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Abstract
A multi-physics high-fidelity computational model is required to study the melting and grain growth phenomena in a laser
powder-bed fusion (LPBF) additive manufacturing process. The major challenge with the high-fidelity model is long compu-
tational time, which makes it unsuited for any feasible process parameter optimization study in a high dimensional process
design space. To address this challenge, surrogate models are a good option to replace the high-fidelity model, resulting
in a significant shortening of the computational time at the expense of an acceptable drop in accuracy. In this study, a
tensor train (TT) and Gaussian process regression (GPR) based methodology is proposed to develop a surrogate of the high-
fidelity powder-scale model. An in-house developed powder-scale model is used to generate the training data by simulating a
microscale model of the powder-bed for different values of laser power. The trained TT-GPR model can predict the thermal
history of the powder-bed and melt pool geometry for a specified value of laser power, while the computation time required
for prediction of any set of process conditions is less than one second. Here we can achieve an approximate computational
speedup of 104 with the surrogate model. We provide evidence to claim that the proposed surrogate model provides high
computational efficiency without compromising accuracy.
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Introduction

Laser powder-bed fusion (LPBF) is an additive manufactur-
ing process (AM) inwhich a three-dimensional component is
manufactured by selectively melting a layer of metal powder
using a laser heat source in a layer-by-layer fashion based
on the CAD data of the component. The process parameters
such as laser power, scan speed, hatch spacing, layer thick-
ness, scan pattern, etc. should be optimized to manufacture
a defect-free component with good mechanical properties.
Understanding the physical phenomena at the powder-scale
is a key requirement to process optimization.

A computational model is necessary to understand the
physical phenomena of the powder bed fusion process,
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such as the melting of powder, the evolution of the melt
pool, temperature gradients and cooling rates, grain growth,
mechanical properties, etc. The computational model also
helps to optimize the process parameters to achieve superior
mechanical properties and dimensional accuracy. In liter-
ature, various computational models can be found, which
were developed based on different governing equations and
assumptions. A recent study by Yan et al. (2020) explained
different models for powder bed fusion and these models
were classified into three groups based on the level of physics
involved in the model: (1) high-fidelity computational fluid
dynamics (CFD) models (Khairallah et al., 2016; Yan et
al., 2018), (2) continuum-based thermal models (Yan et al.,
2015; Fu et al., 2018; Shahabad et al., 2020), and (3) semi-
analytical thermal-conduction models (Devesse et al., 2014).
The high-fidelity CFD model can incorporate the powder
bed with individual powder particles and predict the melt-
ing of powder particles, thermal-fluid flow in the melt pool,
and heat transfer. The accuracy of this multiphysics model is
high; however, this results in high computational time. The
continuum-based thermal models are simplified models that
consider only heat transfer. The finite elementmethod is used
for solving the heat transfer governing differential equation
by considering the powder-bed as a continuum.The computa-
tion cost of the continuummodel is less expensive compared
to the CFD model and this method can also be used for part-
scale simulations. The semi-analytical thermal-conduction
model is a highly simplifiedmethod that estimates the steady-
state temperature field without considering the powder layer,
heat source diameter, and heat loss. The authors conducted
a single-track experiment to estimate the scan track width
and compared it with the different model’s predictions. The
estimated relative errors are less than 10%, 20%, and 30%
for the high-fidelity CFD, continuum-based thermal, and
semi-analytical thermal-conduction models, respectively. A
high-fidelity CFD model provides a high accuracy result,
but the computation is expensive, and each simulation takes
hours in a high-performance workstation or computing clus-
ter. The high-fidelity model is not a feasible method to
incorporatewith a process parameter optimization algorithm.
Here, a less computationally expensive approach that pro-
vides highly accurate results is needed. Thus, a surrogate of
the high-fidelity model needs to be developed for use inside
the optimization routine.

A surrogate model is a computationally accurate approx-
imation of a high-fidelity model. In other words, a surrogate
model can be trained using a limited set of experiment or
simulation data or both, and the surrogate model can be used
to predict the output for a given set of input without con-
ducting further experiments or running a high-fidelitymodel.
Moreover, the surrogate model should be computationally
efficient. Review papers by Meng et al. (2020), Wang et al.
(2020a), and Goh et al. (2020) discuss an extensive suite of

