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Abstract

The k-token graph Fi(G) of a graph G is the graph whose vertices are the k-subsets
of vertices from G, two of which are adjacent whenever their symmetric difference
is a pair of adjacent vertices in G. It was proved that the algebraic connectivity of
Fi(G) equals the algebraic connectivity of G with a proof using random walks and
interchange of processes on a weighted graph. However, no algebraic or combinatorial
proof is known, and it would be a hit in the area. In this paper, we algebraically prove
that the algebraic connectivity of Fi(G) equals the one of G for new infinite families
of graphs, such as trees, some graphs with hanging trees, and graphs with minimum
degree large enough. Some examples of these families are the following: the cocktail
party graph, the complement graph of a cycle, and the complete multipartite graph.

Keywords Token graph - Laplacian spectrum - Algebraic connectivity - Binomial
matrix
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1 Introduction

Let G be a simple graph with vertex set V(G) = {1, 2, ..., n} and edge set E(G). Let
3(G) denote the minimum degree of G. For a given integer k such that 1 < k < n, the
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Fig.1 The 2-token graph
F>(Co) of the cycle graph, with
vertex set

V(C9)=1{0,1,..., 8}. The
vertices on the circumference of
radius rp, with £ = 1,2, 3,4 and
ry >ry >r3 >rqareli,j}
with dist(i, j) = € in Cg

k-token graph Fy (G) of G is the graph whose vertex set V (F (G)) consists of the (Z) k-
subsets of vertices of G, and two vertices A and B of Fi(G) are adjacent whenever their
symmetric difference A A B is apair {a, b} suchthata € A,b € B,and (a, b) € E(G).
The naming ‘token graph’ comes from an observation in Fabila-Monroy et al. [7],
that vertices of F;(G) correspond to configurations of k indistinguishable tokens
placed at distinct vertices of G, where two configurations are adjacent whenever one
configuration can be reached from the other by moving one token along an edge from
its current position to an unoccupied vertex. Thus, the maximum degree of Fy(G)
satisfies

A(F(G)) = kA(G). ey

In Fig. 1, we show the 2-token graph of cycle Cy on nine vertices.

Note that, for convenience, if k = 0, then Fp(G) is an only vertex; if k = 1, then
F1(G) £ G; and if G is the complete graph K,,, then F;(K,) = J(n, k), where
J (n, k) denotes the Johnson graph (see again [7]).

Token graphs have some applications in physics. For instance, a relationship
between token graphs and the exchange of Hamiltonian operators in quantum mechan-
ics is given in Audenaert et al. [1].

Recently, it was conjectured by Dalf6 et al. [5] that the algebraic connectivity of
Fi (G) equals the algebraic connectivity of G. After submitting the first version of this
paper, the authors learned (from Fabila-Monroy [6]) that this conjecture was already
known as the Aldous’ spectral gap conjecture, and it was proved in 2010 by Caputo et
al. [3]. Moreover, Ouyang [12] and Lew [11] also mentioned that this conjecture was
actually solved. Besides, Cesi [4] provided a simpler proof of the so-called ‘octopus
inequality,” which is one of the main ingredients to prove Aldous’ conjecture. These
results were obtained in completely different contexts and using distinct techniques.
More precisely, they used the theory of continuous Markov chains of random walks
and the so-called interchange of processes on a weighted graph. In this paper, we
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present an algebraic approach to this problem for trees and other graphs, and we give
a new method that can be of interest, giving an alternative algebraic proof.

This paper is structured as follows. In Sect. 2, we present some of the known results
on the algebraic connectivity. In Sect. 3, we prove that the algebraic connectivity of a
graph and its k-token graph coincide

for new infinite families of graphs, such as trees, some graphs with hanging trees,
and graphs with minimum degree large enough. Some examples of these families are
the following: the cocktail party graph, the complement graph of a cycle, and the
complete multipartite graph.

2 Known results

First, let us introduce some notation and known results used throughout the paper.
The transpose of a matrix M is represented by M T, the identity matrix by I, the all-1
vector (1, ..., 1)T by 1, the all-1 (universal) matrix by J, and the all-0 vector and all-0
matrix by 0 and O, respectively. Let [n] := {1,...,n}, and ([Z]) denote the set of
k-subsets of [n], which is the set of vertices of the k-token graph.

