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Abstract

We propose a new variational model in Sobolev—Orlicz spaces with non-standard growth conditions of the objective functional
and discuss its applications to image processing. The characteristic feature of the proposed model is that the variable exponent,
which is associated with non-standard growth, is unknown a priori and it depends on a particular function that belongs to the
domain of objective functional. So, we deal with a constrained minimization problem that lives in variable Sobolev—Orlicz
spaces. In view of this, we discuss the consistency of the proposed model, give the scheme for its regularization, derive the

corresponding optimality system, and propose an iterative algorithm for practical implementations.
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Approximation methods - Sobolev—Otrlicz space
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1 Introduction

Over the past few decades, remote sensing has been increas-
ingly contributing to many agricultural monitoring services
by providing worldwide systematic observations of the
so-called optical vegetation indexes. These indexes (like
Normalized Difference Vegetation Index (NDVI), Infrared
Percentage Vegetation Index (NPVI), and others) are well-
established proxies for crop conditions and give early insights
into how well the crops are doing and if they are in need of
water or nutrients?
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From physical point of view, the remote sensing sensors
record earth’s reflectance in different wavelength and these
received reflectance values are processed to create separate
image for each wavelength. The reflectance values stored for
different wavelength in different layers, which are also called
spectral channels, are present in such satellite images. In par-
ticular, the satellites Sentinel-2 delivers 13 spectral channels
ranging from 10 to 60-m in pixel size. So, a hyperspectral
image simply define when more than one spectrum and at
least three wavelength data like RGB are recorded by sensor
to create composite of satellite images.
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Typically, to provide useful information of crop status,
it is important to monitor the selected agricultural fields in
different spectrum on a regular basis in order to retrieve the
complete time series of a vegetation index especially during
those periods when conditions on the fields change drastically
(It can be essential growth stages such as plant emergence,
maturation period, and others.). However, in spite of the fact
that optical images have a high resolution and are easily
captured by low-cost cameras, the real-life satellite images
frequently suffer from different types of noise, blur, and other
atmosphere artifacts that can affect the radiation recovered
by the sensors in different spectral channels and in a different
manner. As aresult, such satellite images lose their efficiency
for the crop field monitoring problems and their utilization
can lead to erroneous results and inferences.

In such situation, the problem we are going to deal with,
can be shortly described as follows. We have a hyperspectral
image ug = [’/H,O» U205 ---» uM,o]T e L'(Q; RM) which is
corrupted by noise or blur, or such that the features of interest
in this image are hidden. Here, Q@ C R? is a bounded open
domain with sufficiently smooth boundary 9<2. So, the chal-
lenge istorecover the originalimageu = [uy, ua, .. ., upl?,
in fact, the hidden image features, from the observed datum
ug. In mathematical terms, this means that for each spectral
channeli = 1, ..., M, one has to solve an inverse problem

Tiuj +w = u;,

where the linear blur operator 7; models the process through
which the i-th spectral channel of u went before observation,
and w is the unknown noise affecting the measurements. Due
to the presence of the noise and the fact that the blurring
operator 7; is usually ill-conditioned or even non-invertible,
and w is the unknown noise affecting the measurements,
the recovery of u from the measurements ug is an ill-posed
problem [4,28]. In general, the ill-posed nature of this prob-
lem implies that there are too many ways one can obtain an
approximate solution. A reasonable solution is to reformu-
late the image-deblurring problem by taking into account the
image formation and acquisition process as well as any avail-
able prior information about the properties of the image to
be restored.

The most popular way for that is to represent the denoising
problem (in each separate spectral channel) in the form of an
appropriate variational problem

u € Argmin {j(u) = R(v) + %HTv —uol3, } ; e))

vEB>

where B, B, are two Banach spaces over 2, ug € Bj is a
given image, A > 0 is the tuning parameter, T € L(Bj, B;)
is a bounded linear operator, and R : By — R is the regular-
izing term which smooths the image u and represents some

kind of a priori information about the minimizer u. Here,
the term ||Tu — ”0”%1 is the so-called fidelity term of the
approach which forces the minimizer u to stay close to the
given image uo (how close depends on the size of A). As
for the choice of operator 7', they usually set 7 = Id (the
identity in Bj) for the image denoising problems, and 7 is
a symmetric kernel with a smaller support than the image
u for the deblurring problems. The choice of a proper reg-
ularization R(v), Banach spaces B, By, and a convenient
fidelity term || Tv — ug ||%31 are always challenging problems
since they affect the quality of the desired image and also the
consistency with the given data.

There is a wide choice of the regularization term proposed
in the literature to ensure the well-posedness of the denoising
problem (1). In the most cases, this term can be represented
as follows:

R(v) = / |[Dv|? dx with 1 <p <2, )
Q

where Dv stands for the generalized gradient.

Infact, it means that we can exploit the benefits of isotropic
diffusion (when p = 2) arising from the minimization prob-
lem (1), total variation-based diffusion (p = 1), and more
general anisotropic diffusion (1 < p < 2).

1.1 The Case p = 1 (Total Variation Minimization)

One of the classical regularization terms was the total vari-
ation (TV), introduced by Rudin et al. [48]. Basically, they
introduced in [48] the following variational model (shortly,
the ROF model)

. ¢ 2
D =|lu — 3
ue%lé‘%m[/g' ul + 3 lu f||L2(Q)], 3)

where BV (£2) stands for the space of functions with bounded
variation [2,3], € C R? is an open bounded Lipschitz
domain, f € L*(Q) is a given image, f = u + &, & is the
‘noise’, and f o|Du| denotes the total variation seminorm of
u on Q.

This model produces rather good results for removing
noise and preserving edges in structured images, meaning
images without texture-like components, i.e., without edges.
Moreover, the choice By = BV (L) is reasonable from
mathematical point of view, since the space of functions of
bounded variation is allowed for discontinuities which are
necessary for edge reconstruction. At the same time, it fails
in the presence of the latter. Namely, it cannot separate pure
noise, i.e., well oscillatory components, from texture, but
removes both equally. Also the ROF model suffers from the
so-called blocky effects and it can also develop ‘false edges’
which can mislead a human or computer into identifying
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erroneous features not present in the true image. These phe-
nomena were a subject of long intensive discussions in the
literature (see, for instance, [4,5,14,15,27,28,44,47]).

1.2TheCase1<p <2

As follows from (1)—(2), different types of diffusion can be
explored. In particular, setting p = 2 in (1), we arrive at the
isotropic diffusion which, in principle, solves the staircasing
problem. Here, the “staircase effect” means the creation in
the image of flat regions separated by artifact boundaries.
However, this model is not good for image reconstruction
since it has no mechanism for preserving edges. If we fix
some value p € (1, 2), then we deal with an anisotropic dif-
fusion which is somewhere between TV-based and isotropic
smoothing. In spite of the fact that this type of diffusion can
be effective in reconstructing piecewise smooth regions, a
fixed value of 1 < p < 2 may not allow for discontinuities,
and thus obliterating edges.

1.3 High-Order Total Variation and Combination of
TV-Based with Isotropic Diffusion

To overcome the drawbacks mentioned above, various
modifications of the model (1) have been introduced. We
can briefly indicate here the Adaptive Total Variation model
[49] and a variety of high-order total variation regulariza-
tions (see [17,50] and the references therein). Recently, in
order to reduce the staircasing effect, in a series of papers
[6,11,12,50,53], authors proposed the models based on the
so-called total generalized variation (TGV) involving a lin-
ear combination of higher-order derivatives and the total
variation, on the total fractional-order derivatives, and on a
combination of the total variation seminorm and L” norms.

One of the successful high-order regularization was the
combination of TV and TV? terms proposed by Chambolle
and Lions [15,16] (see also [46]). Namely, they proposed the
following specification of (1):

B, = BV (Q),
_ 1 2 B
R(v) = — |Dv|? dx + |Dv|dx — 2. (@)
2B Jipvi<p |Dv|>B 2

As follows from (4), in this model, the diffusion is strictly
perpendicular to the gradient, where |Dv| > §; that is,
where edges are most likely present, and it is isotropic where
|Dv| < B. So, this model is successful in restoring images
where homogeneous regions are separated by distinct edges.
However, if the image intensities representing objects are
non-uniform or if an image is highly degraded, this model
may become sensitive to the threshold 3.

