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Abstract
The article presents a new thermo-mechanical machining method for the manufacture of long low-rigidity shafts which com-
bines straightening and heat treatment operations. A fixture for thermo-mechanical treatment of long low-rigidity shafts was 
designed and used in tests which involved axial straightening of shafts combined with a quenching operation (performed to 
increase the corrosion resistance of the steel used as stock material). The study showed that an analysis of the initial deflec-
tions of semi-finished shafts of different dimensions and determination of the maximum corrective deflection in the device 
could be used as a basis for performing axial straightening of shaft workpieces with simultaneous heat treatment and cor-
rection of the initial deflection of the workpiece. The deflection is corrected by stretching the fibers of the stock material, at 
any cross-section of the shaft, up to the yield point and generating residual stresses symmetrical to the axis of the workpiece. 
These processes allow to increase the accuracy and stability of the geometric shape of the shaft.
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Introduction

Long low-rigidity shafts are manufactured from bar stock 
with substantial curvature. They are commonly used in the 
aerospace industry, precision mechanics, the automotive 
industry, and as special tools. Shafts of this type have an 
irregular shape and are characterized by a low stiffness in 
specific cross-sections and directions (Jaworski et al. 2016; 
Litak et al. 2004).

The experiences of manufacturing such elements in short-
series production and serial production in industrial settings 
show that the methods traditionally used in the machining 
of rigid parts are not very effective when it comes to the 
production of low-rigidity parts (Morozow et  al. 2020; 
Taranenko et al. 2010). They increase the labor-intensive-
ness of machining, without ensuring the required quality 
of the finished products. Low rigidity shafts are more and 

more commonly used in various machines and mechanisms, 
especially precision devices (Świć et al. 2019). Continuous 
improvement of strength calculation methods, optimiza-
tion of the shape and design of shafts, and a reduction in 
the amount of stock material required for their production 
all allow to increase the production volume of these parts 
(Fuglicek 2019).

Disproportions in the design parameters of long low-
rigidity shafts lead to serious difficulties in the manufacture 
of these parts. These difficulties are associated with large 
elastic and plastic deformations generated at all stages of 
their machining, assembly and operation as well as low 
resistance to vibrations (Hassui and Diniz 2003; Ma et al. 
2017). Moreover, differences in the response of the compo-
nents of the technological system to machining, considerable 
effect of technological heredity on operational reliability, 
warping of semi-finished products caused by uneven residual 
stresses generated at all stages of machining, and low ther-
mal stability of parts make the process complex and not easy 
to control (Zhao et al. 2020; Ye et al. 2020).

All these factors have an adverse impact on the produc-
tion of long low-rigidity shafts, leading to defects in the 
shape, dimensions and surface properties of the products, 
reduced machining performance and efficiency, insufficient 
use of the accuracy potential of the machine tool and the life 
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of its tooling, and, ultimately, a lowered quality of manufac-
tured shafts (Ma et al. 2017; Bobrowskii et al. 2020). The 
workpiece is the weakest link in the technological system. 
It is subject to considerable elastic and plastic deformations 
which produce defects in the shape and dimensions of the 
workpiece at all stages of the technological process (Li and 
Shin 2006; Świć et al. 2014).

Research on methods of increasing the efficiency and 
quality of finished products manufactured in a traditional 
way, as well as the results of studies on their industrial appli-
cation show that machining processes can be intensified by: 
selecting technological parameters and process conditions 
that allow to obtain the required accuracy of shafts (Zhang 
et al. 2019; Świć et al. 2017; Taranenko et al. 2010); devel-
oping alloys with a high dimensional stability, relatively low 
and stable thermal expansion coefficients (Tong et al. 2018), 
and a high elastic modulus (Vrancken et al. 2012); and using 
appropriate stabilizing treatment operations (Jianliang and 
Rongdi 2006; Urbicain et al. 2012).

In the response to the mentioned low-rigidity shafts pro-
duction problems, there is a need to develop the new sta-
bilization method that will allow level low-rigidity shafts 
deformation. The reduction of initial shaft deflection results 
in improved machining process efficiency and quality of pro-
duced parts.

Problem formulation

During long low-rigidity shafts machining the complex 
technological operations of stabilization are indispensable, 
because changes in the shape and dimensions of the work-
piece lead to changes in input parameters and a decline in the 
reliability of precision machines. The typical disadvantage 
is warping (curvature of the axis of the workpiece occura-
tion), which has an effect on the machining process. In the 
consequence, there is a need to develop appropriate method 
that combines straightening and heat treatment processes to 
increase the accuracy and stability of the geometric shape 
of shaft workpiece.

In this paper the new method of thermo-mechanical treat-
ment of long low-rigidity shafts, which allows to obtain the 
required shape and dimensional parameters and ensures a 
high machining efficiency was presented.