For our purpose, it is convenient to indicate by W, the set of all column vectors v
such that v 71 = 0. Recall that any square matrix M with all zero row sums has an
eigenvalue 0 with corresponding eigenvector 1.

When M = L(G), the Laplacian matrix of a graph G, the matrix is positive semidef-
inite, with eigenvalues (0 =)A1 < Ay < --- < A,. Its second smallest eigenvalue A7 is
known as the algebraic connectivity of G (see Fiedler [8]), and we denote it by «(G).
The spectral radius Amax (G) = A, satisfies several lower and upper bounds (see Patra
and Sahoo [14] for a survey). Here, we will use the following ones in terms of the
maximum degree of G:

14+ A(G) = Amax(G) = 2A(G). 2

The upper bound is due to Fiedler [8], whereas Grone and Merris proved the lower
bound in [10], assuming that G has at least one edge.

In this paper, we want to study the algebraic connectivity of token graphs of trees
and graphs with hanging trees, among others. As far as we know, this study was
initiated by Dalf6 et al. [5], where they proved the following results.

For some integers n, h, and k, with 1 < h < k < n, we consider the (n; k, h)-
binomial matrix B, with rows indexed by the k-subsets A C [n], columns indexed by
the h-subsets X C [n], and entries (B)4x = 1 if X C A, and (B) ax = 0 otherwise.
Note that the transpose of B is the so-called set-inclusion matrix, denoted by Wy, (n)
(see, for instance, Godsil [9].)

Lemma 2.1 ([5]) Let G be a graph on n vertices. For some integers h, k such that
1<h<k< L%J, let F, = Fy(G) and Fy, = Fi(G) be their h- and k-token graphs
with respective Laplacian matrices Ly, and L. Then, the following holds:
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(i) Ifvisa A-eigenvector of Ly, then Bv is a A-eigenvector of L. Thus, the Laplacian
spectrum (eigenvalues and their multiplicities) of Ly, is contained in the Laplacian
spectrum of L.

(ii) If u is a h-eigenvector of Ly such that B u # 0, then B u is a h-eigenvector of
L.

Given two integers n and k such that k € [n], the Johnson graph J(n, k) can be
defined as the k-token graph of the complete graph K, that is, Fi(K,) = J(n, k). It
is known that these graphs are antipodal (but not bipartite) distance-regular graphs,
with degree d = k(n — k), diameter D = min{k, n — k}, and with Laplacian spectrum
(eigenvalues and multiplicities)

Aj=jn+1—j) and m,:(?)—(l,il), j=0.1....D. (3)

(See again [5]).

For example, F>(K4) = J (4, 2) is a 2-regular graph with n = 6 vertices, diameter
D = 2, and with Laplacian spectrum S(F>(K4)) = (ot 4131 6121},

Let us consider a graph G and its complement G, with respective Laplacian matrices
L¢ and L. Since LG+ Lg = nl — J, the Laplacian spectrum of G is the complement
of the Laplacian spectrum of G with respect to the Laplacian spectrum of the complete
graph K. We represent this as

spG®spG =spk,,

where each eigenvalue of G and each eigenvalue of G are used once. In [5], it was
shown that a similar relationship holds between the Laplacian spectra of the k-token
of G and the k-token of G, but now with respect to the Laplacian spectrum of the
Johnson graph.

Theorem 2.2 ([5]) Let G = (V, E) be a graph on n = |V| vertices, and let G be
its complement. For a given k, with 1 < k < n — 1, let us consider the token graphs
Fi(G) and Fy(G). Then, the Laplacian spectrum of Fy (G) is the complement of the
Laplacian spectrum of Fy.(G) with respect to the Laplacian spectrum of the Johnson
graph J(n, k) = Fy(K,). That is, every eigenvalue Aj of J(n, k) is the sum of one
eigenvalue Af, Gy of Fi(G) and one eigenvalue A5G of Fi(G), where each AEL(G)
and each A F.(©) is used once:

AF(G) +)\'Fk(6) =Ay. 4)

Note that, in this result, it is not stated what the pairing of the eigenvalues of F;(G) and
Fi(G) is, giving the corresponding eigenvalue of J(n, k). In the following section,
we improve this result by showing such a pairing, which is necessary for the proof of
Theorem 3.7.

