J Intell Robot Syst (2009) 56:99-126
DOI 10.1007/s10846-009-9328-8

Distributed Motion Constraints for Algebraic
Connectivity of Robotic Networks

Michael Schuresko - Jorge Cortés

Received: 9 June 2008 / Accepted: 30 March 2009 / Published online: 29 April 2009
© The Author(s) 2009. This article is published with open access at Springerlink.com

Abstract This paper studies connectivity maintenance of robotic networks that
communicate at discrete times and move in continuous space. We propose a dis-
tributed coordination algorithm that allows the robots to decide whether a desired
collective motion breaks connectivity. We build on this procedure to design a second
coordination algorithm that allows the robots to modify a desired collective motion
to guarantee that connectivity is preserved. These algorithms work under imperfect
information caused by delays in communication and the robots’ mobility. Under very
outdated information, the proposed algorithms might prevent some or all of the
robots from moving. We analyze the correctness of our algorithms by formulating
them as games against a hypothetical adversary who chooses system states consistent
with observed information. The technical approach combines tools from algebraic
graph theory, linear algebra, and nonsmooth analysis.

Keywords Robotic networks - Cooperative control - Graph connectivity - Flocking
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1 Introduction

Network connectivity is a critical issue in cooperative robotics. In many applications,
connectivity is needed in order to guarantee the successful completion of a desired
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coordination task. Examples include rendezvous at a point and distributed sensor
fusion. In sensor fusion, distributed agreement protocols have convergence rates
which depend on the degree of connectivity of the underlying communication net-
work. Since connectivity is a global property, it is difficult to maintain it in a
distributed manner. The objective of this paper is to develop a distributed approach
to preserving network connectivity that allows for flexibility of individual robot
motions and, at the same time, does not impose a heavy communication burden on
the operation of the overall network.

Literature Review We classify previous work on connectivity of robotic networks
into two main categories. The first category deals with how to design the network
motion so that some desired measure of connectivity is maximized under a given set
of position constraints. In [1], convex optimization is used to solve a connectivity
problem in the presence of convex constraints on the strength of each inter-agent
communication link. A solution to a related problem with nonconvex constraints
is presented in [11]. An extension of similar methods to provide a distributed
algorithm when the strength of each communication link is a convex function of
inter-robot distance is presented in [5]. Potential fields are used in [24] to maximize
algebraic connectivity. The second category deals with a measure of the connectivity
of the interaction graph, a connectivity threshold, and some coordination task. In
this category, algorithms are designed so that the robots’ motion achieve the task
subject to the value of the measure of connectivity never crossing the threshold. A
solution to such a problem is proposed in [22]. This solution allows for a general
range of agent motions, but is not distributed. A distributed approach to maintaining
connectivity from a hybrid systems perspective is proposed in [23]. A distributed
solution that makes agents with second-order dynamics maintain a fixed set of edges
appears in [17]. A distributed solution which allow for varying set of edges to be
preserved is presented in [19]. Connectivity problems have been studied also in the
context of formation control. In [20], connectivity-preserving motions between pairs
of formations are generated. Control laws based on the Laplacian matrix of the
interconnection graph are designed in [10] to solve formation control problems while
preserving connectivity.

Statement of Contributions In this paper, our approach starts by considering a
measure of the connectivity of the interaction graph based on its Laplacian matrix.
The Laplacian matrix of a graph, G, is an analog to the Laplacian operator over G its
second smallest eigenvalue, A, determines many connectivity properties of the graph
G. Given a pre-specified (arbitrary) threshold on A, and a proposed instantaneous
direction of physical motion, we set out to solve the following version of the
connectivity maintenance problem: how can the robots cooperatively decide which
proposed motions can safely be taken without causing the measure of connectivity
(A2) to cross below the threshold? An added difficulty is the fact that the gradient
of the second smallest eigenvalue of the Laplacian matrix is a nonsmooth function
of the edge weights of the underlying graph. Our solution uses an information
dissemination algorithm to compute upper and lower bounds on the Laplacian
matrix of the interaction graph computed individually by each robot based on partial
information. Each robot then plays a game against an opponent who picks graphs
consistent with the information available to that robot. A given robot wins the game
if it moves in a direction close to the proposed motion which is guaranteed not to
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decrease A, whenever A, is below the given threshold. Each robots is free to pick
“stand still” as an allowable motion should it fail to find an actual motion which
satisfies the criteria for winning the game. The proposed coordination algorithm
works under imperfect information caused by delays in communication and the
robots’ mobility, and has the added advantage of allowing for nonconvex mappings
from inter-robot distance to edge weights. We provide correctness guarantees for the
proposed coordination algorithm and show several simulations when combined with
algorithms that implement random motion, trajectory following, and flocking.

Organization The paper is organized as follows. Section 2 introduces basic notation
and notions from nonsmooth analysis and graph theory. Section 3 formally defines
the robotic network model and the connectivity problem we address. Section 4
formulates this problem as a game against a world-picking opponent and presents
algorithmic solutions to it. This section also introduces the communication protocol
used by the network for position information dissemination. Section 5 ties all the
ingredients together to propose a distributed coordination algorithm for connectivity
maintenance and presents various simulation results. Finally, Section 6 presents our
conclusions and ideas for future work.

Notation Throughout the paper, R, R-(, and R., denote the sets of real, non-
negative real, and positive real numbers, respectively. For a set S, F(S) denotes the
collection of all finite subsets of S. Whenever we provide algorithm pseudo-code, we
use a < b to mean “a is assigned a value of b.” We denote by R”*" the space of
matrices of size m x n, and by Sym(n) the space of symmetric square matrices of size
n. The Frobenius inner product of A € R"™" and B € R"*" is defined by

A.B:iiAi,,-Bi,j.

i=1 j=1

The 2-norm of M € R™", denoted || M||,, is the norm induced by the Frobenius
inner product, i.e., | M|» = ~/M e M. The strong norm of M € R"™", denoted || M|s,
is maxycs:{x” Mx}. Note that || M|s < | M|,. For convenience, we introduce the
“vectorization” vec : R — R" of a matrix defined by vec(M);n+j = M; ;. Note
that (vec(A))Tvec(B) = A e B. Finally, we denote 1=(1,...,1)" e R" and 0 =
©,...,007 e R".

2 Preliminaries
This section presents preliminary notions on algebraic graph theory, proximity
graphs, and nonsmooth analysis. As we illustrate later, nonsmooth analysis is needed

in order to characterize the smoothness properties of the algebraic connectivity
function associated to the robotic network.

2.1 The Graph Laplacian and its Spectrum
An (undirected) graph G = (V, &) consists of a vertex set V and an edge set £ C

V x V of unordered pairs of vertexes, i.e., (i, j) € £ implies that (j, i) € £. A weighted
graph is an undirected graph where each edge (i, j) € £ has an associated weight
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wj,j € Rxo. For a weighted graph G = (V, £), the (weighted) adjacency A(G) € R"™"
and the Laplacian L(G) € R"*" are given by

A(G)j = w;;

Wik =],
LG = EZ# ' i#;
i,j .

When the specific graph is clear from the context, we simply use A and L. Note that
both matrices are symmetric. For convenience, we denote by A : Sym(n) — Sym(n)
the linear map that transforms an adjacency matrix A into the Laplacian L defined
by

A(A) = diag(Al) — A = L.

Properties of the Laplacian matrix include [7]: the vector 1 € R” is an eigenvector
with eigenvalue 0; L(G) is positive semidefinite; and the dimensionality of the
null space of L(G) is equal to the number of connected components of G. As a
consequence of these properties, an undirected graph is connected if and only if the
second smallest eigenvalue of its Laplacian is greater than zero. Another convenient
property of Laplacians is that adding weight to an edge is guaranteed not to decrease
any of its eigenvalues [21].

2.2 Proximity Graphs and Proximity Functions

We use proximity graphs as an abstraction of network connectivity among spatially
distributed robots. A proximity graph is an association of a set of positions with a
weighted graph. Let P = (p, ..., p,) € (RY)" be a vector of n robot positions, where
each robot evolves in R?. Let G(n) be the set of weighted graphs whose vertex set
is the set of integers between 1 and n, denoted by {1, ..., n}. Then, we have the
following definition [9].

Definition 1 A proximity graph G : (RY)" — G(n) associates to P e (R?)" a graph

with vertex set {1,...,n}, edge set Es(P), where &g: RH" — {1,...,n} x
{1, ..., n},and weights w; ; € R. for all (i, j) € £5(x). A proximity graph must satisfy
that G(po(1), - - -, Po(m) 1s isomorphic to G(py, ..., p,) for any n-permutation o and

(1 --.y pn) € RYH™

We refer the reader to [4] for several examples of proximity graphs. For a given
proximity graph, we often use the associated proximity function (R?)" — Sym(n)
that maps a tuple P € (R%)" to the adjacency matrix A(G(P)) € Sym(n). Note that a
proximity graph can be alternatively defined by specifying a proximity function.

