

 
w

or
ds

A
t t

he
 st

ag
e 

of
 c

la
rif

yi
ng

 th
e 

pr
ob

le
m

 in
 th

is
 le

ss
on

, t
he

 te
ac

he
r p

re
se

nt
ed

 th
e 

pr
ob

le
m

 b
as

ed
 o

n 
th

e 
w

or
ds

 o
f t

he
 st

ud
en

ts
 so

 fa
r: 

“I
f t

he
 su

b-
tra

he
nd

 is
 b

ig
ge

r t
ha

n 
th

e 
ba

ra
 [t

he
 n

um
be

r i
n 

th
e 

un
its

 c
ol

um
n 

of
 th

e 
m

in
ue

nd
], 

w
ha

t s
ho

ul
d 

w
e 

do
?”

 T
he

 te
ac

he
r a

ls
o 

w
ro

te
 th

e 
su

m
m

ar
y 

ba
se

d 
on

 th
e 

stu
de

nt
s’

 w
or

ds
: “

Ta
ke

 aw
ay

 fr
om

 1
0 

if 
th

e 
su

bt
ra

he
nd

 is
 b

ig
ge

r t
ha

n 
ba

ra
.”

 B
ot

h 
th

e 
pr

ob
le

m
 a

nd
 th

e 
su

m
m

ar
y 

w
er

e 
cr

ea
te

d 
fro

m
 th

e 
stu

de
nt

s’
 w

or
ds

 a
nd

 w
er

e 
no

t b
ou

nd
 b

y 
th

e 
le

ss
on

 p
la

n
2.

3 
B

eg
in

 w
ith

 b
lo

ck
s a

nd
 

de
ve

lo
p 

fro
m

 th
er

e 
in

to
 a

 
fig

ur
e 

or
 e

xp
re

ss
io

n

Th
e 

po
in

t t
ha

t t
he

 te
ac

he
r e

m
ph

as
iz

ed
 th

e 
m

os
t i

n 
th

is
 le

ss
on

 w
as

 th
at

 th
ey

 a
lw

ay
s m

ad
e 

th
e 

stu
de

nt
s u

se
 th

e 
pl

as
tic

 b
lo

ck
s w

he
n 

ex
pl

ai
ni

ng
 

ho
w

 to
 c

al
cu

la
te

 th
e 

su
bt

ra
ct

io
n.

 In
 th

e 
le

ss
on

, a
fte

r m
ak

in
g 

th
e 

stu
de

nt
s d

o 
th

is
 p

hy
si

ca
lly

, t
he

 te
ac

he
r a

sk
ed

 th
e 

stu
de

nt
s t

o 
ex

pr
es

s t
he

 
op

er
at

io
n 

us
in

g 
a 

fig
ur

e 
or

 e
xp

re
ss

io
n.

 T
he

 im
po

rta
nt

 th
in

g 
fo

r t
he

 o
pe

ra
tio

n 
w

as
 th

at
 a

ll 
stu

de
nt

s a
rr

an
ge

d 
10

 a
nd

 3
 b

lo
ck

s i
n 

th
e 

sa
m

e 
w

ay
. B

y 
do

in
g 

so
, t

he
y 

co
ul

d 
co

m
pa

re
 th

e 
op

er
at

io
n 

on
 th

e 
bl

ac
kb

oa
rd

 w
ith

 th
ei

r o
w

n 
op

er
at

io
ns

, a
nd

 it
 b

ec
am

e 
po

ss
ib

le
 fo

r t
he

m
 to

 d
o 

it 
in

de
pe

nd
en

tly
2.

4 
U

se
 w

or
ds

 th
at

 a
llo

w
 

stu
de

nt
s t

o 
fe

el
 c

om
fo

rta
bl

e 
in

 th
ei

r p
re

se
nt

at
io

n

N
o 

m
at

te
r w

ha
t t

he
 st

ud
en

t s
ay

s o
r w

rit
es

, t
he

 te
ac

he
r s

ho
ul

d 
re

sp
on

d 
to

 th
e 

id
ea

. F
or

 e
xa

m
pl

e,
 “

N
ic

e.
 Is

 th
er

e 
an

y 
ot

he
r w

ay
?”

 o
r “

Yo
u 

ca
n 

al
so

 u
se

 th
is

 m
et

ho
d.

 D
id

 e
ve

ry
on

e 
ha

ve
 th

e 
sa

m
e?

