Journal of Algebraic Combinatorics (2022) 55:663-690
https://doi.org/10.1007/s10801-021-01065-3

®

Check for
updates

Unlocking the walk matrix of a graph

Fenjin Liu'® - Johannes Siemons?

Received: 21 July 2020 / Accepted: 8 August 2021 / Published online: 17 November 2021
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2021

Abstract
Let G be a graph of order n, with vertex set V = {vy, ..., v,} and adjacency matrix
A. For a non-empty set S of vertices lete = (x1, ..., x,)T be the characteristic vector

of S, thatis, x, = 1 if vy € S and x; = 0 otherwise. Then the n x n matrix
wS .= [e, Ae, A%, ..., A"_le]

is the walk matrix of G for S. This term refers to the fact thatin WS the kth entry in the
row corresponding to vy is the number of walks of length £ — 1 from v, to some vertex
in S. Let u1, ..., us be the distinct eigenvalues of A. For given S and characteristic
vector e, we re-arrange these eigenvalues in such a way that

SD(S):e=ert+er+---+e ey

for a certain r < s, where the e; are eigenvectors of A for eigenvalue u;, for all
1 <i <r.Werefer to (1) as the spectral decomposition of S, or more properly, of
its characteristic vector e. We show that the walk matrix W* determines the spectral
decomposition of S and vice versa. Explicit algorithms are given which establish this
correspondence. In particular, we show that the number r of distinct eigenvectors that
appear in (1) is equal to the rank of W5. Various results can be derived from this
theorem. We show that W¥ determines the adjacency matrix of G if W5 has rank
> n — 1. Another application is that if W5 has rank > n — 1, then another graph G*
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on V is isomorphic to G if and only if there is a set S* C V so that W¥ is the same as
WS, up to a reordering of the rows of WS. The assumption for these two theorems is
met by almost all graphs when § = V, as it is known that rank(W ") = n for almost
all graphs.

Keywords Walk matrix of graphs - Spectral decomposition - Isomorphism problem
for graphs

Mathematics Subject Classification 05C50 - 05C75 - 0SE10

1 Introduction

Let G be a graph of order n with vertex set V = {vy, ..., v,} and adjacency matrix
A. Let S be a non-empty subset of V and let e = (x1, ..., x,)T be its characteristic
vector, that is x; = 1 if vy € S and x; = 0 otherwise, for £ = 1, ..., n. Then the

n X n matrix
WS = [e, Ae, AZe, ...,A”_le], 2)

formed by the Ale as columns, is the walk matrix of G for S. This term refers to the fact
that the kth entry in the row indexed by v, is the number of walks in G of length k — 1
from vy to some vertex in S. Walk matrices first appeared in 1978 in Cvetkovi¢ [5] for
the case S = V and in 2012 in Godsil [14] for arbitrary non-empty S € V. A survey
about walk matrices and the related topic of main eigenvalues and main eigenvectors
can be found in [20]. More recently walk matrices have been studied in spectral graph
theory [27-29] and in particular in connection with the question whether a graph is
identified up to isomorphism by its spectrum [17].

Let 1, ..., uus be the distinct eigenvalues of G. Since A is symmetric, every vector
in R” can be written uniquely as a linear combination of eigenvectors of A. In particular,
when S is set of vertices then its characteristic vector e can be written in this way. For
convenience, we renumber the distinct eigenvalues of A so that

SD(S):e=e; +ep+---+e withe; # 0 and
Ae; = pje; foralll <i <r 3)

for some r < s. We refer to (3) as the spectral decomposition of S, or more properly,
of its characteristic vector.

We outline the main results. The key theorem shows that the walk matrix for S
determines the spectral decomposition of S, and vice versa. This holds for any graph
G and any non-empty set S of vertices of G. To state this in a precise fashion, we use
(3) to define the n x r main eigenvector matrix

ES = [61,62,...,6,]

and, corresponding to the eigenvalues i, U2, ..., i, we define the r x n main
eigenvalue matrix
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The following is proved in Theorems 3.6 and 4.2 in Sects. 3 and 4:

Theorem 1.1 Let G be a graph and let S be a non-empty set of vertices of G. Let
W = W5, E := ES and M := M be as above. Then

W=FE M.

Furthermore, if W is given, then both E and M are determined uniquely. In par-
ticular, the number of eigenvectors in the spectral decomposition of S is equal to the
rank of W.

The word ‘determine’ has a precise meaning that is defined in Sect. 4. The first part
of the theorem is straight forward from the definition of the matrices. The second part
does require a further analysis of the walk matrix and certain polynomials associated
to it. While the proof is elementary, it appears that the theorem has many applications.
The first concerns the adjacency matrix of the graph.

Theorem 1.2 Let G be a graph and let S be a set of vertices of G, with walk matrix
W := WS. Suppose that W has rank > n — 1. Then W determines the adjacency
matrix of G.

We give an explicit formula for the adjacency matrix when WS has rank > n—1, see
Theorems 5.1 and 5.5. The theorem is best possible in the following sense: There are
graphs G and G*, with vertex sets S and S*, where WS = W5 have rank n — 2, while
the corresponding adjacency matrices are not equal to each other. Generalizations for
the case when WS has rank < n — 1 are considered in Sect. 5.

Reordering the vertices of the graph amounts to permuting the rows of the walk
matrix, and it is useful to bring walk matrices into some standard form by such row
permutations. Here we use the lexicographical ordering of the rows. We denote the
lex-ordered version of W5 by lex(WS ), see Sect. 7. If S = V, then WS is the standard
walk matrix of G. The following is proved in Theorem 6.3.

Theorem 1.3 Let G and G* be graphs with standard walk matrices W and W*, respec-
tively. Suppose that W has rank > n — 1. Then G is isomorphic to G* if and only if
lex(W) = lex(W™).

In Sect. 6 we consider walk equivalence: Two graphs G and G* are walk equivalent
to each other if their standard walk matrices are the same, W' = W"" . In Proposi-
tion 6.1 we show that G is walk equivalent to G* if and only if their adjacency matrices
restrict to the same map on the space generated by the columns of WV

In Sect. 7 we discuss probabilistic applications. Let P(n) be a property of graphs
on n vertices. Then we say that P (n) holds almost always, or that almost all graphs
have property P, if the probability for P(n) to hold tends to 1 as n tends to infinity.
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O’Rourke and Touri [18], based on the work of Tao and Vu [23], have shown that the
standard walk matrix is almost always invertible, see Theorem 7.1. From this we have
the following consequence for the graph isomorphism problem, further comments are
available in Sect. 7.

Theorem 1.4 For almost all graphs G the following holds: G is isomorphic to the
graph G* if and only if lex(W) = lex(W*), where W and W* are the standard walk
matrices of G and G*, respectively.

Throughout we consider various notions of graph equivalences that arise from the
eigenvalues and eigenvectors associated to walk matrices and spectral decomposi-
tions. In these problems it becomes evident that the Galois group of the characteristic
polynomial of the adjacency matrix plays an important role. In the Appendix we give
examples and counterexample for several assertions such spectral equivalences

The results in this paper show that walk matrices form an essential bridge between
the combinatorics and the algebraic, in particular spectral, properties of finite graphs.
All graphs considered in the paper are finite, undirected and without loops or multiple
edges. In Sect. 2 we state the basics required for spectral decompositions. In Sect. 3 we
introduce main eigenvectors and main eigenvalues. Sections 4—7 contain the material
discussed above.