Remark 1 Examples of proximity functions include the following:

(i) the r-disk proximity function,

—_

» pi—pjll =,
0, otherwise,

fr-disk(P1s - Po)ij = {
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(ii) the exponentially-decaying proximity function,
Jexp(P1s - pu)ij = exp(=Ilpi — p;lD)

(iii) the approximate r-disk graph, for a sharpness value k € R,

1
L+exp(k(lpi — pjll =)’

fr-disk»cont(ph ey pn)i,j =

(iv) the spline graph, with 0 < ryin < Fmax, an approximation of f,gisk, with r €
[rmim rmax]- The (l7 ]) entfy fspline(Ph BRI Pn)i,/' is giVen by

0, lpi — il < Fmin,
2
Il Pi — Pjll = "min Ipi—pill—rmin \°
=3 (L PA =t ) g (i), oy < = il <
max min

L, s:”pi_pj”>rma>u

These examples are particular classes of a larger class of proximity functions
defined by f(pi,..., pu)ij = gwat(lpi — Pjl), With gy : Rsg — R. For this paper
we consider proximity functions of this form with the added restrictions that gy
is C* and monotonically decreasing, like in examples (ii)—(iv). Some properties of
our proposed algorithms will require that the second derivative of gwg is bounded
and gy has zero derivative at 0, like in example (iv).

2.3 Elements of Nonsmooth Analysis

It is possible to define a notion of gradient for locally Lipschitz functions [3]. Let
f :RY — R be locally Lipschitz at x € R?. For any v € R, the generalized directional
derivative of f at x in the direction v, denoted f°(x; v), is
t —
2 v) = limsup 22TV = fO).
y—x,t}0 t

In contrast, the one-sided directional derivative, of f at x in the direction v, denoted

f'(x; v),1s

m f(y +tv) — f(y).

fxv) = I .

i
The generalized directional derivative has the property of always being well-defined,

whereas the one-sided directional derivative might not exist in some cases. The
generalized gradient of f at x € X, denoted df(x), is the subset

af(x) ={& € X|f°(x;v) = v forall vin X}.
If fis continuously differentiable at x, then d f(x) = {V f(x)}.
2.4 Nonsmooth Analysis of the Algebraic Connectivity Function

Here we specify our scalar measure of network connectivity. Denote the (not
necessarily distinct) eigenvalues of M € Sym(n) by A{(M) < M(M) < -+ < A\ (M).
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We denote by f, : Sym(n) — R the function that maps the matrix M to A;(M). Given
a proximity function f : (R%)" — Sym(n), we let

ﬁ—conn = f)\,v oAo f : (Rd)n - R. (1)

We refer to f>_conn as the algebraic connectivity function.

Next, we analyze the smoothness properties of the functions fi_conn, for i €
{1,...,n}. We are particularly interested in f>_conn, but the same results are valid
for any fi_conn, and therefore we present them in general.

Lemmal For i €{l,...,n}, the function f, is globally Lipschitz with Lipschitz
constant 1.

Since the composition of Lipschitz functions is also Lipschitz, we have the follow-
ing corollary.

Corollary 1 For i€ {l,...,n} and a locally Lipschitz proximity function f, the
connectivity function fi_conn is also locally Lipschitz.

The following result [12] gives gradients of functions fj,.

Theorem 1 Fori e {l,...,n}, the generalized directional derivative (in the direction
X € Sym(n)) and the generalized gradient of f, at M € Sym(n) are given by
°(M; X) = Te X,
f)\i( ) {veS"IPA%I)S:%;v) vee e

af)\,(M) = CO{yesr | Mv:)\iv}{UUT}-

The next result is a consequence of (1) and the nonsmooth chain rule [3, Theorem
2.3.10].

Theorem 2 Given a continuously differentiable proximity function, f:(R%)" —
Sym(n), we have at P € (R)", and L = A(f(P)),

3 fi—conn(P) S (vec(df, (L))" (Vvee(L)).

3 Robotic Network Model and Problem Formulation

Here, we describe our assumptions on the robotic network and state the problem we
address in this paper.

3.1 Robotic Network Model

In this section, we informally describe our robotic network model and its operation
under a coordination algorithm. A more formal description would be possible, for
instance within the modeling framework introduced in [14], but here we have chosen
to keep the presentation simpler. We consider a network of n physical agents moving
in R according to the first-order dynamics

pi=uw, iefl,....n}. (2)
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We assume this model for simplicity, although the algorithms proposed later
work equally for any controllable agent model with bounded inputs. We let P =
(p1, ..., pn) € RY" refer to the vector of all robot positions. Robots communicate
over a spatially-induced proximity graph at discrete-time instants. The proximity
graph is defined via a proximity function as introduced in Section 2.2. A coordination
algorithm specifies a set of time instants when communication takes place. At these
time instants, each robot sends a finite number of real numbers to each of its neigh-
bors, performs computation on those numbers as specified by the algorithm, and
stores the results. The set F(R U {true, false}) is the space of possible collections of
stored variables at each robot. In between communication rounds, the motion of each
agent motion is governed by a control law specified by the coordination algorithm.
This law specifies robot motion as a function of physical state and the variables stored
during the discrete-time communication and computation. Finally, an evolution
of the robotic network under a coordination algorithm is the iterative execution
of discrete-time communication, discrete-time computation, and continuous-time
motion from a valid initial state.

3.2 Problem Formulation

Assume we are given a specific algorithm which achieves a coordination task. Our
objective is to design a procedure that modifies the directions of motion specified by
the given algorithm as little as possible while preserving network connectivity. Let us
start by formalizing this idea.

Definition 2 An UNDERLYING CONTROL LAw for n robots in R? is a specification, for
each network configuration P, of a control input ug0,—; for each roboti € {1, ..., n},
a bound 6y,,x—; on the angle by which the true motion of the ith robot is allowed to
deviate from 40,1, and a time step § T > 0 over which #gpq—; and Oax—; are valid. A
set of inputs (1;);eq1,....ny 1S compatible with the UNDERLYING CONTROL LAw if and only
if the following two conditions hold for alli € {1, ..., n},

luill < ”ugoalfi”a |4(ugoalfiy u;)| < Omax—i-

The first problem we address is that of deciding when a proposed motion can be
made while safely maintaining connectivity of the robotic network.

Problem 1 (Spectral Connectivity Decision Problem) Given a control input, u;
known to the ith agent, fori € {1, ..., n}, a control bound, vyax, known to all agents,
such that each agent’s control input, u; must always satisfy [|u;] < vmax, a time
interval [t, to + 8 T], and [A_, A.] C R.(, SPECTRAL CONNECTIVITY DECISION PROBLEM
consists of providing a (distributed) procedure which, for each robot i returns a value,
fsate € R having fife > 0 only if the following hold for all ¢ € [ty, fo + 8 T] for all
{t2j, 1]l < Vmax} jeq1,...np\jiy and for all network configurations, P, consistent with the
information available to the ith robot.

- f27conn (P(I)) ¢ [)\77 }\+], or
- o P @510, .. ul, . 01T) > 0.

where P(f) denotes the network evolution under control (i, ..., i1, u;,
Uiyy, - - -, Uy) starting from P.
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We follow with an informal description of Definition 1

[Informal description:] Our goal is to determine (in a distributed manner)
whether a given motion could, potentially, cause A, to drop below the threshold
A+. Under ideal conditions with exact computation, it would suffice to ensure
that no motion causes the time derivative of A, to be less than zero whenever
A, is exactly equal to A;. Because exact computation is, at best, infeasible
(and at worst impossible), we instead ensure that the time derivative of A,
is never less than zero whenever A, inhabits a range around A,, in this case
[A_, A;] (while we have not characterized an optimal value for A_ given A, in
practice A_ = 0.0 works just fine, and elegantly handles cases where the initial
connectivity is lower than planned for). We further specify that our solution
answer this decision problem by returning a number, fs, which is greater than
or equal to zero only if we can guarantee that our proposed robot motion is safe.

The second problem we address is the problem of determining directions of
motion that are compatible with the given algorithm and preserve connectivity.

