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Abstract

Richardson varieties are obtained as intersections of Schubert and opposite Schubert
varieties. We provide a new family of toric degenerations of Richardson varieties
inside Grassmannians by studying Grobner degenerations of their corresponding ide-
als. These degenerations are parametrised by block diagonal matching fields in the
sense of Sturmfels [33]. We associate a weight vector to each block diagonal matching
field and study its corresponding initial ideal. In particular, we characterise when such
ideals are toric, hence providing a family of toric degenerations for Richardson vari-
eties. Given a Richardson variety X and a weight vector w, arising from a matching
field, we consider two ideals: an ideal G, ¢|}, obtained by restricting the initial of the
Pliicker ideal to a smaller polynomial ring, and a toric ideal defined as the kernel of a
monomial map ¢¢|,,. We first characterise the monomial-free ideals of form Gy ,, ¢,
Then we construct a family of tableaux in bijection with semi—standard Young tableaux
which leads to a monomial basis for the corresponding quotient ring. Finally, we prove
that when Gy, ¢}, is monomial-free and the initial ideal iny, (1 (X}, )) is quadratically
generated, then all three ideals iny, (1 (X}))), Gk.n¢lv, and ker(¢¢|}) coincide, and
provide a toric degeneration of X7,.
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1 Introduction

Toric degenerations are a particularly useful tool for describing algebraic properties of
varieties in terms of combinatorics of polytopes and polyhedral fans, see [2]. The goal
of this paper is to construct a family of toric degenerations for Richardson varieties
inside the Grassmannian. To do this, we will consider a family of matching fields, which
were originally introduced by Sturmfels and Zelevinsky for studying certain Newton
polytopes [33]. We study Grobner degenerations of the Pliicker ideals associated to
matching fields.

Toric degenerations of Grassmannians and Schubert varieties have been extensively
studied in the literature, see e.g. [3,6,16,18,30,32]. In particular, most of these degen-
erations can be realised as Grobner degenerations, even though, this is not true in
general, see e.g. [22]. More recently, Kaveh and Manon [23] used tools from tropical
geometry to study toric degenerations of ideals. The main idea is that the initial ideals
associated to the points in the top-dimensional facets of tropicalizations of ideals are
good candidates for toric degenerations. A similar approach has been taken in studying
toric degenerations of Grassmannians and Schubert varieties in [5,11,24,28,31].

Let k < n be positive integers and let Iy, = {I < [n] : |I| = k} be the set
of k-subsets of [n] := {1, ..., n}. The Grassmannian Gr(k, n) is the collection of
k-dimensional linear subspaces of K”. By the Pliicker embedding, Gr(k, n) is viewed
as a projective subvariety of P =1 whose ideal is denoted by Gin € K[Prlrex,-
The intersection of Schubert and opposite Schubert varieties in Gr(k, n) give rise to
Richardson varieties which are indexed by pairs of subsets v, w € Iy , where v < w.
An explicit description of the ideal of a Richardson variety is given by Kreiman and
Lakshmibai [25]. We view this ideal as the restriction of Gy, to the variables P;
where [ isintheset 7) = {I € Ix, : v < I < w}. More specifically, the ideal of the
Richardson variety X}, is defined as

1(X}) == Gralry = (G + (Pr 1 I € L, )\T)) NK[Prliery.

Our goal is to find toric degenerations of the Richardson variety X, by studying its
Grobner degenerations. We consider a collection of weight vectors w, € R associ-
ated to so-called block diagonal matching fields, see Definition 2.4 and Remark 2.10.
In [11], itis shown that each ideal iny, (G, ) is toric and equal to the kernel of a mono-
mial map ¢y, see Eq. (2.4) and Theorem 3.1. In particular, each vector w, gives rise to
a flat family over A! whose fiber over 0 is given by the initial ideal iny, (G, ), see e.g.
[14, Theorem 15.17]. Here, for the Richardson variety we project the weight vector
Wy to the coordinates corresponding to the variables in the polynomial ring K[ P;]jery
and study the following question. Note that this is related to the Degeneration Problem
posed by Caldero [6] for Schubert varieties.

Question 1.1 When are the initial ideals iny. (I (X},)) toric (binomial and prime)?
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We have summarised our approach to this question in the following diagram.

. » |
G ~ el (Gom) =2 ker(dy) C KIP; ¢ 1 € Ty ] 5 Kl ]
restriction é é restriction é Testriction of ¢ (1.1)

? , - dely,
I(X}) ~momms Gl == ker(ell)) S KIPy 1 € TY % Kl 5]

A typical approach to study the ideal iny. (/ (X)) is to search for a Grobner basis
which can be viewed as understanding the horizontal arrows in the above diagram.
By [11], we have a clear description of the ideals in the first row of the diagram
and their interrelations, namely iny.(Gk ) = ker(¢,). To find toric initial ideals
inw. (/(X},))) we will determine when the left-hand square is commutative and when
*?” is an equality. To do so, we first study the ideals Gy, ¢|;, obtained by restricting
inw, (G,,) to the variables Py, where I € T,). We characterise such monomial-free
ideals and show that in this case, inw.(/(X}))) is equal to Gy ,¢ly,. Here, K[x; ;] is
the polynomial ring in the indeterminates x; ; fori € [k] and j € [n].

Theorem (Theorem 5.2) Let w¢ be the weight vector induced by a block diagonal
matching field for Gr(k, n). If the ideal G |}, is monomial-free and iny. (1(X},))
is generated by degree two polynomials, then Diagram (1.1) commutes. Explicitly
the ideals inw.(I(X}))), Gk nely, and ker(¢el,,) are all equal and provide a toric

degeneration for the Richardson variety X},

Our strategy for the proof is to consider the following inclusions which always hold:
ker(¢ely) = Ginely———iny, (I(X})) . (1.2)

We proceed by classifying the restricted ideals Gy, ¢|}, which are monomial-free. For
each block diagonal matching field By, we give combinatorial conditions on the permu-
tations v and w for which Gy , ¢[}, is monomial-free, see Theorem 3.3. Surprisingly,
the conditions on v and w are independent and the ideal Gy ,, ¢}, is monomial-free if
and only if the ideals of the corresponding Schubert and opposite Schubert varieties
are monomial-free.

Our main tool to prove the equality of iny.(/(X})) and ker(¢el,,) is to
apply the above classification to describe a monomial basis for the quotient ring
K[Prlierp/ ker(¢¢l,). We use the Hodge’s description [21] for standard monomial
basis of K[P]sey, ,/Gk,n Which is in terms of semi-standard Young tableaux. We
note that this basis is compatible with any Richardson variety X}, i.e. the basis ele-
ments that remain non-zero after restricting to X! form a basis for the coordinate ring
associated of X . More specifically, we first prove that:

Theorem (Proposition 4.5 and Theorem 4.6) If Gi ¢y, is monomial-free, then the
size of a monomial basis in degree two of ker(¢¢|)) is equal to the number of semi-
standard Young tableaux with two columns I, J such thatv < I, J < w.
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Then, we show that when Gy, ¢|, is monomial-free and iny, (/ (X},)) is quadratically
generated, then the number of standard monomials for K[ P;]rery / ker(¢¢ [v,) equals
to the number of semi-standard Young tableaux. In particular, the dimensions of the
quotient rings of iny. (1 (X})) and ker(¢¢|;,) are equal in each degree. This together
with the inclusion in (1.2) implies that these ideals are equal.

