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Abstract
The cooperativemanipulator group can accomplish complex and heavy payload tasks of objectmanipulation and transportation
compared to a single manipulator. Effective coordination is crucial for cooperative task accomplishments. Multi-manipulator
task distribution is highly complex because of the varying dynamic capabilities of the manipulators. We have introduced a
novel fastest technique to quantify the dynamic task capability of the cooperative manipulator by scalar quantity and allocate
the task accordingly. The scalar quantity determines the capability of applying an external wrench by end effector (EE) in
line with the required wrench at the center of mass of the manipulating object. This quantity helps to diminish tracking errors
in object manipulations or transportation and actuator saturation avoidance. The task distribution among the members is in
proportion to their computed dynamic capability to ensure equal priority to the individual manipulators. The proposed task
distribution formulation ensures the minimum magnitude of wrench interaction at the grasp point and the minimum internal
wrench build-up in the object. Several physical simulation results assure trajectory tracking performance with the proposed
task capability metric. The same metric aids in identifying the least capable manipulator, rearranging members for better
performance, and deciding the required number of manipulators in the manipulator group.

Keywords Cooperative manipulation · Task allocation · Wrench allocation · Dynamic capability

1 Introduction

Robotic systems have become ingrained in manufacturing,
remote exploration, and other areas requiring dirty, dan-
gerous, or dull tasks. Sometimes, a single robot can only
accomplish the desired task if it becomes prohibitively large
and expensive. Examples of such tasks include handling an
object that requires too many degrees of freedom, trans-
porting heavy or oversized payload, and multipart assembly
without a fixture. Cooperative objectmanipulation is resorted
to when the task is beyond the capability of an individ-
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ual manipulator. The cooperative manipulators enhance the
entire system’s coverage, flexibility, and redundancy. This
advantage comes with the cost of complexity in robot coordi-
nation, communication, and task allocation, especially while
manipulating an unknown object in a cluttered environment.
Numerous combinations of task allocation to the individual
manipulator result in the same wrench applied to the manip-
ulated object. The wrench allocation scheme optimizes the
capability utilization of themanipulator, exploiting the inher-
ent redundancy in cooperative manipulations.

Wrench allocation approaches are reported in [1–6] that
considers constant collaborative task sharing without con-
cern to the varying task capability of manipulators. Task
allocationwithout capabilitymeasures results in non-optimal
cooperation, significant tracking error, and internal wrench.
The capability measure for cooperative manipulators is also
necessary for the optimal utilization of the cooperative group
and to know the capacity margin for disturbance and uncer-
tainty mitigation.

In previous work for task capability measures, a vertex-
search algorithm to compute the task-space force polytope’s
vertices has been introduced in [7, 8] using slack vari-
ables along with singular value decomposition methods. The
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algorithm has further improved in [9, 10] by reducing the
computational complexity using geometric characteristics of
the joint torque space. Though the algorithm notably reduces
complexity and computation time, it does not allow real-time
execution in cooperative manipulations. A detailed literature
survey has been represented in Section 2.

We introduce a novel online task capability computation
algorithm for manipulators that is computationally faster and
simpler than the latest algorithm [9, 10], considering the
manipulator arm dynamics and the joint actuator limits.

The main contribution of this work is as follows:

1. Task capability measures:We propose a real-time imple-
mentable task capability finding algorithm for individual
and cooperative manipulator groups considering the
manipulator dynamics and the joint actuator limits.

2. Online task allocation: Formulated an online task allo-
cation method for cooperative manipulators utilizing the
real-time task capability of the manipulators, unlike the
wrench allocation method in [3, 4, 6].

The performance comparison of our proposed task capa-
bility finding algorithm with [9, 10] has been demonstrated
in Section 5.1. To analyze the algorithm’s efficacy for collab-
orative manipulators, the new task capability algorithm has
been employed for task capability finding and task allocation
in collaborative trajectory tracking tasks (Section 5.1).

The paper’s organization is as follows. Section 2 describes
a detailed literature survey. The background and problem
definition of the cooperative manipulation are explained in
Section 3, and the task capability algorithm and task allo-
cation algorithm are depicted in Section 4. The result and
conclusion are discussed in Sections 5 and 6.