Problem 2 (Spectral Connectivity Problem) Given an UNDERLYING CONTROL LAWw,
a bound, vmax, ON agent control input, a time interval, [t, fp + 3§ T], and an interval
[A_, A+] C R., SPECTRAL CONNECTIVITY PROBLEM consists of providing a procedure
which, for each robot, i € {1, ..., n} finds an input u;, having ||u;]| < vmax, compatible
with the UNDERLYING CoNTROL LAw such that SpECTRAL CONNECTIVITY DECISION
ProBLEM returns a value fg,g > 0 when provided with [f, to + 8 T, [A—, A+ ], and u;.

For clarity, we also present an informal description of Definition 2

[Informal description:] In Definition 2 we are describing the process of, given
a procedure to solve SPECTRAL CONNECTIVITY DECISION PROBLEM, determine
whether we can find a set of robot motions close to the motions specified
by the underlying control law which are allowed by our solution to SPECTRAL
ConNNEcTIVITY DECISION PROBLEM. In our case, “close” means “the direction
taken by each robot is close in angle to the direction proposed by the under-
lying control law.” This is somewhat like expressing SPECTRAL CONNECTIVITY
DecisioN ProBLEM as a function from “angle of motion” to fgge, and searching
for roots of fiate.

4 Eigenvalue Games and Information Dissemination

In this section we introduce the main algorithmic components of our solution to
the problems presented in Section 3.2. In Section 4.1, we reformulate SPECTRAL
ConNNECTIVITY DECISION PROBLEM as a game, termed GRAPH PICKING GAME, which can
be played with out-of-date information on the state of the network and in Section 4.2
we study the properties of its space of solutions. Next, we present in Section 4.3
a distributed procedure that allows network agents to decide whether an intended
motion wins GRAPH PIcKING GAME. The other algorithmic component of our solution
is a distributed information dissemination algorithm, presented in Section 4.4, which
provides each robot with the information needed to play GraPH PICKING GAME.

@ Springer



J Intell Robot Syst (2009) 56:99-126 107

4.1 GrAPH PIcKING GAME

We are interested in characterizing the rates of change of Laplacian matrices arising
from instantaneous robot motions which solve SPECTRAL CONNECTIVITY DECISION
ProBLEM. To do this, we reformulate this problem as a game and study the properties
of the solutions to the game.

In order to present a clean formulation, let us introduce some notation. Let

LAP.(n) = {M € Sym(n) | M1 = 0},
LAP(n) = {M € LAP.(n)| M;; < Oforalli # j}.

Note that, given M € LAP(n), it is possible to define a graph, G, with Laplacian
M, by assigning to each edge (i, j) € £ the weight —M; ;. We consider the following
partial order in LAP. (n). For A, B € LAP.(n), we write A <pap B if and only if
A;j> B;jforalli# je({l,...n}. Likewise, A <pap B if and only if A;; > B;; for
alli # je{l,...n}. For A <pap B, we define the interval

[A, Bleap ={L € LAP.(n) | A <tap L <rar B}.
Note that A, B € LAP(n) and L € [A, BlLap imply L € LAP(n). The following

result provides more properties of the matrices in the interval [A, B]pap.

Lemma?2 Let A, Be LAP(n)and L € [A, Blpap. Then,

(1) f)\z(L) € [f?\z(A)» f?\z(B)];
(i) vvT e L elvv’ o A, vvT @ B] forv e R"

Proof Fact (i) follows from the monotonicity of A,(G) on the edge weights of G.
To prove fact (ii), note that vv” ¢ L = v” Lv for any L € Sym(n) and any v € R".
Because any graph Laplacian is positive semidefinite, and L — A, B — L € LAP(n),
we have

vao(L—A) —vw e L —vwleA>0,

vao(B—L) =vv e B—vvl e L >0,
and the result follows. o
We can now formulate the core question we need to solve to obtain a solution

to SPECTRAL CONNECTIVITY DECISION PROBLEM as a game played against a graph-
picking opponent.

Definition 3 (Graph Picking Game) Given A, B € LAP(n) with A < ap B, we pick
Y € [A, BlLap. Our opponent then selects L € [A, Blpap. We win if either of the
following conditions hold

- (L) gA, Al or
SR (L;Y) = 0.

Our objective is to characterize the choices Y that ensure that GRAPH PICKING
GaME is won (specifically, we characterize the choices X such that all Y having
X <pap Y win GrarH PickiNG GAME). This is what we tackle next.
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4.2 Bounds on Matrices which Win GrAPH PickKING GAME

A direction that a robot can take in physical space induces an instantaneous rate
of change of the Laplacian matrix of the underlying communication graph of the
network. Given out-of-date information on the state of the network, each robot can
produce bounds on the actual Laplacian of the graph. In this section we answer the
following question: given a matrix lower bound A € LAP(n) and a matrix upper
bound B € LAP(n) on the Laplacian matrix of the communication graph and a range
of possible instantaneous rates of change of the Laplacian matrix due to a proposed
physical motion, can we guarantee that the proposed motion will not decrease
the second smallest eigenvalue of the graph Laplacian? We do this by answering
the related question: given the information listed above, and a range of “unsafe”
eigenvalues, [A_, A;], can we guarantee the proposed motion will not decrease the
second smallest eigenvalue of the Laplacian matrix whenever the said eigenvalue is
outside of the range [A_, A, ]?

More formally, we bound the union of all possible gradients of f), evaluated
at L € [A, Bliap. Consider L € [A, Blrap such that fi,(L) € [A_, A;]. Following
the formula for the gradient of f), in Theorem 1, we examine the vectors w € S"
such that Lw = A\y(L)w. For such vectors, we have L e (ww?) = w? Lw = f,(L),
and therefore, using Lemma 2, it follows that A e (ww7) < A,. Our strategy is then
to bound the set of w € R” which satisfy A e (wwT) < A,. The fact that the non-
smooth gradient of fy, is actually the convex closure of such ww” is addressed in
Proposition 1.

Let {uy, ..., u,} be the m eigenvectors of A corresponding to eigenvalues A; < A,
and let {u,,41, ..., u,} be the n — m eigenvectors of A corresponding to eigenvalues
Aj > Ay. Given m > m, define

e(71) = A —Na(A)
AT N (A) = M(A)

Uspan-A (11) = spanfuy, ..., Uam},
Ua(i) = {w €S" | Fu € Ugpan.4 (1) with [lu]| = 1 such that w € B(u, ()} .

We have chosen U 4(77) to contain the elements w satisfying ww’ € 9 fr, (L) for
any m > m, as we show next.

Proposition1 Let A, Be LAP(n), L € [A, Blrap, fi,(L) <Ai, weS", m>m. If
w & U (m), then ww? ¢ dfy, (L).

Proof If w ¢ U 4(m), then the component of w outside span(v;(A), ..., vn—1(A))
has magnitude at least € 4 (772). Since w € S", the remaining component has magnitude

at most /1 — ei‘ (m), and therefore we can deduce

2
wl Aw > (m) Fro(A) + ea()? fi,,, (A)

= fu(A) + €A (fi,, (A) — fi,(A) = A4

Since L € [A, Bliap, wILw > w Aw > A By A, > fi, (L), w ¢ {veS'|vILv=
fru(L)}. To show ww” ¢ 9 fi, (L) we recall that 9 fy, (L) = cOpesr | Lo=f,, (L) {vv’} =
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COyest | o7 Ly= f’\z(L)}{va}’ Noting that there is only one combination of vectors in

{vvT | v € S"} which can have a convex combination of ww’ for w € S”, namely the
singleton set {ww’}, we deduce that w & {v € S" |vT Lv = f,(L)} implies ww’ ¢
COfyesr | uTLv:fAZ(L)}{UUT} = dfa,(L). ]

The bound induced by U 4(r7) works for any s > m. Our idea is to check the
bounds induced by all such 72 > m, in the hope of finding one which verifies that our
proposed motion is allowable.

The following result is a consequence of Proposition 1 and Theorems 1 and 2.

Corollary 2 Any instantaneous change in robot positions, (U;)ic(1,..n), inducing an
instantaneous rate of change of the Laplacian Y € LAP. (n) satisfying Y o (uu’) >0
forallu € U 4(m) for some m > m, satisfies f5_....(P; Uien

Given some m > m, we can conclude from Proposition 1 and Corollary 2 that
any Y satisfying Y e (ww”) > 0 for all w € U, (7i1) wins GRAPH PickiNG GAME on
A, B,A_, M. To determine whether a given Y satisfies this property, it is sufficient to
find the vector Umin € Uspan-4 (7i7) which minimizes Y o (uu”) = u” Yu (and then tack
a fudge factor based on € 4 (;77) onto this minimum). We justify this in the following.

Let My € R be a matrix whose column vectors are an orthonormal basis
of Ugpan-4 (777). Note that any vector in Ugpan-4 (777) N'S” can be expressed in the form
M, x for some x € S”. Likewise any x € S satisfies My, X € Uspan-4 (77) N S™.

