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Abstract

A signed graph is a pair (G, t) of a graph G and its sign 7, where a sign 7 is a
function from {(e, v) | e € E(G),v € V(G), v € e} to {1, —1}. Note that graphs or
digraphs are special cases of signed graphs. In this paper, we study the toric ideal /(G 1)
associated with a signed graph (G, 7), and the results of the paper give a unified idea to
explain some known results on the toric ideals of a graph or a digraph. We characterize
all primitive binomials of /(G ;) and then focus on the complete intersection property.
More precisely, we find a complete list of graphs G such that /(G ;) is a complete
intersection for every sign t.
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1 Introduction

Throughout the paper, a graph means a finite simple graph. A finite graph allowed
to have a multiple edge or a loop is called a multigraph. For a graph G, we set
V(G) ={vi,...,u}, E(G) ={e1,...,en} and € = (ey, ..., e,) unless otherwise
specified. For a positive integer n, we denote {1, ..., n} by [n]. For an integer vector
b, b™ (resp. b™) means the vector whose ith entry is max{b;, 0} (resp. — min{b;, 0}).

For an integer vector x = (x1, .. ., X,;), € means a monomial e}'e;” - - - ey".!

1 Throughout the paper, to denote a vector, we use @, b, c, etc. The standard bold type letters (a, b, ¢, etc.)
are for walks in a graph.
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Let K[ey, ..., ey] be a polynomial ring in m variables over a field K. For an n x m
integer matrix A without zero columns, the ideal

1A=<e”°*—e”0’ eK[el,...,em]|[beZ’”andA[b=®>

is called the toric ideal associated with A. It is well known that a toric ideal is a prime
binomial ideal. For more details about toric ideals and related topics, see [11,25].

A (homogeneous) toric ideal not only defines a projective toric variety (see [0,
241]), but also provides wide applications in other areas, such as algebraic statistics,
dynamical system, hypergeometric differential equations, toric geometry, and graph
theory, see [5,14,25]. Toric ideals arising from various kinds of combinatorial objects
have been widely studied by many researchers, see [12,13,19,20] for some recent
results. Particularly, the toric ideal of a graph or a digraph, which is the toric ideal
associated with its vertex-edge incidence matrix, has been an interesting topic (see
[2-4,7,8,17,18,21,22]).

A major line of research on toric ideal arising from a combinatorial object focuses
on a ‘special’ set of binomials of the ideal (giving a combinatorial interpretation).
Among them, the set of primitive binomials, which is known to form the Graver basis,
was studied widely related to a problem initiated by Sturmfels, called true degree
problem. (See [23,25,26,28] for detail.) For a toric ideal 14, an irreducible binomial
B = BT — B~ of 14 is primitive if there exists no other binomial By = Bg‘ — By such
that BJ |BT and B, |B~. For the toric ideal of a graph, the primitive binomials and
some other important binomials were characterized in [22]. The primitive binomials
of the toric ideal of a digraph are nicely stated in [8,9]. See Sect. 2.2.1 for the primitive
binomials of the toric ideal of a graph/digraph.

Another important research direction on a toric ideal is about the complete inter-
section property. A toric ideal /4 associated with an n x m integer matrix A has the
height ht(74) = m — rank(A). We say 14 is a complete intersection if it is generated
by ht(14) elements (see [25]). A complete intersection toric ideal was first studied by
Herzog in [10], and it is known that the Hilbert series of the corresponding quotient
ring R/I can be computed easily when / is a complete intersection. The complete
intersection property of the toric ideal from a combinatorial object was also inves-
tigated by many researchers, see [1,2,7-9,15,16,21,27]. We summarize some known
results on the toric ideals of graphs/digraphs in Sect. 2.2.2.

In this paper, we consider toric ideals of signed graphs, as a generalization of graphs
and digraphs. An incidence of a graph G is a pair (e, v) of an edge e and a vertex v
such that v is an endpoint of e. A sign t of G is a function from the set of all incidences
to the set {1, —1}, and a signed graph is a pair (G, t) of a graph G and its sign 7.
For a signed graph (G, t) with n vertices and m edges, the incidence matrix A(G, 1)
of (G, t) is an n x m matrix whose rows are labeled by the vertices vy, ..., v, and
columns are labeled by the edges eq, ..., ey such that [A(G, 1)];; = t(ej, v;) if v;
is incident to e, and [A(G, 7)];; = 0 otherwise. With an abuse of notation, we often
consider the codomain of 7 is {+, —}. See Fig. 1 for an example.