We note that the assumption that in, ( (X},)) is quadratically generated is crucial
for our proof. However, we expect that whenever G, ¢|}, is monomial-free then the
ideal iny. (/ (X)) is quadratically generated and we may remove this assumption.

Conjecture 1.2 If Gy n |y, is monomial-free then iny. (1(X}))) is quadratically gen-
erated.

In general, showing that an ideal is quadratically generated is a challenging task, see
e.g. [13,15,20,29] for specific families of ideals arising from graphs, and [11,28] for
similar families of initial ideals associated to matching fields. We prove Conjecture 1.2
for £ = 0 in Theorem 5.3 and provide computational evidence for general £ > 0 in
Remark 5.4 and [8].

Outline of the paper In Sect. 2 we fix our notation and recall the definitions of the main
objects under study such as Richardson varieties, matching fields and their associated
ideals. Section 3 contains our main results characterising monomial-free ideals of
form Gy ,.¢ly,, see Theorem 3.3. In Sect. 4 we study monomial bases of Richardson
varieties, see Theorem 4.6. Section 5 contains the proofs of our main results stated in
the introduction, see Theorem 5.2.

2 Preliminaries

Throughout we fix an algebraically closed field K. We let [n] be the set {1, ..., n},
Ix» be the collection of k-subsets of [n] and K[x; ;] be the polynomial ring on the
variables x; ; with i € [k] and j € [n]. We first recall Richardson varieties and their
corresponding standard monomial bases. Then, we define matching fields and their
associated ideals in Sects. 2.5 and 2.6.

2.1 Grassmannian varieties

The Grassmannian Gr(k, n) is the collection of all k-dimensional linear subspaces of
K", which is embedded into a projective space as follows. Any point in the Grassman-
nian is the rowspan of some k x n matrix and two k x n matrices and have the same
rowspan if and only if they have the same sequence of maximal minors up to a scalar.
And so we obtain an embedding of Gr(k, n) into a projective space

Gr(k,n) — PO~ with X = (x;.;) —~ (det(X))), 2.1)

where X is the submatrix of X with columns indexed by I. The Pliicker embedding
gives rise to a defining ideal for the Grassmannian. Consider the map

On - K[PI]IEIk,n — K[xi,j] with P; — det(X;) 2.2)
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where X is the submatrix of X = (x; ;) with columns indexed by /. The kernel of
the map ¢, is called the Pliicker ideal of Gr(k, n) and we denote it by G ;.

2.2 Schubert and opposite Schubert varieties

Schubert and opposite Schubert varieties are families of closed subvarieties of the
Grassmannian Gr(k, n) which are indexed by I ,,. Note that there are a few equivalent
ways to define Schubert varieties, see e.g. [26]. We consider the classical construction

for these varieties as follows. Fix a basis {€17 ...,ey} CK"andforeachi € [k]define
the subspaces W; = (e1,...,¢e;) and W' = (e,,...,e,—it1). Forsets v = {v] <
< wtand w = {w; < --- < wi} € Iy, we define the corresponding Schubert

variety X,, and opposite Schubert variety X" to be

Xy, ={V € Gr(k,n) : im(V N W,,) > j forall j € [k]}, and

XU = {v € Gr(k, n) : dim(V N W"Vk—+0+) > i forall j e [k]} .

Note that the sets X,, and XV are closed subvarieties of Gr(k, n). There is a natural
partial order on I , given by {v; < -+ < v} < {w; < --- < wy} if and only if
v1 < wy, ..., V¢ < wg. This partial order allows us to see a number of properties of
Schubert varieties.

Remark 2.1 (Remark 5.3.4 and Corollary 5.3.5 [26]) Fix v, w € I, withv = {v] <
- < v}. Let X, and X, be Schubert subvarieties of Gr(k, n). Then the following

hold:

1. (ey,...,ey) € Xy ifand only if v < w.

2. Xy € Xy ifand only if v < w.

3. Forall I €I ,, the function P;|x, is non-zero if and only if / < w.

Moreover, the Schubert variety X,, C P! s precisely the zero set of the polyno-
mials in the ideal G, + (P : [ f w). It is often convenient to think of the ideal of
the Schubert variety as a subset of the ring K[ P;];<y-

Analogous statements hold for the opposite Schubert variety XV whose ideal is
givenby Gy, + (Pr : [ z v). Similarly, we think of the ideal of X" as a subset of the
ring K[ Pr]7>y.

2.3 Richardson varieties

Fix k < n positive integers and let v, w € I ,. The Richardson variety X associated
to v, w is defined as X,, N XV. We recall that X}, # ¢ if and only if v < w, see [25,
Corollary 2.1.2]. To fix our notation we define the set

Tp={lel,:v<I<w}

The associated ideal of X}, is the restriction of Gy, to the ring K[ Pr] IeTy Of equiva-
lently it is the sum of the ideals of the corresponding Schubert and opposite Schubert
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varieties:

1(Xy) = Grnlry = (G + (Pr: 1 € L ) \Typ)) NK[Pr]sery
= (I(Xy) + I(X") NKI[P1sery-

Schubert and opposite Schubert varieties are special examples of Richardson varieties,
namely X,, = Xif and XV = X}j}o where wg = {n—k+1,...,n—1, n}is the largest
element of I ,,.

Remark 2.2 Richardson varieties are defined more generally for quotients of semi-
simple algebraic groups G by parabolic subgroups P € G in [27]. When G is of
type A,, they are indexed by permutations v, w € S,. In the classical formulation
above for the Grassmannian, the parabolic subgroups are maximal. In this case, the
permutations v, w giving rise to distinct Richardson varieties can be taken to be pairs
of Grassmann permutations, which are left coset representatives of S, /(Sk x S,—k).
These coset representatives can be identified with subsets I € Iy ,. We can think of 1
as a permutation which sends [k] to 1.

2.4 Standard monomial basis

The Pliicker algebra of the Grassmannian Gr(k, n) is the quotient of the polynomial
ring K[Pr]jer,, by the Pliicker ideal Gy . In [21], Hodge provided a combinatorial
rule to choose a monomial basis for the Pliicker algebra in terms of semi-standard
Young tableaux. A monomial P = Py, Py, ... Py, is called standard if I < --- < 1.
The monomial P is called standard for X, if P is standard and v < [; < w for all
i € [d]. It is convenient to write monomials as rectangular tableaux whose columns
correspond to factors of the monomial. For example, the corresponding tableau of the
monomial P; Py with I = {i; <--- <iy}and J = {j1 <--- < ji} is the following:

1 J
i | Ji
| 2
ik | Jk

The tableaux corresponding to standard monomials are known as semi-standard
Young tableaux. These tableaux are defined by the property that the entries in each
column are strictly increasing and the entries in each row are weakly increasing. We
recall that:

Theorem 2.3 (Theorem 3.3.2 [25]) The standard monomials for X}, give a monomial
basis for the associated algebra of the Richardson variety K[ Prljery /1(X o).
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2.5 Matching fields

A matching field is a combinatorial object that encodes a weight vector for the poly-
nomial ring K[Pyler,, which is induced from a weight vector for the polynomial
ring K[x; ;]. Here, we recall block diagonal matching fields from [11,28].