2 Preliminaries and notation

Let G be a graph on the vertex set V = {vi,v2,...,v,}. For v and v in V, we
write u ~ v if u is adjacent to v. The adjacency matrix A = (a;;) of G is given by
aj,;j = 1'if v; ~ vj and a; ; = 0 otherwise. The characteristic polynomial of G,
denoted charg(x), is the characteristic polynomial of A. The roots of charg(x) are
the eigenvalues of G and the collection of all roots is the spectrum of G. Since A is
symmetric, all eigenvalues are real. We denote the distinct eigenvalues of G by

M15M25'~-7us

for a certain s < n, in some arbitrary order. (Later it will be essential to reorder the
eigenvalues in particular circumstances.) The minimum polynomial of G is the monic
polynomial f(x) of least degree with f(A) = 0, denoted by f(x) = ming(x). We
have

ming (x) = (x — pu)(x — u2) -+ (x — fy)

since A is symmetric.

The smallest field K with Q € K C R which contains all eigenvalues of G is the
splitting field of charg(x), or of G, denoted K = Q[u1, ..., us]. The set of all field
automorphisms y : K — K which map eigenvalues of A to eigenvalues of A forms
the Galois group of charg (x), or of G, denoted by Gal(G). We express the action of
the field automorphism y by a + a” for a € K and extend this notation to vectors,
matrices and polynomials in the obvious way. For instance, AY = (al.yl.) =(aj)=A
for all y in Gal(G). We will use the fact that a € K belongs to Q if and only if a¥ = a
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for all y € Gal(G). An integer polynomial is monic if its leading coefficient is 1.
A real number that is the root of a monic integer polynomial is an algebraic integer.
Such a number is rational if and only if it is an ordinary integer. Two algebraic integers
are algebraically conjugate if they are roots of the same irreducible monic integer
polynomial.

Since (ming (A))Y = ming (A) = O0forall y € Gal(G), it follows that ming (x) =
miné(x) and so this is an integer polynomial. Let

ming (x) = f1(x) - - - fe(x) “
be factored into irreducible integer polynomials f; (x). Then two eigenvalues p and p*

of G are algebraically conjugate if and only if they are roots of the same polynomial
fi(x) for some 1 <i < £. From Galois theory [21] we have

Theorem 2.1 The orbits of Gal(G) on the spectrum of G are the equivalence classes
of distinct algebraically conjugate eigenvalues of G.

For each i with 1 <i < s, consider the polynomial
mi(x) 1= (x — pu1) -+ (6 = o) (x = pig1) - (6 — ptg) = (x — @)~ ming (x)

and define the n x n matrix

Em 1 mi(A), (5)
m; (i)

Clearly, each E; is symmetric and its coefficients belong to K. The following lemma
can be found in many books [7,10,13,15] on linear algebra, it can also be verified easily
directly from the definition. Usually these results are stated for matrices over the real
numbers. However, since the polynomials m; (x) are defined over K, all matrices and
computations are over K. This is essential for us: In particular, Galois automorphisms
act on the E; and all associated quantities over K".

Lemma 2.2 Let A be the adjacency matrix of G with distinct eigenvalues (i1, . . ., Us.
For 1 <i <s, let E; be as above and denote the n x n identity matrix by 1. Then

() E?=E;and E;E; =0 foralli # j € {1,...,s},
) I=E1+Ey+---+ E;,
(i) A= Er +pu2Er + -+ usEs.

The matrices E; are the minimum idempotents or orthogonal idempotents of the
graph. From the properties in (i) and (ii) it is easy to compute all powers of A and so
we obtain from (iii) the principal equation for A, namely

AR = UKEy 4 By + - 4 R ES (6)

for all k > 0. Further, let x € K" and consider E;-x for some 1 <i < s. Since
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A(Ei-x) = uE) + By + -+ e E) Ei-x = i E}-x = i Ei -x,

using Lemma 2.2(i), it follows that E; - x is an eigenvector of A for eigenvalue u;,
provided that E;-x # 0. From Lemma 2.2(ii) we conclude that

x=E - x+---+ E;-x.

We call this expression the spectral decomposition of x into eigenvectors of A.
Since E12 = E;, we can view E; as a projection map K" — K". Its image

Eig(A, ui) == {E;-x|x € K"}

is the eigenspace of A for eigenvalue u;. Clearly E; and Eig(A, w;) determine one
another. There are many useful interconnections. For instance, the multiplicity of u;
in the spectrum of G is equal to dim(Eig(A, u;)) = trace(E;), and so on.

Next suppose that x is an eigenvector of A for eigenvalue u and let y € Gal(G).
Then Ax = px implies AxY = u¥x? since AY = A. Thus, xV is an eigenvector for
eigenvalue u”. This shows that the action of Gal(G) on the set {u1, ..., us} of all
distinct eigenvalues extends to an action on the set {Eig(A, i1), ..., Eig(A, us)} of
all eigenspaces, and hence also to an action on the set {E, .. ., E} of all idempotents
of G. Further actions will be discussed in Sect. 3. We collect these facts:

Theorem 2.3 [Spectral Decomposition]

Let j11, ..., s be the distinct eigenvalues of the graph G. Let K be its splitting
field and let Eig(A, 1), ...EBig(A, uy) be the eigenspaces of its adjacency matrix.
Then

K" = Eig(A, 1) @ - - - ® Eig(A, )
and for x € K we have the spectral decomposition
x=FE;x+---+ Es-x with E;j-x € Eig(A, ;).

For i # j, there exists a field automorphism y € Gal(G) with Eig(A, u;)? =
Eig(A, uj) if and only if u; is algebraically conjugate to i ;.

Remark 2.1 Spectral decompositions appear in many parts of combinatorics, see for
instance [7], and most often this is for the purpose of decomposing an operator. In this
paper, by contrast, we are interested in the decomposition of a vector into eigenvectors
of the operator, applied in particular to the characteristic vector of a set of vertices of
the graph.

3 From the spectral decomposition of a set to its walk matrix

Let G be a graph of order n on the vertex set V with adjacency matrix A and distinct
eigenvalues i, ..., us. Let K = Q[uy, ..., us] be the splitting field of G, with
Galois group Gal(G), and let E; : K" — K" for 1 < i < s be the orthogonal
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idempotents of G. Throughout S is a non-empty subset of V with characteristic vector
x5 := (x1,...,x,)T € K". For convenience, we write ¢ = x° when the context is

clear. Then the spectral decomposition of S is

SD(S):e=e;+ex+---+e withe; #0 and
Ae; = pje; foralll <i <r. 7

From the general facts in Sect. 2 we have e; = E;e and
Ake = ull‘el + ,ugez + -4 ,ufer for all k > 0. ()

We are interested in the combinatorial significance of this decomposition.