” 
Th

is
 a

llo
w

s s
tu

de
nt

s t
o 

sh
ar

e 
th

ei
r t

ho
ug

ht
s w

ith
 c

on
fid

en
ce

2.
5 

M
et

a-
an

al
yz

e 
yo

ur
 

be
ha

vi
or

Th
e 

te
ac

he
r i

s d
oi

ng
 a

 lo
t o

f g
oo

d 
te

ac
hi

ng
 in

 th
e 

le
ss

on
, b

ut
 sh

e 
is

 d
oi

ng
 it

 u
nc

on
sc

io
us

ly
. W

he
n 

th
e 

te
ac

he
r c

an
 m

et
a-

an
al

yz
e 

(i.
e.

, r
efl

ec
t 

on
) h

er
 b

eh
av

io
r i

n 
th

e 
le

ss
on

, i
m

pr
ov

ed
 te

ac
hi

ng
 w

ill
 re

su
lt

2.
6 

Th
e 

va
lu

e 
of

 th
e 

su
bt

ra
c-

tio
n-

ad
di

tio
n 

m
et

ho
d

Th
e 

di
ffe

re
nc

es
 b

et
we

en
 tw

o 
ap

pa
re

nt
ly

 si
m

ila
r m

et
ho

ds
 n

ee
d 

to
 b

e 
th

ou
gh

t t
hr

ou
gh

 in
 c

on
si

de
ra

bl
e 

de
ta

il 
to

 id
en

tif
y 

th
e 

po
ss

ib
le

 d
iffi

cu
lti

es
 

th
at

 st
ud

en
ts

 m
ay

 e
xp

er
ie

nc
e 

(S
ee

 fu
rt

he
r d

is
cu

ss
io

n 
of

 th
is

 in
 th

e 
m

ai
n 

te
xt

.)
2.

7 
Th

e 
stu

de
nt

s a
re

 m
ot

iv
at

ed
 

by
 k

no
w

in
g 

th
at

, e
ve

n 
if 

th
ey

 
do

 n
ot

 m
ak

e 
a 

pu
bl

ic
 c

on
-

tri
bu

tio
n 

in
 th

e 
le

ss
on

, t
he

 
te

ac
he

r w
ill

 d
efi

ni
te

ly
 lo

ok
 a

t 
th

ei
r n

ot
es

 la
te

r

W
he

n 
stu

de
nt

s l
oo

k 
ba

ck
 o

n 
th

e 
le

ss
on

, t
he

ir 
no

te
s a

llo
w

 th
em

 to
 re

m
em

be
r w

ha
t t

he
y 

th
ou

gh
t. 