We remark that if a sign t is a constant function, then (G, 7) is just a graph. If a
sign 7 satisfies that 7 (e, u)7 (e, v) = —1 for each edge e = uv, then (G, 7) is equal to
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(&1 €9 €3 €4 €5 €p
v1 /[ =1 O 0 0 11
V2 1 1 0 0 00
U3 0O -1 -1 0 01
V4 0 0 -1 -1 00
U5 0 0 0 1 10

Fig.1 A signed graph (G, t) and its incidence matrix A(G, 1)

adigraph. The toric ideal of a signed graph (G, 7), denoted by (G, 1), is the toric ideal
associated with the incidence matrix A(G, t) in the polynomial ring K[eq, ..., e;]
over a field K.

As long as the authors are aware, the toric ideal of a signed graph is firstly con-
sidered in this paper, and so we start our research from a fundamental question on
generators. We completely characterize the primitive binomials of /(G ;) of a signed
graph (G, t) with graph theory language. This gives a way to explain the previous
results on graphs/digraphs in a unified idea. The latter part of the paper sheds light
on the complete intersection property of /(G,;). We give a necessary and sufficient
condition for a graph G to have a complete intersection /g, ) for every sign 7, see
Theorems 3.9 and 3.10 . We emphasize that this result is more than unifying the results
of graphs/digraphs in [2,8], since there are infinitely many graphs G such that the toric
ideal of G and its every orientation are complete intersections but /(G 1) is not a com-
plete intersection for some sign t (see Sect. 3). Lastly, we find a full list of such graphs
without assuming 2-connectedness, see Theorem 3.9.

2 Preliminaries

This section gives some basic notion and terminology in graphs and then summarizes
some known results on toric ideals of graphs and digraphs. In addition, we explain
how to define binomials from walks in a signed graph, which generate /(G ).

2.1 Basic notion for walks in a graph

For a graph G, let w : v;,ej, ---ej,v;,,, be a walk or (v;;, vj,,,)-walk, which is an
alternating sequence of vertices v;’s and edges e;’s where e;, = v;,v;,,, for each
£ € [t]. We call v;, (resp. ej,) the £th vertex (resp. edge) term of w. A vertex term is
said to be internal if it is neither first nor last. We let V (w) be the set of vertex terms
of w and E (w) be the multiset of the edge terms in w. We denote the multigraph with
the vertex set V(w) and the edge set E(w) by [w]. The underlying simple graph of
[w] is a subgraph of G, but [w] may not be a subgraph of G by multiple edges. See
Fig. 2.
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W U9€10]1€4V4€303€3V4€6V5E604
(W) = {’U|-,'U2-,’L'3,’U4-, Us}

‘/'
E(w) = {e1,e4, €3,€3, €6, €6}

Fig.2 A walk w in a graph G and V(w), E(w), and [w]

The length of w is the number of edge terms in w. A subwalk of w is a subsequence
of w which is a walk, and a section is a subwalk consisting of consecutive terms of w.
When we consider a subwalk or a section of a closed walk w, the terms are considered
cyclically so that the last edge term is consecutive to the first vertex term.

For two walks w and w’ in a graph, if the last vertex term of w and the first vertex
term of w’ are equal, then we denote by w + w’ the walk going through w and then
w'. If wg, ..., wy are sections of a walk w such that w = wg + - - - 4+ wy, then we call
this form a section decomposition of w. If every w; is a nontrivial walk, then we say
it is nontrivial.

The walk obtained by reading a walk w in the reverse order is denoted by w~!.
For a closed walk w : v, e, - --ej,v;, (t > 2), we say a vertex v € V(W) is repeated
if v appears in v, e, v;, - - - vj, (ej,v;, is deleted from w) at least two times. Note that
if a closed walk w has a repeated vertex v € V(w), then w has a nontrivial section
decomposition wgy 4+ wy for some closed walks wo and w; (whose first vertex terms
are v).

2.2 Toric ideals of graphs and digraphs

Recall that the toric ideal I of a graph (resp. digraph) G is the toric ideal /G, ;) when
T is a constant function (resp. (e, u)t(e, v) = —1 for every edge ¢ = uv). In this
section, we summarize some previous results on the toric ideals of graphs/digraphs,
which will be used in this paper.