The e; and w; are the main eigenvectors and main eigenvalues associated to S,
respectively. Comments and references concerning the notion of main eigenvectors
and eigenvalues are available in Remark 3.1. It is important to emphasize that the
actual eigenvalues which appear in (7) depend on S, in general, while the numbering
itself is only a matter of convenience.

We now associate to S its main polynomial

maing; (x) i= (x — 1) - (x — p2) -+ (x — )
where the p; corresponds to the eigenvectors in (7).

Lemma 3.1 Let S be a set of vertices of G and let xS=e=¢ej+er+---+e, beits
spectral decomposition. Then we have:

(1) For each y € Gal(G) the map y : e +> eg/ is a permutation of the set

{e1,e2,...,e} and the map y : u; +— ,ul?/ is a permutation of the set
{:u“lv /LZM'-,Mr}'

(ii) The polynomial mainf; (x) is an integer polynomial dividing ming (x). It is the
unique monic polynomial f(x) of least degree such that f(A)(e) = 0. (In ring
theoretical terms, f(x) = mainé (x) is the A-annihilator of e.)

Proof (i) Since e¥ = e, wehavee{+e;+~~+eﬁ/ =e;+e +---+e and

hence {e}l/, eg e, ef} = {ey, €2, ..., &}, since the decomposition into eigenvectors
is unique. For the same reason /LZ/ e {ur, u2,...,uy}foreach 1 <i <r.

(ii) It follows from (i) that (mainf, (x))” = mainf, (x) for all y € Gal(G). Therefore,
mainé (x) is aninteger polynomial, with leading coefficient 1. Since (A—pu;1)(e;) = 0,
we have (mainé (A))e = 0. It is easy to check that if f(x) is a proper divisor of
main?. (x) then f(A)(e) # 0. O

The lemma imposes significant restrictions on the main eigenvalues that can appear
in the spectral decomposition of a vertex set. For instance, the following is immediate
from the lemma:

Corollary 3.2 Suppose that ming (x) is irreducible. Then maing (x) = ming(x) for
every non-empty set S C V.
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Remark 3.1 The notion of main eigenvalues and main eigenvectors is due to
Cvetkovi¢ [5]. In the original context, see also [20], an eigenvector is said to be a
main eigenvector if its eigenspace contains a vector that is not perpendicular to e. This
definition is equivalent to the one we are using here:

Lemma 3.3 The eigenvalue ; is a main eigenvalue for e if and only if Eig(A, u;)
contains a vector that is not perpendicular to e.

Proof Clearly, E;e belongs to Eig(A, 1;), and if E;e # 0 theneT(E;e) = eT(Eize) =
(E;e)T(E;e) # 0 by Lemma 2.2. Conversely, suppose that E;a is not perpendicular
to e for some a € K". Thus, 0 # (E;a)"e = a"(E;e) and so E;e # 0 is a main
eigenvector. O

In [5] and [20] the set S is equal to V and so e = x" is the all-one vector. We
refer to this situation as the standard case. The general situation, when § is an arbi-
trary non-empty set of vertices, has been considered in Godsil [14]. Various results
related to Lemma 3.1 for the standard case can be found in Cvetkovi¢ [5], Godsil [13],
Rowlinson [20] and Teranishi [24].

We come to the main topic in this paper: To a chosen set S of vertices of G, we asso-
ciate its walk matrix WS . This matrix is closely related to the spectral decomposition
of S, as we shall see.

As before let V be the vertex set of G and let k > 0 be an integer. Then a walk of
length k in G 1is a sequence of vertices w = (uq, U1, ..., ur) with u; € V such that
ui—1 ~u;fori =1,2,..., k. (These vertices are not necessarily distinct.) For short,
we say that w is a k-walk from ug to ug, and that these vertices are the ends of w.
When A denotes the adjacency matrix of G it is well-known that the (i, j)-entry of AX
is the total number of k-walks from v; to v}, see for instance [2,13]. Hence we have:

Proposition 3.4 Let S be a subset of V with characteristic vector e = x5 and let
0 <k <n.Then forall 1 < j < n, the j-th entry of AXe is the total number of
k-walks from v; to some vertex in S.

Definition Let S be a subset of V with characteristic vector e := x5. Then the walk
matrix for S is the n x n matrix with columns e, Ae, A%, ..., A" le, thus

WS = [e, Ae, A%e. .., A"_le].

In particular, the entries in the jth row of WS are the number of walks of length
0,...,n — 1 from v; ending at a vertex in S. When S = V we refer to W* as the
standard walk matrix of G.
For convenience, we extend this notation: For 0 <i < j let
S . Tal i+1 i—1 i
Wi = [Ae, AT e, .., AT le, Ale].
In particular, wS = W[%,n—l]’ and W[%,O] = e is the first column of wS.

Returning to the spectral decomposition xS =e;+e +---+e for S, we define
the main eigenvector matrix ES for S. Its columns are the main eigenvectors of S, that
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is
ES .= [e1.e2.....¢].
This matrix has size n x r. We also need certain matrices associated to the main

eigenvalues (1, U2, ..., Uy for S. For 0 < i < j, denote by M[f il ther x (j—i+1)
matrix

. | .
Ml /‘Ll H./
S 2 2 2
Mip=1 . . e ©)
4L M’r“ R

This matrix is the [i, j]-main eigenvalue matrix for S. Note that M[l i mainé (x)
and the main eigenvalues for S all determine one another wheni < j or wheni = j
is odd. (For i = j # 0, the sign of the eigenvalue may be determined from other
information, in some cases.) The r x r matrix

S ._ S
M” = M[O,rfl]

is the main eigenvalue matrix for S in G. Recall, these definitions refer to the specific
arrangement of the eigenvectors for e = x5 in the decomposition (7).

Lemma3.5 (i) Forall 0 < j, the matrix M[‘%J] has rank min{r, j + 1}.
(i) For 0 < i < j, the matrix M[ij] has rank min{r, j — i + 1} if 0 is not a main
eigenvalue. If 0 is a main eigenvalue, then M[‘i’j] has rank min{r, j —i + 1} — 1.
(iii) M5 is invertible and det(MS)? is an integer.

Proof For (i) and (ii) we use that M Jl is of Vandermonde type and so it is easy to
compute the determinant of a sultable square submatrix, having in mind that the main
eigenvalues are pairwise distinct. If 0 < i and O is an eigenvalue the result follows by
removing a row of zeros from M [*S; ) we leave the details to the reader. For (iii) note
that M = M? is invertible by (i). By Lemma 3.1 any element y € Gal(G) permutes
the rows of M and so det(M?) = =+ det(M). This gives det((M?)?) = det(M?) for
all y € Gal(G) and hence det(M 2y is an integer. m]

With these preparations in hand, we obtain the first part of Theorem 1.1:

Theorem 3.6 Let S be a non-empty set of vertices of G. Then for all 0 < i < j, we
have W[‘j’ =ES. MS - In particular, WS = ES - M.