St
ud

en
ts

 in
 th

is
 le

ss
on

 w
er

e 
se

en
 to

 b
e 

m
ot

iv
at

ed
 to

 w
rit

e 
th

ei
r t

ho
ug

ht
s i

n 
th

ei
r n

ot
es

. I
n 

th
e 

le
ss

on
, t

he
re

 w
er

e 
stu

de
nt

s w
ho

 d
id

 n
ot

 sp
ea

k 
an

d 
stu

de
nt

s w
ho

 n
ev

er
 w

ro
te

 th
ei

r 
na

m
es

 o
n 

th
e 

bl
ac

kb
oa

rd
, b

ut
 th

ei
r n

ot
es

 in
cl

ud
ed

 th
ei

r o
w

n 
th

ou
gh

ts
 in

 th
e 

fo
rm

 o
f w

or
ds

, d
ia

gr
am

s, 
an

d 
ex

pr
es

si
on

s. 
Th

e 
stu

de
nt

s w
rit

e 
en

th
us

ia
sti

ca
lly

 b
ec

au
se

 th
ey

 k
no

w
 th

at
 th

e 
te

ac
he

r w
ill

 lo
ok

 a
t t

he
ir 

no
te

s l
at

er
. I

n 
ot

he
r w

or
ds

, t
he

re
 is

 h
um

an
 c

on
ta

ct
 b

et
w

ee
n 

th
e 

te
ac

he
r 

an
d 

stu
de

nt

2.
8 

Th
e 

bl
ac

kb
oa

rd
 w

rit
in

g 
is

 a
 

m
od

el
 o

f h
ow

 to
 ta

ke
 n

ot
es

To
 b

e 
ab

le
 to

 ta
ke

 u
se

fu
l n

ot
es

, i
t i

s i
m

po
rta

nt
 to

 p
ro

vi
de

 st
ud

en
ts

 w
ith

 so
m

e 
gu

id
an

ce
 o

n 
ho

w
 to

 w
rit

e 
th

em
. B

la
ck

bo
ar

d 
w

rit
in

g 
is

 a
 m

od
el

 
fo

r s
tu

de
nt

s t
o 

ta
ke

 n
ot

es
. H

ow
ev

er
, i

t i
s i

m
po

rta
nt

 fo
r t

he
m

 n
ot

 m
er

el
y 

to
 c

op
y 

th
e 

bl
ac

kb
oa

rd
 w

rit
in

g,
 b

ut
 a

ls
o 

to
 w

rit
e 

th
ei

r o
w

n 
id

ea
s 

w
hi

le
 u

si
ng

 w
ha

t w
as

 w
rit

te
n 

in
 th

e 
bl

ac
kb

oa
rd

 w
rit

in
g 

as
 a

 st
ar

tin
g 

po
in

t



516	 T. Seino, C. Foster 

1 3

Ta
bl

e 
3  

(c
on

tin
ue

d)

K
ey

 p
oi

nt
s o

f fi
na

l c
om

m
en

ts
Su

m
m

ar
y 

of
 fi

na
l c

om
m

en
ts

2.
9 

In
te

rp
re

t t
he

 id
ea

s o
f o

th
er

s
It 

is
 im

po
rta

nt
 fo

r s
tu

de
nt

s n
ot

 o
nl

y 
to

 e
xp

re
ss

 th
ei

r o
w

n 
id

ea
s b

ut
 a

ls
o 

to
 in

te
rp

re
t o

th
er

 st
ud

en
ts’

 id
ea

s. 
Y

uk
i w

ro
te

 in
 th

e 
no

te
bo

ok
 a

s 
fo

llo
w

s:
 “

I s
ub

tra
ct

ed
 fr

om
 th

e 
gr

ou
p 

of
 1

0.
 M

in
a 

al
so

 su
bt

ra
ct

ed
 fr

om
 th

e 
gr

ou
p 

of
 1

0 
in

st
an

tly
. W

e 
di

d 
it 

th
e 

sa
m

e 
w

ay
 b

ec
au

se
 w

e 
su

b-
tra

ct
ed

 fr
om

 th
e 

gr
ou

p 
of

 1
0 

as
 w

el
l a

s b
ar

a 
(th

e 
nu

m
be

r i
n 

th
e 

un
its

 c
ol

um
n 

of
 th

e 
m

in
ue

nd
)”

It 
is

 w
on

de
rf

ul
 th

at
 th

is
 st

ud
en

t f
ou

nd
 th

e 
sa

m
e 

m
et

ho
d 

in
 d

iff
er

en
t p

la
ce

s. 
I l

oo
k 

fo
rw

ar
d 

to
 se

ei
ng

 h
ow

 th
is

 st
ud

en
t w

ill
 c

ha
ng

e



517Analysis of the final comments provided by a knowledgeable other…

1 3

Thinking about the order in which students’ representations are shared (Comment 1.2 
in Table 2)

In response to the prompt “Let’s express 2.8 using words, expressions and number lines,” 
the students offered “2 + 0.8,” “3 − 0.2,” and “0.1 × 28” (see Fig. 1).

Table 4   Summary of final comments on Research Lesson 3 (italics indicates the key point chosen for dis-
cussion in the main text)

Key points of final comments Summary of final comments

3.1 Have students realize what they can now under-
stand and to what extent

When studying mathematics, it is important for 
students to become aware of what they have under-
stood and how much they can do

3.2 Connect students’ ideas with their previous 
knowledge

Make explicit connections between what students are 
learning now and any prior experiences that they 
have had that could contribute to the concepts

3.3 When praising students, praise them concretely It is important to praise students’ good points. Do not 
praise using general comments such as “You were 
good,” but instead use concrete comments, such 
as “It was good that you used the word ‘division’.” 
Students will make use of the praised content for 
their subsequent learning

3.4 Teach students not to erase what they have 
written

If students erase what they have written in their 
notebooks, the thought process disappears. It is 
important to teach students not to erase what they 
have written, even if they have made mistakes

