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Abstract
A novel communication time-delay classification-based method is designed for nonlinear multiagent systems with the finite-
time prescribed performance function. The time-delay phenomenon for communication channels between agents is discussed.
Then, an improved time-delay classification method is proposed to broaden the standard of classification mechanism by
considering the degree of deviation and relative variation of neighbor agents, rather than classifying the delay time into large
time-delay and small time-delay. Based on this, the unified Lyapunov-Krasovskii functional and the finite-time performance
function are used to solve the large time-delay phenomenon and ensure that the error is within the preset boundary, respectively.
Furthermore, a modified switching event-triggered strategy is put forward to reduce the transmission burden, which considers
the impact of tracking error to adjust the threshold condition in real-time. Additionally, all signals of the closed-loop systems
are bounded. Eventually, two simulation examples verify the validity of the control strategy.

Keywords Communication time-delay classification-based method · Finite-time performance function ·
Switching event-triggered strategy · Nonlinear multiagent systems

1 Introduction

The cooperative control schemes for multiagent systems
(MASs) [1–12] have been broadly discussed over the past few
years. To achieve the consensus control objective between
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the leader and followers, the tracking control is an important
work for MASs. For example, the authors introduced a
neural-network-based adaptive controller to fulfill the objec-
tive of asymptotically consensus control for nonlinear MASs
[13]. To carry out the tracking control scheme, Zhang et al.
explored the adaptive controller, which is based on FLSs
for MASs subject to unknown disturbances [14]. By design-
ing an adaptive neural backstepping approach, Shang et al.
[15] addressed the consensus control problem by using the
backstepping technology for distributed nonlinear MASs.
However, the above achievements [13–15] finish the target of
tracking control through the complex network, which do not
take into account the impact of the time-delay phenomenon.

Time delays cause information interactions to be unsyn-
chronized and do not accomplish the intended control objec-
tives [16, 17].Over the years, the time-delay phenomenonhas
been exhaustively investigated forMASs. In [18], timedelays
were classified into large time-delay and small time-delay.
However, the above method takes the same classification
method for time delays that occur in arbitrary links, which is
not very reasonable. Furthermore, many meaningful results
have been made for time-delay phenomenon on different
communication links. In [19], the authors considered the
impact of the state time-delay on nonlinear MASs. Ma et al.
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[20] investigated the asymptotic tracking control issue for
nonlinear time-delay systems. The time-delay results in [19]
and [20] consider the problem of state delays. There is little
research on consensus control of MASs with communica-
tion time-delay, which is a necessary link for agents to
achieve control objectives. This motivates us to study the
time-delay in communication channels between agents for
MASs. Therefore, it is significant to investigate the different
classification methods for different time delays and allevi-
ate the effects of time delays. Meanwhile, in the domain of
control theory and its practical applications, the prescribed
performance control design algorithm has been developed to
preset the transient and steady state performances of dynamic
systems. Liu et al. first proposed the finite-time performance
function (FTPF) in [21], which guaranteed the tracking error
within a preconditioned range and enabled results curveswith
transient response. Sui et al. [22] investigated a new control
scheme for constraint nonlinear systems with FTPF. While
the above results effectively keep system performance, there
are still certain difficulties in applying FTPF toMASs. How-
ever, it is worth investigating how to use the FTPF to ensure
that nonlinear MASs with communication time delays are
stable for a predetermined period of time.

To accomplish the desired control goals, information
transfer between multiple agents often requires a large
amount of communication, which leads to a certain network
burden. Quantization and event-triggered (ET) mechanism
are widely used as the main means to effectively solve the
problem of communication burden. The control signal would
usually be quantized before being transmitted over the com-
munication channel. Quantization has an impact on system
performance inevitably, which has aroused widespread con-
cern. In [23], the control signal was quantized for nonlinear
networked systems. The authors [24] used quantitative sig-
nals to get the goal of saving communication resources for
MASs. At the same time, because MASs require extensive
communication to achieve information interaction, the net-
work burden needs to be reduced. The ET strategy has been
investigated in [25–30]. For example, the authors designed
a switching threshold ET strategy to reduce the transmis-
sion load in [31]. Pang et al. [32] proposed the adaptive
cooperative control method of nonlinear systems with the
switchingET threshold.Wang et al. [33] designed the switch-
ing ET control scheme for nonlinear MASs subject to sensor
faults. However, the above switching threshold ET mecha-
nisms [31–33] ignore the tracking performancemetrics of the
system to adjust the ET threshold. Hence, establishing both
ET mechanism and quantization strategy to further address
the communication burden of MASs remains a challenging
topic.

In light of the above considerations, a novel communi-
cation channels time-delay classification-based method is
designed for MASs with modified switching ET strategy.

Meanwhile, considering both quantization and ET mecha-
nism can further address the communication burden. The
dominant contributions and features of this paper would be
synthesized as follows:

1) A novel time-delay classification-based method is pro-
posed to better describe small time-delay and large
time-delay for communication links, which considers the
deviation between neighbor agents and reference signal
to design the classification condition. According to the
synchronization of agents, appropriate confidence inter-
vals are taken to form another standard for classification.

2) With the help of the unified Lyapunov-Krasovskii func-
tional and the finite-time performance function, the large
time-delay phenomenon is solved and the error is ensured
within the preset boundary, respectively. The designed
control algorithm achieves the consensus control objec-
tive of agents in finite time.

3) Different from the existing switching ET mechanisms,
the tracking error is set to design the switching rules
of switching ET mechanism. When the tracking error
becomes larger or smaller, the update frequency of the
system should be appropriately increased or reduced.
The threshold strategy is used to achieve the appropriate
update of the control signal through user-defined thresh-
old conditions.