Proof Fix some k with i < k < j. Then Afe = pke; + - + uke, by (8). This

expression is equal to the (k + 1)%" column on the right-hand side of the equation, as
required. O

We note several consequences of the theorem.
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Corollary 3.7 Let S be a non-empty set of vertices of G with walk matrix WS. Let
xS=e=e;+er+---+e bethe spectral decomposition of S. Then ey, ez, ..., e,
is a basis for the K-vector space spanned by the columns of W[f) r1y- In particular,

r= rank(W[‘f),r_l]) = rank(W9).

Proof Let X be the vector space spanned by ey, ey, ..., e, over K. As the e; are
orthogonal to each other, they are linearly independent. Let Y be the vector space
spanned by the columns of W[f)’r_ 1] over K. By Theorem 3.6, we have W[%!r_ =
ES. M[So,r—l] and so every column of W[%’r_l] is alinear combination of ey, es, ..., e,.
Hence, Y € X. By Lemma 3.5, the matrix M[SO’F1J has rank r and so it has a right-
inverse M*, that is M[%’r_l]M* = I,. Hence, W[f)’r_l]M* = ES and thereby X C Y.

O

Corollary 3.8 Suppose that charg (x) is irreducible. Then

(i) charg(x) = mainé (x) forall S C V, and
(i) rank(WS) =n forall S C V.

Proof For (i), the irreducibility of charg(x) and Lemma 3.1 implies that charg (x) =
maing (x) forall ¥ # S C V. By definition, mainé (x) has degree r and son = r
Property (ii) now follows from Corollary 3.7. O

Example 3.1 The simplest kind of a walk matrix occurs in regular graphs. Here e =
(1,1, ..., DT is an eigenvector for eigenvalue p; = k where k is the valency of the
graph. Therefore, XV = e = e is the spectral decomposition for § = V, with main
polynomial x — k and walk matrix wV = [e, ke, ke, ..., k"‘le]. Connected regular
graphs are characterized by this property.

Example 3.2 The graph G in Fig. 1 on the vertex set V = {1, 2, 3, 4} has characteristic
polynomial charg(x) = ming(x) = (x + 1)(x3 —x2—3x+ 1) where the second
factor is irreducible. The Galois group of charg (x) is Sym(1) x Sym(3), fixing the
rational root —1 and permuting the irrational roots —1.48..., 0.31... and 2.17... as a
symmetric group.

The standard walk matrix of G is W = WV, its main polynomial is maing(x) =
X —x?—3x +1.

3
1 2 0100 113 5
1t o011 v_| 135 13
A=191 01 WE=11 925 10
4 0110 1 2 5 10

G

Fig.1 Graph on 4 Vertices
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We compute the walk matrix and main polynomial for some other subsets. We have

1010 0103
m_|o1o3 o 1032
Wo=1oo11 " W= o114|

0011 0114
0011 0011
Wo=1 1022 ad Wo=14113
0113 1022

Their main polynomials are maing}(x) = maing} (x) = (x3 = x2=3x+ 1), of
degree 3 = rank (W) = rank(W %)), according to Corollary 3.7. For the remaining
sets, we have maing}(x) = main{G“}(x) =+ x)()c3 —x2—-3x+41), of degree
4 = rank(W) = rank(W . According to Proposition 4.1 in the next section, the
walk matrix for any set S C V is of the form WS = 3", ¢ Wi,

Remark 3.2 Let S be a set and let WS = (wj, ;) be its walk matrix. We observe that
WS contains information about the subgraph G[S] induced on S: Evidently w; | = 1
if and only if v; € §. Furthermore, according to Proposition 3.4, we have that w; » is
the number of neighbors of v; in S. Therefore, (w; 2)w,; =1 is the degree sequence of
GIS]. In particular, the second column of WV is the degree sequence of G.

Remark 3.3 With regard to the spectral decomposition (7) of a set S, say x5 =
e| + -+ + e,, one may ask if the e; by themselves already determine the ;. How-
ever, in general this is not the case, as the following shows. Consider graphs G and
G* with vertex sets V and V* which have the same splitting field K and the same
number s of distinct eigenvalues u, ..., us and u’f, ..., u¥, respectively. Assume
furthermore that the vertex sets can be reordered so that Eig(G, u;) = Eig(G*, M:‘)
forall 1 < i < s. In this case, we call G and G* eigenspace equivalent. Note that
G is eigenspace equivalent to G* if and only their adjacency matrices A and A*
commute up to renumbering vertices. It is easy to see that every regular graph G is
eigenspace equivalent to its complement G. In this case, x5 = e; +- - - +e, is expressed
by eigenvectors whose eigenvalues may be those of G or of G. We have examples of
non-isomorphic eigenspace equivalent graphs which are not of this kind, see Appendix
8.1. It is an open problem to determine graphs up to eigenspace equivalence.

Remark 3.4 A similar question occurs for the spectral decomposition x5 = ej+- - -+e,
when we ask if the p; by themselves already determines the e;, up to rearranging
vertices. Again, in general this is not the case, as the following shows. Consider two
graphs G and G* on the same vertex set V = V* which have the same irreducible
characteristic polynomial. (In particular, G and G* are cospectral.) Let § = V, e = x5
and consider e = e; + --- 4+ ¢, =] +--- + e, see Corollary 3.2. Then it is easy
to show that G is isomorphic to G* if and only if e; = e}, up to a permutation of the
entries of the vectors. There are no examples if the order of the graphs is n < 8. For
n = 8§ an example of least order can be found in Appendix 8.6.

@ Springer



674 Journal of Algebraic Combinatorics (2022) 55:663-690

4 From the walk matrix for a set to its spectral decomposition

Let S be a set of vertices of the graph G with adjacency matrix A. In the current section
we show that the walk matrix for § determines its spectral decomposition. We start
with several general properties of walk matrices.

(ii) Let S and T be disjoint subsets of V. Then WS + WT = wSYT
(iii) Let S € Vandlet0 <i < j. Then

na; nai41 - ni+j

S 7 s n2i+1 N2i+2 - Mitj+l
Wi ) Win= : :
Nitj Nitj41 -+ N2j

where ny is the number of all k-walks in G with both ends in S. (Note, (W[fyj])T

is the transpose of W[f he

Proof The statement (i) follows from the definition of W[‘? +1, 41 For the remain-
der, let s, t, u be the characteristic vectors of S, 7 and U := S U T. We denote the
corresponding walk matrices by WS, WT, WU . The statement (ii) is immediate since
s+t = u. To prove (iii) let S = {a,b,...} and let a, b, ... be the corresponding
characteristic vectors. Then W[i 1= W[a}’ T W[l;y gt by (ii). So we expand

(W[‘;j])T . W[‘;j] as a sum of terms of the form X = (W[a;’j])T Wi

A row of (W[Z}_’j])T is of the form aT A* and a column of W[Ci’j] is of the form A‘c.

with ¢ € S.

Therefore the corresponding entry of X is a® A¥ - A‘c = aT A***c. This is the number
of (k + £)-walks from a to c. O

In the following, if A and B are graph quantities, we say that ‘A determines B’ if
there is an algorithm with input A and output B which is independent of any other prop-
erty of the graph. For instance, Theorem 3.6 says that for any vertex set S the matrices
E® and M determine the walk matrix WS The next result proves the converse, and
therefore verifies the second part of Theorem 1.1:

Theorem 4.2 Let S be a set of vertices of G with walk matrix WS of rank r.
(1) Ifr < n, then W[f) ’l determines WS, M5 and ES.
(ii) Ifr = n, then W[%’r_l](z WS) determines MS and ES.