The specific characteristics of the process 
of machining of low‑rigidity shafts 
and accuracy requirements

The complex mechanical state of stock material during heat 
treatment, in combination with the variety of phase states it 
goes through, can lead to dimensional changes during the 

successive mechanical operations or storage. Free warp-
ing can also occur after heat treatment, initially often in a 
specific direction (bending, stretching), before phase trans-
formations and inelastic deformations have taken place 
(Rudawska and Jacniacka 2018).

To minimize warping (deformation) of low-rigidity shafts 
during heat treatment under loading, conditions for the 
occurrence of an appropriate plastic deformation or phase 
transformation should be created (Wang et al. 2019). For 
example, during the martensitic transformation, steel loses 
tensile strength and undergoes a slight deformation (σ02 is 
reduced by 12 to 14 times) (Swic et al. 2016b). At quench-
ing temperatures, the residual stress field is reduced to zero 
and is uniform across the cross-section of the workpiece; 
the layer that has been work-hardened by cold working is 
eliminated (Świć et al. 2019; Bobrowskii et al. 2020). It is 
technologically difficult to maintain such a state of the mate-
rial when cooling to ambient temperature, because during 
cooling with the load removed, the condition of conformity 
of plastic-elastic deformations is not met. In this case, the 
specific technological features of the process of preparing 
the workpiece for heat treatment should be analyzed. It is 
important that the geometrical parameters of the workpiece 
after straightening and machining do not exceed semi-finish-
ing tolerances (Świć et al. 2016). Non-uniform deformations 
are generated across the cross-section and along the length 
of the workpiece as a result of inaccurate machining (espe-
cially the eccentricity of the workpiece, i.e. the difference 
between the actual technological axis and the theoretical 
axis) (Wang et al. 2019). Under loading, the lack of symme-
try in the cross-section generates a bending moment (Świć 
et al. 2019).

The sequential technological operations (processes) were 
considered, with axial strain applied to heated and non-
heated material. Each of the operations considered can be 
performed autonomously, depending on the intended use of 
the product. The essence of the first technological process is 
that under tension, all longitudinal forces are equivalent in 
the first approximation, i.e., the same stresses are produced 
(Fig. 1a). The value of working stress σr can be determined 
from a stress–strain curve in relation to strain εp (Fig. 1c).

In curved segments, the stock material is straightened, 
despite tension, as a result of which, the strains in the lon-
gitudinal layers of these segments differ from one another. 
Usually, the radius of curvature is not less than 2–30 times 
the height of the cross-section of the workpiece, and so it 
can be assumed that the character of strain distribution in the 
cross-section of a shaft subjected to straightening is the same 
as in a rectilinear beam subjected to bending. The distribu-
tion of strain along the height of the workpiece is consistent 
with the linear relationship (Fig. 1b), and the minimum and 
maximum strains in the outer and inner layers of the shaft 
are given by:
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where rk—radius of curvature of the workpiece.
The values of elongation fall within the range repre-

sented in the stress–strain curve by zone εδ–εm (Fig. 1c). 
It can be assumed that the tangent modulus of longitudinal 
elasticity Ey is constant. In this case, the stress distribu-
tion along the shaft height also corresponds to the linear 
relationship (Fig. 1b). Stresses in the deformation zone 
are given by:

where Ey Ey—tangent modulus of longitudinal elastic-
ity, E—Young’s modulus, v—stress coordinate relative to 
the central layer of the workpiece.

The tensile force and bending moment can be deter-
mined from formula:

where S—cross-sectional area of the shaft, E·J—flex-
ural rigidity of the shaft.

As a result of non-uniform distribution of stresses along 
the diameter of the curved segments of the workpiece, 
the part is subjected to an internal moment that needs 
to be counterbalanced by an external bending moment. 
This latter moment arises as the center of gravity of the 
cross-section of a shaft segment is shifted in relation to 
the line along which the tensile force is acting. In this 
case, the bending moment produced by the external forces 
is Mext = Ft·ye, where ye is the absolute value of a “part” 
of the final curvature that can be represented by known 
values:

(1)�� = �r +
d

2rk
, �m = �r −

d

2rk
,

(2)�� = �r +
Ey

E
v, �m = �r −

Ey

E
v,

(3)Ft = �r ⋅ S, M =
Ey ⋅ �

E ⋅ J
,

where J—moment of inertia.
ye is only the “part” of the final curvature that remains 

after straightening. The main “part” of the final curva-
ture forms as a result of relaxation of residual stresses and 
inelastic effects after the external tensile load has been 
removed. The previously bent sections of the shaft partly 
recover their curvature, as the removal of the tensile forces 
is accompanied by the removal of the bending moment 
originating from the action of these forces.