different machine learning methods developed for the addi-
tive manufacturing process. The objective of this paper is to
develop a specific machine learning method for LPBF in a
high-dimensional space, and the focus is on predicting the
physical phenomena at the powder-scale. Tapia et al. (2018)
developed a surrogate model for LPBF based on Gaussian
process regression (GPR). The input process parameters are
laser power, scan speed, and laser beam size, and the out-
put parameter is melt pool depth. The melt pool depth is an
important parameter in process planning which decides the
degree of bonding between the current layer and the previ-
ous layer. The training datawere generated from experiments
and high-fidelity simulations. Moges et al. (2021) developed
a hybrid model using polynomial regression and Kriging
methods for LPBF to estimate the melt pool width for a
given input value of laser power and scan speed. The poly-
nomial regression method is used to develop the surrogate
model using the simulation data from a CFD model and the
Kriging method is used for calibrating the surrogate model
from the experimental data to reduce the predictive error.
Yang et al. (2020) developed the neighboring effect model-
ing method to predict the melt pool area for a given value of
laser power, scan speed, and scan pattern. The training data
is generated from the image taken by the high-speed camera
in the printer. The polynomial regressionmethod is then used
for training the model. Mondal et al. (2020) used the GPR to
develop a surrogatemodel to predict themelt pool size: depth
and width. They used the Eagar-Tsai (Eagar & Tsai, 1983)
analytical model to predict the temperature field produced
by a moving heat source, and this model considers only the
thermal conduction phenomenon. The input parameters are
laser power and scan speed, and the input data set is gener-
ated using the Latin hypercube sampling (LHS) method. The
output, temperature field, is calculated by using the Eagar-
Tsai model at different time instances. Since the Eagar-Tsai
model considers only thermal conduction, the cross-section
of the melt pool is generally semicircular. So, the melt pool
is represented by two parameters: width and depth. Multi-
ple independent GPRmodels were developed to estimate the
melt pool width and depth as a function of time.

In the case of a high-fidelity CFD model, the outputs
are high-dimensional variables. For example, the temper-
ature (T (x, y, z, t)) is a four-dimensional spatiotemporal
variable and that is a function of three spatial coordinates
and time. Developing multiple surrogate models to predict
a high-dimensional variable is not practical. To develop a
surrogate model to predict a high-dimensional variable, a
dimension reduction method needs to be integrated with the
machine learning methods. High-dimensional data can be
decomposed into low-dimensional approximations and sur-
rogate modeling can be carried for the low-dimensional data.
This reduces the training time for the surrogate model. The
surrogatemodel predicts the low-dimensional output data for
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a given input data, and the low-dimensional output data can
in turn be used to reconstruct the high-dimensional space.
Wang et al. (2019) developed a Singular value decompo-
sition (SVD) based Kriging surrogate model to predict the
thermal field in the LPBF process. The training data were
generated using a finite element heat transfer model with a
moving heat source. Vohra et al. (2020) proposed a method
combining Principal component analysis (PCA) with active
subspaces to build a surrogate model to predict the residual
stress developed in the electron beam melting process. The
principal component analysis is used for dimension reduc-
tion of the output variable. In this case, the output variable is
residual stress, which is a two-dimensional variable. Twelve
input variables are considered, namely, process parameters,
mechanical and thermal properties, and training points are
generated using the LHSmethod. The output, 2-dimensional
stress field, is generated using a finite element-based thermo-
mechanical model. The standard approach for dimension
reduction is to vectorize the multi-dimensional array (ten-
sor) before applying the methods such as SVD and PCA.
This vectorization neglects the correlation between the data
points in a multi-dimensional space thereby leading to inac-
curacy.

There are three popular approaches for space efficient
representation of multi-dimensional array/tensor: Canoni-
cal Polyadic/Parallel Factor (CP/PARAFAC), High order
decomposition (HOSVD), and Tensor Train (TT) approach
(Eldén, 2007; Zhang, 2017). Tensor train decomposition
(TTD), which is also known as matrix-product states, was
first introduced by Fannes et al. (1992) and rediscovered later
byOseledets (2011). TheCP/PARAFAChas the storage com-
plexity (the number of degree of freedom)�(dnr),whered is
the dimensionof problem (for the case studyd=5), r=20 is the
rank of the decomposition, n=100=max(100,80,80,39) is the
number of discretize point per dimension. Unfortunately, the
stability of numerical method for CP/PARAFACE expansion
is not guaranteed. The HOSVD has the storage complexity
of �(dnr + rd). The storage complexity of TT is �(dnr2).
The TT approach has the advantage of a superior ability to
reduce the degrees of freedom in comparison to the other two
methods (Zhang, 2017).

Using the TTD method, a high-dimensional tensor can be
approximated as a product of lower-order tensors. TTD has
become a popular approach to deal with high-dimensional
data in machine learning. In literature, several researchers
have used TTD to compress the high-dimensional input data.
For example, a video is a collection of image frames at
different time. TTD can compress the video data without
a significant loss of accuracy and the compressed data can
be used as the input for Recurrent neural networks (RNN)
(Yang et al., 2017; Tjandra et al., 2017, 2018) and three-
dimensional convolutional neural networks (3DCNN) (Wang
et al., 2020b) for classification. TTD helps in reducing the

computational burden for training and prediction ofRNNand
3DCNN. In thework ofDolgov et al. (2021), theTT approach
was used to solve a high dimensional Hamilton Jacobi Bell-
man equation appearing in optimal feedback control. In Ref.
(Karagoz&Batselier, 2020), TT andB-Splineswas proposed
for identification of nonlinear dynamic systems.

It will be hard to obtain an analytical solution to the
PDE system that describes the melting and grain growth
phenomena in an LPBF additive manufacturing process.
Thus, multi-physics computational modeling is a standard
approach to study the spatiotemporal process dynamics. The
large computational burden required by the multi-physics
model makes the optimization of a high dimensional process
parameter design space a very challenging task. A common
approach for reducing the computational time is to utilize
different surrogate modeling techniques. Despite many effi-
cient surrogatemodel techniques being available (Rasmussen
et al., 2005; Kocijan, 2016; Luu Trung Duong et al., 2018),
only a fewof themconsider the casewith high dimensionality
of the output (Duong et al., 2020b; Kalogeris & Papadopou-
los, 2020).