2.2.1 Primitive binomials

Let A be an n x m matrix without zero columns. An irreducible binomial of /4 has a
form of ®” — &P for some b € Z™ with Ab = 0. An irreducible binomial e?" — P~
is called primitive if there exists no other binomial e’ — ¢ such that e leP" and
e |eP .

For a closed nontrivial walk w : v; ej, - - - v, e, v;, of even length in a graph G,
let By = BT — B~, where Bt = ¢j,ej,---¢j,,_, and B~ = ej,ej, - --e,,. Here,
the same closed walk can be written in different ways but associated binomials differ
only in the sign. It is observed that (see [29]) I is generated by those binomials
Bw. A necessary condition for the primitive binomials was firstly studied in [18] and
a necessary and sufficient condition was established in [22] as follows. When two
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graphs G and G’ contain cliques K and K’ of size k, respectively, a graph obtained
from G and G’ by identifying K and K’ is called a k-cligue sum of G and G’.

Theorem 2.1 [22, Theorem 3.2] For a closed walk w of even length in a graph, the
binomial By, is primitive if and only if the following hold:

(i) The multigraph [w] is constructed by 1-clique sums of cycles of length at least
two such that every vertex of [W] belongs to at most two cycles.

(ii) For every nontrivial section decomposition W = Wq + W1 into two closed walks
wo and w1, the length of each w; is odd.

In [22], other important sets of binomials in /g were also characterized and we
omit them here as it is not related to our main purposes.

Let G be a graph and D be its orientation. The primitive binomials of /p are much
more simply described. For every cycle w of G, we define By = BT — B™, where
BT is the product of the clockwise oriented edges and B~ is the product of the other
edges.

Theorem 2.2 [8, Proposition 2] For a graph G, let D be its orientation. The primitive
binomials of Ip are binomials By associated with cycles w of G.

2.2.2 The complete intersection property

Recall that the toric ideal 1, is a complete intersection if it can be generated by ht(/)
elements, where ht([/) is the height of I. It also holds that ht(/4) = m — rank(A). For
a connected graph G with n vertices and m edges, I is a complete intersection if and
only if it is generated by r(G) binomials, where

m —n + 1 if G is bipartite,
r(G) = .
m—n otherwise.
For a disconnected graph G, I is a complete intersection if every connected compo-
nent of G has a complete intersection toric ideal. Let G be the set of all graphs with

complete intersection toric ideals. The bipartite graphs in G are nicely characterized
as follows.

Theorem 2.3 [9, Corollary 3.4] For a connected bipartite graph G, G € G if and
only if G is a ring graph. Here, a ring graph is a graph whose nonedge block is
constructed by 2-clique sums of cycles.

A pseudo-code to check whether a graph is in G or not is given in [2], see
Algorithm 2.4. The algorithm relies on inductive idea, which may not give an exact
description on structures of graphs in G. Instead, useful structural properties are
provided in [2,27], and some are listed in Theorem 2.5. For a graph H, the number of
connected components which are bipartite is denoted by b(H ).
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Algorithm 2.4 ([2])

Input: a simple graph G
Output: TRUE if G € G or FALSE otherwise

H:=G,B:=0
while v € V(H) with degy (v) <2 do
if degy (v) =2 and b(H — v) = b(H) then
W ={viUNg)U{u € V(H)|b(H — {u, v}) > b(H —u)}
if not exists a closed walk w of even length such that V(w) = W
then
return FALSE

end if
Let w be a shortest closed walk of even length such that V(w) =

B := BU {By}
end if
H:=H—v
end while
Let Hy, ..., H; be the connected components of H.
if exists i such that H; is neither odd band nor even M&bius band then
return FALSE
end if
Let B; be a minimal generating set of I, foreach 1 <i <.
if I is generated by BU B U - - - U B then
return TRUE
end if
return FALSE

Theorem 2.5 [2, Theorem 3.6, Corollary 3.9, Lemma 6.2], [27, Theorem 3.1, Corol-
lary 5.6] Let G be a connected graph in G'. Then, the following hold:
(i) If G is not bipartite, then 2| E(G)| <3|V (G)| — ZUGV(G) b(G —v).

(i1) G has no K3 as a subgraph.

(iii) If G is 2-connected and has two cycles C and C' of odd length sharing exactly
one vertex v, then there is an edge e not incident to v which connects C and C'.

(iv) If G is 2-connected and has disjoint two cycles C and C' of odd length, then there
are two disjoint edges e\ and ey such that each e; connects C and C'.