The results of the analytical study of axial deformation 
of the shaft show that the final curvature of the product 
depends on the initial curvature 1

rk
 of the workpiece, the 

physico-mechanical properties of the stock material, and 
the manufacturing technology used. In this context, several 
approaches to the design of technological processes for 
machining low rigidity shafts can be mentioned, which 
take into account the characteristics of the stock material. 
In the case of stock materials with a growing characteris-
tic, the external tensile load should be determined for the 
zone of elongations εδ–εm corresponding to the segment 
of the σ–ε curve, which has a minimum tangent modulus 
of longitudinal elasticity. For low carbon steels, this is the 
yield zone (Ey = 0). When determining the axial deforma-
tion of materials prone to work-hardening, zone εδ–εm in 
the σ–ε curve should be located after the initial section 
with a steep slope of the stress curve. High-carbon and 
high-alloy steels are characterized by a steep increase in 
stress over a section of uniform elongation. They have high 
values of the tangent modulus of longitudinal elasticity, 
which means they require high axial loads, and these, in 
turn, lead to deformations that significantly exceed the 
material’s ultimate tensile strength.

(4)ye =
J ⋅ Ey

rk ⋅ S ⋅ �r

Fig. 1  Strains and stresses under axial loading
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This technological approach can be used as a rough-
ing process to improve the curvature of axisymmetrical 
shafts with a ratio of L

d
≤ 100  which are not prone to 

work-hardening.
A method combining straightening and heat treatment 

was developed that allows to increase the accuracy and 
stability of the geometric shape of low-rigidity parts (Świć 
et  al. 2014, 2016a). In essence, the method consist in 
applying axial strain (tension) to the shaft during heating 
(at quenching temperature), and aligning the workpiece 
relative to the fixture during the cooling stage, with the 
shaft cooling down several times faster than the fixture 
(Fig. 2a). Figures 2 and 3, show fixture 1 and workpiece 
2, and their heating and cooling characteristics.

For theoretical calculations, it was assumed that the cur-
vature of the axis of the workpiece is described by a sine 
wave:

and the change in the length of the semi-finished product 
is given by the following equation (Fig. 2a)

where α—initial deflection.
When a workpiece with an initial curvature of not more 

than 1% is stretched over length L, the value of deformation 
yα1 is connected with the initial curvature yα by equation:

(5)y =
� ⋅ sin� ⋅ x

L
,

(6)ΔL =
�2

⋅ y2
�

4L
,

Fig. 2  Simplified schematic 
of the proposed machining 
technology—(a), heating and 
cooling characteristics of fixture 
and workpiece—(b)

Fig. 3  Relationship between the 
cooling temperatures of work-
piece and fixture—(a), stress as 
a function of elongation—(b)
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which can be used to determine the axial load necessary 
to reduce deflection

where: Fcr—critical axial force.
The stress–strain curve can be used provided that ine-

quality (9) is met

if λ < 100, then the axial tensile force should be deter-
mined from the equation:

The calculation data show that the material (e.g. stain-
less steel) of a workpiece with a diameter of 60 mm and 
a length of 3000 mm, for which σ02 = 200 N/mm2, can be 
deformed to its proportional limit by applying an axial 
load of 6·105 N. This means that apart from the already 
mentioned shortcomings, the process of axial deformation 
has yet another disadvantage of requiring a high-power 
drive unit. The proposed techniques make use of the physi-
cal principles of heat treatment: axial deformation of a 
workpiece is generated by carefully selecting the thermal 
expansion coefficients of the workpiece and the fixture as 
well as the lengths of these elements (the workpiece is 
placed in the fixture, with its ends mounted on the faces 
of the fixture—Fig. 2a). The difference in the elongation 
of the blank and the fixture is given by:

An analysis of the curve in Fig. 3a shows that as the heat-
ing temperature rises, the difference in elongation values 
also increases in a non-linear manner. To stabilize the geom-
etry of the product, the total elongation generated in the 
fixture during heat treatment should not be less than 1% of 
the fixture’s length.

During heating, the workpiece is elongated by:

where the following symbols stand for elongation associ-
ated with: Δ1—initial curvature of the workpiece; Δ2—dif-
ference between thermal expansion coefficients of workpiece 
and fixture materials; Δ02—arbitrarily defined proportional-
ity interval at T° = 20 °C; Δ3—elongation of the workpiece; 
K1 = S + S/Sfix—fixture compression coefficient.

(7)�1 =
y�

1 +
Ft

Fcr

,

(8)Ft = Fcr ⋅
y�

y�1 − 1
,

(9)� ≥
(

�2
⋅

E

�02

)1∕2

,

(10)Ft = S ⋅
ΔL

L
.