Definition 2.4 Given integers k,n and 0 < £ < n, we fix the k x n matrix M, with
entries:

(i—Dn—j+1) ifi#2,
MG, jy=1€—j+1 ifi=21<j<¢, (2.3)
n—j+e+1 ifi =2,0<j<n.

Recall that X = (x; ;) is a k x n matrix of indeterminates. For each k-subset J of [n],
the initial term of the Pliicker form ¢, (Py) € K[x; ;] denoted by inps, (Py) is the sum
of all terms in ¢, (Py) of the lowest weight, where the weight of a monomial m is the
sum of entries in M, corresponding to the variables in m. We write M, (m) for the
weight of m. We prove below that inys, (Py) is a monomial for each subset J C [n].
The weight of each variable P, is defined as the weight of each term of inyy, (P;) with
respect to My, and it is called the weight induced by M,. We write wy for the weight
vector induced by M,.

Lemma2.5 Let M = (m; j) and M' = (m;J) be k x n weight matrices. Suppose
there exists p € {1,...,n} such that m; ; = m:j foralli € [k] and j € [n]\p.
Suppose that there exists ¢ € R such that m;’p =m; p+cforalli €{1,..., k}. Then
the initial terms of the Pliicker forms are the same with respect to M and M'.

Proof Let J be a k-subset of [1]. If J does not contain p then the submatrices of M and
M’ with columns indexed by J coincide, hence the initial terms of the Pliicker form
@n (Py) with respect to M and M’ are the same. On the other hand, if J contains p then
consider each monomial x in the Pliicker form ¢, (P;). The monomial is squarefree

and contains a unique variable of the form x; , for some i € {1, ..., k}. Therefore,
M’ (x) = M(x) + c. Therefore, the initial term of ¢, (P) is the same with respect to
M and M'. O

By the same method, one can prove an analogous result for weight matrices which
differ by a constant in a particular row.

Proposition 2.6 Let M = My be the k x n weight matrix and J be a k-subset. Then
the initial term inpy (Py) is the leading diagonal term, in particular, it is a monomial.

Proof We show that the leading diagonal term of the Pliicker form ¢, (Py)
i.e. x1 j X2, j, "Xk, j, Where j1 < jo» < --- < ji equals to iny (Py). We proceed
by induction on k. For k = 1 the result holds trivially. So assume k& > 1. We have

en(Py) = Z Xjoy = Xk o -

o €Sk
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For each o € Si such that xj j, - Xk, j,,, has minimum weight with respect to
M, consider the value o (k) € [k]. Suppose o (k) = p for some p € [k]. Then, by
induction, we have that the leading term of the ¢, (P jp) is the leading diagonal
term. Soo(l) =1,...,0(p—1)=p—-1,0(p) =p+1,...,0(k —1) =k and
o (k) = p, therefore, the weight of the monomial is

p—1
ML joqy = Xhjowy) = Z(’ —D—ji+1
i=1
k
+ > (=D —ji+ D+ k—Drn—j,+1)
i=p+1
k k
=Y (-Do—ji+D= Y —ji+ D+ k=—po—j,+1)

i=1

i=p+1

k
=M1y Xg) + Y Ji — k= p)jp.
i=p+1

Note that j, < jp1 <+ < jk. S0 Y4_ 11 ji — (k= p)jp > 0.If o'(k) < k then
the weight M(x1,j,q) - 'xk,ja<k)) is not minimum. So o (k) = k and we are done by
induction. O

Proposition2.7 Let ¢ € {1,...,n — 1}, k > 2, M = My, the k X n weight matrix,
and J = {j1 < --- < jx} C [n]. Then the initial term of the Pliicker form ¢,(Py) is
given by

X1,j1X2, X3, j3 - Xk i I J1 > Lor jo <4,

iny (Py) = .
m(Py) {xl,jzxz,jlx&h ... X, j, Otherwise.

In particular, the leading term iny (Py) is a monomial.

Proof Suppose that j; > £. By definition, the weight matrices M, and My differ only
in the second row. The entries of the second row are

(Mo): [nn—1...1],
Mp): [66—1...1nn—1...¢+1]

Consider the submatrices of My and M, consisting of the columns indexed by J. Since
Jj1 > £ the second row entries differ by exactly £ in each respective position. And so
by the row-version of Lemma 2.5, the leading term of the Pliicker form ¢, (Py) is the
same with respect to My and M,. By Proposition 2.6, the initial term is iny; (Py) =
X1 j1 X2, o X3, j3 - - - Xk i+

Suppose that j; < ¢. We will prove the result by induction on k. For the case k = 2,

00 ...00 0 ... 0
M‘f_[ee—l...lnn—l...z+1]
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If j1 > € or j, < £ then the leading term of the Pliicker form ¢, (Py) is the leading
diagonal term, i.e. iny (Py) = X1 j, x2, j,. Otherwise we have j; < £and j, > £,andso
the leading term of the Pliicker formis the antidiagonal term, i.e.iny (Py) = x1,j,x2,j; -

Suppose k > 2. For each o € Sk such that x; j,, ... Xk, j,, has minimum weight
with respect to My, consider the value p = o (k) € [k]. Let J' = J\j, = {j| < j} <

- < j;_,}. There are two cases for J', either j, < £ or j; > £.

Case 1 Assume j; < {. By induction we have iny (P;/) = Xy jiX e X g -
Andsowehaveo(l) =1,...,0(p—1D)=p—-1l,0(p)=p+1,...,0k—-1) =
k, o (k) = p. Suppose by contradiction that p < k — 1, then we have

k
Me(X1,jy ) - Xk jogy) — Me(X1jy - Xk ) = Z (Me(xijp) — Me(xi )
i=p

k
D G = DGi = Joi))
i=p

k—1
(Z(i - D — jim) + (k= Dk = jp)

i=p

k
> Gi—ip) =0

i=p+1

But by assumption xi j,, - .. Xk, j,, has minimum weight, a contradiction. And so
we have p = k hence iny (Py) = x1,j,x2,j, - - - Xk, ji -

Case 2 Assume j, > {. Either we have j{ < £ or j{ > £. In this case assume
further that j{ < ¢, we will show that j{ > { is impossible in Case 3. By induction we
have iny (Py) = X1,y X, X3 g Xk Assume by contradiction that k # p.
We proceed by taking cases on p,either p=1,p=20r3 <p <k — 1.