Proposition 2 Finding the vector u € Wgpa,.4 () NS" which minimizes Y o (wu®) is

equivalent to finding the vector x € S™ which minimizes x" M} .Y Myix. Since

MuT(Vh) Y Mgy is symmetric, minimization is achieved when uTYu equals the smallest

eigenvalue of M Y M,z

u(m)

Proof Let upin be the vector in WUgpan-4(2) N'S" that minimizes u”Yu. Since
there exists Xmin € S™ having M, i) Xmin = Umin, W€ have x;nMuT(,h)YMu(,mxmm <

Minyeu,,, 4enns (' Yu), and hence minyegigsp7 v a, N < U Yiimin. Since each

(i) min
x € S™ satisfies My ()X € Uspan-a(m) N'S", then xTMuT(rh)YMu(ﬁwx > ul. Yumin for
all xeS". Thus minycge MLy Mugi) D) = ul'. Yumin. We conclude that
. 7 .
mm)\eeigs(MuTMl)YMu(,;,))O\) = Upin Y umin. m}

The next results provides a sufficient criterion to check if a matrix is a winning
solution to GRAPH PICKING GAME.

Proposition 3 (1 — e, (7)>)Y o (uu”) + € 4 i)’ min(min(eigs(Y)), 0) > 0 for all u e
Wpan-4 (711 implies that Y e (ww™) > 0 for all w € U 4 ().

Proof Any w € U 4(i) can be decomposed into au ++/1 — a2v for u € Uspan-4 (772)
and v € complement(uspan- 4 (777)) where +/1 — a2 < € 4(). Since Proposition 2 gives
us Y e (vv7) > min(eigs(Y)), we have Y e (mzva) > €2 (/) min(eigs(Y)) if
min(eigs(Y)) <0and Y e (WT—a2wT) >min(eigs(Y)) >0 if min(eigs(Y)) >0. Thus
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YeWI—arwl)> €% (M) min(min(eigs(Y)), 0) and Y o (ww’) > (1 —es(M)*)Y o
(uu™) 4 € 4 i)*>min(min(eigs(Y)), 0) > 0. O

4.3 DIRECTION CHECKING ALGORITHM

We introduce DirecTiON CHECKING ALGORITHM in Table 1. Given A, B € LAP(n),
and a lower bound, X € LAP.(n) of the candidate instantaneous rate of change
of the Laplacian matrix, Y € LAP.(n), Y >pap X, the algorithm returns a value
Scheck > 0 if it can verify that any Y >y op X wins GrRaPH PicKING GAME on A and
B, and returns Sc¢peck < 0 otherwise.

Lemma 3 DIRECTION CHECKING ALGORITHM returns Scpeck > 0 only if X satisfies X o
M > 0 forevery M € 9 fr,(L) with L € [A, Blpap.

Proof If DIRECTION CHECKING ALGORITHM returns Scheck > 0, Proposition 2 im-
plies that there must be some 71 > m having ming,, 7 | we B, s (7)).ueS" N4 7)) (X
(uu™)) > 0 thus, by Proposition 3, X e ww? >0 for all we U,y() and, by

Table 1 Direction checking algorithm

Name: DirecTION CHECKING ALGORITHM

Goal: Let Y be the (unknown) instantaneous rate of change of the Laplacian matrix of
the communication graph of a robotic network. Given X (known) such that Y — X
is known to be positive semidefinite, determine whether Y can be proved to win
GRraPH PIckING GAME on A and B and eigenvalue bounds A_ and A,

Inputs: e Matrices A, B € LAP(n)
e Eigenvalue bounds A_ <Ay € R
e Lower bound, X € LAP (n), on candidate direction in matrix space, Y € LAP(n)

Outputs:  Scheck € R. Scheck = 0 means each Y > ap X wins GrRaPH PickING GAME on A, B

and [A_, A4]

1: Let Ay < min(Ay, A\2(B))

2: Let A < max(A_, A2 (A))

3: if A_ > A4 then

4: return 0

5: end if

6: Let Apin < min(eigs(X))

7: Let mpyin < min{m | A, € eigs(A), Ay > Ay}
8: Initialize Scheck < —1.

9: forall m € {muyi, — 1,...,n}do
10: if m < n then
11: Let € 4 (1) < % and Ugpan. 4 (M) < span(uj, je€ {1,...,m})
12: else

13: Letey(m) <0
14: end if

15: Let My € R™ " whose columns are orthogonal basis of Uspan.4 (172)
160  Let S < (1 — e4(m)%) min (eigs(MuT(rh)XM,,(,;l))) + € 4 ()* min(Apin, 0) /*Does current i
verify X is safe?*/

17: Let Scheck < max(S, Scheck) /*Does any m checked so far verify X is safe?*/
18: end for
19: return Scpeck /*Does any m verify X is safe?*/
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Proposition 1, X e ww” > 0 for all w € " having ww” € 3 f,(L). Since any M e
d fi, (L) is the convex combination of some set of ww! €9 fu(L), X ¢ M must be the
sum of X e (ww7) for such a set of ww” and thus X ¢ M > 0. u]

The following result shows that DIRECTION CHECKING ALGORITHM is successful in
determining if we win GrRAPH PICKING GAME.

Theorem 3 DIRECTION CHECKING ALGORITHM returns Scpeck > 0 only when each Y
having Y > ap X satisfies Y ¢ M > 0 for M € 9 f,(L) with L € [A, Blrap.

Proof The conditions Scheck > 0 holds only if
min(eigs(M . X Muoi)) + €4 (1) min(Amin (X), 0) > 0,

u(r)

for some 1 > m. For any Y having Y >rap X, Y — X is positive semidefinite, thus
each eigenvalue of Y is greater than or equal to the corresponding eigenvector
of X, making Amin(Y) > Amin(X). Likewise, we can express MMT(,;I)YM”(,;D as
MuT(ﬁl)XMu(m)+M3(rh)(Y—X)Mu(,;Z) where Y — X, and therefore MuT(rh)(Y—X)MM(m)
as well, are each positive semidefinite. This means that each eigenvalue of
MY Mugiy = M) X Mgy + M (Y — X) M,y is greater than or equal to
the corresponding eigenvalue of MuT(ﬁl)XMu(,h). So min(eigs(MuT(,h)XMu(,;l))) +
6A(’h) min()\min(X)s 0) =< min(eigS(M,f(m)YMu(M))) + 6A(ﬁ1) min()\min(Y)a O)»

thus Scheck > 0 only if

min (eigs (M, ;) Y Mugiy)) + €4 (it) min(Amin (Y), 0) > 0,

u(m)

for some m > m. By Lemma 3 this holds only if Y satisfies Y e M >0 for M €
af)\z(L) with L € [A, B]LAP- O

4.4 Information Dissemination of Robot Positions

In order to execute DIRECTION CHECKING ALGORITHM, robots first need information
about the past states of the network to come up with reasonable bounds on the
Laplacian matrix. Before specifying the protocol to disseminate information about
each node throughout the network, we first address what it means for each node
to hold information which is consistent with the real world. A formal definition is
given next.

Definition 4 (Consistency of stored network information) Let Py € R"*” be the
actual position of the robots at time fcy, and let vp,x be a bound on the maximum
velocity of each individual robot. A tuple, (P, T, D), P € R T e R", D € R™™ is
called CONSISTENT With Py at time tqy, if the following hold:

(1) Foreachi e {1, ey I’l}, Pi S B(,Ptruthiy (tcurr - Ti)vmax)'
(if) For each i, je{l,....,n} x{1,....,n}, [ Puuni — Ptruth/'” € [Dij — vmax(eurr —
Ti + teurr — Tj)v Di,j + Umax(tcurr - Ti + feurr — T])]

In other words, a set of information is CONSISTENT with an actual state of the world,
(i) if the position of each robot, i, in the actual state of the world is within the range
it could have reached by traveling with speed vmax starting from position P; for time
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teurr — 17 and (ii) D; ; stores the distance between P; and P; and relates to the actual
distance in the natural way.

Next we provide an algorithm which correctly disseminates CONSISTENT informa-
tion on the state of the network to all robots. We start with the bookkeeping data
necessary for this task. Each robot i € {1, ..., n} holds the following data structures

— For each other robot, j, a position, P][i] € R? and a time Tﬁ-i] € R since it was last

known that the position of j was P][-i].
— For each other robot, j, Sk ;(i) € {true, false} is true if and only if the most recent

copy of (P[i], T,E]) needs to be sent from i to j.

The ALL-To-ALL BROADCAST ALGORITHM is described in Table 2.