In the article by Duong et al. (2020b) from our research
group, the Tensor train (TT) in conjunction with Gaussian
process regression (GPR) was proposed to develop a sur-
rogate model for dynamic crack propagation (mode I) in
a composite plate, which is a spatiotemporal problem in
3-dimension (x , y, t). The proposed TT-GPR framework
consists of two key components: TT, which helps reduce the
high dimensional spatiotemporal response to reduced dimen-
sion outputs, and GPR to learn the relationship between the
reduceddimension output and the process parameters.A two-
dimensional rectangular plate, modelled using a 41×82 grid,
with an initial crack was considered for the study. Dynamic
crack propagation was solved using the phase-field model
with the finite difference method which is a computationally
expensive approach. The phase-field model was solved for
the spatial grid points and for 128 points in the time domain,
giving a data set size of 430,336 points. After training the
TT-GPR model, the L2 prediction error was less than 5%.
The prediction time for the TT-GPR surrogate model was
9 s. However, the phase-field model took 778 s to complete
one simulation. This shows the computational efficiency of
the TT-GPR approach over a full-order model.

In theLPBFprocess, a high-fidelity powder-scalemodel is
required to accurately predict themelting of powder particles,
generation of the melt pool, solidification, and grain growth
during the printing process. The high-fidelity model is very
computationally expensive. Temperature is the primary out-
put and is a function of 3D position and time. Specifically the
spatiotemporal domain is discretized into 100×80×80×39
points for a given value of laser power, which yields a data
set that is about 50 times larger than the 2D crack propaga-
tion model from Duong et al. (2020b). Twenty-one different
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laser power values were chosen as inputs to the high fidelity
simulation to generate data sets.

The contributions of the paper are twofold. First, we
demonstrate that the TT-GPR method is more accurate than
other dimension reduction surrogate modeling methods for
4-dimensional problems with very small training data sets.
We compared our TT-GPR results with those from a com-
bination of PCA and GPR and showed that our method was
significantly more accurate. Second, we demonstrated the
application of the TT-GPR method to AM process model-
ing problems, which is a new application area for TT-GPR
methods. The complex interacting physical phenomena in
PBF processes leads to highly nonlinear behaviors that are
difficult to capture in surrogate models. In this work, we
demonstrated the capability of estimating thermal histories
and melt pool shapes in laser powder bed fusion processes
with acceptable accuracy.

The paper is organized as follows. The formulation
of our high-fidelity powder-scale model is discussed in
Section “High-fidelity (HF) powder-scale model”. Sec-
tion “Tensor train—Gaussian process regression (TT-GPR)
surrogate model” presents the details of the TT-GPR sur-
rogate model development. Training of the TT-GPR is
explained in Section “Training the TT-GPRmodel”. Section
“Results and discussion” discusses the prediction using the
TT-GPR surrogate model, the prediction accuracy, and the
computational advantage of the surrogate model. The con-
cluding remarks of the proposed TT-GPR method are given
in Section “Conclusions of the study”.

High-fidelity (HF) powder-scale model

The powder scale model couples thermal and phase solvers
with a fluid dynamics solver. The heat equation (Eq. 1) is
solved to provide the temperature field considering the heat
source parameters (position and power), boundary conditions
and phase information:

ρcp

(
∂T

∂t
+ u∇T

)
=∇k∇T − h (T − T0) − εσ

(
T 4 − T 4

0

)

+ q ′′
i j,laser − q ′′

evap − dηs
dt

�Hls

(1)

Here, ρ is the total density, cp is the heat capacity, u is
flow velocity, k is heat conductivity, h is convective heat
transfer coefficient, ε is emissivity, σ is Stefan-Boltzmann
constant, T0 is ambient temperature, q ′′

laser is laser energy,
q ′′
evap is the total evaporation latent heat, dηs/dt represents
the change of amount of solid phase and �Hls is the latent
heat of fusion. Instead of explicitly rendering the laser by the
ray tracing method, we use a simple cylindrical heat source
model commonly used by the welding community (Vastola
et al., 2018).

The phase solver tracks the solid-liquid transition under a
given temperature field. It operates in the framework of the
phase-field method by minimizing the free energy defined in
Eq. 2 following the work of Lu et al. (2018)

F =
∫
V

ρ2
[
(ηs − 1)2 · 	(τ) + (ηl − 1)2 · (1 − 	(τ))

]

+ (ρ − 1)2(ηv − 1)2 + w
∑
i �= j

(ηiη j )2 −
∑
i< j

ki j∇ηi∇η j

(2)

In the present work, we are not interested in resolv-
ing the grain microstructure, therefore the model considers
only solid (ηs), liquid (ηl ) and vapor (ηv) order parame-
ters, while density (ρ) is an auxiliary quantity serving as
mass-stabilizing agent. The function, 	(τ), is a switching
function driving transition between the solid and liquid state,
defined such that 	(τ) −→ 1 when τ < 1 and 	(τ) −→ 0
when τ > 1, where τ = T /Tm , k is gradient energy coeffi-
cient andw is the potential coefficient enforcing single-phase
solution at a given spatial point. The solid ηs and liquid ηl

fields are evolved as non-conservative phase order parame-
ters following Eq. 3, while variation of density, ρ, follows the
conservative Eq. 4. Here, M is the temperature-independent
mobility.