Case 2.1 Assume p = 1. Sowe have o (1) =3,0(2) =2,0(3) =4,...,0(k —
1) =k, o (k) = 1. Since j, < j; < ¢, we have

k

Me(X1jyqy - Xk o) = Meerjy o) = (Z(j,» - m) +2(j3 = j1) > 0.
i=4

But by assumption xj_j, ) ... Xk, j,, has minimum weight, a contradiction.
Case 2.2 Assume p = 2. Sowe have o (1) =3,0(2) =1,0(3) =4,...,0(k —
1) =k, o(k) = 2. Since j, < j{ < ¢, we have
k
Me(X1,jy ) - X jogy) — Me(X1jy - Xk, ) = (Z(ji - jz)) + (3 —j2) + Gz —j1) > 0.
i=4

But by assumption xj_j, . - - . X, j,, has minimum weight, a contradiction.
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Case 2.3 Assume 3 < p <k —1.Andsowe have o (1) =2,0(2) = 1,0(3) =
3,...,op—H=p—1l,o(p)=p+1,...,0(k—1)=k,o((k) = p. Therefore,

k
Mg(xl,j(y(]) .. .xk’jo(k)) — Mo(x1,jy%2 j1 X3, j5 -+ - Xk i) = Z (i — Jp) > 0.
i=p+1

But by assumption xi_j, ) - .- Xk, j,, has minimum weight, a contradiction.

Case 3 Assume ji, j, > £.Byinduction, wehaveiny (P;/) = X1 ji X0, g - Xk—1,j_ -
Since ji < £ we must have j| = j2,...j;_; = jxandsoo(l) =2,0(2) =3,...,
o(k — 1) =k and o (k) = 1. Therefore,

I .
Me(x1,joqy - Xk, jow) = Mo, X2, 1 X3, j3 - Xk jy) = (Zi:3(1i - 11)) +J3+
n > 0.
But by assumption xj j, ) - - - Xk, j,(, has minimum weight, a contradiction. O

Definition 2.8 Given integers k, n and 0 < ¢ < n, My leads to a permutation for each
subset J = {iy, ..., ix} C [n]. More precisely, we think of J as being identified with
the Pliicker form ¢, (Py) and we consider the set to be ordered by J = {i] < - -- < ix}.
Since inp, (Py) is a unique term in the corresponding minor of X = (x; j), we
have iny, (Py) = XLigqry """ Xkoig ) for some o € Sk, which we call the permutation
associated to M,. We represent the variable iny, (Py) as a k x 1 tableau where the
entry of (j, 1) isi, ;) foreach j € [k]. We can think of M as inducing a new ordering
on the elements of J which can be read from the tableau.

Remark 2.9 By Propositions 2.6 and 2.7 the initial term iny, (P;) is a monomial for
each Pliicker form ¢, (Py) where J = {j; < --- < jx} C [n]. These propositions
give a precise description of the initial terms and the induced weight on the Pliicker
variable P; as follows.

0 ifk=1,

A Ll+1— )+ Y5 s —Dm+1—j)ifk>land|JN{L,..., 2] =0,
CH1—j)+Y G —Dm+1-j)  ifk=Tland|JN{L,..., ol =1,
1=+ Y5 = Dn+1—j)  iflIN{l,.... e =2

we(Py) =

Notation 2.1 Foreacha = () in Z(Zkg we fix the notation P denoting the monomial
I P}” . We denote iny, (G ,) for the initial ideal of Gy, with respect to wy. This is
defined as the ideal generated by polynomials iny, ( f) for all polynomials f € Gy ,,

where

t
inw,(f)= > ¢P for f=)Y cP and d=minfe; w:i=1,..1).

O(j-WZZd i=1

Remark 2.10 Propositions 2.6 and 2.7 show that the permutation given by M, and
associated to J, which defines the matching field, is given by:

id ifk=1lor|JN{l,..., 0} #1,

Be(J) = {(12) otherwise,
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where (12) is the transposition interchanging 1 and 2. The functions B, are called
2-block diagonal matching fields in [28]. Note that £ = 0 or n gives rise to the choice
of the diagonal terms in each submatrix as in Example 2.11. Such matching fields are
called diagonal. See, e.g. [33, Example 1.3]. Given a block diagonal matching field
By wedefine By ={1,...,¢}and Byo ={{+1,...,n}.

Example 2.11 Let k = 3, n = 5 and £ = 0, so the matching field By is the diagonal
matching field, with B, = @ and B, > = {1, 2, 3,4, 5}. We have

00000 X11 X12 X13 X14 X15
Mo= |5 4321 | aweight matrix for X = | x21 x22 x23 X24 Xx25
108642 X31 X32 X33 X34 X35

The corresponding weight vector on P23, Pio4, ..., P3as 1S Wy =

(10,8,6,7,5,4,7,5,4,4). Thus, foreach J = {i < j < k} C [5] we have that
inyg, (Py) = x1;x2x3k. Therefore, the corresponding tableaux for P, are:

Note that each initial term inyy, (Py) is the leading diagonal term of the Pliicker form
@ (Py). Let us consider a block diagonal matching field which is not diagonal.

Example2.12 Letk = 3,n =5 and £ = 3. Then B, 1 = {1, 2,3}, Be» = {4, 5} and

00000
M,=132154
108642

Comparing this matrix with M, the weight matrix for the diagonal case, we see that
the only differences are in the second row. The entries of the second row are obtained
by permuting the entries in the second row of M(. The corresponding weight vector
on the Pliicker variables P23, Pi24, ..., P3asiswy = (8,6,4,5,3,5,5, 3,4, 3). For
each J = {i, j, k} we have the corresponding tableaux for P; which are

2.6 Matching field ideals
A matching field also admits the data of a monomial map K[P;] — K[x; ;] which
takes each P; to a term of the Pliicker form ¢, (Py) = det(X ;) € Kl[x; ;]. We define

the matching field ideal of By to be the kernel of the monomial map

¢(I K[P[][e]k'” — K[xi)j] with Pj = inM[(PJ) (24)
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where M, is the matrix in (2.3). We will show in Theorem 1 that whenever a B, gives
rise to a toric initial ideal, then the corresponding toric ideal is equal to the matching
field ideal.

Notation 2.2 Fix a Richardson variety X!. We write ¢¢|%, for the restriction of the
map (2.4) to the variables Py with J € T} and ker(¢y|},) for the associated matching
field ideal.

3 Monomial-free ideals arising from matching fields

Here, we define the ideals Gy , ¢}, and characterise when they are monomial-free,
see Theorem 3.3. Our main results in this paper precisely apply when these ideals are
monomial-free. We first summarise some of the important properties of matching field
ideals from [11].

Theorem 3.1 [Theorems 4.1, 4.3 and Corollary 4.7 [11]] The initial ideal inw, (G, n)
is toric and it is generated by quadratic binomials. Moreover, for the matching field
ideal ker (¢y),

iny, (Gk,n) = ker(¢y). (3.1)
The following notation will simplify the description of the ideals throughout this note.