(v) G has at most two nonbipartite blocks.

(vi) Every induced subgraph of G belongs to G°'.

In [2], 3-regular graphs with complete intersection toric ideals are characterized, see
Theorem 2.6. Instead of giving the definitions of bands or M&bius bands, we note that
the complete graph K4 is an even Mobius band. For the definitions, see [2, Definition
4.2].

Theorem 2.6 [2, Theorem 4.4] For a 3-regular connected graph G, G € G° if and
only if it is an odd band or an even Mobius band.
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The following lists results on digraphs. For a connected graph G with n vertices
and m edges, and an orientation D of G, Ip is a (binomial) complete intersection if
and only if it is generated by r(D) = m — n + 1 binomials. For an orientation D of
a disconnected graph, Ip is a complete intersection if the toric ideal of the digraph
restricted to every connected component of G is a complete intersection. Let Gi¢
be the set of graphs G such that /p is generated a complete intersection for every
orientation D of G.

Theorem 2.7 [8, Theorems 4 and 6, Corollary 4] Let G be a connected graph.

() G e G ifand only if G is constructed by clique sums of complete graphs and/or
cycles. . .
(ii) Every induced subgraph of a graph in G'° belongs to G'°.

2.3 Even-signed walks in (G, 7) and their associated binomials of /G, 1)

In this subsection, we explain how to define binomials associated with closed walks
in a signed graph, and this will play a key role in Sect. 3.

Definition 2.8 Letw : v; ¢ v;, - - - €;,v;,,, be awalkin asigned graph (G, 7) of length
atleast two. An internal vertex term v;, of wis unbalanced if t(ej,_,, vi,)t(ej,, vi,) =
1. As long as w is closed, we say v;, (or v;,,,) is unbalanced if T (e}, , vi))t (e}, vi)) =
1. We define j(w) = (—1)¥, where k is the number of unbalanced vertex terms of w.
We also say w is even-signed if u(w) = 1, and w is odd-signed if u(w) = —1.

Throughout the paper, a walk/cycle with odd/even number of edge terms is said to
be a walk/cycle of odd/even length. A friangle means a cycle of length three.

A balanced section wy of a walk w is a maximal section of w such that wy has
no internal unbalanced vertex term. If wg + - - - + Wy is a section decomposition of
w such that each w; is a balanced section, then this form is called a balanced section
decomposition of w.

For a closed walk w, if it has no unbalanced vertex term, then it is even-signed
and has exactly one balanced section which is itself. Otherwise, its balanced section
decomposition wg + - - - + Wy is also unique up to cyclic permutations. So, by choosing
an unbalanced vertex as the first vertex term properly, we can denote by w = wq +
ce - Wy

Example 2.9 Consider a signed graph (G, t) in Fig. 3, and its two closed walks w and
w’, where

W 1 V3€3V4€4V5€5V1€V3€2V2€1V]1€(V3, W/ . V1€e1v2e3v3eqv1€6505€50].
For a closed walk w, the 2nd, 3rd, 4th, and 6th vertex terms are the unbalanced
vertex terms, which implies that w is an even-signed walk in (G, t) and the balanced
sections are

W0 : V2e1V1equ3e3Vq, W] @ Vqe4V5, W2 @ Uses5V], W3 :V]jegl3erv).
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(G,7)

(w']

Fig.3 A signed graph (G, 7) and two closed walks w and w’

The walk has a balanced section decomposition wg + w; + w2 + w3. For the closed
walk w’, there are three unbalanced vertex terms, the 2nd, 4th, and 5th vertex terms,
which implies that w’ is odd-signed in (G, t) and its balanced sections are

/. /. /.
Wy Usesvieivz, Wy i U2e2U3€e6V1, W, [ V1esvs,

and w(, + W] + W), is a balanced section decomposition of w’. Note that by taking
the first vertex term of w or w’ properly, we can write w = wo + W| + W2 + W3 or
w =w, + W) +w,.

Definition 2.10 Let w be an even-signed closed walk in a signed graph, and wqy +
w1 + -+ - + Wor_1 be its balanced section decomposition (k > 1). The binomial By
associated with w is By = B} — B, where

Bi=T] [] ¢ ad By=]] []

iceven ec E(w;) i:odd ec E(w;)

If w has no unbalanced vertex term, then it is defined by B} = [],. Ew eand By = 1.