2 RelatedWork

A robot’s motion and wrench exertion capability are fun-
damentally significant for collaborative manipulation in
workspace design and task coordination. Performance mea-
sures provide the required tool for quantifying these capabil-
ities to apprise and optimize the characterization of manipu-
lators. Specifically, the local indices [11] are vastly used in
the application-level collaborative manipulation control and
coordination design. The capability of a robotic mechanism
was first quantified as a manipulability index by Yoshikawa
[12] and then extended [13] to a dynamic manipulability
which measures the volume of the manipulability ellipsoid.
Even though the ellipsoid-based measures are well accepted
because of their ease of computation, they often lead to under-
estimation of the capabilities.On the contrary,manipulability
polytopes [8] accurately represent the motion and wrench

capability in the task space, considering the joint space lim-
its. A polytope-based vertex-search algorithm to compute
the task-space force polytope’s vertices has been introduced
in [7, 8] using slack variables and singular value decompo-
sition methods. The polytope-based capability computation
method in [14, 15] has been formulated for task-oriented per-
formance capability finding. The vertex-search algorithm for
task-space polytope has further improved in [9, 10, 16] by
reducing the computation complexity using geometric char-
acteristics of the joint torque space. Though the algorithm
notably reduces complexity and computation time, it does
not allow real-time execution in cooperative manipulations.

Guay et al. [17] introduced the Capacity Margin (CM),
a scalar polytope-based minimum degree of constraint satis-
faction index that quantifies the robustness of the equilibrium
of an object. The CM index determines a wrench-feasible
workspace of cable-driven parallel robots [17, 18] with
bounded forces. The index has been approximated to a con-
tinuous capacity margin function [19] using a hyperplane
shifting method with neural network-based activation func-
tions. These works quantify the capacity margin but do
not compute the capacity, which is crucial for collaborative
manipulators.

A measure of the task-space wrench and motion for a
multi-manipulator system were specified [8, 20, 21] for
collaborative manipulation of a rigid object considering pre-
defined fixed task/load sharing in the task space and the
joint space limits. In reality, the predefined task/load shar-
ing often leads to inefficient utilization of the capabilities
of individual manipulators. The coupled inverse dynamics
of multiple cooperating manipulators have been introduced
[22–24] for computing the dynamic load-carrying capacity
(DLCC) in the joint space using D’ Alembert’s principle for
two manipulator systems ignoring the inertia properties of
the manipulated object. Analytical and optimization-based
methods are presented in [25–30] for parallel manipulators
compute force capabilities using scale factors. Due to their
complexity and heavy computation, the above methods do
not scale well for many manipulators and cannot work in
online capability index computation.

Multiple manipulators collaboratively manipulate an object
require a net wrench at its center of mass. The grasp matrix
maps the applied wrench by the manipulators to the resul-
tant wrench at the object’s center of mass (CoM). The
EE of the manipulators can exert a wrench on the object
in numerous combination that results in the exact desired
wrench in the object. Choosing the correct combination of
wrenches by the EE poses a problem of input redundancy.
The wrench/load allocation problem for cooperative manip-
ulators manipulating an object has been addressed using a
few different approaches like input wrench minimization
problem [31–33], energy conservation-based method [5],
quadratic optimization with linearity constraints [34] and
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using pseudo-inverse of the graspmatrix [1, 35]. The pseudo-
inverse approach may not provide [2] accurate input wrench
resolutions. A physically motivated characterization of the
wrench and an analytical expression for all non-squeezing
load distributions has been formulated in Erhart and Hirche
[3, 4]. Convex optimization-based scheme by Donner et al.
[6] introduced a physically plausible wrench allocation using
the applied wrench’s internal and manipulation components
as constraints.

The preceding discussion on prior work shows that the
time-varying capability of individual manipulators has not
been considered so far. Additionally, task allocation without
a knowledge of the capability of each manipulator results
in non-optimal cooperation. A significant tracking error and
internal wrench arise when a cooperative task is assigned to
an under-capable group of manipulators. Even for an over-
capable group of manipulators, it is necessary to estimate the
safetymargin since an unexpected impact on themanipulated
object may lead to large tracking errors. These do not appear
to have been addressed in the existing literature.

3 Preliminaries

Consider a cooperative fixed base manipulation system of
N mobile manipulators, and each manipulator has ni no of
joints (i = 1, ..., N ). The cooperative manipulators grasp an
object at its periphery, as shown in Fig. 1. {w} defines the
world fixed reference frame, and a body coordinate frame
{b} is attached to the object Center of Mass (CoM). Unless
specifically mentioned, all the quantities are defined in the

Fig. 1 Schematic of multi-robot cooperative object manipulation, rel-
evant kinematic quantities are illustrated

world frame {w}. In this paper Ia ∈ R
a×a denotes a × a

identity matrix, 0a×b ∈ R
a×b represents a a × b null matrix.