Notation 3.1 LetG C K[P;]jer,, beacollection of polynomials and 7" be a collection
of subsets of [n]. We identify T" with the characteristic vector of 7° thatis Ty = 1 if
J ¢ T otherwise Ty = 0. For each g € G we write g = ), ¢,P* and define

8= ) cP* and Glr ={2:g€G) SKIP/ler.
T-a=0

We call (G|r) the restriction of the ideal (G) to T. With the notation above we have:
Lemma3.2 [Lemma 6.3 in [10]] (G|7) = (GU{P;: J ¢ T}) NK[Pljer-

It is useful to think of G|r as the set obtained from G by setting the variables
{P; : J ¢ T} to zero. We say that the variable P; vanishes in the ideal (G|r) if
J ¢ T. Similarly, we say that a polynomial g vanishes in the restricted ideal (G|r)
if g € (P;j:J ¢ T). The ideal (G|7) can be computed in Macaulay?2 [19] as an
elimination ideal using the command

eliminate((G)+(Py:J ¢ T),{P;:J €T}).
Notation 3.2 Let w = {wy, ..., wi} and v = {vy, ..., vk} € I, withv < w, and
recall our notation from Sect.2.3. We denote the restricted ideals of iny, (G ,) as

follows.
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Gk,n,é‘w = inwy,(Gk,n)|T1£f’a Gk,n,@lv = inwz (Gk,n)‘Tlﬂo and Gk,n,(‘z; = inW[,(Gk,n)lTu’j'

(3.2)

Note that by Theorem 3.1 the ideal inw, (G ,) is generated by a set of quadratic
binomials whose restrictions to the set T} generate the above ideals by Lemma 3.2.

We are now ready to completely characterise monomial-free ideals of form Gy ¢y,
Theorem 3.3 Fixk < n and v, w € Iy , withv < w.

o Ift =0o0rt > n—k+1 then the ideals Gy n ¢y, Gin,elw and Gy pnl¥ are
monomial-free.
o Letl € {l,...,n—k+ 1}, then the following hold:

(1) The ideal Gy p ¢|w is monomial-free if and only if w € Ty ,, ¢ which is the set
of {wi < --- < wi} € Iy such that at least one of the following hold:
-wye{l,{,n—k+1},
- wyefl,..., ¢, w; + 1}
(1) The ideal G p ¢|v is monomial-free if and only if v € T/fﬁll which is the set
of {vi < --- < v} € Ix, such that at least one of the following hold:
-vef{l+1,...,n},
-—mnef{v+1,£+1}L
(iii) The ideal G p, ¢y, is monomial-free if and only if w € Ty p ¢ and v € '];:5?@.

Proof Suppose that £ = O or £ > n — k + 1. By [11, Theorem 5.7] we have that
G n.elw is monomial-free. By Lemma 3.5 we have that G, ¢|" is monomial-free.
The proof that G , ¢}, is monomial-free follows from part (iii) of this proof.

(i) This part follows immediately from [11, Theorem 5.7].
(ii) We will show that Gy, ¢|” contains a monomial if and only if both vy € {1, ..., ¢}
andvy € {vi +2,...,n}\ {£+1}.

Take v ¢ ’Z}f%. We begin by showing that G, ¢|” contains a monomial by taking

cases on v2. Note that vy # £ + 1.

Case 1 Let vo < £. Consider the following sets which we write in the true order
according to the matching field. Let

I={{+1,vu—1,n—k+3,n—k+4,...,n—1,n},
J={vi,vo,n—k+3,n—k+4,...,n—1,n},
I'={v,vu—1,n—k+3,n—k+4,...,n—1,n}and
J={t+1Lvy,n—k+3n—k+4,...,n—1,n).

By construction we have that P; P; — Py Py is a binomial in inw, (G, ). We

have that I’ # v hence Py vanishes in Gy, ¢|'. However, I > vand J > v
hence P; P; appears as a monomial in Gy, ¢|".
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Case 2 Let vy > £+ 2. We now prove that v, +k — 1 < n. Suppose by contradiction
that vy +k —1 > nthenitfollowsthat vy = vo+1,v4 = v3+1, ..., v = n.
Now we have thatwov = (1,2, ..., k—1,n—vi+1) € Z; ,. ByLemma3.5,
Gr.n.¢|” is zero, a contradiction. Therefore, vo+k—1 < n.Itfollows that there
exists j € {2,...,k}suchthatv;+1 <nandv;+1 ¢ {vjr1,vj42,..., vk}
Consider the following sets which we write in the true order according to the
matching field. Let

I ={vy,v1,v3,..., vt}
J={+TLv+Luvs+1,...,vj1+1,v;+1,vj41,vj42,..., 0},
I'={¢+1,v1,v3,..., v} and
]/={vz,v2+l,v3+l,...,vj_1+1,vj+l,vj+1,vj+2,...,vk}.

By construction we have that P; P; — Pp Py is a binomial in iny, (Gg ).
Since vy > € + 2, we have that I’ < v hence Py vanishes in Gy, ¢|".
However, I > v and J > v hence P; P; appears as a monomial in Gy , ¢|".

For the converse we assume that G, ¢|” contains a monomial. If £ > n —k + 1
or { = 0 then by Lemma 3.5 we have that G ,, ¢|" is monomial-free, a contradiction.
So we may assume that £ < n — k + 1. Suppose by contradiction that v; ¢ By | then
vy > £+1.Suppose P; P is amonomial appearing in G, ¢|”. In particular, P; and P,
do not vanish so we have that 7, J > v. Wededuce that INBy 1 = #and JN B, 1 = V.
Suppose that the monomial P; P; is obtained from the binomial P; Py — Py Py in
inw,(Gk,n). Then we have that I’ N By,; = ¥ and J' N By,; = @. Therefore, the
true ordering on all indices I, I’, J, J' is the diagonal order. It follows that the same
monomial must appear in the ideal Gy, 0|”. However, by Lemma 3.5, G 0" is
monomial-free, a contradiction. So we may assume that v; € By . It remains to
show that if G, ¢|” contains a monomial then vy € {v; + 2, ..., n}\{¢ + 1}. By the
above argument, we may assume that | < £ <n —k 4 1 and v; € By 1. Assume
by contradiction that vy ¢ {v; + 2, ..., n}\{€ 4 1}. Then there are two cases, either
vmw=vi+lorvy=4¢+1.

Case 1 Let v = vy + 1 and P; Py be a monomial in Gg ,¢|" arising from a
binomial P;P; — Pp Py in iny,(Gg,,). Let us write [ = {iy < --- < ig} and
J ={j1 <--- < ji}. By assumption we have I, J > v so in particular, i1, ji > v;
and ip, jo > vy. Itis easy to see that By(I) # B¢(J) otherwise it follows that Py P
does not vanish in Gy ,, ¢|". So without loss of generality, assume that B, (/) = id and
B¢(J) = (12). So, in tableau form, the binomial P; P; — Py Py is given by

1 J I
i | 2 i | j2
| 1|7 | 1] k2

@ Springer



Journal of Algebraic Combinatorics (2021) 54:1159-1183 1173

Note, we must have the first two rows of these two tableaux are different, otherwise
Py Py does not vanish in Gy ,, ¢|V. By assumption we have i», j» > vz hence Py does
not vanish in G, ¢|". Hence Py must vanish. We take cases on By (I”).

Case 1.1 Let By(I') = id. Then we have i; < ji. Since P/ vanishes, we must
have j; < vy = v; + 1. Therefore, i; < vy, a contradiction.

Case 1.2 Let B;(I’) = (12). Then we have j; < ij. Since P vanishes we must
have i1 < vy = v; + 1, and so j; < v; which is a contradiction.