Not so long ago, Brinkmann et al. [8] proposed a new
model that generalize most of the known regularizations,

@ Springer

including TV and TGV, and also the combination between
them. This model is based on the introduction of a vector
field whose nonzero entries are concentrated at the edges of
the image.

1.4 Regularization Terms with Variable Exponent
(1=px =2)

This case is rather new in statement of the image denoising
problem, albeit the conjecture to utilize this idea was firstly
pushed forward by Blomgren et al. [5] at the end of 90th. In
particular, they proposed the following variant of regulariza-
tion term

B, = BV(Q), R(v) =/|Dv|P<'D”‘)dx, (5)
Q

where lims_.o p(s) = 2, limg,oo p(s) = 1, and p is a
monotonically decreasing function. In spite of the natural
expectations that this model will reap the benefits of both
isotropic and TV-based diffusion, as well as a combination of
the two, its real exploitation was rather questionable because
of some principle difficulties coming from the absence of its
rigorous mathematically substantiation.

Further specifications of this approach can be found in
[18,19], where the authors discuss the following model:

. ¢ 2
min R =|lu — , 6
weBV L) [ (u) + > [|ue f“LZ(Q)] (6)
with
g Dul?, Dul =B,
R(M) :/ _ppkx) X. (7)
o | 1Dul = 229 | Du| > B.

Here, > 0 is a given threshold,

1

PO = T NG, « TP

®)

(G4 * v) (x) determines the convolution of function v with
the N-dimensional Gaussian kernel G,

Go(x) = ﬁexp (-55). wverY, ©)

(v

and k > 0 and 0 > 0 are fixed parameters.

A similar model to (6)—(9) has been later proposed in
[42], where, instead of (7), the authors considered the vari-
ant R(u) = ﬁ |Du|P®) with the same choice of variable
exponent p(x).

The main benefit of the model (6)—(9) is the manner in
which it accommodates the local image information. Where
the gradient of the noisy image f is sufficiently large (i.e.,
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likely edges), only TV-based diffusion will be used. Where
the gradient is close to zero (i.e., homogeneous regions), the
model is isotropic. At all other locations, the filtering is some-
where between Gaussian and TV-based. However, as follows
from (8), the type of anisotropy in (6) is completely prede-
fined by the structure of the observed, noisy image f, whereas
denoised image u may have other structure with other loca-
tion of edges and other shape of homogeneous regions.

In spite of the fact that there are many other different vari-
ants for the choice of regularization term using the so-called
directional total variation [9,10] and flexible space-variants
anisotropic regularization [12,39], to the best of our knowl-
edge, the development of effective choice of Banach spaces
B1, B> and a proper regularization term R(v) for general
image denoising problem with different noise distributions
remains an open problem for nowadays.

1.5 The Choice of Fidelity Term

As for the choice of the fidelity term % 1Tv—uq ”1291 in (1), it
mainly depends on the noise distribution. In most cases, when
the noise is assumed to be additive with Gaussian distribution,
the L2-norm is considered (see, for example, [14]). At the
same time, if the image is corrupted by noise with different
statistical properties, other fidelity terms are investigated [7,
45,51]. For instance, when the image is corrupted by impulse
noise, a typical choice for the space Bj is L!(£2). In fact, the
use of L'-norm is more robust to recover the exact solution
compared to the L2%-norm, which suffers from the contrast
loss and other artifacts.

There exist many works in the literature regarding the
choice of the fidelity term, where the authors propose dif-
ferent variants including L' + L% data fidelity [29] and the
so-called infimal convolution combination of data fidelities
[13,26]. Recently, the non-convex functions have been per-
formed as a fidelity term and have achieved a considerable
success in removing complex non-smooth noise [25,53]. In
particular, the following concave variant of fidelity term has
been proposed in [1]:

t
P(llv—u with P(t) = ——,
(I ollLie) () P

where y is a strictly positive constant used to control the
concavity rate. However, when the Gaussian noise level is
very high compared to the impulse one, the exploitation of
the concave variant of fidelity term can lead to the appearance
of some artifacts in denoised images. So, the correct choice
of the y parameter, which controls the concavity rate, is a
nontrivial and challenging problem.

1.6 Motivations

A common feature of the models used in denoising and
deblurring problems is the fact that a true image u together
with the rest feasible solutions belongs to the same functional
space B (with By = BV () or B, = W!*(Q) in a particu-
lar cases), whereas it is natural to suppose that the regularity
of the restored image u should be low in places in £ where
edges or discontinuities are present in «, and that it should be
high in places where u is smooth or contains homogeneous
features.

Because of the specifics of the satellite images with crop
fields, such images typically contain a significant portion of
edges (boundaries of the crop locations). That is why the
important question is to separate pure noise from edges.
Moreover, since a typical satellite image ug can be viewed
as a number of separate scalar images (spectral channels)
[Ml,o, UD 0y ey uM,o]T which have been captured by differ-
ent sensors in different zones of electromagnetic spectrum
with different space resolution, the level of noise and its dis-
tribution can essentially variate from channel to channel.
Figure 1 provides a visual comparison of red and near-
infrared channels for a satellite image from Sentinel-2. So,
it is plausible to suppose that different channels u; o, u o,
i # j,can ‘live’ in different functional spaces, for instance
uip € Whsi(Q) and uj o € Whsi(Q) with s; # s;. How-
ever, we cannot achieve such regularity for the recovered
images in the framework of the standard setting of denoising
problem. Even if we make use of the model (6)—(9), we can
easily deduce that any its solution u € BV (2) N L?() has
the following Sobolev regularity: u € W7 (Q), where
the exponent p(x) is completely determined by the origi-
nal noisy image f, whereas regularity of images f and u
and their texture can be drastically different. It says that the
flexibility of the model (6)—(9) is not enough, especially for
the hyperspectral images. In view of this the idea to involve
into consideration the variational model (1) with an appro-
priate choice of variable character of exponent p(s) in the
regularization term (5), sounds more attractive.

1.7 Contribution

The main purpose of this paper is to present a robust approach
for the denoising and deblurring of non-smooth hyperspectral
satellite imagesug € L'(2; RM) using the energy functional
with nonstandard growth. In fact, we use the L'-norm of
the noise in the minimization function and a special form
of anisotropic diffusion tensor for the regularization term.
Namely, we deal with the following optimization problem:
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Fig.1 Example. Left panel: the
original noisy satellite image.
Middle panel: its red channel.
Right panel: near-infrared
channel

1
J(v) = / Vo) [P dx
o S(x))
+/L/ |Tv(x) —ug(x)| dx — inf (10)
Q
subject to the constraints

ve WhSPOI(Q) 1<y <vx) <y ae.in, (11)
where ug € L'(Q) is a particular spectral channel of
the original noisy image ug = [ul,g, U0, ...,uM,O]T €
L! (2; RM ), & > 0 is the tuning parameter of the problem,
W L8W) (Q) stands for the so-called Sobolev—Orlicz space
associated with a feasible solution v, T € E(LI(Q)) is a
bounded linear operator with unbounded inverse,

) =14+g((VGs xv) (X)) in 2, (12)
(G4 * v) (x) determines the convolution of function v with
the NV-dimensional Gaussian filter kernel G, (see (9)),

(VG4s xv) (x) = f]RN VGs(x —)0(y)dy, Vx e,
(13)

v'is zero-extension of v outside €2, |£ | stands for the Euclidean
norm of & € RV given by the rule |£| = \/(E, &)rn, and
g : [0, 00) — (0, c0) is a continuous monotone decreasing
function such that g(0) = 1 and g(¢) > O for all # > 0 with
g0 =0

In particular, the definition of variable exponent p(x) :=
F(u(x))inthe form 14+ g ([(VG, * u) (x)]), where the edge-

stopping function g(s) is taken in the form of the Cauchy law

with an appropriate a > 0, (14)

1
O Ty

implies that p(x) & 1 in places in €2 where edges or disconti-
nuities are present in the spectral channels of an image u(x),
and p(x) ~ 2 in places where u(x) is smooth or contains
homogeneous features (see Lemma 1).

@ Springer

As for the data fidelity term, in contrast to the quadratic
data-fitting term in the ROF model (3) (see also (1)), where
it is specialized for zero-mean Gaussian noise, we take this
term in L'-norm just in order to apply the model to other
types of noise, especially when the noise is impulsive or
contains gross outliers. Following this way, we are going
to increase the noise robustness of the model (10) albeit it
makes such variational problem completely non-smooth and,
hence, significantly more difficult from a minimization point
of view.