∂η

∂t
= −M

∂F

∂η
− u∇η (3)

∂ρ

∂t
= ∇M∇ ∂F

∂ρ
− u∇ρ (4)

The fluid dynamics solver computes fluid velocity and
supplies advective terms to the thermal and phase solvers.
It is implemented using the Lattice Boltzmann method and
is called the Lattice Boltzmann Solver in this work. Our
implementation of the HF powder-scale model follows the
approach proposed by Fakhari et al. (2017). The model was
parametrized to IN718 superalloymaterial (Agazhanov et al.,
2019) and a flow chart briefly summarizing the integration
of individual solvers is shown in Fig. 1. Compared to simi-
lar capabilities demonstrated by other groups, such as Ref.
Yang et al. (2021), ourmodel had the advantage of being fully
developed in-house and was customized to enable batch data
generation and postprocessing, useful for training the sur-
rogate model. Importantly, the model allows us to explore
the influence of process parameters (laser power, scan speed,
hatch spacing, layer thickness) onto the quality of the build
in terms of surface roughness and defect density and was
extensively validated in terms of porosity and microstructure
predictions in Mikula et al. (2021); Wei et al. (2022). There-
fore, it can be used to reduce the cost of process parameter
exploration by reducing the need of experiments.
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Fig. 1 Schematic workflow of the implementation in the high-fidelity
powder-scale model, comprising a thermal solver, a phase solver, and
a fluid dynamics solver. The physical fields computed by each solver
are listed in italic. T stands for temperature, s, l, v stands for the local
amount of solid, liquid and vapor phase, u is the fluid velocity and p is
the fluid normalized pressure

Tensor train—Gaussian process regression
(TT-GPR) surrogatemodel

The outputs of a multi-physics computational model nor-
mally are of high dimensionality. Hence, they are best
represented by a tensor or a multi-dimensional array. How-
ever, such an approach neglects the intrinsic correlation
between the data points in a multi-dimensional space (Kolda
& Bader, 2009; Anandkumar et al., 2014; Lock, 2018).
This negligence can make the model less accurate as some
strongly correlated components are treated as independent.
Moreover, the vectorization leads to the data with large
dimension, which can require a very complex model for
prediction. Gaussian process regression (GPR) is a popu-
lar non-parametric surrogate modeling method. While most
GPR works focus on learning scalar output functions, there
existing a few multi-output GPR models that are limited to
low dimensional output (Rasmussen et al., 2005; Kocijan,
2016; Richardson et al., 2017; Duong et al., 2018; Liu et al.,
2018). To address these issues, the Tensor Train based Gaus-
sian Process Regression (TT-GPR) was proposed recently
by our group in Ref. (Duong et al., 2020a) for learning
spatiotemporal response from data. The TT-GPR method is
briefly discussed below.

TensorTrain decomposition (TTD) is a space efficientway
for multi-dimension array/tensor representation in which the
multi-dimension array is factorized as a product of tensors
of lower order (Oseledets, 2011). Thus, TTD can be used
to reduce the number of outputs from the spatiotemporal
response from high-fidelity simulations and the GPR model

can be constructed on the reduced dimensionality output
(Duong et al., 2020a).

For the purpose of training data generation, the high-
fidelity model will be solved n1 times with the process
parameter θ(i), i = 1, . . . , n1; and the output results
are collected into a 5D tensor/array T (θ, x, y, z, t) =
U (i1, i2, i3, i4, i5), ik = 1, ..., nk . The size of the tensor data
will be

∏5
i=1 ni , where n1 is number of training samples of

parameter, n2, n3, n4 are the grid size in spatial dimension
x , y, z; and n5 is the number of time steps in the simula-
tion. One will need to construct

∏5
i=2 ni GPR models if the

standard GPR approach is used. By approximating the data
tensor with the TTD as in Eq. 5, the number of outputs can
be significantly reduced:

U (i1, i2, i3, i4, i5) =
R∑
βββ

C1(i1, β1)C2(β1, i2, β2)

C3(β2, i3, β3)C4(β3, i4, β4)C5(β4, i5)

(5)

where βββ = [β1, ..., β4] is a vector of indices and R =
[r1, ..., r4] is a vector of TTD-rank. The terms, Ci , are
referred to as the core of the TTD. According to Eq. 5, each
element in the collected data tensor is approximated as a
multiplication of 5 matrices. The TTD is depicted visually in
Fig. 2.

Following the TTD, the data tensor is decoupled, and the
first core is corresponding to the parameter space. Thus, the
number of outputs is reduced from

∏5
i=2 ni to r1. The pro-

cedure for TT-GPR is summarized in Algorithm 1:

Algorithm 1:

• Input: Training parameter set
{
θ(i1)

}
, i1 = 1, ..., n1,

training data tensor U (i1, i2, i3, i4, i5), ε: relative error
with respect to data tensor U (i1, i2, i3, i4, i5).