Case 2 Letvy = £+ 1. Let P; Py be amonomial in Gy ¢|" arising from a binomial
Py Pj— Pp Py ining, (Gg ) andwrite I = {iy <--- <iyand J = {j; <--- < ji}.
By assumption we have I, J > v so in particular, i1, ji > vy and i, j» > vp. Itis
easy to see that By(/) # By(J) otherwise it follows that Py Py does not vanish in
Gi.n.e|’. So without loss of generality, assume that By(/) = id and B¢(J) = (12).
So, in tableau form, the binomial P; P; — Py Py is given by

1 J I J
i1 | j2 i1 | j2
| 1|7 J1] k2

Note that the first two rows of these tableaux must be different, otherwise Py Py does
not vanish in G ¢|". By assumption we have iz, j» > vy = £+ 1 hence P;s does not
vanish in Gy, ¢|”. Hence Pp must vanish. Since j; € By 1, we must have i1 < vs.
Since By(I) =idandip > vy =€+1 € By, wemusthavei; € By>.Soi; > {+1,
a contradiction. So we have shown that vy € {vi +2, ..., n}\{€ + 1}. Thus v satisfies
all desired conditions.

(iii) Given parts (i) and (ii), this part is equivalent to showing that G , (|}, is
monomial-free if and only if both Gy, ¢|w and Gg , ¢|" are monomial-free. By defi-
nition we have

G tly = (inw, (Grn) + (P 1 € L ) \Tp)) NK[Pr]ery
= (inw, (Gin) + (Pr: I £ w) + (P12 1 Zv) NK[Prlrery
= ((inw,(Grn) + (Pr: I £ w)) NK[Prljery)
+ ((nw, (Gin) + (P11 # v) NK[Prlrery)
= Gintlw + Ginel” S K[Prlrery.

In the above we consider G ,.¢|w and Gg . ¢|V as ideals of the ring K[PI]IeT:, by
inclusion of their generators. On the one hand if G ;. ¢|" or Gi . ¢|w contain a mono-
mial then the same monomial appears in G p ¢|%,. On the other hand suppose that
G n,¢ly, contains a monomial Py Py thenv < I, J < w. Also there exists 1’, J' such
that Py P; — Py Py is a binomial in iny, (G, ,) and either I, J' 2 vor I', J' £ w.
If I',J" # v then P; Py is a monomial in Gy, ¢|". If I’,J" £ w then P; Py is a
monomial in G ».¢|w. O

The proofs above rely on Lemma 3.5 which follows from the following key but
straightforward observation.
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Lemma3.4 [Key Lemma] Let I,J € Iy . Then I < J if and only if wol > woJ.

The consequence of this observation is the following lemma which characterises
the zero and monomial-free ideals for the opposite Schubert variety in the diagonal
case, i.e. £ =0.

Lemma 3.5 We have the following:

(1) The ideal G n¢|w is zero if and only if w € Zy ,, where
Zin=1{1,2,....k—1,i): k <i Sn}U{(l,...,f,...,k,k—i—l):1§i§k—1}.

(ii) The ideal G 0| is zero if and only if wov € Zi p,
(iii) If ¢ =0o0rf > n —k + 1, then the ideal Gy, ¢|” is monomial-free.

Proof (i) This statement follows directly from [11, Theorem 5.7].

(ii) For the first statement, note that G, 0|" is non-zero if and only if there exists
a binomial P;P; — Pp Py in inw,(Gg,,) such that I, J > v. By Lemma 3.4,
I,J >vifandonlyif wol, woJ < wov. Observe that Py, Pyys — Pyor Pugs’ 18
also a binomial in inw, (G ,) and all binomials can be written in this form since
w% = id. Therefore, G ,,0|" is non-zero if and only if Gy ,,,0lw,v is non-zero.

(iii) This statement is a consequence of part (i) and the bijection between binomials
described above. If G ,, ¢|" contains a monomial P; P then there exists a binomial
Py Py — Pp Py in ing, (G ) such that 7, J > v and I',J" <v.ByLemma 3.4,
wol, woJ < wovand wol’, woJ' > wov. Since Pyyyr Puys — Puy1r PuyJ is also a
binomial in inw, (G ), therefore, Py, s Py, is @ monomial in G ;. ¢ wgv, Which
contradicts part (i).

O

4 Standard monomials for Richardson varieties

In this section, we provide a bijection between the semi-standard Young tableaux with
two columns and the set of standard monomials for K[ P;]serp / ker(¢e [v,) of degree
two.

Definition 4.1 Let T be a semi-standard Young tableau with two columns and k rows
whose entries lie in [n], see sect.2.4. For each ¢ € {1, ..., n — 1} we define the map
[y : T — T’ where T’ is a tableau whose columns are ordered according to the
matching field B,. Suppose that the entries of the columns of T are I = {i} < iy <

< ixyand J = {j1 < jo < -+ < ji}. Since T is in a semi-standard form, we
assume that iy < jg for each s € [k]. We define T’ as the tableau whose columns
are I’ and J’ as sets and are ordered by the matching field B,. The sets I’ and J' are
defined as follows.

o Ifiy,ip,j1 €{l,....¢}, pe{+1,...,n} and i} < j; < i» then we define
I'={j1<ih<iz<---<ilandJ ={ii < jo < j3 <--- < ji}.

e Ifiy e {l,...,¢},i2,j1,jo € {£+1,...,n}and j; < iy < jp then we define
I'={j1<iha<iz<---<itandJ ={ii < jp<jz3<--<jr}

@ Springer



Journal of Algebraic Combinatorics (2021) 54:1159-1183 1175

e Otherwise we define I’ =1 and J' = J.

Lemma4.2 Let Ty and T» be semi-standard Young tableaux. If U (Ty) and T'¢(T3) are
row-wise equal then T\ and T, are equal.

Proof We begin by noting that all rows except possibly the first two rows of a tableau
are fixed by I'y. So it remains to show that if the first two rows of I'y(77) and "¢ (7>») are
row-wise equal then so are the first two rows of 77 and 75. We also note that I'y preserves
the entries of a tableau, thought of as a multi-set. Let us assume by contradiction that
T and T» are not row-wise equal. By the above facts we may assume without loss of
generality that

El

Ty =12 | ]2 = J1 | ]2

and j; < i». We proceed by taking cases on s = |{iy, i2, j1, o} N {L, ..., £}].

Case 1 Assume s = 0 or 4. It follows that I'y fixes 77 and T>. By row-wise equality
of the second row of I'y(7) and I'¢(7T>) we have that j; = i,, a contradiction.

Case 2 Assume s = 1. Itfollows thatiy € {1,...,€}and i, j1, o € L+ 1,...,n}.
Since j; < iy we have

J1 | 2 J1 | iz
LT =2 U |, Ty(h)=|"1]J]

By row-wise equality of the second row, we have that j, = i>. However, in
the tableau 7>, we have that i, < j», a contradiction.

Case 3 Assume s = 2. Since j| < iy, it follows that iy, j; € {1,...,£} and i, j» €
{€+1,...,n}. And so we have

| 2 ip | I
Le(Ty) = B[ JL |, Ty(T)=|JL]J]2

By row-wise equality of the second row the tableau we have that i; = j», a

contradiction since iy € {1,...,€}and j, e {£ +1,...,n}.
Case 4 Assume that s = 3. It follows that i1, i, j1 € {l,...,¢} and jp, € {£ +
1,...,n}. And so we have
S| it | Jj2

TyT) =20 | Tyr=J]"0
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By row-wise equality of the second row, we have that i; = j;. However, in
T», we have that i} < jj, a contradiction.