The organization of this paper is shown below. Section 2
explicitly provides the preliminary knowledge. To acquire
the control objectives, the designed controller is displayed in
Section 3. Furthermore, Section 4 fulfills the stability analy-
sis. Simulation results certify the applicability of the designed
control strategy in Section 5. Section 6 provides a description
of the conclusions.

2 Preliminaries

2.1 Graph Theory

The direction of information transmission between agents
can be shown by a directed graph.A directed graph is denoted
as G = (V, E) to describe a set of agents. V = (1, . . . , N ) is
a nonempty set of nodes. E ⊆ V ×V means the set of edges.
Meanwhile, the definition of (Vi ,Vπ ) ∈ E exists the edge
of node π to node i , and the agent i obtains the information
from π . Furthermore, A = [

ai,π
] ∈ R

N×N represents the
relevant adjacency matrix. If i obtains the information from
π , ai,π > 0. Else, ai,π = 0. Furthermore, D means the
diagonal matrix, where D = diag (d1, . . . , dN ) with di =
N∑

π=1
ai,π . The Laplacian matrix is denoted as L with L =

D − A.
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Assumption 1 [1] If there exists at least one directed path
from the root node to all other nodes, then G has a spanning
tree with 0 as the root node.

Assumption 2 [1] Based on the backstepping technique, the
reference signal yr and its first-order derivative are required
to be bounded for the tracking control problem. Meanwhile,
the disturbance term is bounded with di, f ≤ d∗

i, f .

2.2 Problem Formulation

The dynamic of the i th (i = 1, . . . , N ) agent is given by

⎧
⎪⎨

⎪⎩

ẋi,ι = xi,ι+1 + �i,ι(x̄i,ι)+�i,ι

ẋi,n = Qi (ui )+ �i,n(x̄i,n)+�i,n

yi = xi,1

(1)

where x̄i,ι = [xi,1, xi,2, . . . , xi,ι]T ∈ R
ι and x̄i,n =

[xi,1, xi,2, . . . , xi,n]T ∈ R
n show the state vectors with

ι = 1, . . . , n − 1. The quantified input signal is expressed as
Qi (ui ). The output signal of the i th agent is represented as
yi . Unknown nonlinear functions are indicated as �i,ι(x̄i,ι)
and �i,n(x̄i,n). External disturbances are considered as �i,ι

and �i,n .

Lemma 1 [34]DefineB = diag {bi } ∈ R
N×N , where bi > 0

for at least one i . Then, L + B is nonsingular.

Lemma 2 [34] Define s.1 = (s1,1, s2,1, ..., sN ,1)T , y =
(y1, y2, ..., yN )T and y∗

r = (yr , yr , ..., yr )T , the next
inequality holds

|| y − y∗
r ||≤ || s.1 ||

σ(L + B) , (2)

where σ(L + B) represents the minimum singular value of
L + B.

Lemma 3 [34] Define ω = [ω1, ω2, . . . , ωn]T and δ(x) =
[δ1(x), . . . , δn(x)]T , it can be shown as

y(x) = ωT δ(x). (3)

The fuzzy logic systems are defined as

sup
x∈�

|y(x)− ωT δ(x)| ≤ υ, (4)

where y(x) is a continuous function with υ > 0, and it is
defined on a compact set �.

Lemma 4 [35] The second-order sliding mode integral filter
(SSMIF) is characterized as

⎧
⎨

⎩

Ṙi,p10 = − Ri,p10−ξ(t)
χi,p10

− Ji,p10(Ri,p10−ξ(t))
‖Ri,p10−ξ(t)‖+Pi,p10

Ṙi,p20 = − Ri,p20−Ṙi,p10
χi,p20

− Ji,p20(Ri,p20−Ṙi,p10)

‖Ri,p20−Ṙi,p10‖+Pi,p20
,

where Ri,p10 and Ri,p20 are the states of the filter. χi,p10,
χi,p20, Pi,p10, Pi,p20, Ji,p10 and Ji,p20 are positive parame-
ters. ξ(t) is the known function.

Lemma 5 [36] There are functions Di (ui ) and Pi (t) such
that the quantized value Qi (ui ) satisfies

Qi (ui ) = Di (ui )ui + Pi (t) (5)

where

Di (ui ) =
⎧
⎨

⎩

Qi (ui )

ui
,

∣
∣ui

∣
∣ > ui,min

1,
∣
∣ui

∣
∣ ≤ ui,min

(6)

and

Pi (t) =
{

0,
∣
∣ui

∣
∣ > ui,min

− ui ,
∣∣ui

∣∣ ≤ ui,min.
(7)

The above functions are sufficient for the following require-
ments

1 − γi ≤ Di (ui ) ≤ 1 + γi∣∣Pi (t)
∣∣ ≤ ui,min.

(8)

The use of Lemma 1 is to keep the normal communication
of MASs, ensuring that each follower can directly or indi-
rectly receive information from the leader. Lemma 2 is used
to prove that the consensus tracking errors can converge to a
small neighborhood of the origin, and is widely used in adap-
tive tracking control strategies for MASs. Next, due to the
presence of certain unknownnonlinear functions in nonlinear
MASs, FLSs are often used to approximate unknown non-
linear terms. Therefore, Lemma 3 is often used by scholars
as a tool to approximate unknown nonlinear terms. Finally,
with the help of the SSMIF, Lemma 4 is used to avoid the
complex process caused by controller derivation. Lemma 5
is necessary when considering input quantization problems,
as the quantization problems considered in this paper are
divided into four situations. Use Lemma 5 to uniformly rep-
resent all occurrences for subsequent theoretical derivation
and problem discussion.
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2.3 A Novel Delay Classification

In the existing paper [18], the time-delay phenomenon is
divided into large time-delay and small time-delay, which is
defined according to the step size that the delay time lags
behind the current step. In control systems, it is not sufficient
to measure time-delay phenomenon only by time, especially
when considering communication time delays.