Table 2 All-to-all broadcast algorithm

Name: ALL-TO-ALL BROADCAST ALGORITHM

Goal: Disseminate information about robot positions throughout the network
Inputs: e fourr € R indicating the current time

Messages e je{l,..., n}is identifier of the robot from which the signal originated

from neighbors: e ,,ig € R indicating the time at which message from j originated
e Pje RY, the position of j at time ty,jig

Sensor Data o Py € RY, current position of this robot, acquired via sensing
Persistent eid € {1, ..., n}, current robot’s unique identifier
data: e T € R", array of last recorded time information

o P € R™" array of last recorded position information

o § € {true, false}”"* where S§; j indicates whether the most up-to-date
information about i needs to be sent to j (value true) or not (value false)
e D e R matrix of approximate inter-robot distances

: Let Piq < Pig and Tig < fcurr [*Update self*/
cforallm e {1,...,n}\ {id} do

Let Siqm < true [*Sending phase*/
: end for

: forall k € N do

Randomly select j from elements having S, = true

Push (j, T}, P;) onto the queue of items to be sent to agent k

Push (id, Tiq, Piq) onto the queue of items to be sent to agent k

: end for

10: Send two items from each queue to corresponding destination

11: forall k € \ do

i A Sl s

Ne)

12:  for all message {1, 2} [*Each neighbor sent two messages previously*/ do
13: Receive j, tyalig, Pjfrom k. /*Receiving phase*/
14: if tyatiq > T]' then

15: forallm e {1,...,n}\ {id} do

16: Let Sjn < true

17: end for

18: Let S < false, T < tyaiq, and Pj < P;

19: forallie {1,...,n}\ {j}do

20: Let D j < ||P; — Pjll and D;; < ||P; — Pjl|

21: end for

22: end if

23: end for

24: end for
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Note that, in lines 7:-8 : of ALL-TO-ALL BROADCAST ALGORITHM, each robot pushes
its own updated information in its queue, as well as that of a randomly selected robot,
at each communication round. While this is not necessary for our proof, in practice
it leads to much better bounds on the instantaneous rates of change of the Laplacian
due to individual robot motions, which primarily depend on accurate information on
each agent’s immediate neighbors.

Because this algorithm is randomized, we discuss its expected performance. In the
following result, let path;;(f) denote the shortest path between robots j and k at
time 1.

Lemmad4 For je({l,...,n}, letk € {1,...,n} betherobot that maximizes t.,, — Ty‘]
at time te,,, in other words, k’s estimate of j is the most out of date estimate on the
network. If the communication graph is connected between rounds at timetand t + 8T,
then the expectation of Ziep ath, Tﬁ}], increases by at least %|T§k] _ T}ﬂ‘ between t

and t+ 8T for any je {1,...,n}. Likewise, if t.u is the current time, the expectation
of Ziepath o eurr — TE-Z]) (the sum of the amount by which the timestamps for j are
Jik

out of date along the path from j to k) decreases by at least %maxkyle(l ) (|T[k] —

T}l]|) _ |path};k(t)|8T between t and t + 8T forany je {1,...,n}

Proof Let ijess and igrearer be the two agent identities adjacent to an edge, e, having
Tﬁ.““*] < Tyg”"““]. With probability at least % agent igrearer Will broadcast its estimate

of j to agent ijs increasing T?le“] by |T£lg'e“'e'] — T}ilm] . Broadcasting j the other
direction does not affect any agents state estimate. Since G(P (7)) is connected for
T € [t,t 4+ §T1, there must be at least one path between the agents with the least and
greatest value of Ty], and a set of edges must exist along this path for which the
sum of the differences of TEZE’E“‘e’] - T‘EAI"“S] must exceed maxye(1,.._y (| Tgk] - T‘Eﬂ |). The
second half of the statement follows from the first. O

The next result characterizes the expected time by which the information held by
each node may be out of date.

Corollary 3 For any robot, j € {1, ..., n}, the average expectation, over all robots, i €
{1,...,n}of (teurr — T}”) never exceeds (n> + 1)8 T. Likewise the expected maximum,

over all i e {l,...,n} of tyy, — Tgi] never exceeds n(n>+ 1)8T, and the expected
maximum, over all i, j € {1,...,n} of teyr — Tgi] never exceeds n(n®> + 1).

Proof By Lemma 4, (+

1 [i]
23 et (tourr — T )) decreases whenever

1
— max
n k,le{l,...n}

T — 78 — T > 0.
Since at least one node () has the fresh value of j (T;J] = leurr), the expectation of
,,,,, ) (| Tg-k] — TE” |) is at least the average (over i) of the expectation of ¢y —

T}” and the average expectation of #oy — T}” decreases whenever the expectation

of maxy je(i,...n) (|T§k] - T§”|) is above n?8T. The expectation of the average over i
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.....

exceeds n>$ T. This quantity goes up by at most § T each round and thus never exceeds
n?8T + 8T. Since the expectation of fey;r — TE’] is never below 0, the expectation of

the maximum must be at most n times the avefage, thus it never exceeds n(n* + 1)8 T.
For the last part of the statement, the average over all i of the expectation of
teurr — TE-’] never exceeds (n? + 1)8 T for any fixed j, and so the average over all i, j

of the expectation of ey — T;i] also never exceeds (n> 4+ 1)8T. Since the maximum
over all i, je {l,...,n} of teyr — Ty] is at most n? times the average over all i, j of

beurr — Tﬁ"], this value never exceeds n*>(n*> + 1)8T. u]

Finally, we establish that the information stored by the network is consistent with
the actual robot positions in the sense of Definition 4.

Theorem 4 Assume each robot moves with velocity at most vy, At all times, each
robot holds values of T, P, D which are CONSISTENT, in the sense of Definition 4, with
the state of the network at time t.,;,.

Proof Each broadcast message, as sent in ALL-TO-ALL BROADCAST ALGORITHM, con-
tains a position of a robot, and the time at which that position was valid. Since
the time and the position are both stored, the results always verify condition 1 of
Definition 4. Condition 2 of Definition 4 holds for any (P, T, D) where condition 1
holds for P and T, and D; ; = ||’P; — P| for all i and j. O

5 Algorithmic Solutions to the Connectivity Problems

In this section, we combine the algorithmic procedures developed in Section 4 to
decide if a proposed network motion is safe for connectivity maintenance and to
disseminate position information across the network. This allows us to synthesize
the MotioN TEST ALGORITHM and the MOTION PROJECTION ALGORITHM to solve the
SPECTRAL CONNECTIVITY DECISION PROBLEM and the SPECTRAL CONNECTIVITY PROBLEM,
respectively.

5.1 MotioN TEST ALGORITHM

Here we combine the DIRECTION CHECKING ALGORITHM and the ALL-TO-ALL BROAD-
CAST ALGORITHM to synthesize a motion coordination algorithm that solves the
SpECcTRAL CONNECTIVITY DECISION PrOBLEM. First, we provide the MATRIX BounD
GENERATOR in Table 3 to compute lower A € LAP(n) and upper B € LAP(n) bounds
on the Laplacian matrix of the communication graph from the data disseminated via
the ALL-TO-ALL BROADCAST ALGORITHM.

LemmaS5 Let t.,, be the current time. Given a proximity graph induced by a
monotonic function g,g : R — R, for (P, T, D) CONSISTENT with the current set of
robot positions, MATRIX BOUND GENERATOR returns two matrices which bound the
Laplacian of the graph induced by Py, at any time between te,,, and teyp + 87T.
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Table 3 Matrix bound generator

Name: MATRIX BOUND GENERATOR
Goal: Compute bounds A, B € LAP(n) of Laplacian of communication graph
Inputs: e Current time fcyr € R

e Maximum velocity of any robot, vmax
e Maximum time between communication rounds, § T
Persistent o 7 € R”, array of last recorded time information
data: o P e R™" array of last recorded position information
e D e R™" matrix of approximate inter-robot distances
Outputs: A, B € LAP(n), are the matrix bounds

: Let A < diag17A)— A
: Let B < diag”B) — B

1: foralli e {1,...,n}do

2: forall je{l,...,n}do

3: Let Ai,j <~ gwgt(Di,j — Umax ((eurr — Ti +8T) + (feurr — Tj +481)))
4 Let Bi.j <« gwg[(Di,j + Vmax ((eurr — Ti + 8T) + (feurr — T/' +46T)))
5:  end for

6: end for

7

8

Proof Lett € [teurr, teurr + 6 T]. By monotonicity of gye and consistency of (P, T, D),
the distance between i and j is between D;; — vmax((feurr — T3 +87T) + (feurr — T+
8T)) and D;; + vpax((teurr — T3) + (feurr — T+ 87T)), yielding the (i, j)-th element
of the adjacency matrix in the interval [gwge(D;j — Vmax((fourr — T +8T) + (feurr —
T;i+6T))), gwet(Dij — vmax((teurr — Ti +8T) + (teurr — T+ 8T)))]. Since all the off-
diagonal elements of the Laplacian matrices, A and B, are defined this way, and
the diagonal elements are cONSISTENT with the definition of LAPL(n), the actual
Laplacian matrix of the graph isin [A, Blpap for all ¢ € [teyrr, teurr + 871 O

Next, we characterize the expected gap between the off-diagonal elements of A
and B generated by MATRIX BOUND GENERATOR.