3.5 Interpret students’ ideas carefully When students misunderstand an idea, work hard at 
making sense of what they are saying and seeing 
how this relates to their prior experiences

3.6 Write students’ words on the blackboard By writing students’ words on the blackboard, the 
teacher can make a summary of the lesson using 
the students’ words. Students are aware that the 
summary is made with their words, and this helps 
their thinking

3.7 Cultivate measurement sense The aim of the lesson was to understand 1/3 m, but, 
in this lesson, it was possible to cultivate a meas-
urement sense for a length of 1/3 m by comparing 1 
m and 1/3 m. For that purpose, the teacher needed a 
way to compare the two quantities

3.8 Be aware of ‘key’ students in the lesson Teachers should be conscious of ‘key’ students in the 
lesson, such as seeing whether a student who gives 
an incorrect answer to a question can later correctly 
answer that question. If the teacher can become 
aware of key students, the direction of the lesson 
will become clearer

3.9 Record and analyze pictures of blackboard writ-
ing and students’ notebooks

The teacher keeps records of blackboard writing and 
“reflections of learning” regarding the students’ 
notes in all lessons. Later, teachers objectively 
review the appropriateness of teaching and the 
growth of children from these records
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1 3

In the Post-lesson Discussion, Nakamura focused on the order in which the teacher 
shared the students’ representations when comparing and discussing. First, the teacher 
called on Yumi (all student names here are pseudonyms), who thought of the number line 
when considering 2.8. The teacher then called on Yosuke, who thought of the expression 
“2 + 0.8.” Finally, the teacher asked that the number line and expressions be expressed in 
words. Next, the teacher examined the idea of “3 − 0.2.” First, the teacher called on Kaori, 
who explained the idea with words. Specifically, Kaori said that “2.8 has dropped by 2 
from 3” and “the number has dropped 0.2.” The teacher then asked, “What expression 
could represent this?” and the student answered “3 − 0.2.” The teacher then let the student 
draw a number line.

Nakamura said that it is important to clarify what the student was thinking when she 
said, “the number has dropped 0.2,” and the number line was a useful tool to clarify this 
idea. Nakamura pointed out that because 0.2 in the words “the number has dropped 0.2” 
signifies two gradations on a number line, in order to make the student’s idea clearer, the 
teacher could have taken up the idea of going down two gradations, rather than bringing in 
the idea of using an expression. In other words, if the teacher had deepened the meaning 
using Kaori’s idea, Nakamura thought that the order of words, number lines, and expres-
sions was good.

Nakamura pointed out that expressions, number lines, and words were not examined 
in this order, since the teacher did not begin with expressions in this lesson. For exam-
ple, he referred to the following hypothetical lesson outline: The teacher takes up the 

Fig. 1   Blackboard for Research Lesson 1

Fig. 2   The left side is the subtraction–subtraction method; the right side is the subtraction–addition method
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expression 1 + 1 + 0.8 that a student provides and then has students represent the expres-
sion in words. Learning to start with expressions leads to an important activity of inter-
preting expressions in mathematics.

Research Lesson 2

This research lesson focused on a unit of subtraction involving regrouping and aimed at 
thinking about methods of calculation of 13 − 9. In this lesson, three main methods were 
presented and examined. Students explained these methods using words, figures, and 
expressions.

In the Post-lesson Discussion, nine final comments were provided (see Table 3), and we 
focus on one of these.

The value of the subtraction–addition method (Comment 2.6 in Table 3)

Two methods were examined to obtain the answer to 13 − 9. The first was a method of 
partitioning 9 into 3 and 6, subtracting 3 from 13, then subtracting 6 from 10 (subtrac-
tion–subtraction method). The other method was to partition 13 into 10 and 3, then to sub-
tract 9 from 10, and add 3 to the 1 obtained (subtraction–addition method) (See Fig. 2 and 
Seino and Foster 2019).

Nakamura stated that the point of today’s lesson was how students make sense of the 
value of the subtraction–addition method. He also pointed out that the two terms used by 
students in the lesson, “taking all at once” and “10,” were key terms, while composing and 
decomposing of 10 (i.e., partitioning) was a fundamental idea. Furthermore, in the case of 
13 − 9, when it was said to take 9 from 10, students knew where 9 was, but when it was 
said to take 6 from 10, the students did not know where the 6 was coming from. The num-
ber 6 was newly constructed. In the case of the subtraction–addition method, when calcu-
lating 14 − 9, 1 was added to 4. When calculating 15 − 9, 1 was added to 5. In other words, 
the answer was obtained by adding 1 to the number in the units column of the minuend. 
Nakamura pointed out that when this becomes apparent to students, it allows them to sense 
the value of the subtraction–addition method over the subtraction–subtraction method.