The following assumptions are made:

Assumption 1 The grasped object is rigid.

Assumption 2 The manipulators grasp the object rigidly.

3.1 Wrench Capability of Manipulator

The generalized joint space coordinate of i-th manipulator
of the cooperative manipulators having ni joints is defined
as qi ∈ R

ni . The EE’s pose is defined in the Cartesian space
by xi = ( pTi , θTi )T ∈ R

d , where pi , θi refers to the position
and orientation (d = 6 in the 3D case and d = 3 in the 2D
planar case). The task space velocities vi ∈ R

dof the EE is
related to the joint space of the manipulator by the Jacobian
matrix Ji (qi ) ∈ R

d×ni utilizing the following Eq. 1.

vi = Ji (qi )q̇i (1)

The task space force and torque applied by EE of i-th
manipulator to the object at the grasp point is indicated by
fi , ti ∈ R

3 and concatenated to thewrench hi = ( f Ti , tTi )T .
The manipulator dynamics in the joint space expressed in
Eq. 2 yields the mapping between the task space wrench
hi ∈ R

d and the generalized joint torque τi ∈ R
ni .

Mi (qi )q̈i + Ci (q̇i , qi )q̇i + gi (qi ) = τ ′
i (2a)

τ ′
i + JT

i (qi )hi = τi (2b)

where Mi (qi ) ∈ R
ni×ni is the inertia matrix, Ci (q̇i , qi ) ∈

R
ni×ni represents the Coriolis and centrifugal matrix, gi (qi ) ∈

R
ni is the effect of gravity. Eq. 2a provides the joint torque τ ′

i
required for the manipulator’s movement, and Eq. 2b com-
putes the total joint torque requirement when the EE of the
manipulator exerts an external wrench.

Equations 1 and 2 represent the kinematics and dynamics
of a manipulator. The joint space velocities q̇i and torques τi
limits because of the physical limits of actuators and manip-
ulator construction are defined as follows.

−q̇i ,max ≤ q̇i ≤ q̇i ,max (3a)

−τi ,max ≤ τi ≤ τi ,max (3b)

Combining Eqs. 2b and 3b, the feasible wrench in the
task space of the i − th manipulator can be represented as a
polytope using 2ni linear inequalities.

−τi ,max − τ ′
i ≤ JT

i (qi )hi ≤ τi ,max − τ ′
i (4)
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Fig. 2 Manipulator’s task capability computation and control schematic

3.2 Cooperative Manipulation System
Representation

The object CoM is located at xo = [ pTo , θTo ]T . The EE
grasping the object at bri ∈ R

3 defined in {b}. The posi-
tion of EE of i-th mobile manipulator can be express as
pi = po + w

b R(θo)
bri , where w

b R(θo) is the rotation matrix
of the body frame {b} to the world frame {w}. Differentiat-
ing pi in the world frame {w} gives ṗi = ṗo + ωo × ri ,
where ri = w

b R(θo)
bri . The angular velocity of the object

ωo and of the i − th manipulator’s EE ωi would be the
same. The relationship between the i-th EE velocities vi =
( ṗTi ,ωT

i )T ∈ R
d and the velocities of the CoM of the object

vo = ( ṗTo ,ωT
o )T ∈ R

6 can be combined as following

vi =
[

I3 −S(ri )
03×3 I3

]
︸ ︷︷ ︸

GT
i

vo (5)

where S(.) is the 3× 3 skew-symmetric matrix operator that
performs the cross product, Gi = [

I3 03×3; S(ri ) I3
]
repre-

sents the grasp matrix [36].
The equation ofmotion for the grasped object is expressed by

Mo(xo)v̇o + Co(xo, ẋo)vo + g(xo) = hdo (6)

where Mo(xo) ∈ R
d×d is the inertia matrix of the object,

Co(xo, ẋo) ∈ R
d×d is Coriolis and centrifugal matrix,

g(xo) ∈ R
d indicated gravitational force vector, hdo is the

desired external wrench to be applied by EEs.
The resultant wrench acting on the object’s CoM is

denoted by ho = ( f To , tTo )T and is computed from the
manipulators’ wrenches utilizing the force and moment bal-
ance.

ho = G[hT1 , hT2 , · · · , hN ]T (7)

Where G = [G1, G2, · · · , GN ] ∈ R
d×dN is the com-

bined grasp matrix of the system.
The desired wrench hdo at the object Center of Mass is

obtained using Eq. 6. Considering the dynamic task capa-
bilities of the individual manipulators in the group, a new
scheme for wrench distribution among the manipulators is
proposed. The formulation of the wrench allocation scheme
is described in Section 4.3.