Proof We drop superscripts, writing WS = W etc., where possible. For (i) we notice
that the last column of Wjg ;] is a linear combination of the first » columns of Wg |,
by Corollary 3.7. Hence there are rational coefficients fy, ..., f,—1 so that

A'e = foe+ fiAe+ -+ f_1 A" le.

Hence f(x) = —fo — fix —--- — fr_1x"~! 4+ x” is a monic polynomial with
(f(A))(e) = 0.1t follows from Lemma 3.1 that f(x) = main?,(x). Hence we have
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determined all main eigenvalues for S and hence also M[; ;) forall 0 <i < j. We
have Wjo,,—1] = E - M{o,-—17 by Theorem 3.6. Since M[o 1] has an inverse M* by
Lemma 3.5, it follows that Wjo ,—1j - M* = E. Therefore, using Theorem 3.6 once
more we have determined W|; ;) forall0 <i < j.

For (ii) we have charg(x) = mainé (x) by Lemma 3.1 and since A satisfies its
characteristic equation, we obtain

O:CharG(A):COI—|—CIA+,,,+cn71An—1+An
=(A—-mD(A—ul) - (A —pu,l). (10)

Here ¢,—1 = 1 + 2 + - - - + u, = trace(A) = 0 and so

— A" =col+ 1A+ + A" 24y AT
=col+ciA+ -+ A" 2. (1)

It follows that

— A" = cpe +crlAe+ -+ cpr A" 2e
= W[O,n—2] . CT (12)

where ¢ := (co, c1, ..., cp—2). Since W = Wjg ,—1) is given, we can compute the walk
numbers

Np, Mp41, .-, N2p—2

in Proposition 4.1(iii). (These are (n — 1) entries from row 2 to row 7 in the last column
of W[q(;’nf]]W[o,n_l].) Therefore, if w := (n,, ny+1, - .., n2,—2), then we have

W[%‘),n—Z] A" = wT (13)
by Proposition 4.1(iii). Taking (12) and (13) together we have
(Wion—21 - Wiom—2pe™ = —w™. (14)
Since rank(W|o,,—1]) = n, the matrix W|o ,—] and so also
Wio.n—21 - Wio.n—2)
have rank n — 1. It follows that W[%,n—2] - Wio0,n—2] 1s invertible and so
¢t = _(W[%,n—Z] . W[(),nfz])_le.

This means that we have determined ¢ from W = Wjo ,—1;. But these are the coeffi-
cients of the characteristic polynomial and so all eigenvalues are determined. Hence
M is determined. Finally apply Theorem 3.6 to find E. O
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Remark 4.1 If S is a set of vertices, then we have seen that the spectral decomposition
of S, with the matrices ES and M, determines its walk matrix WS, and vice versa.
We have examples of graphs G, G* with V = § = V* = §* and matrices £ # E*
but M = M*. For instance, the two graphs G and G* of order 8 and labelled No. 79
and No. 80 in Cvetkovi¢ [6] are cospectral. They have the same characteristic and
main polynomials for § =V,

charg(x) = charg+(x) = (x> — x> = 5x + D(x — D(x + 1),

maing(x) = maing+(x) = B —xr—5x+1.

Hence, they have the same main eigenvalues. But computation shows that their main
eigenvectors are different. Another pair of this kind are the graphs labelled No. 92 and
No. 96 in [6].

Remark 4.2 We also have examples of graphs G, G* with V = § = V* = §* and
matrices E = E* but M # M*. Trivial examples occur for pairs of regular graphs
of the same order but with different valencies. For non-regular graphs with the same
main eigenvectors but different main eigenvalues, see Appendix 8.2.

5 From the walk matrix to the adjacency matrix

As before, G denotes a graph of order n on the vertex set V with adjacency matrix A.
Further, S denotes a non-empty set of vertices with walk matrix W = W5, Here we
investigate to what degree W determines the adjacency matrix of G. The following is
a prototype of this problem:

Theorem 5.1 Suppose that W has rank r = n. Then W determines A.

Proof Here W = W ,—1] determines E and M = Mg ,—1] by Theorem 4.2. From
this we find M[; ) and hence W[y ,,j = EM|; ;) by Theorem 3.6. By Proposition 4.1(i)
we have AW(o ,—1] = W|1,n)- As W is invertible, we obtain A = EM[L,Z]W_I. O

One important consequence occurs for graphs with irreducible characteristic poly-
nomial. Here Corollary 3.8 and Theorem 5.1 provide the following:

Theorem 5.2 Suppose that the characteristic polynomial of G is irreducible. Then W
determines A.

Remark 5.1 Some results about the irreducibility of the characteristic polynomial of a
graph are available in [19]. For probabilistic results on the rank of the standard walk
matrix, see Sect. 7. From the results there it becomes clear that Theorem 5.1 covers
almost all graphs.

Next we come to the case when W has rank r < n. This happens if and only if
there are eigenvectors which are not scalarly dependent on main eigenvectors. For the
remainder of this section, we assume that r = rank(W) < n. Let @1, ..., u, and
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e, ..., e, be the main eigenvalues and main eigenvectors that appear in the decom-
position
SD(S):e=e; +ex+---+e. (15)
Let Ay41, ..., Ay be the remaining non-main eigenvalues, with eigenvectors

frot... £, € K"

To avoid any confusion: it may happen that A; = u; for some i, j. Indeed, this will
be the case precisely when the eigenspace for p; has dimension > 1. In this case we
take f; perpendicular to e; It follows that the f; for » + 1 < £ < n are orthogonal to
the columns of W. In addition, we select the f; to be an orthonormal set. Hence,

fr4+1, ..., f, s an orthonormal basis of ker(WT). (16)

Next consider the matrix
W = [W[O,r—l]}fr+l’ fr+2, ceey fn] (17)

Since Wjo —1; has rank r by Corollary 3.7, we conclude from (16) that W is invert-
ible; the inverse is given as follows. Since W ,—1; has rank r, it follows that
W[To’r_]] Wio,-—1] 1s invertible and so we put
. —1
W= (W, Wior—1) ™" Wi,

a matrix of size r x n. Next let

W= | (18)

and verify that W-W= I, by using (16). When we compute W-W= I,,, we obtain
the equation

n
DA =T = Wo,q - W (19)
j=r+1

The matrix f; - f /T is the projection of K" onto the hyperplane with normal f; and so

the sum on the left represents the eigenspace decomposition of ker(WT). From (17)
we have

A-W= (Wit | A1 Bty Arsafigas ooy Anfa],
see also Proposition 4.1(i), and therefore

= [Wii 1|11, Ao o, oo Anfa ] - w!
w

A
A= [W[l,r]‘)\r+]fr+] s }\r+2ff+2a SRR )Lnfn] '
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n
A=W Wit D7 a1, (20)
j=r+1

Alternatively, this equation can be derived from (19) by multiplying both sides by
A and using Proposition 4.1(i). Collecting these observations, we have proved the
following:

Theorem 5.3 Suppose that W has rank r < n. Denote the non-main eigenvalues by
Argls ey An. Then

n
A=W Wi, g Wior—1) ™ Wi,y + D A - £])
j=r+1

where f.1, ..., T, is an orthonormal basis of kerW? consisting of the non-main
eigenvectors of G with Af; = A ;f; forr < j <n.