O
Lemma4.3 Let T be any tableau whose columns are valid for the block diagonal

matching field By. Then there exists a semi-standard Young tableau T' such that
Co(T") and T are row-wise equal.

Proof Let T be the tableau with entries {ij, i < i3 < --- < i¢}and {ji, o < J3 <
- < Jih

i | J1
| J2

ik | Jk

Without loss of generality we may assume that iy < j for all s > 3. We proceed by
taking cases on s = |{i1, i2, j1, j2} N {1, ..., £}].

Case 1 Assume s = 0 or 4. We have thati; < i and j; < j». So we may order the
entries in row to obtain 7”. Note that in this case I'y fixes 7.

Case 2 Assume s = 1. Without loss of generality we assume j, € {1, ..., £}.

e If j; > i then

2 | i i | Ji
rellLi2 | /1| =[]/
e If j; < i) then
22 | J1 | i
rp| L] 22 —| 2| D2

The tableau on the right is row-wise equal to 7'.

Case 3 Assume s = 2.

o Ifij,ip € {1,..., ¢} then I'y fixes each column of T, which is a semi-standard
Young tableau.
e Ifip, jo € {1,..., £} then without loss of generality assume iy < j> and i] < ji.
We have
i2 | J2 i1 | Ji
re | L | /1 —|l |
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Case 4 Assume s = 3. Without loss of generality we may assume j; € {¢ +
1,...,n}.
e If j» < ij then

2 | 1 i | i
re|ll2 | || =2]|hp

Note that in this case we have j, < i1 < ip and so the tableau on the left is a
semi-standard Young tableau.
e If j > ij then

i1 | J2 i1 | i
rl L2l |l =[2]|p

This completes the proof. O

Lemma4.4 Letv,w € Iy, withv < w. A semi-standard Young tableau T vanishes
in Gi n,oly, if and only if T'¢(T') vanishes in Gi , ¢l5,.

Proof Let I, J be the columns of T and I’, J' be the columns of I'y(7T). The result
follows from the fact that {min(7), min(J)} = {min(I"), min(J’)} and similarly for
the second smallest of elements of I, J, I’ and J'. O

By the results of Kreiman and Lakshmibai in [25], the semi-standard Young tableaux
whose columns 7 satisfy v < I < w are a monomial basis for the Richardson variety
X7

Proposition 4.5 If G . ¢|y, is monomial-free then the set
Im(Cy)ly, = {Te(T) : T a two column semi-standard Young tableau for X}

is a monomial basis for ]K[PI]IEQ;/ ker(¢gl,) in degree two.

Proof We prove the contrapositive, i.e. if Im(I';)|}, is not a monomial basis for
K[ Pr] rery/ ker(¢¢ly,) then Gi .|}, contains a monomial. Let 7 be a matching field
tableau for By representing a monomial in K[ P;];ery /G n.ely, which does not lie in
the span of Im(I"¢)[},. Since Im(I"y) is a basis for Gy, ¢, it follows that 7" is row-wise
equal to I'¢(T”) for some semi-standard Young tableau T’ which vanishes in G ¢,
We write I, J for the columns of 7 and I/, J’ for the columns of I';(T"). Since T and
[¢(T’) are row-wise equal we may assume that all their entries below the second row
are in semi-standard form. So we write

I J vy
i Ji ) |
=l [p] TI)=hh
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Throughout the proof we writev = {v] < --- < yy}andw = {w;] < --- < wy}forthe
Grassmannian permutations. We now take cases on s = |{i1, i2, j1, 2} N {1, ..., €}|.

Case 1 Assume s = 0 or 4. It follows that I'y(7”) is a semi-standard Young tableau
and so I'y(T") does not vanish, a contradiction.

Case 2 Assume s = 1. Without loss of generality assume that j, € {1, ..., ¢} and
note that in this case we may possibly have that I’ and J’ are swapped in [¢(T").
Since T does not vanish we have v < I, J < w. So by ordering the entries of /, J in
increasing order and comparing them with v and w, we have

vr < i1, o} S wi, wva < Hig, ji} < wo.

Since T’y (T) vanishes we must have that either I’ or J’ vanishes. Let us take cases.
Case 2.1 Assume I" = {iy, j», ...} vanishes. We have

v < p=Swp, i Swp<w
and so I’ < w. Since I’ vanishes, we must have I’ # v and so i; < vo. We have the

following

e vy € {l,..., ¥} because v < jo,
e 1yef{l+2,...,n}because vp > i1 € {{+1,...,n}.

By Theorems 3.3 we have that Gy, ¢|, contains a monomial.
Case 2.2 Assume J' = {j|, i2, ...} vanishes. We have

vy < vy < ji, v2 <ip < ws.

Hence J’ > v. Since J’ vanishes we have J £ w and so j; > wj. We have the
following

w; € {+1,...,n}foralli >2because wr, >ir € {£+1,...,n},
wy # wi + 1 because w < j1 < i» < wsy,

wi < n — k because w; < j;i =min(J’) >n —k + 1,

wy > €+ 1because w; > i € {€+1,...,n}.

And so by Theorem 3.3 we have that Gy, ¢|, contains a monomial.

Case 3 Assume s = 2. If i1, i» € {1, ..., £} then I'¢(T") is not a valid tableau with
respect to the matching field By. It follows that iy, jo, € {1, ..., £}. However, it easily
follows that ', (7") does not vanish in Gy, ¢|%,, a contradiction.

Case 4 Assume s = 3. Without loss of generality assume that j; € {¢+ 1, ..., n}.
Note that in this case we may possibly have that I’ and J' are swapped in [¢(T").
Since T does not vanish we have v < I, J < w. So by ordering the entries of I, J in
increasing order and comparing them with v and w, we have

vi < {i1, o} S wi, vy <H{i2, j1} < wo.

Since T'¢(T’) vanishes we must have that either I’ or J’ vanishes. We proceed by
taking cases.
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Case 4.1 Assume that I’ = {iy, j», ...} vanishes. We have
v <ip Swp, j2<wp<w

and so I’ < w. Since I’ vanishes we must have I’ # v and we deduce that j; < vs.
We have the following

e vy €{l,...,¢}because vy <ij; €{l,...,4¢},
e vy > v + 1 because v| <i] < jr < vy,
e vy # {4+ lbecause vo < iy € {l,...,¥}.

By Theorems 3.3 we have that Gy, ¢|;, contains a monomial.
Case 4.2 Assume that J' = {j, i2, ...} vanishes. We have

vy < =<ip, VwZjI<w

and so J' > v. Since J’ vanishes we must have J' £ w and we deduce that i» > w.
We have:

wi €{+1,...,n}foralli >2because wy > j1 € {£+1,...,n},
wy # wy + 1 because wy < iy < j; < wy,

w; <n —kbecause w; <ip =min(J') >n —k+1

wi # £ because w; < ir € {1,..., ¢},

w] > 2 because, by column I’, we have i] < j» < wy.