So, the main characteristic feature of this model is that
we involve into consideration the energy functional with the
nonstandard growth where the edge information for restora-
tionof uree = [u}, ..., u}¢]is accumulated in the variable
exponents [F(u}(x)), ..., Fuhs (x))]. Basically, by anal-
ogy with the model (6)—(9), here we utilize a similar manner
of accommodating the local information. However, there is a
principle difference between the models (6)—(9) and (10). In
contrast to [18,19,42], we do not predefine the variable expo-
nent p(x) a priori using for that the original noisy image, but
instead we associate this characteristic with each feasible
solution. As a result, we admit that each feasible solution to
this problem lives in the corresponding ‘personal’ functional
space w18 (Q). Formally it means that we look for the
true image u,.. such that

Wyee € WHSWEO) () 5 WHSW O () ...

x W LS Wy ('))(Q)'

As follows from the definition of Sobolev—Orlicz space
WSO (Q) (see Appendix B), its regularity is com-
pletely determined by the exponent §(u}““(-)) which depends
on i-th spectral channel of the true image u,.. and, hence, is
unknown a priori. Moreover, as it was shown in Fig. 1, the
exponents {F(uj (), Fuh(), ..., Fuhe ()} may sig-
nificantly differ from channel to channel. In particular, some
pixels, which are the local minimum points in red channel,
become local maximum points in near-infrared channel and
vice versa. Moreover, the different feasible solutions vy # vy
to the above problem live in different functional spaces: We
have v; € WHSWO)N(Q), whereas vo € W1320)(Q). As
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a consequence, any minimizing sequence to this problem is,
in fact, a sequence living in the scale of variable spaces. As a
result, such notions as a convergence concept, compactness,
density and others should be specified for the case of variable
Sobolev—Orlicz spaces.

Thus, in spite of the fact that in the literature there are many
approaches to the study of variational problems in abstract
functional spaces, the above-mentioned circumstances make
the problem (10) challenging (see [9,18,19,21,22,30] for the
recent studies in this field).

In summary, the main contributions of our paper can be
enumerated as follows:

e The variational statement for the hyperspectral image
denoising and deblurring in the form of minimization
problem in Sobolev—Orlicz spaces with non-standard
growth conditions of the objective functional;

e Rigorous substantiation of the well posedness of the vari-
ational problem with non-standard growth functional,

e The proof of existence result to the proposed variational
problem;

e The iterative algorithm for the numerical implementa-
tions;

e Rigorous derivation of the first-order necessary condi-
tions for the approximating problem;

e The approximation scheme with fictitious control and
rigorous substantiation of the attainability properties of
its solutions.

The remainder of the paper is organized as follows: Sect. 2
focuses on the well-posedness of the proposed model for the
image denoising and deblurring problem, and on the solv-
ability issues. In Sect.3, we propose an iterative algorithm
for the approximate solution of the denoising problem and
discuss its convergence properties. The deriving of optimal-
ity conditions for approximating problem and their rigorous
substantiation, we provide in Sect. 4. Since the proposed iter-
ative algorithm leads to the so-called weak solutions, the
possible ways for the relaxation of the constrained minimiza-
tion problem (10) are discussed in Sect.5. With that in mind
we introduce a family of minimization problems with ficti-
tious control and show that each of these problem is solvable
and their solutions converge to the solution of the original
problem in an appropriate topology. For illustration of the
proposed approach, we give in Sect. 6 some results of numer-
ical experiments with real satellite images. Finally, we give
in “Appendix” section the main auxiliary results concerning
the Orlicz spaces and Sobolev spaces with variable exponent.

2 Existence Result

Our main intention in this section is to show that constrained
minimization problem (10) is consistent and admits at least

one solution. Because of the specific form of the energy func-
tional J (v), we cannot assert that minimization problem (10)
is well defined on the entire set W1 () with some appro-
priate exponent o > 1. Moreover, the structure and main
topological properties of the set of feasible solution to mini-
mization problem (10) are challenging issues. So, the study
of these issues for minimization problem (10) is the main
subject of this section. (We can refer to [5,9,18,23] for some
specific details that can appear in this case.)

We begin with the following key assumption: The true
intensities u; of all spectral channels for the retrieved image
u = [ujy,...,upy] are subjected to the constraints yp; <
u;(x) < y1,; a.e.in 2, where

Y1,i = Sup u; 0. (15)

yo,i = inf u; o,
xef xeQ

. ) AT
We say that a function w"* = [}, uf*, ..., u}j]" -

Q — RM is the result of restoration of a noise contaminated
image ug : 2 — RM if for a given regularization parameters
@ > 0 and given linear blur operators 7; € L(LY(Q)) with
i =1,..., M, each spectral component ul’ €€ is the solution
of the following constrained minimization problem with the
nonstandard growth energy functional

1
Ji(v) : =f ————[Vu(x)[SVO) dx
l o S((x))
+M/ ITi((x)) — uo,i(x)| dx —> inf (16)
Q vewy;
ie., foreachi=1,..., M,

u* € B and J; (uf*“) = inf J; (v).
VEE;

Here, E; is the set of feasible solutions to the problem (16)
which we define as follows:

g = [vlve w0 (@),

0 <y, <v(x) <y <-+ooae. inQ},

where F(v) is given by (2), and W20 (Q) is the Sobolev—
Orlicz space (for the details we refer to Appendix A).
Hereinafter, we associate with each spectral channel u}“

of the restored optical image " = [u}°“, u5®, ..., uﬁff]T :
Q — RM the so-called texture index p; :  — R following

the rule:

pi(x) :==Fw;(x)) =14+ g([(VGs *u;) (x)]),
VxeQ,Vi=1,...,M, (17)

where g:[0,00) — (0, 00) is the edge-stopping function

which we take in the form of the Cauchy law g(¢) = m
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As follows from representation (12) and smoothness of the
Gaussian filter kernel G, we have the following estimates

(VG %) ()] < /QWGU(x—y)w(y)dy

= Gollerg=g)llvliLi@)

< ||Grr||cl(m)|9|yl,i7

a2

T E (NG, s )2

a2

S) =1

+
2 2 2
@ +1Go %1 g 1V g
1448,Vx € @,

$(w) =2 in€,

v

where
5= a? <1
- 2 2 ’
a? + ||Go||cl(m)|g2|2yl,i
Golleigm = max [1Go @I+ VGa (@]
xeQ,yeQ

1 1 .
= e 1+—2d1am9 .
o

- 2mo?
The following result plays a crucial role in the sequel.

Lemma 1 Let {vi}reny C L%°(2) be a sequence of mea-
surable non-negative functions such that vg(x) — v(x)
weakly-x in L*°(Q2) for some v € L*°(R2), and each ele-
ment of this sequence is extended by zero outside of .
Let {pr =14+ g (|(VGs * vr)|) ey e the corresponding
sequence of texture indices. Then,

pe() = p() =1+g((VGs xv) ()]
uniformly in Q as k — oo,
a:=1408 < pr(x) <pB:=2,
VxeQ, VkeN, (18)

-1
with = a* [eﬂ T 1Golies g Sup ||vk||il(m] (19)

Proof In view of the initial assumptions, the sequence
{vk}ren is uniformly bounded in L' (2). Hence, by smooth-
ness of the Gaussian filter kernel G, it follows that

[(VGo *vg) (x)] < /QIVGU(X — Mlve(y)dy

IA

1Go o1 e 10kl ).

a2

a? + (I(VGq * v) (0)])?

pex) =1+

@ Springer

a

+ 9
a2 + ”GO' ||%‘1(ﬁ) ||vk”il(Q)
Vx e Q.

Then, L!-boundedness of {vk}ren guarantees the existence
of a positive value § € (0, 1) (see (18)) such that estimate
(18) holds true for all £ € N. Moreover, as follows from the
relations

[Pk (x) — pr(V)]
[(VGo * vg) ()| — [(VGo * v) ()]
(a2 + [(VGg * vg) (0)12) (a® + |(VGo * vg) (1)]?)