(11)ΔL = �fix(T
◦

) ⋅ T
◦

⋅ Lfix − �wp(T
◦

) ⋅ T
◦

⋅ Lwp.

(12)ΔL = (Δ1 + Δ2 + Δ02 + Δ3) ⋅ L ⋅ K1,

In the method proposed here, the shaft deforms upon 
heating at a pre-determined rate defined for the heat treat-
ment technology used. The fixture elongates to a greater 
extent than the workpiece, proportionally to the difference 
in their linear expansion coefficients, and cools down 1.5 
to 3 times slower than the shaft. This allows to stabilize 
the axial load at the start of cooling and remove the load 
gradually. When calculating typical processes, it is neces-
sary to solve the problem of non-stationary thermal con-
ductivity, i.e. to define the relationship between the change 
in temperature and the amount of heat transferred in time, 
at any point of a body. The differential equation of thermal 
conductivity for rigid bodies is as follows:

In order to solve analytical Eq.  (13), the following 
boundary conditions should be determined: (1) initial 
temperature distribution in the material; (2) impact of the 
external environment on the surface of the body, which can 
be determined by: (a) measuring surface temperature, (b) 
measuring the amount of heat passing through the surface, 
and (c) measuring ambient temperature and calculating 
the heat transfer coefficient γ. According to Newton’s law 
of cooling:

where dQ—amount of heat, T◦

fix
 , T◦

c
—temperature of 

fixture wall and liquid, dS—unit of surface area, b—ther-
mal conductivity coefficient.

A solution of Eq. (13) is a function that should meet all 
the boundary conditions. The function sought depends on 
a large number of parameters that can be grouped into two 
dimensionless complexes:

– the Biot criterion—Bi =
��p

�
,

– the Fourier criterion—F0 =
b⋅t

�p
,

where �—thermal conductivity coefficient, δp—wall 
thickness of the fixture, t—cooling time.

Based on the second theorem of similarity, the function 
sought, which has the form of dimensionless temperature Q

Q′
 

at various points of a body can be represented as:

where: L =
x

�
 , x—coordinates of the heating zone.

A shaft can be represented as an infinitely long cylinder 
with a radius R, in which case, the differential equation of 
thermal conductivity has the form:

(13)
�T

�t
= b

(

�2T

�x2
+

�2T

�y2
+

�2T

�z2

)

.

(14)dQ = �

(

T
◦

fix
− T

◦

c

)

dS,

(15)
Q

Q�
= Φ(Bi,F0, L),
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Boundary conditions: at r = R; �Q
�t

= �
Q

�c

.
Initial conditions: at t = 0; Q = Q′.

The relationship between the deformation of the fixture 
and the shaft during cooling is shown in the curve ε = ψ(T°) 
(Fig. 2b), where εult—deformation of the workpiece by 
εwp (Fig. 3b), when the linear expansion coefficients are 
different.

If the thermal expansion coefficients of the workpiece 
and the fixture are the same, then axial deformation can be 
obtained (in accordance with the calculations) as the differ-
ence between the lengths of the fixture and the workpiece 
or by appropriately selecting their cooling rates (Fig. 3a).

The axial tensile stress during heat treatment is deter-
mined from the formula:

where Δ T—temperature difference between the work-
piece and the fixture during cooling, �T = �(T) + T

d�

dT
—

actual difference in thermal expansion coefficients.
When quenching a stepped shaft workpiece, the condi-

tions for obtaining equal working stresses on all shaft steps 
are determined from the formula:

where Sn
wp
, Sn−1

wp
, Sn

fix
, Sn−1

fix
—cross-sectional planes of 

workpiece and fixture at steps “n” and “n–1” of the 
workpiece.

At the first stage of cooling of a shaft secured in the fix-
ture, when the temperature difference between the two is the 
largest, the value of small ultimate strains of the workpiece 
is the sum of elastic deformations εy, plastic deformations 
εpl and temperature deformations εT:

where

In the proposed heat treatment technology, which involves 
the application of axial strain, the stresses remaining from 
previous operations are eliminated (Lin et al. 2003), regard-
less of the properties of the material used. However, cooling 
of a stretched shaft secured in the fixture, generates new 

(16)
�Q

�t
= b

(

�2Q

�t2
+

�Q

t�t

)

.

(17)�r = �T ⋅ ΔT
◦

⋅ E ⋅

Swp

Sfix
,

(18)Swp ⋅ E
n
wp

⋅ �
(

T
◦
)

⋅

T
◦

Sn
fix

= Sn−1
wp

⋅ En−1
wp

⋅

�
(

T
◦
)

Fn−1
fix

,

(19)�Σ = �y + �pl + �T ,

�T = ∫
T1

T0

�T (T
◦

)dT .

tensile stresses, which are uniformly distributed over the 
cross section of the workpiece. The level of ultimate stresses 
is given by:

During cooling, the outer part of the workpiece cools 
faster than the inner part, which means the stresses in the 
surface layers will be of the opposite sign to those inside the 
workpiece. After the workpiece has cooled down completely, 
the signs of the stresses are reversed. The main advantage 
of the proposed technology is that the stresses on the out-
side of the worpiece are of the same sign, which prevents 
the workpiece from warping. Further machining, with metal 
being removed evenly relative to the shaft axis, does not 
cause warping.