In the case of the subtraction–subtraction method, when students explained how to cal-
culate 13 − 9, they often did not explain it as obtaining an answer by subtracting and then 
subtracting further, but as follows: “I subtract 3 from 9, so I can get 6. Next, I subtract 6 
from 10, so I can get 4.” In fact, however, they are considering 9 as 3 and 6. If it is neces-
sary to regroup in 2-digit and 3-digit calculations, the subtraction–subtraction method is 
difficult for students, because they cannot obtain the answer only by subtracting the number 
that is most apparent. So, firstly, students solved and mastered problems where the subtrac-
tion–addition method is easy to think about: for example, when the subtrahend is 8 or 9. 
Secondly, students solved some problems where the minuend was close to the subtrahend: 
for example, 12 − 3 or 17 − 8. This is an easy way to think about the subtraction–subtrac-
tion method. However, Nakamura pointed out that by the end of Grade 1, addition and 
subtraction need to be proficient without using either the subtraction–addition method or 
the subtraction–subtraction method.
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Research Lesson 3

This research lesson covered a unit on fractions with the aim of understanding what ‘1/3 
m’ means. In Japan, fractions of a measured quantity, like this, are known as “quantitative 
fractions.” In this lesson, the following contextual problem of finding treasure was used:

As sign on an island says: There is treasure buried 2 1/3 m from the tree. Use 1 m of 
tape and look for that treasure.

By solving this problem, it is intended that students make 1/3 m from a 1 m tape.
In the Post-lesson Discussion, nine final comments in total were made by Nakamura, as 

summarized in Table 4. We highlight two of these comments and describe how they related 
to incidents from the lesson.

Connecting ‘equally divided’ to prior experiences with decimals (Comment 3.2 
in Table 4)

During the introduction to the lesson, the teacher reviewed the unit “dividing fractions” 
studied in Grade 2. At that time, the teacher had shown the students a tape with a line 
drawn at the center and had said that the tape was divided into two pieces of the same 
length by the center line. In the research lesson, a student used the terms “equally divided,” 
and “bisection.” In response to the student’s remarks, the teacher asked, “What quantity 
is each of the two equal parts of an original length?” and the student answered “1/2.” The 
teacher then showed the students a tape with a line drawn at the position of the quarter and 
asked the same question about 1/4 (Fig. 3).

In the Post-lesson Discussion, Nakamura pointed out that students had used the words 
“equally divided” and “bisection” in the introduction to the lesson. Then, he asked the 

Fig. 3   A tape with a line drawn 
at the position of a quarter

Fig. 4   Pair A’s idea

2m 1m 1m 1m
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participating teachers: When did the students learn the phrase “equally divided?” This ques-
tion provided teachers with an opportunity to think deeply about the previous knowledge that 
students had acquired. Nakamura also pointed out decimal numbers and division as learning 
units in which the phrase “equally divided” is used. When students learn partitive division, 
they use the term “equally divided.” In the case of decimal numbers, when students learn that 
“When 1L is divided into 10 equal parts, each part is written as 0.1L,” students use the phrase 
“equally divided.” Therefore, Nakamura advised as follows: When students say the phrase 
“equally divided,” the teacher should ask “Where did you learn the phrase ‘equally divided’?” 
and elicit previous knowledge from students. He explained that such interaction leads students 
to become aware that fractions are related to division and decimal numbers. Nakamura also 
took up the remark of one student that “1/3 means dividing, so it is similar to division,” and 
explained that this student had begun to connect fractions and division. This idea will later be 
connected with the fraction 2 ÷ 3 = 2/3 that is learned in Grade 5.

Interpreting students’ ideas carefully (Comment 3.5 in Table 4)

After students worked on the ‘treasure’ problem (see above), four pairs of students shared their 
ideas. Pair A’s idea was written on a small blackboard: “I know 2 m. Because 1/3 m is the 
length of three 1 m tapes, I arrange three 1 m tapes next to 2 m” (Fig. 4). This was a misun-
derstanding. Pairs B and C then shared their ideas: “I fold the 1 m tape into three equal pieces. 
The crease becomes 1/3 m.” Finally, pair D shared their idea: “I need 3 more 1 m lengths of 
tape” (Fig. 5). This was also a misunderstanding.