As a consequence of Lemma 2.1(i) and F;(G) = F,—,(G), the fact that the alge-
braic connectivities of G and F;(G) coincide
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only needs to be proved for the case k = [n/2]. Moreover, it was noted that this
result

also holds when the graph G is disconnected and for those graphs whose token
graphs are regular, which are K,, and S, (with even n and kK = n/2), and their com-
plements.

Besides, it is shown in [5] that this result

holds for the following infinite families of graphs.

Theorem 2.3 ([5]) For each of the following classes of graphs, the algebraic connec-
tivity of a token graph Fi(G) equals the algebraic connectivity of G.

(i) Let G = K, be the complete graph on n vertices. Then, a(F(G)) = a(G) =n
foreverynandk =1,...,n— 1.

(ii) Let G = S, be the star graph on n vertices. Then, a(Fy(G)) = a(G) = 1 for
everynandk=1,...,n— 1.

(iii) Let G = P, be the path graph on n vertices. Then, a(Fr(G)) = o(G)
=2(1 — cos(mr/n)) foreverynandk =1,...,n — 1.

(iv) Let G = K, n, be the complete bipartite graph on n = n| + ny vertices, with
n1 < ny. Then, a(Fr(G)) = «(G) = ny for everyny, np,andk =1,...,n — 1.

3 New algebraic results

In this section, we provide an algebraic method to prove that the algebraic connectiv-
ities of G and Fy(G) coincide for some infinite families of graphs.

In our proofs, we use the following concepts and results. As a consequence of
Lemma 2.1, the spectrum of J (n, k) in (3), and Theorem 2.2, we can state the following
lemma.

Lemma 3.1 Let G a graph on n vertices and k < n/2. Let A be the set of pairs (\, X)
of eigenvalues of Fy(G) and Fy(G), with k < n/2, sharing both the same eigenvector
v with J(n, k). Then, consider the partition of A into the sets Ao, A1, ..., Ak Such
that Ao = {(0, 0)}, and

Aj ={(spFj(G)\spFj_1(G), spF;(G)\sp F;_1(G)} forj=1,... k.

Let mj = (';) — (jfl). Let A\ < Ay < --- _5 )»Tj be the e_igenvalues of
sp F;(G\sp Fj—1(G) in non-decreasing order, and Ay > Ap > --- > )“m_,- the eigen-

values of sp F) (6)\8];) Fi_1 (G) in non-increasing order. Then,
Aj+ i1 =ja—j+1) fori=1,....m;. )

Proof Recall that every right value in (5) is an eigenvalue of J (n, j) with multiplicity
mj for j =1,..., k. From Lemma 2.1, when we go from the spectra of {F;_1(G),
F;_1(G)} to the spectra of {F;(G), F;(G)}, all the eigenvalues of Ag, ..., Aj_;
reappear (with eigenvectors v such that BT v # 0), together with ‘new’ eigenvalues
belonging to A; (with eigenvectors v such that BTv = 0). Similarly, when we go
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G €

Fig.2 Graph G and its complement graph G of Example 3.2

from J(n, j — 1) to J(n, j), the new eigenvalue is j(n — j + 1) with multiplicity m ;
for j =1,..., k. Then, from Theorem 2.2, m; coincides with the number of pairs in
A j and, moreover, each pair sums up to give the constant j(n — j + 1), that is,

Aj={0,M):r+r=jn+1—j)} forj=1,...,k,

which proves (5).

Let us show an example of Lemma 3.1.