The equations presented above are valid assuming that 
the model is linear. A non-linear model, i.e. one in which 
plastic deformation during quenching under axial strain does 
not exceed 1%, allows to approximate this relationship with 
sufficient accuracy for practical purposes. Active control of 
the state of materials during heating and deformation of the 
workpiece allows to control the residual stresses throughout 
the entire machining time.

The overview of the method is presented in the Fig. 4. 
Developed solution includes two important knowledge-
based modules which ensure an adaptational and intelligent 
character of the method. The important parameters are input-
ted in the three ways: defined by user (u), extracted from 
the database (d) and obtained from the sensors (s). Before 
the process of straightening the operator input geometrical 
parameters of the workpiece and fixture. In the next stage, 
the data about material parameters and assumed shaft defor-
mation are extracted from the databases. The utilization of 
databases enables increased the pace of computation and 
previous process parameters storage. Inputted data are pro-
cessed by means of appropriate equations and dependencies 
in both modules. The adaptational character of the proposed 
solution is implemented by means of calculated and meas-
ured tensile force value comparison. Conversion of thermal 
parameters to the current tensile stress value (tensile force in 
the consequence) provides better process control and appro-
priate shaft deformation correction.

The proposed method was designed taking into account 
the ease of its implementation with the use of the PC and 
common-used programming languages. This approach 
allows to combine computer realization of the method with 
the use of executive and regulation physical devices (Fig. 5).

A device for controlling plastic deformation of low rigid-
ity shafts comprises a shaft furnace 1, with sectional elec-
tric heating elements 2. The workpiece 3 is positioned in a 
vee block and placed in the furnace. Ribs are pre-positioned 
on the workpiece to divide the shaft furnace space into 

(20)� = E
(

�y + �pl + �T
)

.
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Fig. 4  Overview of the proposed thermo-mechanical machining method

Fig. 5  Realization of the proposed method with the use of physical devices
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chambers, with each chamber having a cooling air inlet and 
outlet.

After the workpiece has been fixed in position, the heat-
ing elements are turned on to heat it. The current tempera-
ture is measured with thermocouples mounted in each 
chamber. After the workpiece has been heated to tempera-
ture T° = 300 °C, the system that applies axial tension to the 
workpiece is activated.

Because the different segments along the length of the 
workpiece have different physico-mechanical properties, the 
time at which the yield point is reached may be different for 
the different parts of the shaft. The proportional limit of 
axial elongation is registered with a pneumatic gauge.

The electric heating sections are disconnected along the 
plastic strengthening zone of the workpiece, and a compres-
sor which supplies cooling air is switched on. When the 
air-cooled section of the workpiece reaches temperature 
T° = 200 °C, the compressor is disconnected and the work-
piece is heated again.

The developed method physical implementation is pos-
sible thanks to the utilization of sensors, measuring card, 
computer, PLC (Programmable Logic Controller), regula-
tion and executive devices. Utilization of mentioned devices 
allow to appropriate process control. In the Fig. 5 only one 
segment measurement are shown, but in the real process data 
are obtained from all of the fixture elements.

The essence of the new method 
of thermo‑mechanical treatment of long 
low‑rigidity shafts

A workpiece 1, supported by steadies, is pre-machined on 
a lathe. Then the following outlines of working profiles 2 
(Fig. 6) are formed:

• a threaded outline—when determining the pitch, it is nec-
essary to take into account the ultimate tensile strength of 
the stock material, the cross-sectional area of the work-
piece, and the depth of the thread cut (internal diameter), 
which should not be greater than the stock allowed for 
finishing;

• a stepped outline, in the case of which, the difference 
between the outer and inner diameters also depends on 
the ultimate tensile strength of the stock material and the 
cross-section of the workpiece, and should not be greater 
than the stock allowed for finishing.

In machining a workpiece with a thread, expanding 
collets 3 are screwed onto the workpiece; in the case of a 
stepped shaft, the expanding collets 3 are fitted over the 
workpiece in much the same way as a sleeve in a plain bear-
ing (a collet consists of two parts). The collets are made of a 

material whose linear expansion coefficient αc is lower than 
the linear expansion coefficient of the stock material αwp.

The length of the collet is calculated taking into account 
the length of the part of the workpiece over which the col-
let is fitted and the condition of minimizing the deflection.