Definition Let S be a set of vertices of the graph G and denote its walk matrix by W.
Then

Ay = Wi, (W[%,,_l]W[o,rfl])_1 . W[%,,_l]

is the W-restriction of A, or S-restriction of A.
We note some properties of this matrix.

Proposition 5.4 Suppose that W has rankr < n. Then Aw is a symmetric matrix with
eigenbasisey, ..., ey, fr41,...f, andeigenvalues iy, ..., uy, 0, ..., 0. Inparticular,

(1) rankAw = r if 0 is not a main eigenvalue for S and rank Ay = r — 1 otherwise;
(i) A-Aw = Aw - A;
(iii) if X denotes the K-vector space spanned by the columns of W then {Ay - x|x €
K"} € X with equality if and only if 0 is not a main eigenvalue for S.

Proof Since A and f;- f ].T are symmetric, also A is symmetric. It is straightforward to
verify from (20) thateq, ..., e, f,41, .. ., f,, is an eigenbasis for the given eigenvalues.
To prove (i) notice that the main eigenvalues are always distinct. Verify (ii) on the given
basis. For (iii), notice that Ay - x is a linear combination of the columns of Wi .
The remainder follows from (i). |

We come to applications of Theorem 5.3 when WS has rank n — 1 or n — 2.
Theorem 5.5 Suppose that W has rank n — 1. Then W determines A.

Proof Letf, be anon-main eigenvector of G with eigenvalues A,,. Then f}, - fnT is deter-
mined by W according to (19). By Theorem 4.2 the main eigenvalues (1, ..., (y—1
are determined by W and so A, = —uj; — -+ — up—1 is known. Now A can be
determined by Theorem 5.3. O

Theorem 5.6 Suppose that W = WS has rank n — 2. Assume that (a) S = V or (b)
that the number of edges of G is given. Then W determines all eigenvalues of G. Let
Mn—1 and ,y, be the two non-main eigenvalues of G.
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1) If Ap—1 = Ay, then W determines A.
(1) If Ap—1 # A, then W determines the adjacency matrix of at most two distinct
graphs G and G* with walk matrix W .

Proof By Theorem 4.2 W determines M and hence the main polynomial, say
main(x) = x" 2+ a1 x" > + -+ dp_3x + dp_.
Let 1,,—1 and A, be the two non-main eigenvalues and put
(X — A1) (X — Ap) =: X2+ bix + b.

Therefore, when

char(x) = x" + o1 x" "+ oox" 2+ -+ cu1x + Cn,
then char(x) = (x — A,_1)(x — A,) - main(x) = (x> 4 b1x + b3) - main(x) gives

ci=bi+a; =0 and ¢ =by +ab; +ary = —m,

where m is the number of edges of G. (We are using the well-known fact that —c,,_»
always is the number of edges of the graph, see [2,13].) Under the assumption (a),
the column W 1) determines the vertex degrees and from these we determine m.
Under assumption (b), this information is given anyhow. Therefore, by = —a; and
by = a12 — ap — m and so the two non-main eigenvalues

ai +,/4(ax +m) — 3a}

2

)Lnfl,n =

of G are determined by W and m.

Next let f,_; and f,, be non-main eigenvectors of G for the eigenvalues 1,,_; and
An. Then f,,_q - ff_l +f, - fnT is determined by W according to (19). If 4,1 = A,
we can determine A by Theorem 5.3.

It remains to consider the case A,,—1 # A,. Here we write

Mnift - ooy Anfu - [ = A1 (Bt - froy + 50 £
+0n = A= - S
= dnt(Ty — Wio,u—31 - W5
+0n = A= - £ 1)

using (19). Furthermore, from (20) we obtain

n
A=Wug- Wt D0 aE )
j=n—1
= Wi Wt o1y — Wion—31 - WH + G = A - £ (22)
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In this equation Wi, - W' + A,_1 (T, — Wjg,,—3) - W) is known and so we let

wi, ..., W, be the entries on the diagonal of that matrix. Similarly, denote the diagonal
entries of f, - fT by fil, e f,%’n where f, = (f,.1,...,f,.)T. Since the diagonal
entries of A are zero, we have

— (= hp—))'wy = £ fori=1,....n. (23)

Recall that f,, is a unit vector in the kernel of WT. This space has dimension 2 and
so f,, depends on one parameter ¢, i.e., an angle of rotation. The equation (23) consists
of a system of quadratic equations for ¢ and therefore it has at most two solutions.
Hence, there are at most two options for f;,, and hence by (22), there are at most two
options for A. O

Remark 5.2 The exception in (ii) does occur, an example is given in Appendix 8.3.
There we obtained two different 8 x 8 adjacency matrices with the same walk matrix of
rank 6. In this particular example, the corresponding graphs however are isomorphic.
We conjecture that the two graphs in (ii) of the theorem are indeed always isomorphic.

Remark 5.3 The next case to consider are graphs G % G* of order n with the same
standard walk matrix W of rank n — 3. By computation, we have shown that n = 7 is
the least n for which a pair of this kind exists. One example is available in Appendix
8.4.

6 Walk equivalence and isomorphism

Here we consider pairs of graphs which have the same walk matrix for suitably chosen
sets of vertices. The following is a characterization in terms of W-restrictions of the
adjacency matrix.

Proposition 6.1 Let G and G* be graphs on the vertex set V and let S, S* < V.
Denote by W and W* the corresponding walk matrices, with restrictions Ay and
Ay, respectively. Then the following are equivalent

i) W=Ww,
(i) G, G* have the same main eigenvalues and main eigenvectors for S, S*, respec-
tively, and
(iii) S = 8" and Aw = Aj..

In particular, if W and W* are the standard walk matrices for G and G*, respectively,
then W = W* if and only if Ay = Ajy..

Proof 1f (i) holds then the first column of W = W* determines S = S* and from (20)
we have Ay = Atv* Hence (i) implies (iii). Next (ii) implies (i) by Theorem 3.6.

It remains to show that (iii) implies (ii). Let r and r* be the rank of W and W*,
respectively. By Proposition 5.4, the condition Ay = Ajy. implies r* = r or r* =
r + 1, without loss of generality. First suppose that r* = r when the proposition
implies ,u,;" = u; and e;‘ = ¢;e; with certain coefficients ¢; € K, for 1 <i < r. Since
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S = S*, we have x5 = i = x5 = ;e = Y ;cie; and hence e = ¢; for
1 <i < r. Thus (ii) holds in this case. Next suppose that * = r 4 1 when " = p;
and e = c;e; with certain coefficients ¢; € K, for 1 <i <r, and e, = ¢+ fr41,
say. Since § = $* we have x5 = Y1_ e; = x5 = Y /_ ef + e = 3, ciei + e
This implies e, = 0, a contradiction. Hence, (iii) implies (ii). O

It is essential to be able to reorder the vertices of a graph and change all associated
matrices accordingly. Let V = {vy, ..., v,} be the vertices of G and let Sym(n) be
the symmetric group on {1, 2, ..., n}. For g € Sym(n) we denote g : i — i¢ for
i = 1,...n. From this we obtain permutations of the elements and subsets of V by
setting g : v; — vf =vigfori =1,...nand g: T — T¢ := {vé|v € T} for any
T CS.