Example 3.2 Consider graph G and its complement graph G of Fig.2. The spectra of
G, G, and their k-tokens for k = 2, 3 are the following:

spG = 1{0,2,451,6) c sp F2(G) = (0, 2,451, 6141, 8131, 10)
C sp F3(G) = {0, 2,461 6[41 g1 10831,
spG = {0121, 2831 4} ¢ sp 7o (G)=(013], 2101 4141 6121}  sp F3(G)=(013], 2181, 4161 6I21}.

Then, as shown in Table 1, there is a pairing between the eigenvalues of F3(G) and
the eigenvalues of F3(G), satisfying Theorem 2.2. Namely,

sp F3(G) @ sp F3(G) = sp J (6, 3) = {0, 611, 101 1251},

Thus, the pairs of Ag, A1, Az, and Az add up to 0, 6, 10, and 12, respectively.

Given a graph G = (V, E) of order n, we say that a vector v € R" is an embedding
of G if v € W, (that is, vl = 0). Note that if v is a A-eigenvector of G, with 1 > 0,
then it is an embedding of G.

For a graph G with Laplacian matrix L(G), and an embedding v of G, let

N .12
i o)

o) = vy 3 v2(i) ’

ieV

(6)
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Table 1 For Example 3.2, the spectra of F{(G) and F|(G), F»(G) and F»(G), and F3(G) and F3(G)
giving, respectively, the spectrum of J (6, 1), J (6, 2), and J (6, 3) by addition, according to Lemma 3.1

Spectrum evG evG ev Johnson
sp Fp = sp Ky 0 0 0
sp Fy \ sp Fo 2 4 6
4 2 6
4 2 6
4 2 6
6 0 6
sp F, \ sp Fi 4 6 10
4 6 10
6 4 10
6 4 10
6 4 10
8 2 10
8 2 10
8 2 10
10 0 10
sp F3 \ sp F» 4 8 12
8 4 12
8 4 12
10 2 12
10 2 12

where v (i) denotes the entry of v corresponding to the vertex i € V(G). The value
of Ag(v) is known as the Rayleigh quotient. If v is an eigenvector of G, then its
corresponding eigenvalue is A(v). Moreover, for an embedding v of G, we have

a(G) < Ag(v), (7N

and we have equality when v is an o (G)-eigenvector of G.

The following result, Lemma 3.4, describes a particular ‘rank-one perturbation’
of a symmetric matrix. Hence, the given inequality is a consequence of eigenvalue
interlacing, as Bunch, Nielsen, and Sorensen described in [2]. In the case of trees, this
result is also a consequence of the following theorem by Patra and Lal [13, Th. 3.1].

Theorem 3.3 ([13]) Let e = (u, v) be an edge of a tree T. Let T be the tree obtained
Jfrom T by “collapsing’ the edge e (that is, deleting e and identifying u and v). Then,
oa(T) = a(T).

However, for completeness, we here provide a direct proof by using Fiedler eigen-
vectors (that is, those corresponding to the algebraic connectivity).

Lemma3.4 Let Gt = (VT, ET) be a graph on the vertexset V. ={1,2, ..., n+1},
having a vertex of degree 1, say the vertex n + 1 that is adjacent ton. Let G = (V, E)
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be the graph obtained from G™ by deleting the vertex n + 1. Then,
a(G) = a(G™),

with equality if and only if the a(G)-eigenvector v of G has entry v(n) = 0.

Proof Let v € W, be an eigenvector of G with eigenvalue &(G) and norm |jv|| = 1,
so that
@)= (i) —v()HF =(G). ®)
(i,j)eE
Let w € R**! be the vector with components w(i) = v(i) — Z(—J’:l) fori =1,...,n

andw(n +1) =w(n) = ’“’(") . Note that w is an embedding of G since

n+1 n () nv(n)
Zw(i):Z(v()——>+w(n+1):O—n+1 + w(n) = 0.