Confidence intervals are the estimated intervals of the pop-
ulation parameters which are constructed from the sample
statistics. xi,1 denotes the amount of change in adjacent
sampling moments. Consider

∣∣ xi,1
xπ,1

∣∣ as a sample xπ,1 and
take a confidence interval of 0.95. Based on this sample,
with a given confidence level, a minimum interval can be
determined. θ1 and θ2 are referred to as the lower and upper
confidence limits, respectively. For [θ1, θ2], one has

P

(
θ1 ≤

∣∣∣∣
xi,1
xπ,1

∣∣∣∣ ≤ θ2

)
= 0.95. (9)

In an ideal situation, the amount of change of xi,1 will be
consistent with the amount of change of xπ,1. According to
the probability distribution, the expected value is one.Within
the set confidence interval, the delay is classified as the small
time-delay periods τi,π,min. Otherwise, it is considered as the
large time-delay periods τi,π,max. For the confidence interval,
one has

∣∣∣
∣
xi,1
xπ,1

∣∣∣
∣
1

=
{
x̄π,1 − 1.96

σ

k
1
2

≤ xπ,1 ≤ x̄π,1 + 1.96
σ

k
1
2

}

∣∣∣∣
xi,1
xπ,1

∣∣∣∣
2

=
{
xπ,1> x̄π,1+1.96

σ

k
1
2

∨ xπ,1< x̄π,1−1.96
σ

k
1
2

}

(10)

where
∣∣ xi,1
xπ,1

∣∣
1 represents within the confidence interval, and∣

∣ xi,1
xπ,1

∣
∣
2 means the outside of the confidence interval. The

sample size is denoted as k, and the sample variance is shown
as σ . The average value of states in the sampling interval is
denoted as x̄π,1.

A new time-delay classification method is proposed, for
any time interval [γ0, γ1), the following two sets are designed
with 0 ≤ γ0 ≤ γ1.

τi,π =

⎧
⎪⎪⎨

⎪⎪⎩

τi,π,min
∣
∣xπ,1 − yr

∣
∣ < M and

∣∣∣
∣
xi,1
xπ,1

∣∣∣
∣
1

τi,π,max
∣
∣xπ,1 − yr

∣
∣ ≥ M or

∣
∣∣
∣
xi,1
xπ,1

∣
∣
∣∣
2
,

(11)

where M is a designed constant. The reference signal is
denoted as yr . The degree of deviation from the reference
signal is indicated as

∣∣xπ,1 − yr
∣∣ . If within the preset range,

it indicates that it is within a reasonable deviation from the
leader, and indicates that the neighbor agent xπ,1 receives
information in a timely manner to achieve the consensus on
the reference signal.

Algorithm 1 Communication time-delay classification-
based cooperative control method.
1: Initialize parameters xi,1(t0) and xπ,1(t0).
2: Set variable yr and M .
3: Select sampling step size k.
4: Record neighbor status values xπ,1 during sampling time.
5: Calculate the variance σ and average x̄π,1 of sampled data.
6: if x̄π,1 − 1.96 σ

k
1
2

≤ xπ,1 ≤ x̄π,1 + 1.96 σ

k
1
2
&& | xπ,1 − yr |< M

7: then τi,π = τi,π,min ;
8: else
9: then τi,π = τi,π,max ;
10: end
11: Return Time delays judgment result τi,π .

Remark 1 A novel time-delay classification-based method is
designed to better describe small time-delay and large time-
delay for communication links,which considers the deviation
between neighbor agents and reference signal to design the
classification condition. Due to the diverse time-delay sit-
uations in the practical control process, it is significant to
consider the different classification methods for different
time delays and alleviate the effects of time delays.

2.4 Modified Switching Event-Triggered Strategy

Amodified switchingETmechanism is designed,which con-
siders the system performance in the current state to select
a reasonable ET threshold condition. It is important to bal-
ance system performance and controller update times when
designing switching conditions. The tracking error is a cru-
cial metric for evaluating the real-time performance of a
system. In view of this feature, the tracking error is leveraged
to establish switching conditions for selecting the appropriate
mechanism. The relative threshold strategy is adopted over
the fixed threshold strategy, as it ensures that the threshold is
also large when the amplitude of the control signal is large.
Hence, the relative threshold strategy is deemed more effec-
tive for accurate control of the system, particularly when the
tracking error is small or ui approaches zero. This results in
better system performance, stability and lower update fre-
quency.

During the start stage of the control scheme, the sys-
tem often encounters the negative influence such as jumping
and shaking. It will definitely reduce the performance of the
system, especially in tracking control. Afixed threshold strat-
egy can be adopted, and the user can adjust the threshold.
Based on these analysis, a modified switching ET strategy is
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designed as follows:

ui (t) = ϑi (ti,�), ∀t ∈ [ti,�, ti,�+1) (12)

ti,�+1 =
{
inf

{
t ∈ R | ∣∣Ei (t)

∣∣≥�i
∣∣ui (t)

∣∣+ li,1
} ∣∣zi,n

∣∣<φi
inf

{
t ∈ R | ∣

∣Ei (t)
∣
∣≥ li,2

} ∣
∣zi,n

∣
∣≥φi ,

(13)

where Ei (t) is the measurement error with Ei (t) = ϑi (t) −
ui (t). The intermediate signal ϑi (t) is defined in (40). The
constants �i , li,1 and li,2 can be designed, and one has
0 < �i < 1. The trigger time for � ∈ Z+ is indicated as
ti,� . The specific definition of zi,n can be seen in (24). The
designed condition of switching threshold is shown as φi .
When choosing the parameter φi , the communication bur-
den of the system is reduced to a certain extent.