• Begin TTD

– Compute truncation parameter δ = ε
2‖U‖F , where

‖.‖F is the Frobenius norm of a matrix.
– Define a temporary tensor C = U , r0 = 1
– For k=1 to 4 do:

W = reshape

(
C,

[
rk−1nk,

numel(C)

rk−1nk

])
(6)

where numel() is the number element of a matrix,
reshape() is the reshape operator which changes the
shape of the array while preserving its column wise
order .

• Compute the truncated SVD ofWwith accuracy
δ:

UkSkVk + E = W , ‖E‖F ≤ δ, rk = rankδ(W )

(7)
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Fig. 2 Graphical visualization
of the TTD framework in Eq. 5

• Compute the kth core:

Ck = reshape(Uk, [rk−1nk, rk]) (8)

C = SkVk (9)

– end for

C5 = C (10)

• Train the GPR on the reduced output (columns of the first
core): The first core, C1, corresponds to the parametric
space of the solution of the high-fidelity model. It is a
matrix of size n1 × r1. Fit r1 GPR surrogate models with
r1 columns of the core C1.1

• To get approximated solutions of the HF at the new set of
process parameters represented by a set of

{
θ(∗ j)} , j =

1, . . . , ntest :

– Compute a matrix M, whose columns are the pre-
dicted output of r1 GPR models at the new set of
parameter values:

[M] j i = μi (θ
(∗ j)) (11)

where ∗ is used to denote the test points or quanti-
ties that are computed at the test points, [ ]i j denote
the element at the i th row – j th column of a matrix,
μi (θ

(∗ j)) is the predicted output of i-th GPR model
at test point θ(∗ j).

– Replace the first coreC1 with the matrix M in Eq. 11.

A flowchart of the proposed methodology is shown in Fig. 3.

1 Detail about training the GPR model is included in the Appendix.
In this work, a scalar process parameter was considered, i.e., the laser
power. For vector of process parameters, the algorithm is still the same
(Duong et al., 2020a).

Training the TT-GPRmodel

The training data for TT-GPR are generated using the high-
fidelity (HF) powder-scale model. A single-track simulation
is performed using the HF powder-scale model for different
values of laser power. The domain size of the powder-scale
model is 1000 μm × 500 μm × 600 μmwith a grid spacing
of 5 μm. The simulation is performed at a time increment of
5×10−8 s. The base plate thickness is 300 μm. The material
considered for the base plate and powder is Inconel 718. The
melting temperature of Inconel 718 is 1537.65 K and other
thermophysical properties are available in Ref. (Agazhanov
et al., 2019). A cylindrical laser heat source with a spot diam-
eter of 200 μm is considered in the powder-scale model, and
the ambient temperature is 350 K. The scan speed is kept
constant at 1000 mm/s for all the simulations.

Figure 4 shows the single-track simulation result for a
laser power of 225 W. To generate the training data, the
single-track simulation is performed for different values of
laser power ranging from 100 W to 300 W with an incre-
ment of 10 W, resulting in a training data of 21 sets. The
output variables of the powder-scale model are temperature,
solid phase, liquid phase, vapor phase, etc. In this paper, our
focus is to develop a surrogate model to predict the tem-
perature distribution and melt pool geometry. Therefore, the
spatiotemporal data of the temperature, T, are extracted for a
subdomain shown in Fig. 5 for training the TT-GPR model.
The size of the subdomain is 500 μm × 400 μm × 400
μm. The subdomain consists of 100 × 80 × 80 grid points.
For the time domain data, the simulation results are saved for
every 500-time increment. The temperature, T (P, x, y, z, t),
is a five-dimensional variable, where P represents the laser
power. This five-dimensional variable is first decomposed
into multiple low-dimensional components using the Tensor
train and the GPR is used to train the component rep-
resenting the laser power, as discussed earlier in Section
“Tensor train—Gaussian process regression (TT-GPR)
surrogate model”. This resulting size of data tensor for
training the surrogate model is n1 × 100 × 80 × 80 ×
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Fig. 3 Flow chart of the TT-GPR surrogate modeling method

Fig. 4 Different stages of a
single-track simulation at
different time instances for a
laser power of 225 W

(a) (b) (c) (d)

39, where n1 is the number of training samples. Using
the TTD algorithm, the number of outputs is reduced from∏5

i=2 ni = 100 × 80 × 80 × 39 to 21 (r1).

Results and discussion

The TT-GPR surrogate model is developed using the training
set consisting of 21 values of laser power. Four laser power
values viz. 125W, 175W, 225W and 275W are considered as

testing sets. Two independent surrogatemodels are generated
to predict the temperature field and melt pool geometry. The
accuracy of the surrogate model is shown in three different
scales: (1) comparison through contour plots at a plane in the
subdomain for a time instance, (2) cross-validation scatter
plots of the subdomain for a time instance, and (3) estimating
accuracy metric such as root mean square error and L2 error
over a specific period.
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(a) (b)

Fig. 5 The subdomain (500 μm × 400 μm × 400 μm) considered for training the TT-GPR model. The size of the HF simulation model is 1000
μm × 500 μm × 600 μm

(a) (b)

Fig. 6 Comparison of temperature distribution of TT-GPR prediction with the high-fidelity calculation for laser power 225 W at a time of 0.7 ms.
a Temperature contours on the x-plane at the center of the subdomain. b Absolute error between actual and predicted values. The dash-dot line
represents the baseplate

Prediction of temperature field

The temperature distribution is estimated using the TT-GPR
model at 125, 175, 225, and 275 W laser power and com-
pared with the HF model simulation result. Figure 6 shows
the comparison between actual and predicted contour plots
of thermal field for the laser power of 225W. Figure 6a shows
the temperature distribution on the x-plane at the center of the
subdomain at a time snapshot of 0.7ms and Fig. 6b represents
the absolute error between the actual and predicted values.