The teacher then said that pairs A and D had had similar ideas of a 1 m tape as adding 
three, while pairs B and C had had similar ideas of equally dividing a 1 m tape into three parts. 
The teacher then divided the ideas into two pairs (A and D, B and C) on the blackboard.

In the Post-lesson Discussion, Nakamura focused on the episode where the ideas of 
pairs A, B, C, and D had been divided into two groups, and he discussed why he thought 
that the students had viewed a 1 m tape as adding three. Like the idea of pair D, from the 
students’ perspective, 2 m and 1/3 m can be divided into 3 pieces by 1 m (see Fig. 5), com-
prising two 1 m tapes and one-third. When examining them side by side, each seems to 
be divided into three. Considering it in this way, 1/3 is the same as 1 m. Therefore, when 
expressing 2 m and 1/3, pair D assumed that three 1 m tapes were needed. After providing 
the above interpretation, Nakamura noted that pairs A and D demonstrated difficulties in 
terms of what is considered to be the unit, ‘1’, and what is considered to be the base quan-
tity, when equally divided.

While understanding students’ ideas is difficult, it is even more difficult to understand 
why students come up with such ideas. Nakamura pointed out the importance of interpret-
ing students’ ideas politely and properly.

Fig. 5   Pair D’s idea
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Topics discussed by knowledgeable other

In this section, we bring together all 25 of the final comments captured in these three 
research lessons described above, 7 from the first lesson, and 9 from each of the second and 
third lessons. We analyzed the content of these comments and organized them into seven 
categories, which we describe below. We further organized these categories into four over-
arching themes: The first two categories could be summarized as an analysis of mathemati-
cal didactics (see Andrews 2007), the third and fourth categories as focusing on students, 
the fifth and sixth as focusing on writing, and the seventh as relating to teacher growth (see 
Table 5). We now consider these seven categories in turn and, where possible, relate the 
points made to the wider research literature.

Considering the didactical value of mathematical content

A vital aspect of lesson planning is to consider the didactical details (Andrews 2007) of 
different mathematical content and methods (e.g., see Seino and Foster 2019). This focus 
was apparent in many of Nakamura’s comments, including 2.6, 3.2, and 3.7, where he 
delved into considerable detail about aspects of particular methods and examples used in 
the lessons. He definitely believed that ‘the devil is in the detail,’ and did not shy away 
from engaging participants in in-depth discussions about the mathematics and the pros and 
cons of alternative methods or choices of examples. At times, this included helping the 
participants to appreciate features of the design of the textbook examples and explanations 
that they may not have been previously aware of.

In relation to this, Nakamura repeatedly stressed the importance of making links to stu-
dents’ prior knowledge (e.g., comment 3.2 discussed above). This echoes Ausubel’s (1968, 
p. iv) often-quoted remark: “If I had to reduce all of educational psychology to just one 
principle, I would say this: The most important single factor influencing learning is what 
the learner already knows; ascertain this and teach him[her] accordingly”. It is vital for 
teachers to consider what prior experiences their students may bring to the lesson and for 
the teacher to be explicitly linking what is being learned with things that they have ‘met 
before’ (McGowen and Tall 2010).

Table 5   Categorization of final comments

Theme Category Related comments

Mathematical didactics 1. Considering the didactical value of mathemati-
cal content

2.6, 3.2, 3.7

2. Use of representations 1.1, 1.2, 2.3
Focus on students 3. Fostering positive attitudes to learning 1.5, 2.4, 2.9, 3.1, 3.2, 3.3

4. Incorporating students’ ideas into whole-class 
discussions

1.3, 1.5, 2.1, 2.2, 2.9, 3.5, 3.8

Writing 5. Giving attention to what students write down 1.6, 1.7, 2.7, 3.4, 3.9
6. Giving attention to the content of the board-

work
1.4, 2.8, 3.6, 3.9

The teacher 7. Teacher growth through reflection 2.5, 3.9
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Use of representations

This category concerns the analysis of the educational value of mathematical represen-
tations of the various kinds shown in Fig.  6 (Nakahara and Koyama 1998). Nakamura 
explained how to use different mathematical representations effectively, and their signif-
icance in the lessons (e.g., see comments 1.1, 1.2 and 2.3). He particularly stressed the 
importance of representations being presented in an optimal order that allowed students 
to build up their ideas in a gradual fashion (see, for example, the discussion above of com-
ment 1.2).