To achieve uniform compression along the axis of the 
workpiece and to obtain the required stiffness of the com-
pressed part of the workpiece, a collet is used whose length 
is the same as the length of the shaft, and the length-to-diam-
eter ratio of the shaft is not greater than 8: l1 = l2,

l

d
≤ 8 . 

The collets 3 have ports 9 which are shaped and positioned 
in such a way as to allow the supply of cooling liquid at any 
mutual position of two adjacent collets.

The workpiece 1 with the expanding collets 3 (threaded 
collets are used with threaded workpieces, and two-piece 
expanding collets are used with stepped parts) is inserted 
(at a predetermined clearance value) into a multi-layer cyl-
inder 4 and aligned relative to its upper and lower face. The 
special cylinder 4 is made of a material which has the same 
linear expansion coefficient as the collets (to eliminate jam-
ming due to temperature deformations) and is filled with a 
filler 5. The filler 5 can have different thermal conductivity 
coefficients (for instance, it can consist of river sand mixed 
with cast iron chips).

The body of the cylinder 4 is multilayered, with each 
layer having an additional volume filled with material with a 
lower thermal conductivity coefficient. The cylinder is made 
of a material whose linear expansion coefficient is greater 
than that of the workpiece.

The multilayer body of the cylinder has ports in the 
longitudinal and transverse directions in which collets, 
made of the same material as the cylinder, are mounted. 

Fig. 6  A fixture for thermo-mechanical treatment of long low-rigidity 
shafts
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The internal diameter and the number of collets are deter-
mined from the condition of the technological process 
used (hardening, tempering, etc.), taking into account the 
geometrical parameters of the workpiece (e.g. a smooth 
or a stepped shaft). The workpiece can be secured in the 
cylinder in two ways:

• the shaft can be aligned relative to the bottom face of the 
cylinder by means of a spherical surface fixed rigidly to 
a cover 6 on the bottom face of the cylinder, so that the 
lower end of the workpiece rests against the spherical 
surface and thus is in point contact with the cylinder;

• the shaft can be aligned relative to the two faces of the 
cylinder by means of two spherical surfaces 7 rigidly 
fixed to covers 6 on the top and bottom faces of the cyl-
inder. Secured in this way, the element is rigidly axially 
connected with the cylinder.

Four eye rings 8 for suspending the fixture are welded to 
the upper part of the cylinder 4. To avoid deflection of the 
workpiece 1 caused by stress generated during the heating/
cooling of the workpiece–expanding collets–cylinder sys-
tem, the clearance between collets 3 and cylinder 4 should 
only be large enough to allow the device to work without 
jamming.

The assembled device is placed in a shaft furnace and 
heated, in accordance with the heat-treating technology, 
to a quenching or tempering temperature, and then heat-
soaked at this temperature until the whole workpiece has 
been heated. During heating, the workpiece expands length-
wise to a greater degree than do the collets and the cylinder, 
due to the difference in their linear expansion coefficients. 
By selecting appropriate numerical values of the positive 
difference in linear thermal expansion coefficients of the 
workpiece and the collets, one can obtain a value of plastic 
deformation of the workpiece which exceeds the propor-
tional limit, i.e. the limit up to which Hooke’s law holds. 
During heating, axial plastic deformation beyond the pro-
portional limit (Hooke’s law) eliminates the effects of tech-
nological heredity from preceding operations. In addition, 
as a result of the action of axial loads, the stock material 
undergoes work-hardening (cold-working) and the internal 
micro-cracks are eliminated.

The cylinder with the workpiece inside it is cooled down 
to a predetermined temperature; the difference between the 
cooling times of the workpiece and the cylinder is reversed/
changed, while maintaining the axial state of stresses of the 
stock material until it is fully cooled. In the process, curved 
workpieces are straightened.

In contrast to other methods, in which workpieces 
undergo plastic deformation during cooling, the cylinder 
cools down earlier than the shaft, and the residual stresses 
have a local character; the essence of this technology is 

that the technological treatments are used in a reversed 
order (Li and Shin 2006).

In the proposed technology, plastic deformation occurs 
when the cylinder and shaft are heated at a predetermined 
rate, with the cylinder expanding lengthwise to a greater 
extent than the shaft, as determined by the linear ther-
mal expansion coefficients of the two elements and the 
difference in length between the cylinder and the work-
piece. During cooling, the cylinder cools down at a rate 
that is at least five times slower than the cooling rate of 
the workpiece (the latter should be cooling down at least 
five times faster than the fixture, depending on the cool-
ing medium: oil, water, or air). When the axially loaded 
workpiece is cooling down, residual stresses are generated 
in it: alternating-sign stresses along the length of the shaft 
and uniform stresses in the cross-section, which prevents 
warping of the finished part during its operation.