The proposed mechanism enables the user to alter the
controller update frequency by manipulating the parame-
ter φi to attain the desired tracking performance when the
tracking metrics are not within the expected range. On the
other hand, when the tracking metrics fall within the preset
threshold, the ET threshold is achieved by considering the
controller value to maximize the communication resource
savings. The threshold design strategy outlined encompasses
the traits of two ET strategies and confers higher adaptability
in maintaining a balance between system performance and
communication load.

Remark 2 Different from the existing switching ET mecha-
nisms [31–33], the tracking error is set to design the switching
rules of switching ET mechanism. When the tracking error
becomes larger or smaller, the update frequency of the sys-
tem should be appropriately increased or reduced. The fixed
threshold ET mechanism is applied to flexibly adjust the
number of updates when the error is larger than the designed
switching value. Meanwhile, another case is illustrated when
the error is smaller than the designed switching value, and
the system exists in a relatively more stable state.

2.5 Finite-Time Performance Function

Definition 1 A smooth function ζi (t) is called as the FTPF
when it satisfies the following rules:
1) ζi (t) > 0 and ζ̇i (t) ≤ 0.
2) lim

t→T0
ζi (t) = ζi (T0) which is an arbitrarily small positive

constant.
3) ζi (t) = ζi (T0) for t ≥ T0 with T0 being the settling time.

Based on Definition 1, ζi (t) can be represented as

ζi (t) =
⎧
⎨

⎩
(ζ

νi
i,0 − νiβi t)

1
νi + ζi (T0), 0 ≤ t < T0

ζi (T0), t ≥ T0,
(14)

where ζi,0, ζi (T0), νi and βi are positive constants with νi =
wi
si
. Any positive odd and even integer are defined as wi and

si , respectively.
The initial value is denoted as ζi,0 + ζi (T0) = ζi (0). The

settling time and the maximum allowable size of the tracking

error at steady state are indicated as T0 = ζ
νi
i,0

νiβi
and ζi (T0) =

lim
t→T0

ζi (t), respectively.

To get the target of this paper, the following inequality is
introduced

−ζi (t) < zi,1(t) < ζi (t). (15)

The maximum overshoot of the tracking error does not
exceed ζi (0). The error transformation function is introduced
to realize the finite-time performance control scheme.

If a function ρi (εi (t)) has the following characters: The
variable ρi (εi (t)) is a smooth and strictly increasing function
with−1 < ρi (εi (t)) < 1.And, one has lim

εi (t)→+∞ ρi (εi (t)) =
1 and lim

εi (t)→−∞ ρi (εi (t)) = −1, where εi means a trans-

formed error and the error zi,1(t) is related to εi (t) by

zi,1(t) = ζi (t)ρi (εi (t)). (16)

The tracking error zi,1(t) will be confined in the set � ={
zi,1(t) ∈ R : ∣∣zi,1(t)

∣∣ ≤ ζi (T0), t ≥ T0
}
, which is themath-

ematical explanation of the FTPF method.
Then, the error transformation function is selected as fol-

lows:

ρi (εi (t)) = 2

π
arctan(εi (t)). (17)

Because of the consideration of the communication time
delays, the novel model will be given by considering the fol-
lowing change of coordinate. Consider the following local
neighborhood synchronization errors as

zi,1 =
N∑

π=1

ai,π
(
yi − yπ (t − τi,π (t))

) + bi (yi − yr ), (18)

where bi is the pinning gain with bi ≥ 0. Since this paper
considers the problem of time-delay in channels for informa-
tion transmission between agents, the neighbor agents with
time-delay phenomenon is shown as yπ (t − τi,π (t)) .

Differentiating (16) with respect to time yields

żi,1 = ζ̇i (t)ρi (εi (t))+ ζi (t)
∂ρi (εi (t))

∂εi (t)
ε̇i (t). (19)

Then, we can get

ε̇i (t) = �i (εi (t), ζi (t))+ ψi (εi (t), ζi (t))żi,1(t), (20)
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where

�i (εi (t), ζi (t)) = − ζ̇i (t)ρi (εi (t))

ζi (t)
∂ρi (εi (t))
∂εi (t)

(21)

and

ψi (εi (t), ζi (t)) = 1

ζi (t)
∂ρi (εi (t))
∂εi (t)

. (22)

2.6 Input Quantification

The system input Qi (ui ) is the quantized value of the control
signal ui , and the following hysteretic quantizer is used [36]

Qi (ui )=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ui,ς sgn(ui ),
ui,ς
1+εi <

∣
∣ui

∣
∣ ≤ ui,ς , u̇i <0, or

ui,ς <
∣
∣ui

∣
∣ ≤ ui,ς

1−εi , u̇i >0.
ui,ς (1 + εi )sgn(ui ), ui,ς <

∣∣ui
∣∣ ≤ ui,ς

1−εi , u̇i >0, or
ui,ς
1−εi <

∣
∣ui

∣
∣ ≤ ui,ς (1+εi )

1−εi u̇i >0.
0, 0≤ ∣∣ui

∣∣< ui,min
1+εi , u̇i >0, or

ui,min
1+εi ≤ ∣∣ui

∣∣ ≤ ui,min, u̇i >0.
Qi (ui (t−)), othercases,

(23)

where ui,ς = q1−ςi ui,min and ūi,ς = ui,ς (1 + εi ). The size
of the dead-zone of the quantizer is denoted as ui,min . The
parameters qi , ς and εi need to be satisfied with 0 < qi < 1,
ς = 1, 2, . . . , ui,min > 0 and εi = 1−qi

1+qi
. The variable Qi (ui )

exists in the set Ui = {
0,±ui,ς ,±ui,ς

}
. The status prior to

Qi (ui ) is indicated as Qi (ui (t−)).