Nakamura’s final comments contain many remarks on mathematical expressions, as 
reflected in his words from a book he wrote:

Thinking and expressing are inseparably related. Thinking is manifested by writ-
ing. You can also review your thinking from what you have written. In math lessons, 
we aim not only to acquire fundamental and basic knowledge and skills but also to 
develop thinking and expressing skills by using fundamental and basic knowledge 
and skills. It is easy to see if students have acquired knowledge and skills, but it is 
difficult to grasp their ability to think and express. Therefore, I will focus on math-
ematical expressions and attempt to grasp mathematical thinking from the expres-
sions. (Translated from the original Japanese by the first author) (Nakamura 2010, p. 
1)

Nakamura’s thinking on this is supported by much research on the value of representa-
tions in the learning of mathematics (e.g., Nunes et al. 2009; see also Hodgen et al. 2018).

Fig. 6   (External) representational system in mathematics education. Taken from Nakahara and Koyama 
(1998, p. 92)
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Fostering positive attitudes to learning

Nakamura considered it important to make students aware of what they have become 
able to understand, as well as what they do not yet understand:

In math lessons, having children accurately grasp the situation of their own learn-
ing will foster the ability to think, and broaden their way of viewing and think-
ing…. The role of the teacher is to nurture children to continue learning while 
self-assessing, and to give children the responsibility for learning. (Translated 
from the original Japanese by the first author) (Nakamura 2011a, pp. 122–123)

Nakamura considered the role of the teacher to be to help students acquire the attitude of 
continuing learning while self-assessing. He made several final comments about helping 
students to realize what they have understood and how they have developed (e.g., 3.1, 
3.2, 3.3). This kind of self-awareness is an aspect of metacognition, which appears to be 
important for the learning of mathematics (Donovan and Bransford 2005).

He also commented that it is important to praise students’ ideas and create an atmos-
phere in which students can speak freely and listen to one another (e.g., comments 1.5, 
2.4, 2.9 and 3.3). Nakamura stated that it is important for students not only to express 
their own ideas but also to interpret other students’ thoughts (e.g., see comment 1.5). 
Nakamura stated that if students have a positive view of learning, the atmosphere of the 
class changes, and an empathic class culture is created in which each other’s opinions 
are respected and accepted. Research suggests that positive attitudes to mathematics can 
foster students’ attainment (Ma and Kishor 1997).

Incorporating students’ ideas into whole‑class discussions

Nakamura stated that it is important to listen carefully to students’ ideas and build them 
into the lesson (e.g., see comment 2.2 and comment 3.5). He also noted that it is important 
that the summary be expressed using the language of the students in the lesson (comment 
2.2). Both teacher and students should listen carefully to students’ ideas. Even if students 
cannot solve the problem on their own, they may develop by listening to other students’ 
ideas at the time of discussion and use those ideas to solve further problems (see comment 
2.9). The role of the teacher is to provide an opportunity to use others’ ideas.

Nakamura noted repeatedly that it is important for teachers to be aware of particular, 
‘key’ students in the lesson, whose insights may be especially beneficial to the whole class, 
and to draw these students into the whole-class discussion (see comments 1.3, 2.1 and 
3.8). The teacher may have an idea in advance about who these students may be, or it may 
become apparent during the lesson. Structuring a productive plenary is an important skill 
for the mathematics teacher to develop (see Stein et al. 2008; Takahashi 2008).

Giving attention to what students write down

This category concerns the writing in students’ notebooks. Nakamura placed great impor-
tance on writing, for the following reasons:

One is for the children to review their ideas and make them better. The other is to 
activate the interaction between children. Writing is closely related to thinking. 
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When you think about a problem, you analyze the structure of the problem by writ-
ing algebraic expressions, drawing additional lines on geometrical figures, and using 
words and figures. By writing, even if your thoughts are vague, they become appar-
ent and can be reviewed. That is done to confirm the validity of what you are think-
ing now. In addition, expressing your thoughts in expressions, diagrams, and words 
will enable you to convey your thoughts to others. (Translated from the original Japa-
nese by the first author) (Nakamura 2002, p. 5)

Clearly, Nakamura considered writing an important activity, because it leads to reflection 
on thinking and interaction between students. Therefore, he made many comments in the 
Post-lesson Discussions on the teaching of notetaking (e.g., see comments 1.6, 1.7, 2.7, 
3.4 and 3.9). Nakamura intended notes to be used to evaluate thinking. In particular, he 
stressed evaluating thinking ability from the “reflection of learning” in students’ notes. 
Stressing the importance of students’ notes is highly characteristic of Japanese teaching.