‘ “ 1
i=1 i=1

Then, from (7),

> [w) - w()H? > ) —v(H1?
(i,j)eE™ @i,))eE
GH) <i(w) = , = < a(G),
ol ) > w2(i) Y [() — 2092 4 w(n + 1) !
ieVt ieV

where the last inequality comes from (8) since, as v is an embedding of G,

Z[v()— "5’_')1] -

ieV ieV

2 2
|:v() i ) v(n) v(n) } | v(n)

( +1)2 "(n+1)2‘1'

Finally, the equality a(G™) = a(G) holds if and only if v(n) = 0. O
Let G be a graph with k-token graph Fy(G). For a vertex a € V(G), let S,

{A e V(F(G)):ae Ayand S, :={B € V(Fr(G)) : a ¢ B}. Let H, and H/, be the

subgraphs of Fi(G) induced by S, and S}, respectively. Note that H, = Fi—;(G\{a})

and H) = F(G\{a}).

Lemma 3.5 Given avertex a € G and an eigenvector v of Fi(G) such that BTv=0,
let

w, = vlg, and w, = vlg .

Then, w, and w!, are embeddings of H, and H), respectively.
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Proof Assume that the matrix B " has the first row indexed by a € V(G). Then, we

have
0= BTU — IT OT Wq _ lTwa
B, B, w), Bw, + Byw), )’

where 17 is a row (}_])-vector, 0 is a row (", ')-vector, Bj = B(n — 1,k — )T,
and B = B(n — 1, k)T. Then, 1Tw, = 0, so that w, is an embedding of H,.
Furthermore, since v is an embedding of G, we have 1T = 1Twa + lTw; = 0 (with
the appropriate dimensions of the all-1 vectors). Hence, it must be lng =0, and w),
is an embedding of H),. O

Theorem 3.6 For each of the following classes of graphs, the algebraic connectivity

of a token graph Fy(G) satisfies the following.

(i) Let T, be a tree on n vertices. Then, a(Fi(T,)) = a(T,) for every n and k =
1,...,n—1.

(ii) Let G be a graph suchthat a(F(G)) = a(G). Let Tg be a graph where each vertex
of G is the root vertex of some (possibly empty) tree. Then, o (Fi(Tg)) = a(Tg).

Proof To prove (i), let V(T,,) = [n]. From previous comments, we can assume that
T, is connected. Then, the result is readily checked for n < 4 and k = 1,2 and 3.
Now, we proceed by induction. Suppose n > 4 and k > 1. To our aim, by Lemma
2.1(ii), it suffices to show that if v with a given norm, say viv=1,isan eigenvector
of Fi := Fi(T},), with BTv = 0, then A(v) > «(T},). Leti € [n]. As defined before,
let S; :={A e V(F):iecA}yand S := (B € V(F;) : i ¢ B}. Let H; and H/ be
the subgraphs of Fy induced by S; and S, respectively. We have H; = Fi_1(T,—1)
and Hi/ = Fy(T,—1), where T,_; = T \ i. Moreover, note that if vertex i is of degree
1in 7, then T,_; is also connected. Let w; := v|g, and wg = v|SI_/, by Lemma 3.5,
we know that w; and w) are embeddings of H; and H/, respectively. By the induction
hypothesis, we have

Y [wi(A) —wi(B)?

(A,B)eE(H;)

Mw;) = > a(T,—1),
( 1) Z wi(A)2 - (n 1)

AeV (H;)

and
> [wiA) —wi(B)?

)»( /) (A,B)eE(Hl.’) (T )
. = > — .
v S owiap ST

A€V (H])

Since V(H;) UV (H]) = V(Fy) and v v = 1, we get

My = Y [pA) —v(B)P

(A.B)eE(Fy)
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> Y [wi-—wBP+ Y [wj(A) - wi(B)

(A,B)eE(H;) (A,B)eE(H])

zaen| Y w+ Y wis)?]

A€V (H;) BeV (H])

=T Y v+ Y ey

AeV(H)) BeV(H])
=o(Ty—1) > a(Ty), 9)

where (9) follows from Lemma 3.4. (Notice that, since i has degree 1, collapsing the
edge of which i is an end-vertex is equivalent to removing i, so obtaining 7,,_1.)

Furthermore, since A(v) > «(7;), we get that «(7,) is an eigenvalue of both T;,
and F(T,) with the same multiplicity.