3 Controller Design

Using the backstepping technique, a novel communication
channels time-delay classification-based method for MASs
is proposed with modified switching ET strategy.

The change of coordinates is used as

zi,1 = εi,1

zi,ι = xi,ι − αi,ι−1,
(24)

where αi,ι−1 means the virtual controller.
The situation of large time-delay is discussed when τi,r =

τi,r ,max due to the large impact on system performance and
determine it through the designed classification method.

The FTPF is used to obtain the predefined accuracy, one
gets

ε̇i,1(t) = �i (εi (t), ζi (t))+ ψi (εi (t), ζi (t))× żi,1(t)

= ψi (ψ
−1
i �i + żi,1)

= ψi (ψ
−1
i �i + ε̇i,1).

Then, one has

ε̇i,1(t) = ψi
(
ψ−1
i �i + (di + bi )(xi,2 + �i,1 +�i,1)

− di (xπ,2 + �π,1 + qπ,1(xπ,1(t − τi,π (t)))

+�π,1)− bi ẏr
)

=ψi
(
(bi +di )xi,2 + Ki,1−diqπ,1(xπ,1(t−τi,π (t)))

)

where

Ki,1 = ψ−1
i �i + (bi + di )�i,1 + (bi + di )�i,1 + di�π,1

− di xπ,2 + di�π,1 − bi ẏr .

Step 1: Pick the Lyapunov function candidate as

Vi,1 = 1

2ψi
ε2i,1 +

∫ t

t−τi,π
1

ψi
ε2π,1(τi,π )q

2
π,1(ε̄i,1(τi,π ))dτi,π

+1

2
ω̃T
i,1ω̃i,1 (25)

where ω̃i,1 means the approximation error.
The derivative of Eq. 25 is calculated as

V̇i,1 = 1

ψi

(
ε2i,1q

2
π,1(ε̄i,1)−ε2i,1(t−τi,π )q

2
π,1(ε̄i,1(t−τi,π ))

)

−ω̃T
i,1

˙̂ωi,1 + 1

4ψ2
i

(4εi,1ε̇i,1 − 2ε2i,1ψ̇i )

= 1

ψi

(
ε2i,1q

2
π,1(ε̄i,1)−ε2i,1(t−τi,π )q

2
π,1(ε̄i,1(t−τi,π ))

)

−ω̃T
i,1

˙̂ωi,1 − εi,1ε̇i,1

ψi
− ε2i,1ψ̇i

2ψ2
i

= 1

ψi

(
ε2i,1q

2
π,1(ε̄i,1)−ε2i,1(t−τi,π )q

2
π,1(ε̄i,1(t − τi,π ))

)

−ω̃T
i,1

˙̂ωi,1− 1

2ψi
(bi + di )(zi,2 +αi,1)ε

2
i,1−

Ki,1ε
2
i,1

2ψi

+ 1

2ψi
diε

2
i,1qπ,1(xπ,1(t − τi,π )).

With the aid of the Young’s inequality, one has

1

2ψi
diε

2
i,1qπ,1(xπ,1(t − τi,π ))

≤ 1

16ψi
d2i ε

4
i,1+

1

ψi
ε2i,1(t −τi,π )q

2
π,1(ε̄π,1(t −τi,π )). (26)

Then, one gets

V̇i,1 ≤ 1

ψi
ε2i,1q

2
π,1(ε̄i,1)− 1

2ψi
(bi + di )(zi,2 + αi,1)ε

2
i,1
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+ 1

16ψi
d2i ε

4
i,1 − ω̃T

i,1
˙̂ωi,1 − 1

2ψi
(bi + di )c

′
i,1ε

3
i,1

+ 1

2ψi
(bi + di )c

′
i,1ε

3
i,1 − Ki,1ε

2
i,1

2ψi

+ 1

2ψi
diε

2
i,1qπ,1(xπ,1(t − τi,π )) (27)

where c′
i,1 is a positive constant.

Then, one has

Fi,1 = Ki,1− diqπ,1(xπ,1(t − τi,π ))+ 1

2ψi
(bi + di )c

′
i,1ε

3
i,1

= ωT
i,1δi,1 + υi,1.

The virtual controller is constructed as

αi,1 = 2

bi + di
q2π,1 − 1

bi + di
ω̂i,1 + 1

8(bi + di )
d2i ε

2
i,1

+ 2

bi + di
ci,1 − c′

i,1εi,1 (28)

where ci,1 is a designed parameter. The variable ω̂i,1 is the
estimated value of ωi,1 with ω̃i,1 = ωi,1 − ω̂i,1.

The adaptive law is selected as

˙̂ωi,1 = − 1

2ψi
(bi + di )ε

2
i,1δi,1 − Ni,1ω̂i,1 (29)

where Ni,1 is a constant with Ni,1 > 0.
Substituting (28) and (29) into (27), one has

V̇i,1 ≤ − 1

ψi
(bi + di )ε

2
i,1zi,2 − 1

ψi
ci,1ε

2
i,1 − Ni,1

2
ω̃2
i,1

+Ni,1

2
ω2
i,1 + 1

2
υ2
i,1. (30)

Step ι(ι = 2, . . . , n− 1): The derivative of the virtual signal
can be estimated by the SSMIF, one gets

α̇i,ι−1 = Ri,ι20 − Ri,rι−1 . (31)