4 Adaptive Task Allocation

In collaborative objectmanipulation, the task capabilitymea-
sure of individual manipulators and the collaborative group

Fig. 3 Dynamic cooperation scheme
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is necessary for successful task completion, task sharing, and
computing the number of manipulators. Hence, we are intro-
ducing a novel online task capability findingAlgorithm 2 and
an adaptive cooperative task allocation Algorithm 3. Figure 2
indicates the task capability computation and control scheme
of i − th manipulator. The overall schematic of the dynamic
cooperation scheme in collaborative object manipulation is
shown in Fig. 3. A detailed description of the online task
capability computation scheme and the adaptive task alloca-
tion schemes are presented in Sections 4.2 and 4.3.

4.1 Task Capability Finding Algorithm

The wrench capability varies with the task, and the manipu-
lator’s joint states qi , q̇i . We reformulate the task capability
finding formulation in Eq. 4. The task space capability index
of amanipulator is computed concerning the requiredwrench
hd
o for collaborative tasks utilizing a scalar factor ki and the

formulation is presented in Eq. 8.

−τi ,max − τ ′
i ≤ ki JT

i (qi )hdo ≤ τi ,max − τ ′
i (8)

Equation 6 computes the required wrench hdo to the object
at its CoM for a cooperative trajectory-tracking task. The
desired joint states qi , q̇i of the manipulator are computed
by solving Eq. 1. Equation 8 can be solved utilizing Linear
Programming Problem (LPP) defined in Eq. 9.

max
ki

z = ki (9a)

s.t. |τ ′
i + ki JT

i (qi )hdo | ≤ τi ,max (9b)

ki ≥ 0 (9c)

Instead of solving the LPP, we solve the wrench capa-
bility finding problem in Eq. 9 with a novel approach that
drastically reduces the complexity compared to the approach
proposed by Skuric et al. in [10]. The proposed task capabil-
ity computation method has been illustrated in Algorithm 1.
The task capability finding for collaborativemanipulators has
been depicted in the following section.

Algorithm 1 Function: TaskCapability (τ ′
i , J i , h

d
o ).

Input: τ ′
i , J i , h

d
o

Output: Task capabilities ki

1: a = JT
i h

d
o

2: bmin = −τi ,max − τ ′
i

3: bmax = τi ,max − τ ′
i

4: xk = max(bkmin/a
k , bkmax/a

k),∀k = 1, .., ni
5: ki = min(x)

6: return ki

4.2 Online Task Capability of Cooperative
Manipulators

Algorithm1finds the task capability indexes k=(k1, k2, · · · ,

kN )T and the total task capacity indexof a cooperativemanip-
ulator group is computed as a scalar X1 = ∑N

i=1 ki , where
X1 is the scaling parameter of the total task (hdo ) i.e. the max-
imum functional wrench capability of the cooperative groups
would be X1 ∗ hdo . The EE of the manipulators applies force
at grasp points on the periphery of the object, which results
in undesired moments about the CoM of the object. To coun-
terbalance that, it requires an equal and opposite moment t�
computed from Eq. 10.

t� =
N∑
i=1

ri × βi fo

= � × fo

(10)

where a scalar quantity βi indicates the dynamicwrench allo-
cation coefficient of i−thmanipulator,� = ∑N

i=1 βi ri . The
cooperative manipulator groups must produce an additional
moment to compensate t�. Application of torque by EEs is
prioritized over force for producing t�. Only some manip-
ulators can contribute towards the disturbance moment on
top of the maximum functional task capability [25, 37]. Our
proposed measure also considers a scheme for the task capa-
bility contribution from the disturbance moment since these
moments help the manipulator enhance its task capability.
The proposed scheme is an optimization exercise similar to
Eq. 9.