It can be seen from Fig. 6 that the TT-GPR prediction shows
good agreement with the HF model simulation values. The
maximum value of the error is around 55 K. The maximum
error lies between 350 and 400 μm along the z-direction,
where the temperature gradient is high at the powder and
vapor interphase. Figure 7 shows the temperature contours
and absolute error on the y-plane at the center of the subdo-
main. In this case, also, the error in the prediction lies above
350 μm in the z-direction. In an LPBF process, the focus is
on the temperature distribution in the base plate, which is up
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(a) (b)

Fig. 7 Comparison of temperature distribution of TT-GPR prediction with the high-fidelity result for a laser power of 225W at a time of 0.7 ms.
a Temperature contours on the y-plane at the center of the subdomain. b Absolute error between actual and predicted values. The dash-dot line
represents the baseplate

to 300 μm in the z-direction (represented as dash-dot line),
to estimate the grain growth and residual stresses due to rapid
cooling.

Figure 8 shows the actual versus predicted scatter plots
of the temperature field at a time snapshot of 0.7 ms for
the test data sets. The scatter plot represents the deviation
in the predicted values from the actual values. For an accu-
rate prediction, the points should be close to the diagonal
line. The vertical distance between a point and the diag-
onal line represents the error in the prediction. It can be
seen from Fig. 8 that a large majority of the points are
distributed close to the diagonal line which shows that the
TT-GPR predictions have good accuracy across the entire
spatial domain.

The accuracy of the TT-GPR method is assessed by two
metrics: root mean square error (RMSE) and L2 error. Fig-
ure 9a shows the RMSE values at different time instances for
the test data set. RMSE provides the standard deviation of the
prediction error. The maximum value of RMSE is 10.19 K
for the laser power of 225 W. The L2 error is estimated by
‖Yactual − Ypredicted‖2/‖Yactual‖2, where ‖.‖2 denotes the
standard Euclidean norm and Y represents the output vari-
able. Figure 9b shows the L2 error plots at different time
instances. The maximum value of L2(%) error is 1.23 for the
laser power of 225W.

Comparison of TT-GPR and PCA-GPRmethods

To demonstrate the advantage of the TT decomposition
method over other dimension reduction approaches such as
SVD and PCA, a surrogate model is developed using the
PCA-GPR method. Here PCA is used to reduce the dimen-

sions of the training data, and then the GPRmodel is trained.
The temperature field is predicted for different values of laser
powers: 125, 175, 225, and 275 W. The accuracy of this
method is estimated and shown in Fig. 10 for the testing data
sets. It can be seen from Fig. 10a that the maximum value of
RMSE is 19.83K,which is substantially higher than themax-
imum RMSE value of TT-GPR (10.19 K) shown in Fig. 9a.
Similarly, for the L2 error, the maximum value of the L2 (%)
error is 2.29 (Fig. 10b), and this value is also substantially
higher than the TT-GPR case (1.23) shown in Fig. 9b. From
Figs. 9 and 10 , it can be concluded that the TTdecomposition
approach provides better accuracy than the PCA method.

Effect of number of training data

To study the effect of the number of training data on the pre-
diction accuracy, the TT-GPR model is also trained using 11
and 8 data sets. Figure 11 shows the comparison of the pre-
diction accuracy of three models trained using 8, 11, and 21
data sets for the 225W case. The maximum values of RMSE
are 21.9, 17.74, and 10.19 for the model trained using n1 =
8, 11, and 21 data sets, respectively. Note that for different
numbers of data sets, the size of reduced output r1 can vary
differently and be subjected to r1 ≤ n1. Similarly, the max-
imum values of the L2 (%) error are 2.49, 2.11, and 1.23. It
shows that the prediction accuracy of the TT-GPR method
reduces with a smaller number of training data sets, but the
accuracy is in the acceptable range in the case of an interpo-
lation.
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Fig. 8 Actual versus predicted
scatter plots of the temperature
at a time snapshot of 0.7 ms

(a) (b)

Fig. 9 Root mean square error (RMSE) and L2 error plots of the TT-GPR surrogate model for the testing data sets
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(a) (b)

Fig. 10 Root mean square error (RMSE) and L2 error plots for the testing data sets from the surrogate model developed using the PCA-GPR
method

(a) (b)

Fig. 11 Comparison of the prediction accuracy of three models trained using different number of training data {8, 11, 21} for the 225 W case