The same permutation gives rise to a new adjacency relation ~¢ and a new graph
G* = G¢ by setting v8 ~, u® if and only if v ~ u in G. In this way g defines an
isomorphism g: G — G*, denoted G >~ G*.

With g € Sym(n) we associate the n x n permutation matrix P = P(g). It has the
property that for all 1 <i < n we have v; = vf ifand only if v; = P - v;. (Here v;
is the characteristic vector of v;, etc..) It follows that P - xT = xT*) forall T cVv
when x” denotes the characteristic vector of T'. The proof of the next lemma is left to
the reader.

Lemma 6.2 Let G and G* be graphs on the vertex sets V and V* with walk matrices
W and W*, defined for certain sets S C V and §* C V*, respectively. Suppose that
g € Sym(n) is a permutation for which G8 = G* and S8 = S*. If P := P(g), then

) C;‘- = Pej foralll < j <r*=r,e*=Peand W =P -W,
(ii) A* = PAPT, and
(iii) A%y, = PAwP™.

Definition Let G and G* be graphs on the vertex sets V and V*, respectively, and
let $ € V and $* C V*. Denote the corresponding walk matrices by W and W*.
Then (G, S) is walk equivalent to (G*, $*), denoted (G, S) ~ (G*, §*), if there is a
permutation matrix P such that W* = P - W.If (G, S) ~ (G*, §*) with § = V, then
G is walk equivalent to G*, denoted G ~ G*.

Remark 6.1 In the definition, if we have W* = P - W, then S* is determined by
e* = P - e, the first column of W*. From this it follows easily that ~ indeed is an
equivalence relation. To be precise, it is a relation for graphs with a distinguished
vertex set. It turns into an equivalence relation on graphs per se only when S = V.

Remark 6.2 1If G is isomorphic to G* via the permutation g, then it follows from
Lemma 6.2 that (G, S) ~ (G*, S*) for any S C V when we set S* = §8. Conversely
however, walk equivalence does not imply isomorphism. For instance, if G and G* are
regular graphs with the same valency then G ~ G*, and we may not conclude that G is
isomorphic to G*. Furthermore, if G ~ G* then we cannot conclude much in general
about the walk equivalence of pairs (G, S), (G*, $*) with S C V and §* C V*. There
are simple examples for G ~ G* but (G, S) ~ (G*, §*) for all |S|, |S*| < n. (For
instance, let G be the union of two 3-cycles and G* a 6-cycle.)
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Lexicographical Order: In order to decide whether (G, §) is walk equivalent to
(G*, S¥) it is essential to be able to transform the corresponding walk matrices into
some standard format.

Let W = W be the walk matrix of G for S. Then there is a permutation g € Sym(n)
of the rows of W, with corresponding permutation matrix P = P(g), so that the rows
of PW are in lexicographical order. The matrix

lex(W) .= PW

then is the lex-form of W with reordering matrix P. Evidently, P is unique if and only
if the rows of W are pairwise distinct. It is also clear that (G, S) ~ (G*, §*) if and
only if lex(W?S) = lex( WS"). In order to keep track of the reordering, we append the
‘label vector’ L := (vy, ..., v,)7T as last column to W, obtaining

w* =[w[L].
The matrix PW# = lex(W¥) then is the vertex lex-form of W.

Example 6.1 Let G be the graph in Fig. 1 on V = {vy, v2, v3, v4}, let S = {v3} and
W := W5. Then

0011 0011 1022 vs
lotial . |ot14w . |ot14w
W=11022""W=|10220v |V =1413,
0113 0113w 0011 v

It follows that the reordering permutation is (v3, v, v4)(v2).
The next theorem proves Theorem 1.3 in the introduction.

Theorem 6.3 Let G and G* be graphs of order n and suppose that there is a subset
S of vertices of G such that WS has rank > n — 1. Then G is isomorphic to G* if
and only if (G, S) ~ (G*, S*) for some vertex set S* of G*. Furthermore, if G is
isomorphic to G* then the isomorphism is determined uniquely from the lex forms of
WS and W5", unless WS has a repeated row when there are two isomorphisms.

Proof If G isisomorphicto G* viag € Sym(n), the result follows from Lemma 6.2 and
Remark 6.2, taking S* = S&. Conversely, let g € Sym(n) be such that P(g)W = W*
where W = WS and W* = WS". Consider the graph H = G¢. By Lemma 6.2 its
walk matrix is P(g)W = W*. Hence, H and G* have the same walk matrix. As the
rank of W* is > n — 1, it follows from Theorems 5.1 and 5.5 that H and G* have the
same adjacency matrix. Hence, H = G* and so G is isomorphic to G*. Suppose that
P(h)W = lex(W) = P(h*)W* for the corresponding reordering permutations / and
h*. It follows that P(h) = P(h*)P(g) and so g = (h*)~'h. If the rows of W (and
hence of W*) are pairwise distinct then 4 and 4™ are unique. If W has repeated rows,
then there is exactly one pair of repeated rows since rank(W) > n — 1 by assump-
tion. In this case, g = (h*)~'h is unique up to the transposition interchanging these
TOWS. 0.
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The following is a special case of Theorem 6.3.

Theorem 6.4 Let G be a graph of ordern and let S, S* be sets of vertices of G . Suppose
that WS has rank > n — 1. Then there is an automorphism g of G with S¢ = S* if
and only if lex(WS) = lex(W5").

Example 6.2 The graph in Fig. 1 has the following walk matrices for § = {3} and
S = {4}, respectively,

0011 0011
o o114 w o114
Wo=11022 @ Wo=14113

0113 1022

These matrices are lex-equivalent with two repeated rows and have rank > 3. Theo-
rem 1.3 implies that there is an automorphism of G which interchanges 3 and 4.

Remark 6.3 Suppose that G has order n and average degree d. Let S be a set of vertices.
Then W can be computed from A by carrying outd - n - (n — 1) additions. It follows
from Theorem 1.3 that isomorphism testing for G is polynomial if W5 has rank > n—1.
The complexity analysis of this problem is interesting but remains outside the scope
of this paper.

Remark 6.4 Recently all connected graphs of order n = 7 and n = 8 for which the
standard walk matrix W" has rank n — 1 have been enumerated in [16]. For n = 7
also the Galois group of such graphs has been computed.

7 Probabilistic results

Let P(n) be a property of finite undirected simple graphs on n vertices. Then P (n)
holds almost always, or almost all graphs have property P, if the probability for P (n)
to hold tends to 1 as n tends to infinity. The following is due to O’Rourke and Touri [18]
and is based on Tao and Vu [23]. Recall that the standard walk matrix of G with vertex
set Vis WV

Theorem 7.1 For almost all graphs, the standard walk matrix is invertible.