2[Gollcrig=ay vkl
- ollct@@=)IVkliL1(Q)

< 2

a2
‘l(VGO' * vg) ()] = [(VGo * ) (¥)]

2|G g riie
_ I o||Cl(Q_Q)V1| |

a2
/ IVGs(x —2) = VGs(y — 2)|dz,
Q

Vx,y € Q with yp = sup |lvgl Loo(@)s
keN

and smoothness of the function VG, (-), there exists a posi-
tive constant Cg > 0 independent of k such that

20Gollc1@g=gyvii|RICq
2

[pr(x) — pr(¥)| <
lx —y|, Vx,y € Q.

a

Setting

c 20Gs o1 @=gy ¥i:1RICa

— : (20)
we see that
{pc()} C 6
_ 0,1 [h(x) —h()| < Clx —y|, Vx,y, €,
_{hec (Q)‘1<a§h(-)§ﬂin§. }

Since max, .g|pr(x)| < B and each element of the sequence
{Pr}ren has the same modulus of continuity, it follows that
this sequence is uniformly bounded and equi-continuous.
Hence, by Arzela—Ascoli theorem, the sequence {pi}icy 18
relatively compact with respect to the strong topology of
C(Q). Taking into account the estimate (20) and the fact that
the set G is closed with respect to the uniform convergence
and

(VGs xvp) (x) = (VGs *xv) (x) ask — o0, Vx € Q
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by definition of the weak-* convergence in L*°(2), we
deduce: pi(-) — p(-) uniformly in Q as k — oo, where
px) =1+ g((VGs *v) (x)]) in Q. The proof is com-
plete. O

For our further analysis, we make use of the follow-
ing result (we refer to [55, Lemma 13.3] for comparison)
concerning the lower semicontinuity property of the vari-
able LP*")-norm with respect to the weak convergence in
LPk(-)(Q)_

Proposition 1 If a bounded sequence {fk € ka(')(Q)}keN
converges weakly in L*(2) to f for some a > 1, then f €
LPO(RQ), fi— f invariable LP<") (), and

liminf/|fk(x)|pk(x)dx 2/|f(x)|p(") dx. (1)
k—oo Jo Q
Proof In view of the fact that

’/|fk(x)|pk(x) dx — / PO )I”“"’dx‘
Q Q Pr(x)

1
=< llpk —P”c(ﬁ)/ﬂmvk(xﬂpk(x) dx

lpe — Plca by (A9
< 7C(m/|fk(x)|p"(x)dx Y0 as k — oo,
o Q

we see that

liminf/| Fe ()| PEX) dx
k—o00 JQ

—timinf [ 2 ) o M )P g, (22)

k—o0 Jq pr(

Using the Young’s inequality ab < |a|”/p + |b|p//p/, we
have

/ 5(( ))|f( )P dy > /Qp(x)fk(x)ﬁﬂ(x)dx

- [ L e 23)
Q Py (x)
for pj.(x) = pr(x)/(pi(x) — 1) and any ¢ € C°(RN).
Then, passing to the limit in (23) as k — oo and utilizing
property (A8) and the fact that

lim / Fe)e() dx = f FE0E) dx
k—o00 Q Q

forall g € LY (), (24)

we obtain

liminf/Ifk(X)l”"(x)dx 2/ p(x) f(x)p(x)dx
k—oo Jo Q

—/ ”,(())| ()7’ @ d. (25)

Since the last inequality is valid for all ¢ € C{° (RV) and
Cgo(]RN) is a dense subset of Ll’/(')(Q), it follows that
this relation also holds true for ¢ € LP/(')(Q). So, taking
@ = | f(xX)|PW72 f(x), we arrive at the announced inequal-
ity (21). As a consequence of (21) and estimate (A4), we get:
f e LPO(Q).

To end the proof, it remains to observe that relation (24)
holds true for ¢ € Cgo (RV) as well. From this the weak
convergence fi— f in the variable Orlicz space L+ (Q)
follows. o

Remark 1 Arguing in a similar manner and using, instead of
(23), the estimate

liminf/
k—o00 Qp
1
—/ , |go(x>|P<x>dx,
ka(x)

it can be shown that the lower semicontinuity property (21)
can be generalized as follows:

|fk(x)|pk(x) dx > / F(X)e(x) dx

liminf/ |fk(x)|”k(x)dx>/ L|f(x)|"<">dx. (26)
k—oo JQ pi(x) Q px)

Following in some technical aspects the recent studies
[21,22,30], we give the following existence result.

Theorem2 Foreachi = 1,..., M and given u > 0, ug €
LY(Q:RM), and T; € L(L'(RQ)), the minimization problem
(16) admits at least one solution u* € g;.
Proof Since E; # @ and 0 < J;(v) < +oo forall v € &;, it
follows that there exists a non-negative value { > 0 such that
.= Uigf Ji(v). Let {vg}reny C E; be aminimizing sequence

to the problem (16), i.e.,

v € Ei, Yk e N, and lim J; (vx) = ¢.
k— o0
So, without loss of generality, we can suppose that J; (vg) <

¢ + 1 for all k € N. From this and the initial assumptions,
we deduce

/|vk(x)|°‘d.x
Q

sfgzy{’fidxsa/ffilﬂl, VkeN,/Qva(x)V’k(“dx

1
< 2/ —— V@)K dx <22 +1),VkeN,  (27)
Q Pk(x)
where pr(x) = 14+g (|(VG4 * v) (x)|) in 2, and, therefore,
sup | sup p(x) | < 2 (see Lemma 1).

keN LxeQ
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Utilizing the fact that vi(x) < yj; for almost all x € €,
we infer the following estimate

Il < v1.il€2l, VkeN.

Then, arguing as in Lemma 1, it can be shown that p; €
C%1(Q) and

a:=14+8<pr(x) <pB:=2, VxeQ, VkeN, (28

2

a

with § = . (29)
2 2

a’+ ||GU||C1(m)VL,'|Q|2

Taking this fact into account, we deduce from (27), (28),
and (A4) that

1/a
okl = (/Q [l @I + Vo (0] dx)
<+t

1/a
(] o+ 190 ax +.2)
Q

by (27) 1/a
=7 a1 (90 +2¢ +4)

uniformly with respect to k € N. Therefore, there exist a
subsequence of {vi }ien. still denoted by the same index, and
a function u*“ € Wle(Q) such that

v — u; strongly in LY(Q2) for all g € [1,a™),
vp—u weakly in W¥(Q) as k — oo, (30)

where, by Sobolev embedding theorem, o* = += =
N+N$
o5 > 1 +4. . .

Moreover, passing to a subsequence if necessary, we have

(see Proposition 1 and Lemma 1):

vk (x) = u;““(x) a.e. in Q
vg—ut* weakly in L) (Q),
Vue—Vul® weakly in LP<0(Q; RV),
pe() = PO = 1+ g (| (VGo 1) ()])
uniformly in Q as k — o0, 3D

where u!“ € WP O(Q).

Since yp; < vir(x) < y1,; aa. in Q forall k € N, it
follows from (31) that the limit function u} ““ is also subjected
to the same restriction. Thus, uf“ is a feasible solution to
minimization problem (16).

Let us show that u}*“ is a minimizer of this problem. With
that in mind, we note that in view of the obvious inequality

IT; (vk () — u0,i ()] < (1T 1l 11 @ 1. + l10,i (X))

@ Springer

we have: The sequence {7; (v (x)) — uo,; (x) }, .y is bounded
in LY(Q), equi-integrable in €2, and in view of (31), it strongly

converges in L(Q) to T; (u}*‘) — uy,;. Hence,

lim inf / IT; 0k () — 10,1 ()] dx
k—oo Jo

= [ 17 () = oo . (32)

It remains to notice that due to the properties (27), (30),
the sequence {|Vvg| € LPFO(Q) } ey is bounded and weakly
convergent to | Vu} ‘| in L*(£2). Hence, by Proposition 1, the
following lower semicontinuous property

1
lim inf / — Vo (x)[PE®) dx
Q

k—o0 Dk (x)
1 rec
> Vulee(x)|Pi" ™ d 33
> fQ e VOV a (33)
holds true.

As a result, utilizing relations (32) and (33), we finally
obtain

¢ = inf Ji() = lim J; (u) = liminf J; (o) > J; ().
E k—o00 k—o00

veL;

Thus, u;“ is a minimizer to the problem (16), whereas its
uniqueness remains an open question. O

3 Iterative Algorithm Based on the
Variational Convergence of Extremal
Problems

Our prime interest in this section is to propose an approxi-
mation approach to the solution of the minimization problem
(16) that would be effective from numerical simulations point
of view. After discussion of the main steps of the proposed
iterative algorithm, we supply it by a rigorous substantiation.
As an alternative approach to the study of minimization prob-
lems (16), there can be recommended the modular-proximal
gradient algorithms in variable Lebesgue spaces that were
recently developed in [41]. However, the efficiency of such
algorithms in the context of a particular form of the objective
functional (65) seems to remain an open question nowadays.