Pick the Lyapunov function candidate Vi,ι as

Vi,ι = Vi,ι−1 + 1

2
z2i,ι +

1

2
ω̃T
i,ιω̃i,ι (32)

where ω̃i,ι means the approximation error.
The derivative of Eq. 32 is calculated as

V̇i,ι = V̇i,ι−1 + zi,ι żi,ι − ω̃T
i,ι

˙̂ωi,ι

= V̇i,ι−1 + zi,ι(xi,ι+1 + �i,ι(x̄i,ι)+�i,ι − α̇i,ι−1)

−ω̃T
i,ι

˙̂ωi,ι

= V̇i,ι−1 + zi,ι(zi,ι+1 + αi,ι + �i,ι +�i,ι

−Ri,ι20 + Ri,rι−1)− ω̃T
i,ι

˙̂ωi,ι. (33)

Under the explanation of Lemma 3, FLSs are often used to
approximate unknown nonlinear terms. With the aid of the
FLSs, one gets

�i,ι = ωT
i,ιδi,ι + υi,ι.

Based on the Young’s inequality, one has

zi,ιυi,ι ≤ 1

2
z2i,ι +

1

2
υ2
i,ι

zi,ιRi,rι−1 ≤ 1

2
z2i,ι +

1

2
R2
i,rι−1

.

The virtual controller is designed as

αi,ι = −ci,ιzi,ι − ω̂i,ιδi,ι + Ri,ι20 − 2zi,ι − zi,ι−1 (34)

where ci,ι is a designed constant. The variable ω̂i,ι is the
estimated value of ωi,ι with ω̃i,ι = ωi,ι − ω̂i,ι.

The adaptive law is selected as

˙̂ωi,ι = zi,ιδi,ι − Ni,ιω̂i,ι (35)

where Ni,ι is a designed constant.
Substituting (34) and (35) into (33), it follows that

V̇i,ι ≤ − 1

ψi
ci,1ε

2
i,1 − ci,ιz

2
i,ι −

ι∑

ς=2

ci,ς z
2
i,ς +

ι∑

ς=2

1

2
υ2
i,ς

+
ι∑

ς=2

1

2
R2
i,rς−1

−
ι∑

ς=2

Ni,ς

2
ω̃2
i,ς +

ι∑

ς=2

Ni,ς

2
ω2
i,ς

+
ι∑

ς=2

1

2
� ∗2

i,ς .

Step n: For the step n, the SSMIF is designed, and one has

α̇i,n−1 = Ri,n20 − Ri,rn−1 . (36)

Set the Lyapunov function candidate Vi,n as

Vi,n = Vi,n−1 + 1

2
z2i,n + 1

2
ω̃T
i,nω̃i,n (37)

where ω̃i,n means the approximation error.
The derivation of Eq. 37 is expressed as

V̇i,n = V̇i,n−1 + zi,n(Di (ui )+ Pi (t)+ �i,n +�i,n− Ri,n20

+Ri,rn−1)− ω̃T
i,n

˙̂ωi,n . (38)

Taking advantage of the Young’s inequality, one obtains

zi,n Pi (t) ≤ 1

2
z2i,n + 1

2
u2i,min. (39)
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Substituting (38) and (39), it follows that

V̇i,n ≤ − 1

ψi
ci,1ε

2
i,1−

n−1∑

ϕ=2

ci,ϕz
2
i,ϕ+

n−1∑

ϕ=2

1

2
υ2
i,ϕ+

n−1∑

ϕ=2

1

2
R2
i,rϕ−1

−
n−1∑

ϕ=2

Ni,ϕ

2
ω̃2
i,ϕ +

n−1∑

ϕ=2

Ni,ϕ

2
ω2
i,ϕ +

n−1∑

ϕ=2

1

2
� ∗2

i,ϕ

+ zi,n(Di (ui )+ Pi (t)+ �i,n +�i,n − Ri,n20

+ Ri,rn−1)− ω̃T
i,n

˙̂ωi,n .

With the aid of the FLSs, one obtains

�i,ι = ωT
i,ιδi,ι + υi,ι. (40)

According to the the Young’s inequality, one has

zi,nυi,n ≤ 1

2
z2i,n + 1

2
υ2
i,n

zi,n Ri,rn−1 ≤ 1

2
z2i,n + 1

2
R2
i,rn−1

.

The modified switching ET strategy is proposed as

ti,�+1=
{
inf

{
t ∈ R | ∣

∣Ei (t)
∣
∣ ≥ �i

∣
∣ui (t)

∣
∣ + li,1

} ∣
∣zi,n

∣
∣<φi

inf
{
t ∈ R | ∣∣Ei (t)

∣∣ ≥ li,2
} ∣∣zi,n

∣∣≥φi .

(41)

Based on the modified switching ET strategy, there is
μi,1(t) ∈ [0, 1] andμi,2(t) ∈ [0, 1], and the following equa-
tions hold

ui (t) = ϑi (t)

1 + μi,1(t)�i
− μi,2(t)li,1

1 + μi,1(t)�i
(42)

ϑi (t) = −(1+�i )

(
αi,n tanh

(αi,nzi,n
!i

) + l̄i,1 tanh
( l̄i,1zi,n

!i

)
)

(43)

where l̄i,1 is a variable with l̄i,1 >
li,1
1−�i .

The controller and the adaptive law are constructed as

αi,n = 1

1 − γi
(−ci,nzi,n−ω̂i,nδi,n+Ri,n20− 5

2
zi,n−zi,n−1)

(44)

and

˙̂ωi,n = zi,nδi,n − Ni,nω̂i,n (45)

where !i , Ni,n and ci,n are positive constants. The variable
ω̂i,n is the estimated value of ωi,n with ω̃i,n = ωi,n − ω̂i,n .