max
si

z = si

s.t. |τ ′
i + ki JT

i (qi )hdo + si JT
i (qi )h�| ≤ τi ,max

si ≥ 0

(11)

where h� =
{

03
−t�

}
and si is the measure of additional

capability towards t�. To completely produce h�, the total
capability (

∑N
i=1 si ≥ 1) should be ≥ 1. If (

∑N
1 si < 1),

then the deficiency in counterbalance moment needs to be
settled at the cost of task capability X1. This additional capa-
bility s = (s1, s2, · · · , sN )T have the potential to improve
[25, 37] the task capability k indexes. To incorporate this
effect into k the renewed contribution in h� can be measured
by modifying the Eq. 9 as follows

max
ki

z = ki

s.t. |τ ′
i + ki JT

i (qi )hdo + αi JT
i (qi )h�| ≤ τi ,max

ki ≥ 0

(12)

123

Page 5 of 13    23Journal of Intelligent & Robotic Systems (2024) 110:23



But in reality, the Eqs. 11 and 12 are interlinked implic-
itly, which is complex to solve in real-time implementation.
Equation 12 is further converted to an explicit relation using
the value from the previous time step.

max
ki

z = ki

s.t. |τ ′
i + ki JT

i (qi )hdo + α′
i J

T
i (qi )h′

�| ≤ τi ,max

ki ≥ 0

(13)

where α′
i are taken from the previous time step t ′ and h′

�
is

calculated by substituting β ′
i in place of βi in the Eq. 10.

The task capability computation for i − th manipulators
of the cooperative manipulators is presented in Algorithm 2.
Figure 2 shows i − th manipulator’s online task capability
computation and control schematic.

Algorithm 2 Online task capability.

Input: α′
i , τ

′
i , J i , h

d
o , h

′
�

Output: Task capabilities ki , si

1: τ ′
i,� = τ ′

i + α′
i J

T
i h

′
�

2: ki = TaskCapability(τ ′
i,�, J i , hdo )

3: τ ′
i,o = τ ′

i + ki JT
i h

d
o

4: si = TaskCapability(τ ′
i,o, J i , h

d
o )

5: return ki , si

4.3 Task Allocation

The individual manipulators share the collaborative task pro-
portional to their task capability k obtained fromAlgorithm 2
for efficiently utilizing the manipulators. Dynamic task allo-
cation coefficient β = (β1, β2, · · · , βN )T is obtained from
the total task capability using the following Eq. 14.

β = k∑N
i=1 ki

(14)

where the task allocation co-efficient βi has the following
properties

N∑
i=0

βi = 1, and βi ∈ [0, 1] ∀i = 1, . . . , N (15)

The wrench contribution of the i − th manipulator toward
the task would be as follows.

ho,i = βihdo (16)

The contribution of i-th manipulator ho,i would be within its
maximum capability kihdo at any time instant

ho,i ≤ kiho (17)

After substituting Eq. 16 into Eq. 17 and comparing it with
Eq. 14 it is obtained that for successful task completion, the
value of total task capability, X1(

∑N
1 ki ) should always be

more than or equal to one.
The individual manipulators contributes the additional

required wrench h� in proportion to the capability measure
si obtained from Eq. 11 in the following manner:

• When the total capability
∑

si is ≥ 1 the h� could be
entirely allocate as follows

α = s∑N
i=1 si

(18)

• When the total capability
∑

si is ≤ 1 the h� could be
allocate as follows

αi = s + (1 −
N∑
i=1

si ) ∗ β (19)

where, αi ∈ R with 0 ≤ αi ≤ 1 represents the i-th
manipulator’s share of additional wrench requirement to
counterbalance h�.

N∑
i=1

αi = 1 and αi ∈ [0, 1] ∀i = 1, . . . , N (20)

The collaborative task share of i − th manipulator for the
disturbance wrench is obtained using Eq. 21.

h�,i = αih� (21)

The total wrench contribution(hi ) of i-thmanipulator con-
sists of two components: one is the required object wrench
for the task completion, and another is for compensating the
disturbance moment t�.

hi = ho,i + h�,i = βiho + αih� (22)

The unified online task allocation algorithm has been pre-
sented in Algorithm 3. Figure 3 shows the working of the
online task allocation in the collaborative object manipula-
tion.
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Algorithm 3 Online task allocator.
Input: Task capabilities k, s
Output: �, β, α

1: X1 = ∑N
1 ki

2: X2 = ∑N
1 si

3: if X1 ≤ 1 then
4: β = k
5: else
6: β = k/X1
7: end if
8: � = ∑N

i=1 βi ri
9: if X1 ≤ 1 then
10: α = s + (1 − X2) ∗ β

11: else
12: α = s/X2
13: end if

4.4 Control for Individual Robot

For the desired trajectory tracking of the object, the passivity-
based controller [38, 39] for i-th robot has been designed as
the following,

τi = τ ′
i + JT

i (qi )hi + K pq̃i + Kv
˙̃qi (23)

where q̃i , ˙̃qi are the error vectors of joint angle, joint angular
velocity, and K p, Kv are the respective gain matrix.