Lemma 6 Let gax = maxyer_,(18),e(X)]). For i # je{l,...,n}, the expected gap,
B;j— A, never exceeds 48 maxVmax (0 4+ 2)8T). The expected maximum over i #
jief{l,....n},je{l,...,n} Bij— Ajjnever exceeds 4g,,mvmax(nz(n2 +2)8T).

Proof The expectations of feyr — T; and feyr — T never exceed (n(n* +18T) by
Corollary 3. Since A;; = gwat(Dij — Vmax((eurr — T; +8T) + (tewrr — Tj 4 67))) and
Bij = gwut(Dij — Vmax((eurr — T; +8T) + (teurr — Tj+ 87))), their difference never
exceeds 2gmaxVmax (> + 14+ DET +nm> + 1 + 1)8T).

By similar reasoning, the expected maximum over all i # j of B;;— A;; never
exceeds 4gmaxVUmax (2> 4+ 14 1)8T) since this is at most twice 2gmaxUmax times
maxie[l,.“,n](tcurr - Ti + 8T) ]

Finally, we combine the DIRECTION CHECKING ALGORITHM which verifies winning
solutions to GRAPH PICKING GAME with the ALL-TO-ALL BROADCAST ALGORITHM and
the MATrIx BoUND GENERATOR which provide position information to the network
robots. This combination allows us to synthesize a solution to SPECTRAL CONNECTIVITY
DecisioN ProBLEM. This solution, MoTioN TEST ALGORITHM, is presented in Table 4.
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Table 4 Motion test algorithm

Name: MortioN TEST ALGORITHM
Goal: Solve SPECTRAL CONNECTIVITY DECISION PROBLEM.
Inputs: o Current time feyr € R

e Maximum velocity of any robot, vmax
e Maximum time between communication rounds, § 7'
e Proposed direction of motion, v
e Eigenvalue bounds A_ <Ay € R
Persistent e 7' € R”, an array of last recorded time information
data: o P e R™™" an array of last recorded position information
e D € R™", a matrix of rough inter-robot distances
e A, Be LAP(n)
eid € {1, ..., n}, unique identifier of current robot
Outputs: o fafe € Rsuch that fyg > 0if, for any time ¢ € [fcurr, feurr + 871, the instantaneous
change in the Laplacian matrix due to motion in the direction v wins GRAPH PICKING
GAME at time ¢

: Initialize Xupper < 0

: Initialize Xjower < 0

cforallie {l,...,n}do

Xiowerid.i < — minpeg(p,..vmaxg,Tl+57))(g(,vgl(p, Pig; v, 0))  /*Compute bounds on
direction matrix*/

Let Xupperidyi <= —MaAXpe B(P;,vmax (t—T;+8T)) g;vgl(P, Pig; v, 0)
Let Xupperig jg <= Xupperig i — Xupperiq i

Let Xioweria,id < Xlowerid,id — Xlowerid,i

. end for

9: Let A_ < max(A_, A2(A))

10: Let Ay < min(A4, A2(B))

11: if A_ > A, then

A LN =

AR

12:  return0 [*There are no possible matrices with eigenvalues in the disallowed
range*/
13: end if

14: Let fsfe < DIRECTION CHECKING ALGORITHM on A, B, Xjower A—, A+
15: return fgafe

The next result shows that MoTION TEST ALGORITHM returns a value of fre > 0 only
if the instantaneous change in the Laplacian due to motion in direction v wins GRAPH
PickiNnG GAME.

Theorem 5 Assuming that each robot moves with velocity at most v,,,,, MOTION TEST
ALGORITHM solves SPECTRAL CONNECTIVITY DECISION PROBLEM.

Proof By Theorem 4 the information received by each robot is CONSISTENT with the
state of the network. Lemma 5 shows, given consistent data, that the matrices A
and B properly bound the graph Laplacian of the communication graph. The motion
in matrix space induced by the proposed instantaneous motion in R¥" is bounded
from below by Xjower, 1.€., it is @ member of {Y € LAPL(n) | Y >pap Xiower}. Finally
Theorem 3 and Corollary 2 show that DIRECTION CHECKING ALGORITHM called on line
14 : of MoTION TEST ALGORITHM returns fg,gp < 0 only when the proposed direction
of motion wins GraPH PIcKING GaME, and hence is allowable under SPECTRAL
CONNECTIVITY DECISION PROBLEM. O
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The next result shows that solutions to the SPECTRAL CONNECTIVITY DECISION
ProBLEM keep the algebraic connectivity of the network above the desired threshold.

Corollary 4 If each robot runs an algorithm which solves SPECTRAL CONNECTIVITY
DEcisioN PROBLEM, then the algebraic connectivity A\, of the network never drops
below A,.

Proof Since each robot’s individual motion solves SPECTRAL CONNECTIVITY DECI-
SION PROBLEM, whenever A, < A;, we know f; . (P(1);[0, ..., uiT, ...,01"y > 0, for
ief{l,...,n}, for all times r. Since [uy,...,u,]" =31 [0,...,ul,..., 017, by [3,
Proposition 2.3.3],

5 com (P@:ilur, . u,]7) € [Xn:min (Hcom (P@:[0...ul . 0])).

i=1

x imax (fz(lconn (P(t);[ﬂ, cooul O]T))j| ,

i=1

and thus f5 . (P®);[ui, ..., us]") > 0. o

5.2 Analysis of MotioN TEST ALGORITHM Under Perfect Information

We wish to show that MotioN TEST ALGORITHM exhibits reasonable behavior as § T
becomes small. To do so, we compare it to an idealized variant of MoTioN TEST
AvrcoriTHM under which each robot has perfect information.

We let IDEALIZED MoTioN TEST ALGORITHM be the algorithm defined by executing
MortioN TEST ALGORITHM in continuous time, with § 7 = 0, and with perfect infor-
mation about the state of the network available to each robot. We expound on how
this is an idealized variant of MoTioN TEST ALGORITHM in Lemma 7, which shows
that IDEALIZED MoTioN TEST ALGORITHM allows any collective motion such that no
individual robot’s motion instantaneously decreases A, unless A, > A;.

Lemma 7 Under IDEALIZED MoOTION TEST ALGORITHM, a direction proposed by robot
jis accepted if and only if it does not decrease \, when taken by itself or if \; > A;.

Proof Consider a direction of motion, u;, which induces an instantaneous rate of
change, X € LAP, (n) of the Laplacian matrix L € LAP(n). Consider the case when
X o (vvT) < 0 for some vv! € 8A2(L) and A, > A»(L). Line 1: of DIRECTION CHECK-
ING ALGORITHM ensures that A, is used in place of Ay in picking my,. Since each
such (vv7) satisfies Lv = Ay (L), v € Ugpan-z (M) for any m having A,y (L) > A (L).
Thus the eigenvector calculation in line 17: of DIRECTION CHECKING ALGORITHM
returns a value less than 0 and the proposed motion is rejected. If A, > A, (L) and
the direction, X, does not satisfy X e (vv”) < 0 for any vv” € §A,(L), then there is
no basis element, u, in Uspan-7 (Mmin — 1) having u” Xu < 0, so there is at least one
m which produces a value greater than or equal to zero in line 17: of DIRECTION
CHECKING ALGORITHM. In the case in which A, < A;(L), lines 3 : and 4 : of DIRECTION
CHECKING ALGORITHM force the direction to be allowed. O
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The following lemma establishes various useful facts that hold with high probabil-
ity as 8 T approaches zero.

Lemma 8 Ifthe second derivative of g, is bounded, and g, has zero derivative at 0,
then for any configuration, for any k € R and any proposed physical motion of robot
J, uj, there exists a time step 8T such that, with high probability, the following are true:

(i) The actual Laplacian, L € LAP(n) is within k of the estimated lower and
upper bounds on the Laplacian (A, B € LAP(n)), ie., |A— L|, <k and
IB— Ll <k

(ii) The actual instantaneous direction of motion, Y € LAPL(n), is within k of the
lower bound on the direction of motion, X € LAP(n), i.e, |Y — X|, < k.

(iii) For some m, € 4(m) < k.