To enhance the technological potential of the thermo-
mechanical treatment, the multi-layer cylinder is assem-
bled from segments, the number of which can be increased 
to make the cylinder longer if it is necessary to increase 
the length of the workpiece and the value of plastic 
deformation.

Example and result discussion

To verify presented solution the appropriate parameters 
calculation was conducted. An analysis was performed of 
heat transfer by a cylindrical pin fin with a cross- sectional 
area S = �·R2 and a cross-sectional perimeter U = 2π·R, (R—
radius of the shaft).

Stock material: X10CrNi18-8 steel, density—γ = 7900 kg/
m3, thermal conductivity coefficient—λs = 14.5 W/m·°C, 
specific heat capacity—C = 0.5 kJ/kg·°C, coefficient of heat 
transfer from the air to the shaft—ψB = 6 W/m2·°C thermal 
conductivity coefficient—µ = 5·10–6  m2/s.

The temperature of the pin fin was a function of its length 
only:

The principle of temperature change along the length of 
the pin fin and the amount of heat transferred by the pin fin 
in the stationary mode were determined.

Element dx was designated at distance x from the begin-
ning of the segment (Fig. 7), and a thermal equilibrium 
equation was formulated for it:

In accordance with the Fourier principle,

(21)T
◦

= f (x).

(22)Q� − Q�� = dQ.
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and so

but also

By comparing (25) and (26) we obtained:

where

The solution of Eq. (27) can be written down as:

The values of the coefficients C1 and C2 are determined 
from the boundary conditions.

For a pin fin with a round cross-section and an infinite 
length:

(23)Q� = −�fix ⋅ S
dT

◦

dx
,

(24)Q�� = −�fix ⋅ S

(

� +
dT

◦

dx
⋅ dx

)

,

(25)Q� − Q�� = dQ = �fix ⋅ S
d2T

◦

dx2
⋅ dx,

(26)dQ = �B ⋅ U ⋅ � ⋅ dx.

(27)
d2T

dx2
=

�B ⋅ U ⋅ T

�fix ⋅ S
= m2

⋅ �,

m =

√

�B ⋅
U

�fix ⋅ S
.

To = C1 ⋅ e
mx + C2 ⋅ e

−mx.

(28)
U

S
=

4

D
,

(29)K1 = x ⋅ m = x

√

�B ⋅ U

�fix ⋅ S
= x

√

6 ⋅ 4

0.045 ⋅ 14.5
= 6x,

(30)To = To
0
⋅ e−mx,

where x—current coordinate, T° = T° − Tamb—ambient 
temperature, T0° = T0° − Tair—initial temperature, T°—cur-
rent temperature, T0° = 300 °C, Tair = 30 °C.

The temperature curve equation for these conditions has 
the following form:

Equation  (31) is used to determine the length of 
segment x along which the temperature will be set at 
T° = 200°:

A calculation scheme for determining the cooling time 
of a shaft segment is shown in Fig. 8.

Amount of heat transferred through the cross section:

Criterion of shaft segment cooling time:

(31)T
◦

= 270 ⋅ e−6x.

T
◦

= T
◦

− Tair = 260
◦

− 30
◦

= 170
◦

C,

170

270
=

1

6x
; e6x =

270

170
= 1.58; 6x = 0.45;

x = 0.076m = 76mm.

Q = �u ⋅ S ⋅ m ⋅ T0 = 14.5 ⋅
3.14 ⋅ 0.0452

4
⋅ 6 ⋅ 270 = 37.3 J.

Fig. 7  Schematic of a device for 
controlling plastic deformation 
of a low-rigidity shaft

Fig. 8  Calculation scheme for determining the cooling time of a shaft 
segment
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When the equation is used for low values of Bi, the fol-
lowing relationship is obtained:

where: T° = 200° − 30° = 170 °C, T′ = 300° − 30° = 270 °C.
Equation (32) is used to determine the cooling time of 

the shaft segment.

The amount of heat absorbed by the air during complete 
cooling of a shaft segment with a length L = 300 mm at 
T′ = 100 °C is calculated from the formula:

The amount of heat flowing through the cross section 
(Qcs) from the hot to the cool side over time t = 90 s is deter-
mined from the formula:

Temperature elongations are given by:

where ΔL—difference in elongation between shaft and 
collet, T°—heating temperature, L—length of collet and 
shaft section.

Value of plastic deformation:

at L = 20 mm, T° = 1050 °C, αwp = 18.5·10–6 mm/mm·°C, 
αc = 12.8·10–6 mm/mm·°C.