Extrapolation

To study the robustness of the TT-GPRmethod for an extrap-
olation scenario, the model is re-trained using the training
data sets from 100 W to 260 W with an increment of 10 W.
This training data set consists of 17 laser power values. The
laser powers of 270, 275, and 280 W are considered as the
testing data set. Figure 12 shows the prediction accuracy plots
for the different laser powers. The maximum RMSE values
for the laser power of 270, 275, and 280W shown in Fig. 12a
are 94.13, 191.06, and 328.81 K, respectively. However, the
maximum RMSE value for the interpolation case shown in
Fig. 9a is 10.19 K. Similarly the maximum values of L2 (%)
error for the extrapolation case shown in Fig. 12b are 10.51,
21.14, and 36.09 for laser power of 270, 275, and 280 W,
respectively. The maximum value of the L2 (%) error for the

interpolation case shown in Fig. 9b is 1.23. It is clear from
Figs. 9 and 12 that the RMSE and L2 error values are sub-
stantially high for the extrapolation cases, which indicates
that the TT-GPR method is less accurate for extrapolation
of temperatures for this problem. The only way possible for
improvement is to embed some physics knowledge into the
machine learning algorithm.

There are several possible methods such as physics-
informed neural networks (PINN) (Raissi et al., 2019),
physics-informed Gaussian process (PIGP) (Pang & Karni-
adakis, 2020) and they consider the full output of the system,
which in turn, will require a sufficiently large amount of data.
Moreover, it would be very complex to extend and combine
this method with model reduction techniques such as tensor
train (TT). For the PIGP, one should derive the covariance
functions that link the inputs and outputs of the PDE. The
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(a) (b)

Fig. 12 The prediction accuracy of the model for an extrapolation scenario for laser powers of {270, 275, 280} W

explicit time integration provides the linearization for the
nonlinear equation that can help simplify the derivation of the
covariance function. By using the TT, however, the lineariza-
tion cannot be provided by explicit time integration anymore
and thus it is quite complex to obtain the covariance function
for learning PIGP. Although the results of inverse modeling
by PINN and PIGP are encouraging, there are still several
issues regarding the accuracy and efficiency of both methods
in the forward problem (as discussed in detail in the work of
Pang and Karniadakis (2020)).

Prediction of melt pool shape

The shape of the melt pool is another important factor in
process planning. The depth of the melt pool decides the
bonding between the newly formed layer and the previous
layer, and the hatch spacing is determined based on the melt
pool width to avoid any nonmelted region between the adja-
cent scans. The laser power needs to be controlled to achieve
a high-density part based on the melt pool shape. Hence, it
is important to predict the melt pool shape for process plan-
ning, and a surrogatemodel helps to reduce the computational
time for process optimization. One of the output variables
of the high-fidelity model is liquid-phase, which represents
whether a grid point in the model is in the melted state or not.
The value of the liquid-phase varies from 0 to 1. The value
1 represents that a grid point is in the liquid state and the
value 0 represents that a grid point is either in solid state or
in vapor state. The value between 0 and 1 represents a tran-
sition phase. The melt pool boundary is defined by plotting
a contour for the liquid-phase value of 0.5. Figure 13 shows
the 3D shape of the melt pool at different time instances of
the simulation. Figure 14 shows the cross-sectional view of
the melt pool for size comparison and it can be seen that a
high laser power logically creates a larger melt pool.

The liquid-phase data of 21 values of laser power is used
for training the TT-GPR surrogate model to predict the melt
pool shape. Figure 15 shows the comparison between the
high-fidelity model and TT-GPR prediction of the melt pool
shape for the laser power of 225 W. The solid line represents
the melt pool boundary from the high-fidelity model, and
the dashed line is the TT-GPR prediction. It can be seen that
the TT-GPR prediction very well matches the high-fidelity
model simulation result.

The prediction accuracy of the melt pool surrogate model
is expressed in RMSE and L2 error plots, as shown in Fig. 16.
The maximum value of RMSE in Fig. 16a is 0.031 for 225
W laser power. In Fig. 16b, the L2 error is higher for the
125 W case, and the maximum value is 0.32 in the period
between 0.3 to 0.8 ms, represented by a solid line. The value
of the liquid-phase varies from 0 to 1, as already mentioned
at the beginning of this subsection. Since a subdomain (as
shown earlier in Fig. 5) is considered for the development
of the surrogate model, at a time of 0.25 ms, only a small
volume of the subdomain is in the liquid state. For a laser
power of 125 W, the melt pool is relatively small at a time of
0.25 ms. That means that, among the 6.4 × 105 grid points,
only a very few grid points have non-zero values. The values
of the numerator and denominator of the L2 error are nearly
equal to zero. This results in numerical issues during the
evaluation of the L2 error. The section of the graph in Fig. 16b
with numerical issue is represented in dashed line. A similar
numerical issue can be observed for the 175 W and 225 W
graphs. Such regions have been highlightedwith dashed lines
in Fig. 16b.