5 Results

The proposed online task capability finding algorithm in
Section 4.1 has been evaluated for complexity. Section 5.1
reports the comparison with the existing state-of-art algo-
rithms. To validate the efficiency of the proposed online
task capability computation and task allocation algorithm
illustrated in Sections 4.2 and 4.3 respectively, collaborative
manipulators are employed for object transportation inMAT-
LAB Simulink and Simscape simulation.

5.1 Task Capability Algorithm Efficacy Analysis

The efficiency of the proposed task capability algorithm has
been demonstrated and compared with the algorithm pro-
posed by Skurik et al. [10] and is further broadened to the
algorithm proposed by Sasaki et al. [9]. We employ all three
algorithms to compute the task capability for two industrial
manipulators: the Universal Robots UR5 6DoF robot and the
Franka Emika Panda 7 DoF robot. The test was done in the
MATLAB script on 5000 randomly generated configurations
and tasks.

Table 1 shows the computation time evaluation. Our pro-
posed algorithm is 12× faster than Skuric’s algorithm and
9× faster than Sasaki’s. The performance evaluation shows

Table 1 Computation time (inmicroseconds) comparisonwith the state
of art algorithm

Robot Time (μ − sec) Skuric [10] Sasaki [9] Proposed

UR5 min 107.6 76.10 8.50

mean 185.9 94.43 11.81

max 515.7 571.7 72.80

sd 48.64 19.51 3.04

Panda min 118.1 83.10 8.60

mean 214.0 101.53 11.76

max 740.4 594.8 86.80

sd 50.28 17.94 3.07

that for the case of industrial 6 DoF and 7 DoF manipula-
tors, our methodology can compute the task capability under
15μ − sec. Such faster computation extends the online use
of capability evaluation in collaborative task allocation.

5.2 Simulation Setup

Three separate trajectories with multiple manipulators vary-
ing between three and four are evaluated to demonstrate the
efficiency of the proposed capability finding and task allo-
cation algorithm. Multiple OpenMANIPULATOR-X [40]
shown in Fig. 4 with the joint 1 locked are involved in
this simulation. All EEs rigidly grasp the rectangular plate-
like object on its periphery. The grasp configuration and the
base mounting position of the manipulator are mentioned in
Table 2. The object’s motion is allowed in the vertical X-Z
plane with the gravity constant g = 9.8067m/sec2 acting in
the negative Z direction. The joint actuators’ torque limit is
set to±1Nm. A detailed manipulator description is available
on the [40].

The object’s description is specified in Table 3. The EE
motions are coordinated to follow a desired trajectory by the
object’s center of mass (CoM) utilizing the dynamic coop-
eration scheme shown in Fig. 3. The simulations have been

Fig. 4 Schematic of the OpenMANIPULATORX [40]
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Table 2 Position of the manipulator base and EE grasping position

Config. Joint 2 Position (m) EE Position in frame {b}
A O1 = [0.7, 0, 0.35]T br1 = [0.1, 0, 0]T

O2 = [0.35, 0, 0]T br2 = [0, 0,−0.075]T
O3 = [0, 0, 0.35]T br3 = [−0.1, 0, 0]T
O4 = [0.35, 0, 0.7]T br4 = [0, 0, 0.075]T

B O1 = [0.43, 0, 0]T br1 = [0.08, 0,−0.075]T
O2 = [0.27, 0, 0]T br2 = [−0.08, 0,−0.075]T
O3 = [0.27, 0, 0.7]T br3 = [−0.08, 0, 0.075]T
O4 = [0.43, 0, 0.7]T br4 = [0.08, 0, 0.075]T

C O1 = [0.43, 0, 0]T br1 = [0.08, 0,−0.075]T
O3 = [0.27, 0, 0.7]T br3 = [−0.08, 0, 0.075]T
O4 = [0.43, 0, 0.7]T br4 = [0.08, 0, 0.075]T

performed on three different trajectories, mentioned in the
following:

T1: Circular: xo = [0.35 + 0.05 cos(0.4π t), 0, 0.35 +
0.05 sin(0.4π t)]Tm,

T2: Infinity: xo = [0.35 + 0.05 cos(0.4π t), 0, 0.35 +
0.025 sin(0.8π t)]Tm,

T3: Diverging Sinusoidal: xo = [0.3 + 0.01t + 0.001t3, 0,
0.35 + 0.01t cos(2π t)]Tm.