Leti € {1,..., M} be a given spectral channel. Mainly
basing on the concept of relaxation of extremal problems
and their variational convergence [31,33,38], we propose the
following algorithm. At the first step, we set up

po(x) =1+¢ (I(VGo % ugi) (), Vx € Q, G4
u® = Argmin J; (v, po(+)), 35)
UGB,'VPO(.)
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where

Bi py=f{ve whrO(Q): 1<yp,; < v(x) < y1,; ae.in Q},

T, p) = [ 55 1Vv@IPD) dx + 1 oI T; (0(x)) = ug i ()] dx.

Itis clear that 7; (v, §(v(-))) = Ji(v) forall v € E;.
Then, for each k > 1, we set

) =1+g (| (VGU * u’H) (x)|)  VxeQ,
u* = Argmin J; (v, pi(")). (36)

UGBi,pk(.)

It is worth no notice that such definition of the elements
uk is correct. Indeed, arguing as in the proof of Theorem 2
and using convexity arguments, it can be shown that for each
p(-) € G, there exists a unique element u?’p(') € B;, p() such

that u{"?") = Argmin, s, Ji(v, p(-)). This fact reflects

the principle difference between optimization problems (37)

and (16), where the problem (16) can be viewed as a min-

imization of the growth energy functional (16) with ‘the
frozen exponent’ py(x).

Before proceeding further, we introduce the following set:

— | |h(x) —h <Clx—yl|, Vx,y e,

©= {h €C@ a| :(:)1 +5(y5)|hfx) lg B :yzl 2 Vres, }

(37)

where C > 0 and § > 0 are defined by (20) and (29), respec-
tively.

Utilizing the arguments of the proof of Theorem 2, it
can be shown that for giveni = 1,..., M, u > 0, and
u € L'(Q, RM), the sequence {u* e Wl”’k(‘)(Q)}kEN is
compact with respect to the weak topology of W1 (),
whereas the exponents {py}, <y are compact with respect to
the strong topology of C ().

We say that a function u; is a weak solution to the original
problem (16) if

it\i - Argminj(vv ]’7\[())7 it\l S Bl’,[/)\[(-)v
veBg; ) (38)
pi(x) =1+ g((VGy xu;) (x)]), Yx € Q.

Remark 2 The relation between a weak solution and a solu-
tion to the problem (16) is very intricate. Since the uniqueness
of solutions to (16) is a rather questionable option, it fol-
lows that, in principle, these definitions can describe different
functions in E;. As immediately follows from (38), a weak
solution is a merely feasible one to the original problem.
However, if the problem (16) admits a unique solution
(u?, pl(.)) € E;, then (38) implies that this function is con-
sidered as a weak solution. On the other hand, if u} € E; is
some solution to (16), then setting in (34) po(x) = S’(u;k(x))

for all x € 2, we immediately arrive at the conclusion:
Wk, pr) = (u?, §(uf(x))) forall k € N and, therefore, u? is
a weak solution to the above problem. So, in general, it would
be provocative to assert that all weak solutions to the prob-
lem (16) are local minimizers of (16). In view of arguments
given above, these solutions are merely stationary points of
the original problem.

Our main goal in this section is to establish the existence
of a weak solution to the original problem (16) and show that
it can be attained by some iterative algorithm.

We begin with some technical results.

Lemma 2 For given valuesi € {1, ..., M}, u>0, andugy €
LY(Q,RM), the sequence of minimizers {uk e whn()
(2)}ren 0f (36) is compact with respect to the weak topology
of Whe(Q).

Proof Let us show that the sequence of minimizers {u*}, _
of (38) is bounded in the sense of condition (A9). Let u €
C'(Q) be an arbitrary function such that yp; < #(x) < y1.;
in 2. Since

T pe() <T@ pe(). Yh=0,12,... (39
and
1 1 Pi(x)
) | Pk (X) o _
/ka(x)m(xn dxf/gzpkm (14101 )" ax

Y (R

/Q IT; @) = o, ()| dv < /Q (1730 101 gy + o, (1] dx

< 1QUIT I Ml o1 gy + luoill L1 )

IA

A

it follows that

sup J; (u¥, pr () < sup Ji (@, pi(-)) < C
keN keN

with some constant C > 0.
From this and definition of the set 15;, pe()» we deduce

/|uk(x)|°‘dx§yl"fi|9|, Vk €N, (40)
Q

/ |Vuk(x)|p"(x) dx
Q

1 .
< 2/ —— |VuF(x)|PF dx <2C, VkeN. (41)
Q Pk(x)

Then, estimate (A4) implies that the sequence {u*}, _ is

bounded in W% (). So, its weak compactness is a direct
consequence of the reflexivity of whe(Q). O
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We notice that boundedness of the sequence {u*},  in
Wb (Q) and compactness of the embedding W' (Q) —
L91(Q) forq € [1, NNf‘a) imply the existence of an element

u* € Wh®(Q) such that, up to a subsequence,

uk(x) > u*(x) ae. in Q, (42)
u* = u* in L9(Q), and Vu¥—~Vu* in L*(Q; RY).
43)

Then, using (42) and passing to the limit in two-side inequal-
ity y0.; < u*(x) < y1,;, we obtain

yo.i <uf(x) <y; fora.a. x € Q. (44)
Utilizing this fact together with the pointwise convergence
(42), by the Lebesgue dominated convergence theorem, we
have

2
lim F@k () =1+ :
koo a2+ ( lim [ (VGo #u¥) (x)])*
a2
=14+
a? + (| (VGG * lim u") (x)|)2
=3Jw(x)), VxeQ. (45)

Since, by Arzela—Ascoli theorem, the set {py =1+4g
(| (VGo #u*=1) (x)])}, oy is compact with respect to the
strong topology of C (), it follows from (45) (see also the
proof of Lemma 1) that

Pk — p* = FWw*(x)) strongly in C(Q)
ask — oo, and p* € 6. (46)

Then, properties (42)—(46) and Proposition 1 imply:

u € Bi pr

— {u e WP O@Q) 1 <y <ux) <y ae. in Q} .(47)

Thus, the iterative procedure (36) has a cluster point
(w*, p*) € B; p+() x & with respect to the convergence (42)—
(43), (46).

The main result of this section can be stated as follows:

Theorem 3 Let > 0, and ug € L'(2, RM) be given data.
Then, foreachi € {1, ..., M}, the sequence of approximated
solutions { (uk, Pk) } cen Possesses the asymptotic properties:

uk(x) = Wi(x) ace in Q, (48)

No
N—-a)’

uk > Wi in LY(Q), Vq € [1,

@ Springer

Vuk—~Vii; in L*(Q; RY), (49)
Pk — pi = () strongly in C(Q) as k — o0, (50)

where U; is a weak solution to the problem (16), that is,

uj € Bip), ui =ArgminJ;(v, p;i(-)),

UEB,";I.(.)

and, in addition, the following variational property holds
true

lim J; (", pr(-) = lim [ inf  J; (v, pk(-»}
k— o0 k—o00 ve iv/’k(')
= inf Ji(u, pi() = Ji(@). (51)

UGB[_ﬁi(.)