Since w has an even number of unbalanced vertex terms, its binomial is unique up
to sign. That is, the binomial is either By or — By, according to its balanced section
decomposition. For the even-signed closed walk w in (G, t) in Example 2.9, By =
ereqeq — e1ezeseq (one may say By = ejezeseq — exeseq).

Observation 2.11 If w is an even-signed closed walk in a signed graph (G, t), then
By € G ,1).

Proof Let w : v; e}, ---vj,ejv; be an even-signed closed walk in (G, 7). We may
assume that the first vertex term is unbalanced, and let w = wy + - - - + wpr_1 be a
balanced section decomposition of w. For each edge term ¢j,, we let k (e,) = (—1)*
if e, belongs to the section wy.

Let b = (be)ecE(G) be a vector such that b, = f+(e) — f~ (e) for every edge e,
where

e =|{¢| ej, =eandk(ej,) = 1}, f () =|{{|ej, =eand k(ej,) = —1}|.
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Then, the entry of Ab corresponding to a vertex v is

D@ = frentle,v)= Y > rlej)tle, v)

evee evee [:ej[:g
= Z (K(ejzfl)r(eﬂfl, v) +«(ej)Tlej,, v)) .
E:u,-[:v
If k(ej,) = k(ej,_,), then t(ej,_,,v) = —7(ej,, v), and if k(ej,) # k(ej,_,), then

T(ej,_,» v) = 1t(ej,, v). In both cases, the sum « (ej,_,)t(ej,_,, v) +k(ej)T(ej,, V) is
0. This implies that e®* — e® € I(g o).

On the other hand, from the definition, ¢* (<13[b+ —eP) = By, where x = (x¢)ec E(G)
is the vector such that x, = min{f*(e), f~(e)} for every edge e. Thus, By is an
element of /G, 7). O

It seems natural to have the following proposition from the definition of /(G ¢).
Proposition 2.12 If (G, ) is a signed graph, then the toric ideal 1 v is generated
by

{Bw | w is an even-signed closed walk in (G, 7)}.

The above proposition immediately follows from Observation 2.11 and Proposi-
tion 2.13, and we leave the proof detail of Proposition 2.13 in Appendix.

Proposition 2.13 Let (G, t) be a signed graph, and b = (b.).ck(c) be a nonzero
integer vector such that Ab = 0, where A = A(G, 7). If we denote by (G, 1) the
signed multigraph induced by |b,| copies of e for every edge e with its sign copied,
then each connected component D of Gy, has an Eulerian wp which is an even-signed
closed walk in (G, t) and

P — P = I1 B} - I By .

D:connected D:connected
component of G component of G

3 The main results
In this section, we state the main results of the paper. Section 3.1 focuses on the

primitive binomials of /(G 1), and Sect. 3.2 gives characterizations of graphs G with
a complete intersection /(G r) for every sign 7.

3.1 Primitive binomials of I 1

We characterize all primitive binomials in /(G 7).

Theorem 3.1 For an even-signed closed walk w in a signed graph, By is primitive if
and only if the following hold:
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Fig.4 The multigraph [w],
where w is an even-signed
closed walk in a signed graph
(G, 7). If (G, 7) has no
even-signed cycle, then w is
primitive

Fig.5 A signed graph (G, 1)

(i) The multigraph [w] is constructed by 1-clique sums of cycles of length at least
two such that every vertex of [w] belongs to at most two cycles.

(ii) For every nontrivial section decomposition W = Wq + W into two closed walks
wo and w1, each w; is odd-signed in (G, 7).

A proof of Theorem 3.1 is given in Sect. 5.1. We often say an even-signed closed
walk w in a signed graph (G, ) is primitive if By is primitive in /(G ). Figure 4
shows an image of the multigraph [w] for a primitive walk w. Note that if w is a
primitive walk, then every cut vertex of [w] decomposes [w] into two parts, and each
part corresponds to an odd-signed closed walk in (G, 7).2

Example 3.2 Consider a signed graph (G, 7) in Fig. 5. Let w be a walk in (G, 1)
defined by

W Viejvpepv3e3vie4vsesvseqlaeryegusequgelov] .

It has four balanced sections, and so w is an even-signed closed walk in (G, 7). See the
vertex vs which is repeated in w. Then, w has a nontrivial section decomposition wg +
w1 and each of wg and wy is an even-signed closed walk, where wg : vsegvee7v7egvs
and wW| : vseguge Vel vaerv3e3Veqv4esvs. Thus, its associated binomial By is not
primitive by Theorem 3.1(ii).