Then, it follows that

V̇i,n ≤ − 1

ψi
ci,1ε

2
i,1−

n∑

η=2

ci,ηz
2
i,η+

n∑

η=2

1

2
υ2
i,η+

n∑

η=2

1

2
R2
i,rη−1

+0.557κi −
n∑

η=2

Ni,η

2
ω̃2
i,η+

n∑

η=2

Ni,η

2
ω2
i,η+

n∑

η=2

1

2
� ∗2

i,η

−∣∣zi,nl̄i,1
∣∣ +

∣∣∣
∣
zi,nli,1
1 − �i

∣∣∣
∣.

Based on this, one obtains

V̇i,n ≤− 1

ψi
ci,1ε

2
i,1−

n∑

η=2

ci,ηz
2
i,η+

n∑

η=2

1

2
υ2
i,η +

n∑

η=2

1

2
R2
i,rη−1

−
n∑

η=2

Ni,η

2
ω̃2
i,η+

n∑

η=2

Ni,η

2
ω2
i,η+

n∑

η=2

1

2
� ∗2

i,η + 0.557κi .

Remark 3 The FTPF is considered to design the adaptive
controller for theMASs with communication time-delay and
input quantification. The proposed scheme in this paper is
more universal than the results which can only solve this
problem in the single-input single-output system.

4 Stability Analysis

Theorem 1 Consider theMASs (1) subject to input quantiza-
tion (23) and communication time-delay under Assumptions
1 and 2. The adaptive laws (29), (35) and (45), ET adaptive
controller (41), and the distributed controllers (28), (34) and
(44) ensure that all the closed-loop signals keep bounded. For
∀λ > 0, the design parameters are turned such that

lim
t→∞ || y − yr ||≤ λ. (46)

Proof The stability of the overall closed-loop system is anal-
ysed, and we choose the total Lyapunov candidate function
V as

V =
N∑

i=1

Vi,n . (47)

The derivative of Eq. 47 satisfies

V̇ =
N∑

i=1

V̇i,n . (48)
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Then, one has

V̇ ≤ −
N∑

i=1

1

ψi
ci,1ε

2
i,1 −

N∑

i=2

n∑

η=2

ci,ηz
2
i,η +

N∑

i=1

n∑

η=1

1

2
υ2
i,η

+
N∑

i=1

n∑

η=2

1

2
R2
i,rη−1

−
N∑

i=1

n∑

η=1

Ni,η

2
ω̃2
i,η+

N∑

i=1

n∑

η=1

Ni,η

2
ω2
i,η

+
N∑

i=1

n∑

η=2

1

2
� ∗2

i,η +
N∑

i=1

0.557κi .

Using the above-mentioned analysis, the result is rewritten
as

V̇ ≤ −CV + D, (49)

where

C = min
{
ci,1, ci,η, Ni,η

}
(50)

and

D =
N∑

i=1

n∑

η=1

Ni,η

2
ω2
i,η +

N∑

i=1

n∑

η=2

1

2
� ∗2

i,η +
N∑

i=1

0.557κi

+
N∑

i=1

n∑

η=1

1

2
υ2
i,η +

N∑

i=1

n∑

η=2

1

2
R2
i,rη−1

.

Multiplying both sides by eCt and integrating both sides it
over [0, t], one has

0 ≤ V (t) ≤ e−Ct V (0)+ D

C
(1 − e−Ct ). (51)

According to the definition of V and Eq. 51, we can get

|| s.1 ||2≤ 2e−Ct V (0)+ 2D

C
(1 − e−Ct ). (52)

From the definition of C and D, for ∀H > 0, by choosing
proper parameters, we have

D

C
≤ H2

2
(σ (L + B))2. (53)

When t → ∞, according to Lemma 2, the inequality (46)
holds, and all signals are SGUUB.

Next, the Zeno phenomenon under the modified switch-
ing ET mechanism will be excluded. Based on the equation
Ei (t) = ϑi (t)− ui (t), one has

d
∣∣Ei (t)

∣∣

dt
= Ėi sign(Ėi ) ≤ ∣

∣ϑ̇i
∣
∣. (54)

Since ϑi means a function consisting of bounded variable,
the upper bound of

∣∣ϑ̇i
∣∣ is existing with

∣∣ϑ̇i
∣∣ ≤ ϑ∗

i . Hence,
one gets

∣
∣Ei (t)

∣
∣ =

∫ ti,�+1

ti,�

∣
∣ϑ̇i

∣
∣dt ≤

∫ ti,�+1

ti,�
ϑ∗
i dt ≤ϑ∗

i (ti,�+1 − ti,�).

(55)

The lower bound of
∣∣Ei (t)

∣∣ is got with
∣∣Ei (t)

∣∣ > φi .
Hence, the following inequality holds

ti,�+1 − ti,� ≥ φi

ϑ∗
i
> 0. (56)

Due to the lower bound of the proposed ET interval being
positive, the Zeno behavior is eliminated.

5 Simulation Results

In this section, the effectiveness of the proposed control strat-
egy is demonstrated by two simulation examples. A novel
communication time-delay classification-based method is
constructed for MASs with the FPPF. Through the designed
control plan, the expected control objectives are achieved,
and the control tasks are completed. Some simulation results
presented herein verify the effectiveness of the proposed con-
trol methodology.

The topology of the communication is depicted in Fig. 1.

Fig. 1 The topology of the communication
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Based on Fig. 1, the adjacencymatrixA and the Laplacian
matrix L are shown as follows:

A =

⎡

⎢
⎢
⎣

0 0 0 1
1 0 0 0
0 1 0 0
0 1 1 0

⎤

⎥
⎥
⎦ ,L =

⎡

⎢
⎢
⎣

1 0 0 −1
−1 1 0 0
0 −1 1 0
0 −1 −1 2

⎤

⎥
⎥
⎦ .