Proof As immediately follows from Lemma 2 and reason-
ing given above, the sequence {(uk s Pk) } ren 18 compact with
respect to the convergence (48)—(50). Let (i;, p;) be its clus-
ter point. In order to show that the function u; is a weak
solution to the problem (16), we assume the converse—
namely, there is another function z € B; 5, () such that

Ji(z, pi()) = inf

VESIp; ()

T, pi () < Ji (g, pi (1) = J; (i;).
(52)

Using the procedure of the standard direct smoothing, we set

e (x) = SLN/R K (X ;S)E(s)ds,

where ¢ > 0 is a small parameter, K is a positive compactly
supported smooth function with properties

K € C&RY), / K(x)dx =1, and K(x) = K(—x),
RN

and 7 is zero extension of z outside of €.
Since z € WHPO(Q) and p(x) > o = 1 + 8 in L, it
follows that z € W%(Q). Then,

Ug € CSO(RN) foreach ¢ > 0,
Uy — 7 in LYQ), Vi, — Vz in LYQ:RY)  (53)

by the classical properties of smoothing operators. From this
we deduce that

ug(x) - z(x) a.e.in Q. (54)

Moreover, taking into account the estimates

ug(x) = [RN KMZ(x —ey)dy <y, /RN K (y) dy = y1i,
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Ue(x) = / K () Z0r — ey)dy
yee~l(x—Q)
> Y04 / K () dy =y
yee l(x—Q)

we see that each element u, is subjected to the pointwise
constraints

v0.i <ug(x) <y1,; ae.in2, Ve>O0.
Since, for each ¢ > 0, u, € WEPkO(Q) for all k € N, it

follows that u, € B; p, (), i.e., each element of the sequence
{us}.~ is a feasible solution to all approximating problems

<infveB[‘,,k(.> Ji(v, Pk(‘)))- Hence,
Ji b, pr()) < Ti(ue, pr()), Ye >0, Yk=0,1,..(55)
Further, we notice that

lim i;fm(u", () = Ji G, pi() (56)

by Proposition 1 and Fatou’s lemma, and

hm Ji(ue, pr(+)) = hm |Vt (x) [P dx

QP k()
M/QITi(ua(X))—uo,i(X)Idx- (57)

Since

—( S IVie () > —1 S Ve ()7

uniformly in  as k — oo,

it follows from the Lebesgue dominated convergence theo-
rem and (57) that

Jim Ji (e, pi()) = Ji(ue, pi()), Ve >0. (58)

As aresult, passing to the limit in (55) and utilizing properties
(56)—(58), we obtain

Ji i, pi () = Ji(ue, pi(-)

2/ %|Vu ()71 dx

+M/Q|Ti(us(X))—uo,i(x)Idx, (59)

for all ¢ > 0. Taking into account the pointwise convergence
(see (54) and property (53))

Vit () [P = |Vz(x) |71,
|Ti (e (x)) — 0, (x)| = |T; (z(x)) — uo,; (x)]

as ¢ — 0, and the fact that, for ¢ small enough,
Vi PO < (14 |92pPiO) e LY (@),
|T; (ue(-)) —up,; ()| < [”Ti” A+ 1z + |M0,i(')|] e LY (@),

we can pass to the limit in (59) as ¢ — 0 by the Lebesgue’s
dominated convergence theorem. This yields

Ji (i, pi() = lim i (e pi() = Ji(z, pi ().
Combining this inequality with (59) and (52), we finally get
Ji(z, pi() = inf  Ji(v, pi () < Ji (i, pi(-))
UEB,'.;I.(A)
< Ji(z, pi (),
that leads us to conflict with the initial assumption. Thus,

Ji(y) = J; (i, pi (1) = énf Ji(, pi(")) (60)

ve i, ()

and, therefore, u; is a weak solution to the original prob-
lem (16). As for the variational property (51), it is a direct
consequence of (60) and (58). O

4 Optimality Conditions

To characterize the solution u®?") € B; ,(. of the approx-
imating optimization problem <infv€3,._l,(_) Ji (v, p(~))>, we
check that the functional J; (v, p(-)) is Gateaux differentiable
with respect to v, that is,

Ji @O + 10, p() = Fi@™PO, p())

li
t—0 t
=/ (|Vu0’p(')(x)|p(x)_2VuO’p(')(x),Vv(x)) dx
Q
400

T;(v)dx, Vve wHrO(Q).
ug,il

o), (u070) =
(©1)

To this end, we note that

[Vu®PO (x) + tVo(x)|PD) — [Vu® PO (x)|P
pt

= IV OO 2V (1), Vo)) as 1 - 0

almost everywhere in 2. Since, by convexity,
g7 = nl” < 2p (161p = 1+ 11”~") I =,
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it follows that

’ 1
p(x)t
<2 (V%P0 () + Vo) PO

(|Vu0’p(')(x) + th(x)|p(x) _ |Vu0’p(')(x)|p(x)) ‘

+||w0~1’(')(x)||f’(x>‘l> Vo)l
< const (|VuPO ) PO~ 4 Vo) PD 1) V)],

(62)

Taking into account that

/ VU0 ()P~ v (x)| dx
Q

<2V PO PO o) VO 0 )

< 2[[IVu® PO o @ rmy I V@ 100 @ 1Y

) 4. PvAD )
and [o[Vo@)[P®dx < VIl 0 gy
that the right-hand side of inequality (62) is an L'(Q)-

function. Therefore,

+ 1, we see

dx

/ |Vu0’p(')(x) + th(x)|p(x) _ |Vu0*p(')(x)|p(x)
Q p(x)t
> / <|Vu0’p(')(x)|p(x)_2Vu0’p(')(x), Vv(x)) dx
Q

as t — 0

by the Lebesgue’s dominated convergence theorem.
Utilizing similar arguments to the rest of terms in (10), we
deduce that the representation (61) for the Gateaux differen-
tial of 7; (-, p(-)) at the point u%7¢) € B; p(.) is valid.
Thus, in order to derive some optimality conditions for
the minimizing element u*?) € B; ,.) to the problem

inf  J;(v, p(-)), wenote that B; ,(.) is anonempty convex
ve i,p(-)

subset of W20 () and the objective functional J; (-, p(-)) :
B; p(y — Ris strictly convex. Hence, the well-known clas-
sical result (see [43, Theorem 1.1.3]) and representation (61)
lead us to the following conclusion.

Theorem 4 Let pi(-) € & be an exponent given by the iter-
ative rule (36). Then, the unique minimizer u* € B; ,, ) to
the approximating problem inf  [J;(v, px(-)) is charac-

ve i, py ()
terized by
/ (|Vuk(x)|p"(")_2Vuk(x), Vu(x) — Vuk(x)) dx
Q

k
u - o
" /Q 175 (k) — ol (7 (v = ) ) ax = 0,
Vv e Bip)- 63)

@ Springer

5 On Approximation of the Reconstruction
Problem

It is clear that because of the nonstandard growth energy
functional and its non-convexity, constrained minimization
problem (16) is not trivial in its practical implementation. The
main difficulty in its study comes from the state constraints

0 <y, <vx) <y, ae inQ, F(x))
=1+g((VGs *v) (x)]) (64)

that we impose on the variable exponent and the set of feasi-
ble solutions E;. The iterative algorithm that was proposed
in the previous sections allows to attain in the limit the so-
called weak solution to the minimization problem (16). So,
the question whether some optimal solutions can be reach-
able in such way remains open. This motivates us to pass to
another relaxation scheme of the original variational prob-
lem.

As the main step of this procedure, we propose to consider
the function p(-) := §(v(-)) as a fictitious control subjected
to some special constraints and interpret the fulfillment of
equality §(v(x)) = 1+g (|(VG4 * v) (x)]) with some accu-
racy in 2. To do so, we notice that if v € E; is a feasible
solution to (16), then F(v(-)) is subjected to the two-side
inequality (28) with § € (0, 1) given by (29). Keeping this
in mind and following in some aspects the standard penalty
method (see, [52, Chapter 2], see also [34-37,40]), we con-
sider the following family of approximating problems:

C 1 (x)
Minimize J; ( (v, p) = | ——|Vu(x)|"" dx
o px)

™ /Q 1T (0(x)) — g ()] dx

1
+Z fQIP(X) — 1= g((VGy % v) (x)DI*dx (65)
subject to the constraints (v, p) € &; ., where

ve Whe(Q), pe &y, Ji (v, p) < +00,
0<yp; <v(x) <y, ae ing,

Ei,a = {(Ua p)

(66)
lh(x) —h(»)| = Clx —yl, Vx,y € Q,
6ad={heC(Q)‘ 1<a§h()§ﬁ1n§ }

(67)

with C > 0 given by (20), « = 1 + §, and § > 0 is given by
(29).

We assume that the parameter ¢ varies within a strictly
decreasing sequence of positive real numbers which converge
to 0. So, when we write ¢ > 0, we consider only the elements
of this sequence.
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Definition 1 We say that a pair (v, p) is quasi-feasible to
minimization problem (16) if (v, p) € E; .. We also say
that ., p?,) € whrPO(Q) x €%1(R) is a quasi-optimal
solution to the problem (16) if (u?,g,p?’g) € &, and
JioWien ppe) = inf iV, p).