Computational advantage of TT-GPR surrogate
model

A high-fidelity single-track powder-scale simulation takes
96 min using 36 CPU threads on a dual-processor (Intel(R)
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Fig. 13 3D view of the melt pool at different time instances for 225 W laser power

(a) (b)

Fig. 14 Comparison of melt pool size at a time of 0.7 ms for different values of laser power. a z-plane cross-section at z = 300 μm and b x-plane
cross-section at x = 100 μm

Xeon(R) E5-2698 v4@2.20GHz)workstation. The TT-GPR
training is performed on an Intel(R) Core(TM) i9-10900K
@ 3.7 GHz workstation and the training time is a mere 40 s.
Then the model is saved for further use. The TT-GPR sur-
rogate model takes 3.1 s to predict the thermal history of
the powder-bed for a given value of laser power. This time
includes loading of the trained model and prediction of the

thermal history. The TT-GPR model takes only 0.2 s to pre-
dict the thermal history after loading the model. Here we can
achieve an approximate computational speedup of 104. This
shows the substantial computational advantage of the TT-
GPR surrogate model over the high-fidelity powder-scale
model with a very negligible compromise in the accuracy.
Note that the TT-GPR model is developed for a subdomain,
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(a) (b)

Fig. 15 Comparison of melt pool shape between high-fidelity model simulation and TT-GPR prediction for the laser power of 225 W. a z-plane
cross-section at z = 300 μm, b x-plane cross section at x = 0 μm

(a) (b)

Fig. 16 RMSE and L2 error plots for the testing data sets. Note that the dashed lines in the L2 error plots are due to numerical issues

which is smaller than the domain considered in theHFmodel,
and the TT-GPR model predicts the temperature field at
every 500-time increment. Also, note that the computational
speedup value is a rough estimation because we are running
the HF model and TT-GPR on two different workstations
with different hardware and software specifications. There-
fore, the proposed TT-GPR model is a reliable alternative to
be used for inverse design and process parameter optimiza-
tion tasks where the thermal history can be used as an input
to the phase-field and thermal stress solvers.

Conclusions of the study

In this study, a computationally efficient approach is pro-
posed to develop a surrogate model to address a highly-

dimensional output variable. The Tensor Train (TT) method
is integrated with the Gaussian Process Regression (GPR)
machine learning technique to predict the temperature field
and melt pool shape in the LPBF process. The laser power is
considered as the input variable in the surrogate model. The
training data is generated by running the high-fidelity model
for different values of the laser power. The surrogate model’s
prediction for the test data is compared with the simulation
results of the high-fidelity model. The prediction accuracy is
assessed usingmultiple error quantification metrics. The sur-
rogate model’s predictions show very good agreement with
the high-fidelity model simulation results. However, the pre-
diction accuracy of the TT-GPRmethod is found to be less in
an extrapolation scenario. The significant advantage of the
TT-GPR surrogate model is its high computation speed (a
speed up of 104). In fact, a powerfulmulti-processorworksta-
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tion is required to run the high-fidelity powder-scale model,
and it takes more than 1.5 hours for one simulation. On the
other hand, the TT-GPR surrogate model takes less than a
second of time to predict the temperature field for a specified
value of laser power in a normal workstation. Hence, the TT-
GPRmodel can be used for inverse design and LPBF process
optimization tasks without compromising on the accuracy if
our framework is further extended to multiple inputs, not just
the laser power as we show here. In this study, only one pro-
cess parameter was considered as the input to the surrogate
model. In future work, different process parameters such as
scan speed, hatch spacing, layer thickness, scan pattern, etc.,
andmaterial propertieswill be considered as the input param-
eters for the surrogatemodel so that a comprehensive process
planning and optimization task can be accomplished through
heuristic inverse design accounting for multiple objectives
and constraints including mechanical property, geometrical
non-idealities, print time etc.
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Appendix A: Gaussian process regression

GPR is a Bayesian surrogate modelling approach in which a
Gaussian prior function is placed over the function of inter-
est, i.e., the columns of the first core in Algorithm 1 (Section
“Tensor train—Gaussian process regression (TT-GPR)
surrogate model”), using a covariance function κ(., ., ξc)

with vector hyper-parameter, ξc. This work utilizes the pop-
ular squared exponential function:

κ
(
θ, θ ′, ξc

) = gc0 exp

[
−0.5

(
θ − θ ′

gc1

)2
]

(A1)

where ξc = [
gc0 , gc1

]
is vector of hyper-parameter for the

column c. For a training set of parameters
{
θ(i1)

}
, i1 =

1, ..., n1 and the column c of the first core yc = C1(:, c),
the log likelihood can be defined as:

log L (yc|θ, ξc) = −0.5yTc
(
Kyyc

)−1
yc − 0.5 log|Kyyc|

−0.5n1 log (2π) (A2)

Kyyc = K f f c + σ 2
c In1×n1 (A3)[

K f f c
]
i j = κ

(
θ(i), θ ( j), ξc

)
, i = 1, . . . , n1, j = 1, . . . , n1

(A4)

where Kyyc and K f f c are the covariancematrices for column
c, In1×n1 is an identity matrix, [ ]i j denote the element at i th
row j th column of a matrix, and |.| denotes the determinant
of the matrix. The cth GPR model is trained by minimizing
the log likelihoodwith respect to the vector hyperparameters,
{ξc, σc}. The trained model can then be used to predict the
target at any new test process parameter θ(∗ j):

μc

(
θ(∗ j)) = k∗

(
Kyyc

)−1
yc (A5)

k∗ =
[
κ

(
θ(∗ j), θ (1)

)
, . . . , κ

(
θ(∗ j), θ (n)

)]
(A6)

More details on the standard GPR can be found elsewhere in
Refs. (Rasmussen et al., 2005; Kocijan, 2016).
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