Proof Fact (i) follows from Lemma 6. Corollary 3 allows us to bound the expected
time by which the information robot i holds about robot jis out of date. The bound is
a decreasing function of § 7. This bound is linearly related to the bound on the radius
of a sphere known to contain robot j, which induce decreasing bounds on both the
range of angles i can be relative to jand the range of distances i can be from j. If the
second derivative of gy, is also bounded, these induce a bound on the computations
in lines 4 : and 5: of MATRIX BOUND GENERATOR. Since the results of these computa-
tions form upper and lower bounds for Y, we can deduce that the distance from the
lower bound to Y can be bounded by a decreasing function of § 7, thus showing fact
(ii). Regarding fact (iii), note that gi,(0) = 0, thus the proximity graph is smooth
with bounded second derivative even where two robots are coincident. Assume
An(L) # A (L). Let I be the index such that A;(A) > Aj—1(A) = A2 (A). From part 1,
8T can be picked such that, with high probability, ||(B — L)|l2 < Ay — A2(L). Thus
we can replace the expression in line 11 : of DIRECTION CHECKING ALGORITHM with

,/% There exists a 7 such that the maximum eigenvalue of the expected

difference between A and B is less than any constant, thus allow € 4 (/) to be chosen
to be less than any given constant. If A,(L) = Ay(L), let I =n + 1, and note that
ea(n) =0. O

The next result shows that, as § T approaches zero, the behavior of MoTioN TEST
ALGORITHM approaches that of IDEALIZED MOTION TEST ALGORITHM.

Theorem 6 For any configuration, and any proposed direction of motion, v, for robot
J, which is permitted under IDEALIZED MoOTION TEST ALGORITHM, there exists a time
step, 8T, such that when communication happens every 8T time units, with high
probability robot jwill be allowed to move in direction v.

Proof Let Y be the instantaneous change in the Laplacian matrix induced by v.
Let —3k > ming,| zy=pu (Y @ (vvT)) Let [ be defined as in Lemma 8, i.e., \;(L) >
N-o1(L)y =M(L)or Il =n+1and Aj_1(L) = A,(L). By Lemma 8 there is a §7 such
that e4(/ — 1) < k and [Api, — min(eigs(Y))| < k. Likewise, by Lemma 8, we can
pick X and A sufficiently close to Y and L respectively that [(Y — X) e A)| +
|Y o (L — A)| < k thus guaranteeing that MMT((,_U)XMM((I_I))(I —e4(—1)+e4d—
1) min(Apin, 0) > 0. O
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5.3 MoTION PROJECTION ALGORITHM

In this section, we introduce MoTION PROJECTION ALGORITHM to solve the SPECTRAL
ConNNEcTIVITY PROBLEM, see Table 5. For this algorithm, we set the dimensionality of
physical space, d, to be 2. In other words, each robot lives in R?. Roughly speaking,
MoTiON PROJECTION ALGORITHM is a root-finder procedure wrapped around MoTioN
Test ALGoriTHM. The idea is to find the minimum angle by which to deviate a
proposed direction of motion so that MOTION TEST ALGORITHM returns fgg > 0 when
executed with the resulting projected direction. If this is the case, then Theorem 5
guarantees that the change in the Laplacian due to motion in the projected direction
wins GRAPH PICKING GAME.

Let us start by introducing some useful notation. Given a vector v = [v, nll e
R2, let finotion : R — R be defined as follows: for each 6 € R, finotion(6) is the result
of evaluating MotioN TEsT ALGORITHM with the direction of motion [v; cos(f) —

Table 5 Motion projection algorithm

Name: MoTION PROJECTION ALGORITHM
Goal: Solve SPECTRAL CONNECTIVITY PROBLEM
Inputs: e Current time fyr € R

e Maximum velocity of any robot, vmax
e Maximum time between communication rounds, § T
e Proposed direction of motion, v
e Eigenvalue bounds A\_ <Ay e R
Persistent o 7 € R”, an array of last recorded time information
data: e P € R¥*" an array of last recorded position information
e D e R™" amatrix of approximate inter-robot distances
e A, Be LAP(n)
eid € {1, ..., n}, unique identifier of current robot
e Maximum angle deflection, 6imax—id
® Xincr € R, step-size for root finder.
Outputs: o i € R?, safe projected direction.
e 0 € S}, angle by which to rotate v to get safe direction

1: Let D < call ALL-TO-ALL BROADCAST ALGORITHM 0N fcyrr
2: Let (A, B) < MATRIX BOUND GENERATOR ON fcyrr, Umax and 8 T
3: Letv, < [—vi, v2]7 and 6 < 0 /*Perpendicular direction, for computing rotations*/
4: while 6 < 0;,x_iq do
5: for all x5, € {—1, 1} do
6: Let v < vcos(8) + xsgnvL sin(6) /*Rotated direction*/
7: Let Scheck < MOTION TEST ALGORITHM ON feyrr, Vmax, 0 15 U
8: if xson = —1 or |Scheck| < k then
9: Let k < |Scheck! [*For stepsize computation™/
10: end if
11: if Scheck > O then
12: return (v, Xsgn6) [*Found good direction*/
13: end if
14: end for

15: Let 6 < 0 4+ max(Xincr» m) [%Step 0%/

16: end while [*At this point, no safe direction has been found.*/
17: return ([0, 017, 0)
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v 8in(@), v; cos(8) + v; sin(@)]7. The following result provides an upper bound on
how fmotion changes with 6.

Lemma9 {0, is globally Lipschitz with Lipschitz constant nv,,,,; maXscr (g;vgl(s)).

Proof We begin by noting that fiotion (@) is the minimum, over m > m, of

min (eigs (M5 X Mui)) + €4 0),
where M, and €4 () do not depend on 6. Each off-diagonal element of X
has a Lipschitz constant bounded by vpax maxsem(ggvgt(s)). From here on, let veqy =
Umax maxxeR(g;vgt(s)). Let Leique(n) € LAP(n) satisfy Lejique(n);,j = —1 for each i # j.
The change in X due to a change in 6 of A6 lives in LAPL(n) and is bounded from
above by vegg Lelique () Af and from below by —vedg Lelique (1) A8. Let Aexpression
be the change in the value of expression due to a change in 6 of Af. Since M,
is defined by a subset of the columns of an orthogonal basis, each element of
eigs(M,) ;) X) has a Lipschitz constant contained in
[ — Vedg MaX (eigS(Lclique (n)))7 Vedg Max (eigS(Lclique (I’l)))] = [—Vedg, Vedgh].

Because

min(eigs(A + B)) € [min(eigs(A) + min(eigs(B)), min(eigs(A)) + max(eigs(B))],
we deduce that

A min (eigs (M} ;) X Muiy))

u(m)

€ [min (eigs (M ;) AX Mugny)) - max (eigs (M ;) AX Mugiy)) ]

u(im) u(m)

and therefore A min (eigs(MuT(m)XMu(,;,))) € [—Vedgh, Vedg/]- u]

The following result establishes that the root finder embedded in MotioN ProJEC-
TION ALGORITHM uses a reasonable step size.

Lemma 10 Let veqy = Vppax maxseR(gLVgt(s)). If finoiion(®) < —k for some k € R,
fmotion (9 + . ) <0.

NVedg

Proof The bound that the Lipschitz constant for fuotion(f) lies in [—nvedq, NVedq]

holds for all 6. So the change in fnoion from 6 to 6 + nukTg is bounded within

k
NVedg

[_”vedga nvedg]~ O

Finally, we are ready to show that MoTioN PROJECTION ALGORITHM is a solution to
SPECTRAL CONNECTIVITY PROBLEM.

Theorem 7 The MoTION PROJECTION ALGORITHM solves the SPECTRAL CONNECTIV-
ITY PROBLEM. If there is an interval, [0_,0,] C Sy, such that fhon(e) > 0 for all
aelf_,0.] and 0, —6_ > Xjpr then MOTION PROJECTION ALGORITHM will return a
direction other than [0, 0]7.
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Proof The outer loop in MoTION PROJECTION ALGORITHM checks possible directions
and evaluates MoTioN TEST ALGORITHM on them. If one of these directions results
in MoTioN TEST ALGORITHM returning a non-negative value, MoTIoN PROJECTION
ALGORITHM returns that direction, otherwise it returns [0, 0]7. Let the current angle
be 6. If 6 steps by i Tn G ) where k is the max of fiotion OvVer {6, —6}, then

fmotion Will be less than zero for the next 6. If 6 steps by more than this, then 0 steps
by Xiner- TO pass the boundaries of the region [6_, 6, ], & must step by Xiner, and must,
therefore land in [6_, 6. ]. Because each step of 0 is at least Xy, & covers the entire
region from 0 to Opax—ig in finite time. O

5.4 Analysis of the Communication Complexity

At each communication round, the above solutions to the SPECTRAL CONNECTIVITY
DecisioN ProBLEM and the SPECTRAL CONNECTIVITY PROBLEM require each robot to
perform computations whose memory requirements are polynomial in the number
of robots and whose time complexity is polynomial in the number of robots times the
time required to calculate the eigenspace of an n x n matrix.