Regarding (ii), it could be seen as a generalization of (i). Thus, it is proved in
the same way by induction on the number of vertices not in G (that is, the non-root
vertices of the trees), and starting from G. (The other way around, proved (ii), the
result in (i) is a corollary when we start with G = Kj or G = K>.) O

Note that the result of Theorem 3.6(i) implies the ones of Theorem 2.3(ii) and
@iii).
Theorem 3.7 Let G be a graph on n vertices satisfying a(Fr—1(G)) = «(G) and
minimum degree

k(n +k —3)
3(G) = pk) = ————m 10
(G) = ¢k 1 (10)
for some integer k = 1, ..., |n/2]. Then, the algebraic connectivity of its k-token

graph equals the algebraic connectivity of G, that is,

a(F(G)) = a(G).
Proof The hypothesis a(F;—1(G)) = «(G) implies that, in sp F;(G), all the eigen-
values of Fi(G) that are in Ay, ..., Ax—; must be greater than or equal to «(G).
Reasoning by contradiction, if «(F;(G)) < «(G), then the eigenvalue o (Fy(G))
must belong to Ag. Then, by Lemma 3.1, the eigenvalue A r, (G) = o (Fi(G)) must be

paired with the eigenvalue Anax Fi (G) belonging also to Ay (both eigenvalues sharing
the same eigenvector v with J (n, k)). Thus,

a(G) + Amax Fi(G) > a(Fr(G)) + Amax Fx(G) = k(n — k + 1).
Thus, using that «(G) = n — Anax(G),
Amax (Fx(G)) > k(n —k + 1) — a(G) = k(n —k 4+ 1) — 1 + Amax (G).

However, from the upper and lower bounds in (2) for the (Laplacian) spectral radius
of a graph, together with (1), we get
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2kA(G) > rmax(Fx(G)) > k(n —k 4+ 1) — n 4+ Amax(G) > (k — D(n — k) + A(G) + 1,

or, in terms of 6 (G),

k—Dn—Fk+1

n—1-580G)=AG) > Sy

Hence, §(G) <n —1— (k_l%,i”:]k)H = k(”zﬁf), contradicting the hypothesis. 0O
For the two extreme cases, k = 2 and k = n/2, we get the following consequences.

Corollary 3.8 Let G be a graph on n vertices and minimum degree §(G).

(i) If8(G) = 3(n — 1), then a(F2(G)) = a(G).
(ii) If §(G) > %n, then G satisfies a(Fx(G)) = a(G) foreveryk =1,...,n — 1.

Proof (i) With k = 2, the condition (10) becomes §(G) > %(n — 1). Then, since
a(F1(G)) = a(G), Theorem 3.7 gives the result.
(ii) Assuming that n is even (the odd case is similar), it is enough to prove the result

for k = n/2. In this case, the condition (10) becomes §(G) > ¢(n/2) = ’Z(fn":g). It

is readily checked that %n > ¢(n/2) > ¢ (k) foreveryk =2,..., 5 — 1. So, we can
use induction from case (i) to prove the hypotheses in Theorem 3.7 hold for every .
O

Some examples of known graphs satisfying Corollary 3.8 are:

e With (minimum=maximum) degree n — 1, the complete graphs (already men-
tioned).

e With degree n — 2, the cocktail party (regular) graph (obtained from the complete
graph with an even number of vertices minus a matching).

e With degree n — 3, the complement (regular) graph C,, of the cycle with n > 12
vertices.

e The complete r-partite graph G = Ky pn,,...n, 7 K, for r > 2, with number of
verticesn = ny +ny + -+ +n,, forn; <ny <--- < n,, with minimum degree
8(G)=n1+---+n,_1andn > 3n, — 2.

4 Conclusions

As explained in the Introduction, Caputo, Liggett, and Richthammer [3] proved the
Aldous’ spectral gap conjecture, which includes the until then conjecture that states
that the algebraic connectivity of a graph and its k-token graph coincide for any k. They
used random walks and interchanges of processes on a weighted graph. However, some
algebraic graph theory community researchers are looking for an algebraic proof. In
this paper, we provide an algebraic proof for some families of graphs. We think that
our techniques could be applied to other families and, perhaps, graphs in general.
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