V,p)EE; ¢

Remark 3 1tis clear that the condition p € &, together with
the fact that G, is a compact subset in C(2) imply: Every
cluster point of a sequence { pi }; ey C S4q Withrespect to the
uniform topology is a regular exponent, i.e., it is an exponent
satisfying the log-Holder continuity condition [55]. In this
case, the set C(‘)’O(RN) is dense in W70 (Q) [20] and this
fact plays a crucial role in approximation of minimization
problem (16).

The principle point in the statement of approximated prob-
lem (65) is the fact that we pass from the state constrained
optimization problem (16) with the variable exponent p(x) =
F(v(x)) strongly depending on the function of interest v to
its approximation where we eliminate the equality constraint
p(x) = §(v(x)) between the state v(x) and exponent p(x)
and allow such pairs run freely in their respective sets of
feasibility.

We begin with the following existence result.

Theorem 5 Foreachi = 1,..., M, every positive value & >
0, and given . > 0, u; o € LY (Q), and T; € L(LY()), the
minimization problem (65) has at least one solution.

Proof The proof follows the steps of that of Theorem 2.
Since the set E; . is nonempty, we can take a minimiz-
ing sequence {(uk, pr)}reny C &ie. Then, arguing as in
the proof of Theorem 2, we deduce the boundedness of
{(ur, pi)}ren in WHPHO(Q) x €%1(R) and, hence, the exis-
tence of a subsequence, still denoted in the same way, and a
pair (ug, pg) € &; . such that py — p%in C(Q), ux—u? in
W1 () and in variable W' 7x")(Q). Then, by the Sobolev
embedding theorem, we deduce that u; — u strongly in
L1(Q) forall ¢ € [1, 5= a) and, therefore, we can suppose
that uy(x) — ug(x) almost everywhere in 2 as k — 00. As
a result, we have

vi<ul(x) <y and a < pl(x) < Baa. inQ,

lim / 1T (e (x)) — 0,1 () dx
k—o00 Jq
= /Q | T; 2 (x)) — uo.i (x)] dx,

1
liminf/ — | Vur (x) | dx
k=00 Jo pr(x)

by (26) 1
= / o VU017 dx
Q Pe(X)

Thus, (u?, p?) € E; . It remains to notice that

Ipk — 1= g (I(VGy 5 up) () [*
= [l =1=g (|(VGo xul) W) [} in c@,

and the Lebesgue’s dominated convergence theorem implies

lim / Pk — 1= g (VG %) (0 [* dx

k—oo Jo

:/Q|pg—1—g(|(vc wul) (0]) [ d.

Utilizing these properties, we finally obtain

Jio@?, pQ) < liminf Ji o (ug, px) = inf_ Ji - (v, p).
k— 00 (v,p)EE;

So, (u?, p?) € Ei . is an optimal pair to the problem (65). O

Taking this existence result into account, we pass to the
study of approximation properties of the problems (65).
Namely, we establish the convergence of minima of (65) to
minima of (16) as & tends to zero. In other words, we show
that some optimal solutions to (16) can be approximated by
the quasi-optimal solutions of this problem.

Theorem 6 Ler {(ug, pg) € Eie }8>0 be a sequence of mini-
mizers to the problem (65). Then, there exists a subsequence
of { (ug, pg) }8>0, still denoted by the same index €, such that

pY = p¥ inC(Q) ase— 0, (68)
ul = u® in Wh(Q) as e — 0, (69)
W0 = 1 in WhEOQ), u® e wh'O(Q), (70
P00 = 1+g (| (VGU *uo) (x)|> in Q, 1)
Jiw® = inf Jj(v)
(V)EE;
= lim inf_ J;.(v, p) = lim J; (2, p¥), (72)
e—0(u,p)eBi e—0
where u® € 3.

Proof Let u* € E; be an arbitrary feasible solution to the
original problem (16). We set p* = F(u*(-)) in Q. Then,
u* € Wh(Q), p* € G, Jie @, p*) = Jiw") < oo,
and, as aconsequence (u*, p*) € E; ; foreach e > 0.

Since Jlg(us,ps) < Ji.* p*) = Jiw*) = C* it
follows from (65) that

sup / : 0(x) P2 dx < C*, (73)
>0 ( )
/ P20 = 1= g (| (VGo xul) (0]) [P ax

<eC* Ve>D0. (74)
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Since {p? € C*!(Q)} is a bounded sequence in C () with
the same modulus of continuity, it follows, by Arzela—Ascoli
theorem, that this sequence is relatively compact with respect
to the strong topology of C(£2). Without loss of generality,
we can suppose that there exists a function p° € C () such
that assertion (68) is valid. Moreover, as follows from defi-
nition of the set &4, the limit function p0 is subjected to the
pointwise constraints

a=1+8<p’x)<B:=2, VxeQ. (75)

Arguing in a similar manner, we can infer from (73) and
the two-side inequality

0<y,;<ul(x) <y, aain®, Ve >0 (76)
that the sequence {ug} is relatively compact with respect to
the weak topology of W% (). Indeed, taking into account
(76) and observing that

by (76)
sup / Wl dx T < oo,
e>0JQ
sup / V10 ()| dy
e>0JQ
0
su Q
5/ ps>0(l|p£”C(Q)|Vug(x)|pg(x)dx
Q ps(x)
by (13)

<" sup | plll e C* < +oo,
e>0

we see that u? € Wl’pg(')(Q) for all ¢ > 0 and the sequence
{u?} is bounded in variable space WLP2O)(Q). Hence, this
sequence is bounded in W (Q). Therefore, in view of com-
pleteness of W1+ (), there exists a function u® e whe(Q)
such that, up to a subsequence, property (69) holds true. As
a result, Proposition 1 and Sobolev embedding theorem lead
us to the conclusion:

W0—u®in WhrEO(Q), u® e whr'O(Q),
ug — u? strongly in L4(2) forall ¢ € [1, a®), (77)
where o = NN:"Q. So, we can suppose that ug(x) — u®(x)

a.e. in Q2. Then, passing to the limit in (76) as ¢ — 0, we see
that the limit function u? is also subjected by the pointwise
constraints

0<yi<u’(x) <y aaing. (78)

Moreover, utilizing the estimate (74) and properties (68)—
(69), we get

lim /Q|pg(x)—1—g<| (VGG*MS) (x)|> | dx

@ Springer

= /Q |p0(x) —-1—-g <| (VG(T *uo) (x)|> |2dx =0.

Hence, p°(x) = 1+ ¢ (| (VGJ * uo) (x)|) in Q. Thus, u° €
Ww!-8@°0)(Q). Combining this fact with (78), we see that
the limit function u® is a feasible solution to minimization
problem (16).

Let us show that this function is optimal to the problem
(16). Since

lim / | T3 (ud (x)) — ug,i (x)| dx
e—0Jq
by (17)
g / 1T () — woi ()] dx
Q
it follows from Proposition 1 and Remark 1 that
lim inf Ji ¢ (u, pg) = Ji (). (79)

Then, assuming the converse—namely, there is a function
@ € E; such that J; (@) < J; (u"), we get: (i, p) € E;, for
all £ > 0 with p := F((-)), and

K@ =S @P = inf i@, p) = e, ),

V,p)EE; ¢

: . _ 0 0 PR . 0 .0

Ji (@) = limsup J; ¢ (ug, pg) = liminf J; ¢ (ug, p;)
e—0 =0 '

by (719)
Y27 L), (80)

So, we come into contradiction with the initial assumption.
Thus, u” is a solution of the original problem (16). In order
to establish the equality (72), it is enough, instead of (i, p),
to take (u”, p°) in (80). O

Since Theorem 6 does not give an answer whether the
entire set of solutions to problem (16) can be attained in such
a way, the following result sheds some light on this matter.

Corollary 1 Let u® € E be a minimizer to optimization prob-
lem (16) such that there is a closed neighborhood L{(uo) of

u® in the norm topology of L% () satisfying

Jiw®) < Ji(v) YveE NnUuD). (81)

Then, there exists a sequence of local minima {(ug, pg) }8>0

of problems (65) such that
(ug, pg) — (uo, S’(uo(~))) in the sense of Theorem 6.