It is easy to see that Theorem 3.1 is a generalization of Theorem 2.1. Moreover,
if you consider an orientation of a cycle as a signed graph, then it is an even-signed
closed walk. Thus, every digraph has no odd-signed closed walk, which implies that
Theorem 3.1 is also a generalization of Theorem 2.2.

2 In the toric ideals of graphs, this was explained with a notion of ‘sink’ of a block, see [22].
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3.2 The complete intersection property of the toricideal /G, 1
We compute the rank of the incidence matrix of a connected signed graph first.

Proposition 3.3 Let (G, t) be a connected signed graph. Then,

rank(A(G. 1)) = [lV(G)| -1 iflhere.is no odd-signed closed walk in (G, 7),
[V (G)| otherwise.
See Appendix for the proof of Proposition 3.3. Due to the proposition and from the
fact that ht(/(G,¢)) = m —rank(A(G, 1)), we define the following.

Definition 3.4 Let (G, ) be a connected signed graph. We say (G, 7) is a complete
intersection when I ) is a (binomial) complete intersection, i.e., I(G,r) is generated
by r(G, t) binomials, where

F(G.7) = {|E(G)| —|V(G)| + 1 if there is no odd-signed closed walk in (G, 1),

|[E(G)| — |V(G)] otherwise.

For a disconnected signed graph, it is said to be a complete intersection if every
connected component is a complete intersection. Let G’ be the set of all graphs G
such that (G, 1) is a (binomial) complete intersection for every sign 7. It is natural to
ask which graphs are in G°iS and we start from basic observations.

Proposition 3.5 Every block of a graph in G belongs to G€'S.

Proof Let G be a graph in G°* having a block H such that H ¢ G/*. We may assume
that G is connected. Then, there is a sign T of H such that /(g ) cannot be generated
by r(H, t) binomials. Let ¢ be the minimum number of binomials which generate
I(H,f). Then, t > r(H, 7).

Let t/ be the sign of G such that t'(e, v) = t(e, v) for every ¢ € E(H) and
7'(e,v)T'(e,w) = —1 forevery e = vw € E(G) \ E(H).Let X = {v € V(G) |
v is contained in a block other than H}. Since G € G < G¢°, it follows that
G[X] € G by Theorem 2.7(ii). Note that (G[X], t’|x) can be understood as a
digraph, and so (G[X], 7’| x) has no odd-signed cycle. Thus,

(G, 7 = r(H, ) + (EGIXD| = |X| +¢) = r(H,©) + (E(G)| — |E(H)| — |X| +0),
@3.1)

where ¢ = |V (H) N X|. Moreover, since G[X] has at least c components, we need at
least |[E(G)| — |E(H)| — | X| + ¢ binomials to generate I(G[x],+/|y)- Hence, in order
to generate /(G 1), we need at least  + |E(G)| — |E(H)| — | X| + ¢ binomials. Since
t+|E(G)| — |[E(H)| — |X|+c > r(G, ") by (3.1), we reach a contradiction to the
fact that G € G, O
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Fig.6 A complete graph K4 and its three closed walks

Proposition 3.6 Let H be either a cycle or a K. For a connected graph G, let G’
be a 1- or 2-clique sum of G and H. Let v’ be a sign of G’ such that T = /|y ().
Suppose that H is even-signedin (G', ") when H is acycle. Then, I’ 11y is a complete
intersection if and only if I(G 1) is a complete intersection.

Proof Suppose that H is a cycle. It is clear that r(G’, t') = r(G, ) + 1. Since C is
a primitive walk in (G, t’), its associated binomial generates /(¢ ;) together with a
generating set of I ). If H = K3, then r(G’, /) = r(G, 7) for every sign v’ of
G’ and the primitive walks of (G, t) and those of (G’, t’) are the same. Thus, the
proposition holds. O

Proposition 3.6 implies that for a graph G, if G ¢ GCS, then a graph constructed
by clique sums of G and cycles/K> is not in G'*. Thus, the following holds.

Corollary 3.7 For a graph G € G* and an induced subgraph H of G, if G can be
constructed by clique sums of H and cycles/K», then H belongs to G'5.

Observation 3.8 A graph in G* is K4-free.