Three different collision-free configurations (Config.) A,
B, and C have been chosen for the simulation. The grasping
points are distributed along the periphery of the object to
minimize the disturbing moment. However, other possible
configurations satisfy these conditions. Schematic diagrams
of the three different Config. are presented in Fig. 5. All the
manipulators are assumed to be identical. The orientation of
the EE’s is perpendicular to the object’s edge.

Conf i g. A : Four manipulators are grasping the object
from four sides, left-right and top-bottom.

Conf i g. B : Four manipulators are grasping the object
from two sides, two from the top and two
from the bottom.

Conf i g.C : Threemanipulators are grasping the object
from two sides, two from the top and one
from the bottom.

5.3 Trajectory Tracking

The desired trajectory xo of object CoM is shared with the
individual manipulators. The desired wrench (hdo ), which
needs to be applied to the object by the EEs, is calculated
using Eq. 6 by the manipulators.

5.4 Circular Trajectory

Figure 6 plots the individual and total task capability of indi-
vidual manipulators and the total task capability of the group
for Config. A, B, and C for 20 seconds while the object CoM
follows the circular trajectory T1. This total capability mea-
sure should be more than one at every instant for successful
trajectory tracking. For the Config. Figure 6(a) shows that the
minimum total capability of the group is 0.90, which is less
than one. It indicates a significant deviation from the desired
trajectory if this group participates in the task. Config. B is
the result of the reorientation of the least competent manip-
ulators 1 and 3 of Config. A. The least capable manipulators
are identified from Fig. 6(a). The alternative is the use of
additional manipulators.

The task capability of Config. B presented in Fig. 6(b)
indicates the minimum value of the total task capability
that improves to 1.47 with reoriented manipulators, i.e., an
enhancement of 63.3%. The capability is well above unity,
indicating that the trajectory tracking error will be much
lower for Config. B than for Config. A. The extensive capa-
bility margin of 0.47 above 1 in Config. B initiates the scope
of reducing the number of manipulators if the minimum total
task capability remains above one after reduction. Therefore,
in Config. C, manipulator 2 is removed, and manipulator 1 is
translated. The task capability plot for Config. C is presented
in Fig. 6(c). The minimum value of total task capability is
1.00, and there is no safety margin available for an unfore-
seen disturbance. Config. C can be employed for the task
that accepts performance deviation from the desired trajec-
tory due to an unforeseen disturbance.

Since the goal of collaborative manipulation here is tra-
jectory tracking, the tracking error defines the performance.
The trajectory tracking performances for Config. A, B, and
C are presented in Fig. 7. Figure 7(a,c,e) shows the deviation
of the object from the desired trajectory, while Fig. 7(b,d,e)
quantifies trajectory tracking error. While analyzing these,
we ignore the initial transient phase error and look at the
steady-state error. The maximum steady-state errors in the
Z direction for Config. A, B, and C are −2.27 × 10−3m,

Table 3 Parameter of the grasped object

Mass (kg) Inertia (×10−3kg.m2) Dimensions (m) CoM

2.4 diag([3.8, 10.4, 6.7]) [lx , ly, lz] = [0.2, 0.02, 0.15] Geometric Midpoint
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Fig. 5 Multi-manipulator team manipulates the object in three configurations. The object’s trajectory is described by the dashed circle for T1

Fig. 6 Task Capability of individual manipulators and total task capacity of the group for the three different configurations (a) Config. A, (b) Config.
B and (c) Config. C for trajectory T1. The green straight line indicates the minimum of the total task capability