Proof By the strict local optimality of u°, we have that it is
the unique solution of the problem

min I; (v). (82)

veE;,veld (uY)
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Fig.2 Example. Left panel:
noisy satellite image. Middle
panel: reconstruction using total
variation (TV) approach. Right
panel: reconstruction using the
approach introduced in this

paper

For every ¢ > 0, let us consider the following optimization
problems:

min Ji e (v, p). (83)

(v,p)€E; ¢ vEU (u°

Since the set {(v, p) €EEig VE L{(uo)} is nonempty, it fol-
lows that the problem (83) has at least one solution (u(g), pg)
for every ¢ > 0. Now, arguing as in the proof of Theorem 6,
we deduce that (ug, pg) — (@9, p°) in the sense of conver-
gences (68)—(72), and ¥ is a solution of (82). Since u? is the
unique solution of (82), we infer that 1% = 1% and, therefore,
@2, p) — @°, F@(-))) in the sense of Theorem 6. This
implies the existence of £” > 0 such that u belongs to the
interior of U (u?) for every ¢ < £°. Consequently, (ug, pg)
is a local minimum of (65) for every ¢ < 0. This concludes

the proof. O

6 Numerical Experiments

In order to illustrate the proposed algorithm for the denois-
ing of satellite hyperspectral images, we have provided some
numerical experiments with 7; = Id for three channels
i = R, G, B. As input data, we have used some Sentinel-
2 images over the Dnipro area, Ukraine (see Fig. 2). This
region represents a typical agricultural area with medium
sides fields of various shapes.

To conduct the numerical simulations, we have dropped
the two-side constraints 1<yp; < v(x) < y;; from the
sets B;_p(.), and instead, we controlled the fulfilment of this
condition at each time step of the numerical approxima-
tions. The solution procedure uses a parabolic equation with
time as an evolution parameter, or equivalently, the gradient
descent method. It means that we utilize the iterative algo-
rithm, described in Sect.3, and Theorem 4. As a result, at
k-th step of the iterative algorithm we solve the following
Cauchy—Neumann problem:

9 k
a—"t — div (|Vuk|pk(")_2Vuk)

T*uk
—pu———————, (t,x) € (0,00) X Q, (84)
|T; (uk) — uo,il
uk(0,x) =up; VxeQ, (85)
duk(, -
W) G on 90 (86)
on

with py(-) defined in (36).

As t increases, we approach a denoised version of our
image and the k-th iteration. The numerical scheme in two
spatial dimensions is as follows. We let:

x =1h, yj=jh, 1,j=0.1,...,N with Nh=1,
t, =nAt, n=0,1,..., u;’jzuk(tn,xl,yj),

upy = uoi(Ih, jh).

Then, the numerical approximation to the problem (84)—(86)
takes the form:

n+1 _
up; —u?j
h - AX 2 Ay n Ay n 2
+upj) F\m\Ajuy, Ay ) ) +e
Yy n
At A uy;
+—AL
Ay n 2 AX o AX 2
Jupp) HAm\Aquy;, AZuyp) ) +e
T.*u;’.
—At LY , Vi,j=1,....,N (87)

® 0
Tiup; — uy; + €l
with boundary conditions

n __ . n n n n __ n n ___n
Upj =uyjs Uyj =UN—1j> U0 =Y Uy =U N—1-

Here, Afl:ulj == (ul:I:I,j — ulj), A):;:”lj == (ul,j:izl — ulj),
and

sgna + sgnb

m(a, b) = minmod (a, b) = min (|al, |b]) .

@ Springer
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A step size restriction is imposed for stability by condition:
A/h? < C.

For numerical simulations in this section, we set: ¢ =
001,060 =05,a=5,6=2,p.;=1,;=25.,T, =1d,
i = 1, 2, 3. For the three-channel satellite image depicted on
the left panel in Fig. 2, we have conducted k = 5 iterations
with the time step A7 = 0.01 at each iteration to obtain result
seen on the right panel in Fig. 2. For comparison, Fig. 2b
shows the result of a denoising using the ROF model (3).
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Appendix A: On Orlicz Spaces

Let p(-) be a measurable exponent function on €2 such that
l <a < plx)<pB <ooae.in R, where o and p are given
constants. Let p'(-) = pf_ gll be the corresponding conjugate
exponent. It is clear that

a.e.in €2,

1<i< "x) <
= =P =
B—1 o —
———

a/

——
ﬂ/
where B’ and o’ stand for the conjugates of constant expo-
nents. Denote by L? () () the set of all measurable functions
f(x) on  such that [,| f(x)[P®) dx < oo. Then, LP) ()
is areflexive separable Banach space with respect to the Lux-
emburg norm (see [20,24] for the details)

@ Springer

1/ lro@ = inf {2 >0 9,07 1) < 1}, (A1)

where p, (f) = [o] f(x)[P™) dx.

It is well known that L) (Q) is reflexive providedo > 1,
and its dual is LP/(‘)(Q), that is, any continuous functional
F = F(f) on LPY () has the form (see [55, Lemma 13.2])
F(f) = [, fgdx, with g € LP'O(R).

Proposition 7 The infimum in (A1) is attained if p, (f) > 0.
Moreover,
if M= fllrog > 0 then ppS ) =1.  (A2)

Taking this result and condition 1 < o < p(x) < B into
account, we see that
I,

: /
— [ 1f 1P dx,
AL Ja

p(x)

ACO

As

IA

= [reore e
A JQ

IA

IA

1 1
5 [reorea< 1= [ rora
A Ja A Ja

Hence, (see [20,24,54] for the details)

B
A0y = /Q F D dx < 1F17 0 g
if “f”LP(')(Q) > 1,
11 gy = /Q FEIPS dx < L1 000

if ”f”LP(‘)(Q) <1, (A3)

and, therefore,

11 gy = 1 = / F@IPD de < 1 F1E 0, ) + 1
Q

Y feLPY(Q), (Ad)
1 llLro @y = /Q | £ ()P dx,
if ”f”LP(')(Q) =1. (AS)

The following estimates are well known (see, for instance,
[20,24,54]): If f € LPO) (), then

I le@) < A+12DY 11l oo ) (A6)
I lro < A+H1QDYE 1 £1lLe )
g = % VfeLP(Q). (A7)

Let {pi}reny C C9%3(Q), with some 8 € (0, 1], be a given
sequence of exponents. Hereinafter, in this subsection, we
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assume that

p.pr € C¥(Q) fork=1,2,..., and

k() = p(-) uniformly in Q as k — oo. (A8)
We associate with this sequence the following collection
{fi € LP*O(Q)}, - The characteristic feature of this set
of functions is that each element f; lives in the corre-
sponding Orlicz space LP+()($2). We say that the sequence
{fi € LPEO(Q)}, _y is bounded if (see [32, Section 6.2])

lim sup / | fie (0O |PF®) dx < +oo. (A9)
Q

k—o00

Definition 2 A bounded sequence {fi € LP¥O(Q)}, _ is
weakly convergent in the variable Orlicz space L") (Q) to
a function f € LPY(Q), where p € C%%(Q) is the limit of
{Pr}ken C C%%(Q) in the uniform topology of C (), if

lim/fkgpdx=/f<pdx, Vo e CPM®RY).  (A10)
k—o00 Jq Q

Appendix B: Sobolev Spaces with Variable
Exponent

We recall here well-known facts concerning the Sobolev
spaces with variable exponent. Let p(-) be a measurable
exponent function on Q2 such that | < o < p(x) < B < ©
a.e. in €2, where o and B are given constants. We associate
with it the so-called Sobolev—Orlicz space

Wl»P(‘)(Q)
- {u cwhl(Q) :/ [lu(x)lp(x) n |Vu(x)|p(x)] dx < oo}
Q
(B11)
and equip it with the norm ||u||W01,,,<.)(Q) = llullpro @) +

”VM||LI’(')(Q;RN)~

It is well known that in general, unlike classical Sobolev
spaces, smooth functions are not necessarily dense in W =
Wol’p(')(Q). Hence, with variable exponent p = p(x) (1 <
o < p < B), we can associate another Sobolev space,

H = H"PY() as the closure of the set
C*®(Q) in WP (Q)-norm.

Since the identity W = H is not always valid, it makes sense
to say that an exponent p(x) is regular if C*°() is dense in
Wl,P(-)(Q).

The following result reveals the important property that
guarantees the regularity of exponent p(x) [55].

Proposition 8 Assume that there exists 5§ € (0, 1] such that
p € CY3(Q). Then, the set C®°(Q) is dense in WHPO(Q),
and, therefore, W = H.
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