Value of plastic deformations:

Cooling time was calculated for a system with the fol-
lowing parameters: shaft diameter 40 mm, internal diameter 
of the cylinder 160 mm, external diameter of the cylinder 
260 mm, filler—sand mixed with cast iron chips, cooling 

Bi = �B ⋅
R

�u
=

6 ⋅ 0.0225

14.4
= 0.0093,

F0 = � ⋅

�

�2
p

= 5 ⋅ 10−6
�

0.02252
= 0.0098�,

(32)T = T �
⋅ e−2Bi⋅F0 ,

t =
1

2
⋅

�2 ln
��

�

5 ⋅ 10−6 ⋅ 0.0093
=

1

2
⋅

0.02252 ln
270

170

5 ⋅ 10−6 ⋅ 0.0093
= 0.025 h = 90 s.

Q� = c ⋅ � ⋅ V ⋅ T �,

V =
� ⋅ R2

4
⋅ L =

3.14 ⋅ 0.0452

4
⋅ 0.3 = 4.75 ⋅ 10−4 m2,

Q� = 0.5 ⋅ 103 ⋅ 7900 ⋅ 100 ⋅ 4.75 ⋅ 10−4 = 187625 J.

Qcs = 2 ⋅ 37.3 ⋅ 90 = 6714 J.

ΔL = �wp(T
◦

) ⋅ T
◦

⋅ L − �c(T
◦

) ⋅ T
◦

⋅ L,

� =
ΔL

L
,

ΔL = (18.5 ⋅ 10−6 ⋅ 1050 ⋅ 200) − (12.8 ⋅ 10−6 ⋅ 1050 ⋅ 200) = 1.197mm.

� =
1.197

200
= 0.5985%.

agent—oil at 30°. The cooling time of the shaft was deter-
mined from the formula:

The cooling time of the cylinder was determined by solv-
ing the equation:

where F0 =
��

r2
—Fourier criterion, defined as a function 

of relative temperatures �0
�′

 , Bi =
B0

�eq
—Biot criterion, r—

diameter of a long shaft (in this case the shaft is represented 
as an infinitely long cylinder with radius δ), λeq—equivalent 
thermal conductivity of the collet–multilayer cylinder sys-
tem, B0—coefficient of heat transfer from the environment 
to the surface of a body, γ—specific gravity of the 
material.

The difference in the coefficients of thermal expansion 
αwp and αc between the material of the collet and cylinder 
and the stock material was positive over the entire heat treat-
ment cycle.

Figure 9 compares internal stresses in the shaft before and 
after the application of thermo-mechanical treatment. The 
treatment also improves the strength characteristics of shafts.

The new thermo-mechanical treatment technology allows 
to minimize the deflection of the workpiece and stabilize 
the level of residual longitudinal stresses, and in this way 
to increase the operational accuracy and quality of finished 
products, such as long low-rigidity shafts.

The calculation scheme presented above as well as the 
tests and calculations show that straightening-heating of 
shaft workpieces in the proposed fixture allows to increase 
the accuracy of low-rigidity shafts and stabilize their geo-
metric shape.

Conclusions

The article presents an original technology of thermo-
mechanical treatment of low-rigidity shafts that combines 
straightening and heat treatment processes to increase the 
accuracy and stability of the geometric shape of shaft work-
pieces. The essence of this new method is that the shaft is 
deformed (put into axial tension) during heating and is then 
held in a special fixture while it cools down. The cooling 
rate of the shaft is several times higher than that of the fix-
ture. This allows to straighten the workpiece axially while 
it is being subjected to heat treatment, and to reduce its ini-
tial deflection by stretching the fibers in the cross-section 
up to the yield point and generating residual stresses in the 

� =
F0 ⋅ d

2
⋅ � ⋅ c

4�
s.

�0

��
= Φ0(Bi,F0),



1950 Journal of Intelligent Manufacturing (2021) 32:1939–1951

1 3

workpiece symmetrical to its axis. The proposed technol-
ogy differs from other known methods in that it uses the 
technological treatments in a reversed order. In the proposed 
technology, plastic deformation occurs when the cylinder 
and shaft are heated at a predetermined rate and the cylin-
der expands lengthwise to a greater extent than the shaft, 
depending on the value of the linear thermal expansion coef-
ficients and the difference in length between the cylinder 
and the shaft.

The new thermo-mechanical treatment technology allows 
to minimize the deflection of the workpiece and stabilize the 
level of residual longitudinal stresses, increasing in this way 
operational accuracy and improving the quality of finished 
shafts.

The tests carried out using the new fixture for thermo-
mechanical treatment show that shafts subjected to axial 
straightening combined with quenching (performed to 
increase the corrosion resistance of steel) deform dur-
ing heating at a predetermined rate specified for the heat 
treatment technology used. The experiments confirmed 

the validity of the newly developed technology of thermo- 
mechanical treatment of long shafts.
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