Giving attention to the content of the board‑work

This category concerns the content of the blackboard writing, which Japan has traditionally 
emphasized (bansho) (see Takahashi 2006b; Takahashi and Yoshida 2004). Nakamura also 
emphasized the importance of this:

Children can concretely know the process of thinking and various expressions by 
indicating the name of the child so that it can be understood who presented what 
idea, writing exactly what the child said on the blackboard, and writing not only the 
expressions, but also the figures and words on the blackboard. Blackboard writing 
is an important activity that contributes to the flow of lessons. (Translated from the 
original Japanese by the first author) (Nakamura 2011b, p. 9)

Nakamura emphasized the need to write students’ ideas accurately on the board and to 
include their names beside them (e.g., see comments 1.4, 3.6 and 3.9). He also stated that 
blackboard writing plays a role in deepening understanding of mathematical knowledge 
and becoming a model for notes (comment 2.8). The emphasis on the content of the board-
work in Japanese classrooms contrasts starkly with perspectives in other countries (see 
Foster and Baldry 2020; Baldry et al. in preparation).

Teacher growth through reflection

According to Nakamura:

In order to reflect on our practice, we would like to collect materials to understand 
our own lessons objectively. Concretely, it is to copy the blackboard writing of each 
lesson to a notebook and to take a photo of it with a digital camera… we also want 
to see the children’s notes continuously. This is not only to evaluate the children’s 
understanding of learning but also to evaluate the teacher’s own lesson…. Teachers 
who have many resources that can reflect on their practice develop. (Translated from 
the original Japanese by the first author) (Nakamura 2008, p. 9)
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Recording and analyzing the blackboard writing in lessons supports teachers’ growth. In 
addition, analyzing students’ notes, particularly their “reflection of learning,” helps teach-
ers not only to evaluate the students’ understanding but also to reflect on their own lessons 
(see comments 2.5, 3.9). Much research has focused on the ways in which teachers can 
develop through becoming ‘reflective practitioners’ (Schön 1986; see also Mason 2002).

Conclusion

Attempts in countries outside Japan to adopt and adapt aspects of lesson study for use in 
their own schools, especially in mathematics, have sometimes found the role of the koshi 
particularly difficult to imitate (e.g., Baldry and Foster 2019), whereas, in Japan, lesson 
study is so familiar it can be hard to notice what is important (Fujii 2014). In this paper, 
we have sought to examine this crucial aspect of successful lesson study in Japan in order 
to identify practices that contribute to the value of the process and enable them to be 
analyzed.

We have analyzed the final comments provided during Post-lesson Discussions across 
three mathematics research lessons by a very highly regarded koshi, Professor Takashi 
Nakamura, a university mathematics educator with extensive elementary school teach-
ing experience and an outstanding public reputation in Japan. The comments of a koshi 
play an extremely important role in helping mathematics teachers to develop their prac-
tice. Although the importance of the knowledgeable other has been recognized in previous 
research (e.g., Fernandez et al. 2001; Takahashi and Yoshida 2004; Watanabe and Wang-
Iverson 2005; Takahashi 2014), there was a lack of research on what kinds of final com-
ments might be most helpful.

We organized Nakamura’s comments across three research lessons into seven categories 
(see Table 5 above), and we believe this structure to be useful in understanding the kinds 
of final comments that may be productive when conducting lesson study. Clearly, this is 
just a starting point, based on the comments of just one koshi, albeit an outstanding one, 
and it would be important to repeat this process looking at a wider variety of koshis, across 
a wider range of research lessons covering different ages of students and different math-
ematical topics. We hope to address this in our future research. However, we suggest that 
these categories might support less-experienced koshis in considering the kinds of com-
ments that they might plan to make following a research lesson. They may also be useful 
for teachers to consider at the early stages of lesson design or Kyouzai kenkyuu (Takahashi 
and McDougal 2016).
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