Recall that G and G* are walk-equivalent if their standard walk matrices have the
same lex form. From Theorems 5.1 and 6.4, we have immediately the next theorem,
its second part proves Theorem 1.4.

Theorem 7.2 (i) For almost all graphs, the standard walk matrix determines the adja-
cency matrix of the graph.

(ii) For almost all graphs G, we have that G is isomorphic to the graph G* if and only
if G is walk-equivalent to G*.

Remark 7.1 Following on from Remark 6.3, the isomorphism testing problem G >~ G*
is polynomial for almost all G.
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Let G be a graph with characteristic polynomial charg(x). In Theorem 5.2 we
have noted that if charg(x) is irreducible then W¥ is invertible for any vertex set
S. Therefore, in this case the conclusion of Theorem 7.1 holds for walk matrices
of general type. In the literature there are several papers in which this irreducibility
problem is considered from a probabilistic point of view, see [3.4,8,19,26]. In fact,
there is the

Conjecture 7.3 For almost all graphs, the characteristic polynomial is irreducible.

The characteristic polynomial of a graph is irreducible if and only if all eigenvalues
are simple and its Galois group acts transitively on these eigenvalues. For recent
papers on the Galois group of integers polynomials, see Dietmann [8], Bary-Soroker,
Koukoulopoulos & Kozma [1] and Eberhard [9]. We have the following stronger

Conjecture 7.4 For almost all graphs G, the Galois group Gal(G) contains the alter-
nating group Alt(n), where n is the order of G.

This conjecture is supported by a theorem of Van der Waerden [25] which states that
for almost all monic integer polynomials the Galois group is isomorphic to Sym(n),
where 7 is the degree of the polynomial. There are examples of graphs with irreducible
characteristic polynomial where Gal(G) 2 Alt(n). But these are difficult to find, in
most practical computations the group turns out to be Sym(n).

Theorem 7.5 [f the Conjecture 7.3 holds, then the following is true for almost all
graphs G and arbitrary non-empty vertex set S of G : For any graph G*, there is an
isomorphism G — G* if and only if (G, S) ~ (G*, §*) for some vertex set S* of G*.
Furthermore, if G is isomorphic to G*, then the isomorphism can be determined from
the lex forms of WS and WS,

8 Appendix

We give details and examples of graphs and walk matrices with particular features
mentioned in earlier sections of the paper.
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Appendix 8.1

The following two graphs G and G* of order 8 have the same eigenspaces, and hence
are eigenspace equivalent, but are not isomorphic (Fig. 2).

8
1 7
2 6
3 5
4
G

Fig.2 Graphs with the Same Eigenspaces

Appendix 8.2

The following two non-isomorphic graphs of order 8 have the same main eigenvectors
for § = V but different main eigenvalues. They appear in L. Collins and I. Sciriha [22].
Let G and G™* be as shown in Fig. 3, and let

(Hﬁ L45 1445 1445 I>T
e = s , , s
2

2 2 2

1=v5 1=5 1=+35 1-+/5 !
e = , , , ,1,1,1,1) .
2 2 2 2

It is straightforward to verify that e and e, are the main eigenvectors of G and G*
with two main eigenvalues respectively (Fig. 3).

1++/5,1—+/5 and %(1+«/§),§(1—«/§),
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G*

Fig.3 Graphs with the same main eigenvectors but different main eigenvalues

Appendix 8.3

The following two adjacency matrices on 8 vertices

(000110107 (0010100 17
00101001 00011010
01001100 10001100
4 _ 10000100} 01000100
'Z111100010|> 2~ [11100010
00110000 00110000
10001000 01001000
(101000000 ] (10000000 ]

give rise to the same standard walk matrix W of rank 6,

In this case the graphs for A and A* are isomorphic to each other. This graph is drawn

in Fig. 4.

@ Springer

(13 8 2364 181 506 1425]]
13 8 2364 181 506 1425
139 2469 190 539 1502
125 1337101 287 797
1411 32 89 252 705 1984
125 1437 106 291 826
12 7 1955153 433 1211
(113 823 64 181 506 |
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Fig.4 Two different adjacency 4 7
matrices with the same walk <
matrix
5
[
6 2 8
G
Appendix 8.4

A pair of non-isomorphic graphs G and G* of least order n

matrix is given in Fig. 5. Their walk matrix is

139 27 82 248752
127 20 62 186 566
W=W*"={12 8 22 70 208 636
127 20 62 186 566
139 27 82 248 752

G

141135104 318 960]

| 141135104 318 960 |

= 7 with the same walk

ot

Fig.5 A pair of non-isomorphic graphs with the same walk matrix of rank(W) =n — 3 = 4.

Appendix 8.5

We return to the graph G in Fig. 1 to show in an example how the Galois group and the
automorphism group act on the main eigenvectors and main eigenvalues of the graph.
The characteristic polynomial of G is (x + 1)(x3 — x% — 3x + 1), it has the roots

rAp=—1,1 =—-148.., 1 =031...and A3 = 2.17...
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with corresponding eigenvectors

0 —0.67... 321... 0.46...

0 1 1 1
aw=|_1 |- @a=| _g40. | 2= _145. | @ a=|(gs

1 —0.40... —1.45... 0.85...

The graph automorphism which fixes vy, vo and interchanges v3, v4 maps ag to —ag
and fixes ai, az, az. (Clearly, graph automorphisms always leave all eigenspaces
invariant: In matrix terms, if P is a permutation matrix with AP = PA andif Ax = Ax,
then APx = PAx = A Px.) The Galois group Gal(G) of (x3—=x%2=3x+1)isthe sym-
metric group on {11, A2, A3}, its elements permute Eig(A, 1), Eig(A, A3), Eig(A, 13)
in the same way.

Next we find the main eigenvectors for § = {v;}, for instance. The main polynomial
of this set is (x3 —x2—3x+ 1). We write e = (1,0, 0,0)T in terms of its main
eigenvectors,

e=(1,0,0,00" =e| +ey +e3 = cra; + craz + c3a3

for certain coefficients ¢; € K, the splitting field of (x3 —x2—3x+ 1). In fact,
c; = —0.37.., ¢ = 0.20... and ¢3 = 0.17... . By Lemma 3.1 we have that Gal(G)
permutes the e; and so we obtain the explicit action of Gal(G) on the main eigenvectors
of S = {v1}.

Appendix 8.6

By computation, we found that the characteristic polynomial of pairs of cospectral

graphs of order n < 8 is always reducible. The following in an example for n = 8§

with a pair of non-isomorphic graphs G, G* with irreducible characteristic polynomial
x® —10x% — 4x” +24x* 4+ 8xF — 1657 + 1.

Their complements have the same characteristic polynomial

X8 — 18x0 — 26x° 4+ 26x* + 42x3 — 16x% — 16x + 4

and this polynomial is again irreducible (Fig. 6).

G G*

Fig.6 Two non-isomorphic graphs of order 8 with the same irreducible characteristic polynomial
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