Fig. 7 The trajectory tracking performance for Config. A, B, and C are presented. (a), (c) and (e) represents the comparison of desired and actual
trajectory tracked, and (b), (d), and (f) represent the tracking errors for trajectory T2 of Config. A, B, and C, respectively
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Fig. 8 Task Capability of individual manipulators and total task capacity of the group for the three different (a) Config. A, (b) Config. B and (c)
Config. C. The green straight line indicates the minimum of the total task capability
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Fig. 9 The trajectory tracking performance for Config. A, B, and C in infinity-like trajectory T2 shown in (a),(b), and (c), respectively

0 1 2 3 4
t (sec)

0

0.5

1

1.5

2

k
i

(a)

k
1

k
2

k
3

k
4

X
1

0 1 2 3 4
t (sec)

0

0.5

1

1.5

2

(b)

0 1 2 3 4
t (sec)

0

0.5

1

1.5

2

(c)

Fig. 10 Task Capability of individual manipulators and total task capacity of the group (a) Config. A, (b) Config B and (c) Config. C. The green
straight line indicates the minimum of the total task capability
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Fig. 11 The trajectory tracking errors of sinusoidal trajectory T3 for Config. A, B, and C are shown in (a),(b), and (c), respectively
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±0.299 × 10−3m and ±0.461 × 10−3m respectively at the
instant when the total capability is at minimum value. While
the total task capability of Config. A drops below 1.0, the
error starts growing, which matches our expectations based
on the task capabilities of the group of manipulators for the
three configurations.

5.5 Infinity Trajectory

The simulation presented in Section 5.4 is repeated for tra-
jectory T2. Figure 8(a),(b), and (c) shows the individual and
total task capability of Config. A, B, and C, respectively. The
minimum values of total task capability are 0.83, 1.3, and
0.98, . The Config. C, which is just feasible for a circular tra-
jectory T1, is infeasible for an infinity-shaped trajectory T2.
Figure 9 shows the corresponding trajectory tracking error.
The maximum steady-state errors in Config. A, B and C are
−3.86 × 10−3m, ±0.256 × 10−3m and −1.118 × 10−3m
respectively. The deterioration in trajectory tracking error
from ±0.461 × 10−3m to −1.118 × 10−3m for Config. C,
when the trajectory changes from T1 to T2 and the metric
changes from 1.0 to 0.98, reaffirms our confidence in using
the proposed task capability metric.

5.6 Diverging Sinusoidal Trajectory

The simulations for diverging sinusoidal trajectory T3 are
executed for 4 seconds. The minimum value of total task
capability for Config. A, B, and C are 0.75, 1.12, and 0.94,
shown in Fig. 10. Hence, among all, only Config. B is
expected to perform well. This is indeed borne out by the
plots of trajectory and tracking error shown in Fig. 11. The
maximum value of the steady-state trajectory tracking error
is −7.69 × 10−3m, ±0.398 × 10−3m and −2.43 × 10−3m
for Config. A, B, and C, respectively.

The total task capability of the cooperative manipulators
should always be greater than unity for efficient trajectory
tracking. For Config. B, this metric changed from 1.47 to 1.3
and finally to 1.12 as the trajectory changed from T1 to T2
and to T3, however, for Config. C, the corresponding values
were 1.0, 0.98, and 0.94. The smaller range of variation for
Config. C compared to Config. B that does not alter the basic
concept behind the proposed metric, i.e., any value lower
than unity would significantly deteriorate trajectory tracking
error.

6 Conclusion

The proposed task capability finding algorithm reduces the
computation time for capability finding of a manipulator
by 85% than the existing state-of-art algorithm that boosts
its online use in collaborative cases. The proposed algo-

rithm enables online adaptive task allocation proportional
to the individual manipulator’s capability. However, a differ-
ent dynamic allocation scheme may be explored based on
other criteria like minimum disturbance wrench. The trajec-
tory tracking performance for the three trajectories in three
manipulator configurations shows the efficacy of the pro-
posed metric. The effect of the change of trajectory and the
configuration of themanipulators has been studied. The trend
of the trajectory tracking errors for these nine cases matches
the predictions of the proposed metric. The proposed method
also aids in identifying the least capable manipulator among
a group of manipulators and assists in the efficient utilization
of the capability of the group. Task capacity margin should
be considered for more efficient performance with the uncer-
tainty in the requiredwrench.One can also examine the effect
of different base and EE grasping positions while ensuring
that there would be no collision and kinematic discrepancies
among the members. The proposed capability finding algo-
rithm may not work well along with the optimization-based
motion planning of collaborative manipulation because of
the use of the max-min function in the algorithm. Our future
works would address the shortcoming.
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