And so by Theorem 3.3 we have that Gy, ¢|;, contains a monomial. O

Theorem 4.6 If Gy, ¢|Y, is monomial-free, then the size of Im(I';)|Y, is equal to the
number of semi-standard Young tableaux with two columns I, J such thatv < I, J <
w.

Proof First note that a collection of standard monomials for K[ P;] rery/ Gi.noly in
degree two is given by semi-standard Young tableaux with two columns such that
each column [/ satisfies v < I < w. The map 'y from Definition 4.1 takes each semi-
standard Young tableau with two columns to a degree two monomial in K[P;]jer, -
By Lemma 4.4 we have that the restriction of I'y to the standard monomials for X
gives a well-defined map to monomials in the quotient ring K[P;]jery/ ker(¢¢ly,).
By Lemma 4.2 and Proposition 4.5 we have that the restriction of I'y to the standard
monomials of X is a bijection between standard monomials for X and a monomial
basis for K[PI]IeTIB/ker(cﬁg [o)- O

5 Toric degenerations of Richardson varieties

We are now ready to answer Question 1.1 and prove our main results, given the com-
plete characterisation of monomial-free ideals Gy, ¢|%, in Sect.3 and the description
of a monomial basis for K[ P;] rery/ ker(¢gly,) in Sect.4. In particular, we will show
that when Gy, ¢|}, is monomial-free and iny. (/ (X}))) is quadratically generated, then
inw. (/(X}))) provides a toric degeneration of the Richardson variety X;,. We expect
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that iny. (/(X},)) is always quadratically generated, see Conjecture 1.2, Theorem 5.3
and [8]. Hence, assuming that Conjecture 1.2 holds, all the pairs (v, w) classified in
Theorem 3.3 lead to toric degenerations of X7,.

The first step to prove our main results is to show that the inclusions in (1.2) hold.

Lemma 5.1 We have the following:

(i) The ideals Gy ¢y, and ker(¢gl},)) coincide if and only if Gy p ¢l%, is monomial-
free.
(i) Ginely S ing, (1(X3)).

Proof We firstnote thatby Theorem 3.1 the ideal iny, (G, ) is quadratically generated.
We let G be a quadratic binomial generating set for iny, (G, ).

(i) Note that ¢, |, is a monomial map, hence its kernel does not contain any monomi-
als. So, if the ideal Gy p ¢}, contains a monomial then it is not equal to ker (¢¢|3,).
Now assume that the ideal Gy, ¢|;, does not contain any monomials. By defini-
tion, we have Gy n.¢ly, = (Glry) = (GU{P; : J € It y\T,}) NK[Prl1erp. Since
the ideal G p ¢|}, is monomial-free, the set Glry does not contain any monomi-
als. Moreover, since all binomials m| — my € G| lie in the ideal iny, (G n)
and contain only the non-vanishing Pliicker variables P; for J € T, therefore,
m1 —my € ker (¢¢]}). Thus Gg n.¢]Y, € ker (¢¢|y,) and this completes the proof
of (i).

(ii) Since G p.ely, = (Glry), we take g € Glry. We have that g € G C inw, (G »)
and so thereexists f € Gy , suchthatiny, (f) = g.Theterms of g are precisely the
non-vanishing terms of the initial terms of f. Thus g = iny( f ) € iny, (1(X})),
as desired.

O
We now use the description of a monomial basis for the algebra K[ Py ] ;7 / ker (¢¢ v
to show that the containment in Lemma 5.1(ii) is indeed an equality.

~

Theorem 5.2 If Gy ¢y, is monomial-free and iny. (I (X)) is quadratically gener-
ated, then the ideals iny.(1(X}),)), Gk n,¢ly, and ker(¢p¢l,) are all equal.

Proof By Lemma 5.1 we have that Gy , ¢|v, = ker(¢¢|},) € inw,({/(X},)). In particu-
lar, the inclusion ker(¢¢|y,) C inw, (I (X)) implies that for any collection of mono-
mials M C K[Pr]jery, if M is linearly independent in K[P;];erp /inw, (1(X},))
then M is linearly independent in K[P];ery/ ker(¢ely,). So any standard mono-
mial basis of degree d for K[P/]jerp/inw, (1(X,,)) is linearly independent in
K[ Pr] rery/ ker(¢¢|y,). Note that a Grobner degeneration gives rise to a flat fam-
ily, and so the Hilbert polynomials of all fibers are identical. So by Theorem 2.3,
the dimension of degree d part of K[PI]IeTlg/inwe(I(XZ))) is equal to the num-
ber of standard monomials for X! of the degree d. By Proposition 4.5 we have
that K[PI]Ieng/inw( (I(X})) and K[PI]Ierlz/ker(qbde) have the same number of
standard monomials in degree two. Since ker(¢¢|},) € iny, (I (X)) it follows that
Im(T¢)l}, is a collection of standard monomials for K[Pr];ery/inw, (1(X3,)) and
Gin,elyy- Since G ¢ly,, inw, (1 (X7,)) and ker (¢¢|})) are all generated in degree two,
it follows that they are equal. O
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Theorem 5.3 Fort = 0, the ideals Gy 0%, inw, (I (X)) andker(¢oly,) are all equal.
In particular, they are all quadratically generated toric ideals.

Proof First note that by Theorem 3.3 each ideal Gk |}, is monomial-free. By
Theorem 2.3 the standard monomials for the Pliicker algebra of the Richardson
variety are in bijection with the rectangular semi-standard Young tableaux with
columns J such that v < J < w. To see that these tableaux form a monomial
basis for K[P;]jery/ ker(¢ol3,), observe that any two monomials in this algebra are
equal if and only if their corresponding tableaux are row-wise equal. Also, for any
tableau, there is a unique semi-standard Young tableau which is row-wise equal to
it. It follows that the dimension of the degree d part of K[P;] rery/ ker(¢oly,) and
K[Prliery/ inw,(I1(X},)) are equal for all d. Moreover, by Lemma 5.1 we have that
ker(¢oly,) = Gk,noly, € inw,(1(X},)). Hence, these ideals are all equal and, in par-
ticular, they are quadratically generated. O

Remark 5.4 In[8],usingMacaulay?2 we have calculated the initial ideals iny, (1 (X},))
for all Richardson varieties inside G , wheren < 7 and k < n —2. We have observed
that they are all quadratically generated. This confirms that Conjecture 1.2 holds for
n<T.

We proceed by comparing our results to previous results in the literature. We high-
light possible connections to other areas and future research directions.

Remark 5.5 1In [4], the authors study the degenerations of Schubert varieties inside the
full flag variety built upon on the flat degeneration given by Feigin [17]. They give a
number of sufficient conditions on the permutation w € S,, such that the restriction
of the degeneration to the Schubert variety X, is reducible. Similarly to our methods,
this is done by showing that the corresponding initial ideals contain monomials. In
[71, we use the results of [12] to study the degenerations of Richardson varieties inside
the flag variety.

Remark 5.6 In [9], the authors showed that the polytopes associated to toric degener-
ations of the Grassmannian arising from matching fields, are related to each other by
sequences of combinatorial mutations in the sense of [1]. We expect that the polytopes
of toric degenerations of Richardson varieties provided here to have similar properties.
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