5.1 Numerical Example

Consider the MASs consisting of four agents and one leader
with a communication digraph. The dynamics of agent i for
i = 1, 2, 3, 4 are described as

⎧
⎪⎨

⎪⎩

ẋi,1 = xi,2 + �i,1(x̄i,1)+�i,1

ẋi,2 = Qi (ui )+ �i,2(x̄i,2)+�i,2

yi = xi,1

(57)

where

�i,1(x̄i,1) = x2i,1 sin(xi,1)

�i,2(x̄i,2) = − sin(xi,1) sin(xi,2)

and

�i,1 = xi,1 cos(t)

�i,2 = xi,1xi,2 sin(xi,1).

The dynamic model of the leader is

yr = 4 sin(1.5t). (58)

Fig. 2 The trajectories of four followers and the leader

Fig. 3 The trajectories of tracking errors

Some associated simulation parameters are selected as
xi (0) = [1, 0.1]T . Adaptive parameters are chosen to be
ω̂i,1(0) = 0.1 and ω̂i,2(0) = 0.1. The parameters are cho-
sen as Ri,210(0) = Ri,220(0) = 0.1, ci,1 = ci,2 = 80,
ui,min = 0.1, li,1 = li,2 = 0.1, �i = 0.1, ζi (T0) = 0.5,
ζi,0 = 0.4, νi = 1, k = 4, M = 0.05, φi = 0.05, T0 = 0.8,
qi = 0.1, βi = 5 and Ni,1 = Ni,2 = 2.

The curves of four followers and the leader are presented
in Fig. 2, which demonstrates the rationality of the designed
control scheme. The trajectories of tracking errors are certifi-
cated in Fig. 3. It follows from this figure that the considered
method makes the tracking errors converge to a preset arbi-
trarily small region in the finite-time range. Figure 4 shows
the trajectories of the input signals ui , which proves the

0 2 4 6 8 10 12 14 16 18 20
-4000

-3500

-3000

-2500

-2000

-1500

-1000

-500

0

500

1000

Fig. 4 The curves of controller input ui
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Fig. 5 The interevent times of
agent i

feasibility of considered control scheme. InFig. 5, the trigger-
ing interval graph is used to show the time interval between
adjacent moments of control updates. In the proposed ET
mechanism, the fixed threshold ET mechanism is applied
to flexibly adjust the number of updates when the error is
larger than the designed switching value. It is observed that

Fig. 6 The trajectories of the four followers and the leader

the update frequency will be higher because the system is
in a relatively unstable state and more frequent updates are
needed tomake the system reach a stable state rapidly.Mean-
while, another case is illustrated when the error is smaller
than the designed switching value and the system exists in a
relatively more stable state. There is less need for frequent

Fig. 7 The trajectories of tracking errors
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Fig. 8 The curves of controller input ui

updates, when the relative threshold ETmechanism is used to
achieve self-adjustment through the controller value to keep
the controller reasonably updated, so that communication
resources can be reasonably saved.

5.2 Practical Example

Choose a system of four multiple single-link robot manipu-
lators depicted as

λḧi +%ḣi +ϒ sin(hi )+ D̄s(hi , ḣi ) = 'i (59)

where some parameters are selected as λ = 1, % = 1 and
ϒ = 10, which the definition is found in [34] for details.

Defining xi,1 = hi , xi,2 = ḣi , D̄s(hi , ḣi ) = �i,2 and
ui = 'i , it follows that

⎧
⎨

⎩

ẋi,1 = xi,2

ẋi,2 = 1

λ
Qi (ui )+ �i,2 +�i,2

(60)

where �i,2 = −%ẋi,1+ϒ sin(xi,1)
λ

.
The communication topology and fuzzy membership

functions adopted are identical to those used in the numerical
example, while the initial states and linked parameters mir-
ror those applied in the numerical simulation. Figure 6 is the
tracking control result. It can be observed that the outputs yi

Fig. 9 The interevent times of
agent i for modified switching
ET mechanism in this paper
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Fig. 10 The interevent times of
agent i for switching ET
mechanism in [31]

and the signal of leader yr are consistent. In Fig. 7, this figure
shows the trajectories of tracking errors, which converges to a
preset arbitrarily small region in finite time range. Thus, it can
indicate the usefulness of designed FTPF. The figure depicts
the curves of input signals ui , whichmeans the proposed con-
trol strategy being effective in Fig. 8. In Fig. 9, the triggering
interval graph is used to show the time interval between adja-
cent moments of control updates. When the tracking error
becomes larger or smaller, the update frequency of the system
can be appropriately increased or reduced. Figure 9 consid-
ers the switching ET mechanism based on synchronization
error, while Fig. 10 considers the switching ET mechanism
based on controller value. By comparing Figs. 9 and 10, it
can be seen that the modified switching ET mechanism fur-
ther saves communication resources while ensuring system
tracking performance.

6 Conclusions

Anovel communication time-delay classification-basedmethod
has been considered for nonlinear MASs with modified

switching ET strategy. Firstly, a time-delay phenomenon for
communication channels between agents has been inves-
tigated, which is solved by applying a unified Lyapunov-
Krasovskii functional. Then, an improved time-delay classi-
fication method has been proposed to advance the accuracy
of the classification mechanism by considering the degree
of deviation and relative variation of neighbor agents. More-
over, a modified switching ET mechanism has been con-
structed to satisfy the need for reducing transmission burden,
and it considers the impact of tracking errors on the thresh-
old condition. Eventually, the suitability of suggested control
method has been validated by two simulation examples. In
the future, some new fields [37–43] will be investigated.
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