As is typically the case with any coordination algorithm, multiple communication
rounds are required in order to complete the assigned task. Therefore, it is also
important to study the complexity of our algorithm in terms of the required rate
of communication to achieve a desired performance. This is related, in some sense,
to the notion of communication complexity, commonly discussed in the literature
on distributed algorithms [2, 13, 16], in which one studies the number of messages
that need to be sent during an algorithm execution in order to achieve a given task,
usually written as a function of the size of the network.

In addition to the size of the network, there are additional factors that need
to be considered to accurately characterize the required rate of communication,
including the required performance (represented here as the probability that an
agent will move, pmove € (0, 1)), the amount we expect A,(G) to be above the
threshold A, the maximum velocity with which the robots move, vp,y, the time
between communication rounds, 87, and a bound, gm.x, on the magnitude of the
gradient of the proximity function.

We begin by characterizing a property of the matrices A and B generated by
the MATrRIXx BouND GENERATOR which we will use to bound the gap between Ay (A)
and A\ (L(9)).

Lemma 11 For any pove € (0, 1), the following holds

4
Pr < max )(B,"/' — Al/)> < —— 8maxVmax (I’l2 (I’l2 + 2) 5T) = Pmove-

i,jell,...,n 1 Pmove

Proof Follows from Markov’s inequality, Pr(| X| > «) < LUXD and Lemma 6. O

o

We next proceed to combine this result with some general properties of graph
Laplacians to bound the transmission rate necessary for each robot to be allowed
to move in any direction with high probability (and thus be allowed to move in the
direction specified by the underlying control algorithm).
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Theorem 8 Let gmax:maxxeﬂg)()(lg(vgt(x)l) If the time between communication

rounds is such that 8T < 4 4;)”’””;)0\2(%5,? )J)rz))\ =) then each robot will move on each

timestep with probability at least ppove-

Proof By Lemma 11, w1th probablllty at least pmove, MaXi£jic(l,....n}, je(l, ...,
A;j never exceeds gmaxvmax(n (n +2)8T). Thus, with probability at least
Pmove; B— A SatlSﬁeS B A <pap lfpmove gmaxvmax(n (n* +2)8T) Lynit Where Ly €
LAP(n) has off-diagonal entries consisting solely of 0 and 1. The maximum possible
eigenvalue of such a matrix is n, as shown in [6], and A>(B) < A (A) + A, (B — A),
thus A\y(B) — A2 (A) < A (B — A) Whenever A\, (L) satisfies A, (L(G)) > A, + A, set-
ting §T < M%, or equivalently, setting the transmission rate to approxi-
mately %gmdxvmdxn real numbers per time unit allows the robots to move at
each timestep with probability at least pmove. O

We note that this result does not fully characterize the communication complexity
of our solutions because, among other things, does not account explicitly for the
proposed direction of motion of the robots. We discuss this topic among our ideas
for future research later in Section 6.

5.5 Simulations

In this section, we present simulations of the MoTION PROJECTION ALGORITHM to
further validate the results presented in the previous sections. We have developed
a custom Java-based platform [18] for the simulation of algorithms running on
networks of robotic agents following the modeling framework proposed in [14]. The
platform has a user interface layer which allows the simulations to be graphically
displayed in real time in a Java applet.

In all simulations, MoTioN PROJECTION ALGORITHM is implemented with the r-disk
graph for the actual communication network, and the nonconvex weight function
of the spline graph defined in Remark 1, where rp.x € R was chosen to be slightly
less than 7 and rpi, € R was slightly bigger than zero. Note that the function gy
satisfies the conditions of Lemma 8. The maximum velocity of each individual robot
1S Umax = 0.125 and the time step is § T = 0.125.

We consider four sets of underlying control laws. In the first simulation, shown in
Fig. 1, all robots attempt to follow a Laplacian-based flocking algorithm. Each robot
moves at unit speed and, at each time step, updates its heading to its own heading
plus a scalar (0.1) times the average of the differences between its own heading and
those of its neighbors. This is in fact a discrete-time implementation of the Laplacian-
based averaging consensus [15], see also [8]. Each robot tries to move in the direction
of its own heading, subject to maintaining connectivity.

In the second simulation, shown in Fig. 2, all robots attempt to follow a Laplacian-
based rendezvous algorithm. Each robot moves at unit speed and, at each time step,
moves towards the average of its neighbors positions, while maintaining connectivity.

In the third simulation, shown in Fig. 3, five agents with different conflicting con-
trol laws attempt to follow their own directives while maintaining connectivity. Note
that the simulations in which the control directives naturally align with maintaining
connectivity tend to require far fewer iterations to converge than those in which this
is not the case (particularly those with random or conflicting motion).
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Fig. 1 Execution of MoTioN PROJECTION ALGORITHM with 12 robotic agents. The underlying control
law is determined by the robots moving at unit speed and running a Laplacian-based consensus to
update its heading. Plot (a) shows the paths taken by the robots and plot (b) shows the evolution
of the algebraic connectivity and the proportion of robots actively moving as functions of the
communication round. The angle of motion each robot is allowed to deviate from is 0.957
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Fig. 2 Execution of MoTION PROJECTION ALGORITHM With 12 robotic agents. The underlying control
law is determined by the robots moving at unit speed and running a Laplacian-based consensus
to update its target position. Plot (a) shows the paths taken by the robots and plot (b) shows the
evolution of the algebraic connectivity and the proportion of robots actively moving as functions of
the communication round. The angle of motion each robot is allowed to deviate from is 7
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Fig. 3 Execution of MoTioN ProJECTION ALGORITHM with 5 robotic agents. The underlying control
law corresponds to following scenario: Four leaders each attempt to follow different control laws
each of which converges on a different fixed trajectory. The remaining agent moves randomly. Plot
(a) shows the paths taken by the robots and plot (b) shows the evolution of the algebraic connectivity,
the fraction of robots moving at each round, and the evolution of the angle of each robot’s position
relative to the origin
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Fig. 4 Execution of MoTioN PrROJECTION ALGORITHM with 4 robotic agents. The underlying control
law corresponds to one leader following a fixed trajectory and the remaining agents moving
randomly. Plot (a) shows the paths taken by the robots and plot (b) shows the evolution of the
algebraic connectivity, the fraction of robots moving at each round, and the evolution of the angle of
each robot’s position relative to the origin
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In the fourth simulation, shown in Fig. 4, one leader robot attempts to follow
a fixed trajectory while the remaining robots try to move randomly subject to the
constraint of maintaining connectivity. For each robot, we specify the threshold
Omax—i = 0.2.

These simulations validate the preliminary results in Section 5.4 linking the
communication complexity of the algorithm to the difference between A, and A;.
In particular, we observe that the fraction of agents moving at any given time is
correlated to the difference between A, and A, and that the fraction of agents moving
together with v,y affect the time required for the network to complete the given
task. We also find that, in situations where A, stays well above A, the complexity is
reasonable. On the other hand, the complexity degrades as the algorithm begins to
push A, up against the threshold. Adding a single agent whose underlying motion is
random may help to maintain connectivity, but assigning random underlying motion
to the majority of the agents, as in the simulation shown in Fig. 4, may slow down
collective agent motion.

6 Conclusions and Future Work

We have studied the problem of connectivity maintenance in robotic networks
performing spatially-distributed tasks. In our approach, the edge weights of the
connectivity graph are not necessarily convex functions of the inter-robot distances.
We have proposed a distributed procedure to synthesize motion constraints on the
individual robots so that the algebraic connectivity of the overall network remains
above a desired threshold. The algorithm works even though individual robots only
have partial information about the network state due to communication delays and
network mobility. We have shown that as the communication rate increases, the
performance of the proposed algorithm approaches that of the ideal centralized
solution of SPECTRAL CONNECTIVITY DECISION PROBLEM.

Future work will evaluate the communication complexity of the proposed co-
ordination algorithm. We are especially interested in calculating lower bounds on
the communication complexity required by the computation of the gradient of the
algebraic connectivity function in a distributed way. We also plan to study the
relationship between the rate of information transmission and the rate of robot
motion in terms of the number of robots and the exact value of f,_cony. Finally,
we will explore the combination of the proposed approach with algorithms for
deployment and exploration.
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