Proof First, we show that K4 ¢ G*. Following the labeling in Fig. 6, let 7 be a sign
of K4 such that

T(es, v1) = t(es5,v2) = t(e6, V3) = —1,

and all the others have sign 1. By Theorem 3.1, there are only three primitive walks
w1, Wz, w3, which are defined as Fig. 6.3 Then, we have By, = ejes — e3¢, Bw, =
eres — ezee, and By, = ezes — e3e4. Note that each of three cannot be generated by
the others. However, r (K4, T) = 2, since (K4, t) has odd-signed cycles. Thus, Ik, 1)
is not a complete intersection.

Suppose that there is a graph G in G’S having K4 as a subgraph. We take such
G as a smallest one. By Proposition 3.5, a block of G with K4 is in G°iS Thus, G
is 2-connected. Moreover, by the above argument, G # K4. Since G € geie, G
is constructed by clique sums of cycles and/or complete graphs by Theorem 2.7(i).
Since G is 2-connected, it follows that every clique sum to construct G is not a 1-
clique sum. From the fact that G € G, by Theorem 2.5(ii), it follows that every

3 We note that Observation 3.8 is not used in the proof of Theorem 3.1. Moreover, in Fig. 6 (also in the
following figures of the paper), we use dashed lines and gray color to draw the rest part of the graph not
belonging to [w; ] together to distinguish the walks easily.

@ Springer



Journal of Algebraic Combinatorics (2021) 53:1265-1298 1277

43 5013 54

Fig.7 Some graphs in Theorem 3.9

clique sum to construct G is a 2-clique sum. If G is constructed by clique sums of
exactly one K4 and cycles, then by Proposition 3.6 and the fact that K; ¢ G5, it
follows that G ¢ G°is | a contradiction. Thus, G has at least two Ku, say K and K'. By
Theorem 2.5(v), G[K U K'] is in G, By applying Theorem 2.5(i) to G[K U K'], we
know that G[K U K'] is a disjoint union of K and K’. By Theorem 2.5(iv), every two
vertex disjoint cycles of length three from K and K’ are connected by two disjoint
edges, which is a contradiction. O

We remark that G°* is a subset of G/ N G/ by definitions, and so Observation 3.8
tells us from Theorem 2.7(i) that the (connected) graphs in G** are constructed by
clique sums of cycles and/or K>. Among those graphs, we completely characterize all
graphs in G5, The following considers only 2-connected graphs in G*, and its proof
is given in Sect. 5.2.

Theorem 3.9 For a 2-connected graph G with at least three vertices, G € G if and
only if G is one of (G1)-(GS) for some m,n > 3 (see Fig. 7):

(G1) A cycle Cy;

(G2) A 2-clique sum of two cycles C,, and Cy,;

(G3) w\y: the graph obtained from C3 by gluing C,, and Cy, to two distinct edges of
C3 using 2-clique sum, respectively;

(G4) ,,UJ,: the graph obtained from Cy4 by gluing C,, and Cy, to two opposite edges of
Cy4 using 2-clique sum, respectively;

(GS5) nldy: the graph obtained from ,,[J, by adding a diagonal edge of the middle Cy.

Now we characterize all graphs in GS. The proof of Theorem 3.10 is given in
Sect. 5.3, and see Fig. 8 for some graphs described in the theorem.

Theorem 3.10 For a graph G, G is in G if and only if every connected component
G’ of G is one of the following:

(1) G’ is a tree.
(i1) G’ has exactly one nonedge block and it is isomorphic to one of (G1)~(G5).
(iii) G’ has exactly two nonedge blocks B and B’, each of which is isomorphic to (G1)
or (G2). When B is (G2), the vertex v of B closest to B’ is on a triangle of B and
degp(v) = 2.

We remark that from the structures of the graphs in Theorem 3.10, it follows that
every induced subgraph of a graph in G’* belongs to G,

Now, we finish the section by noting that it is not difficult to find graphs in G/ NG¢i¢
which are not in G*. A reader may already notice that K4 is such an example by
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Fig.8 Examples of graphs in G€I satisfying Theorem 3.10(iii)

Theorems 2.6 and 2.7 (i), and Observation 3.8. The following properties not only
are helpful to understand Example 3.12 but also may give an idea to find graphs in
(gci N gci()) \ gcis.

Letp : voejv; - - - e; vy be a path in G of length at least two such that vov; ¢ E(G)
and deg; (v;) = 2 foreachi € [t — 1] as depicted in Fig. 22. We call such path an ear
of G, and we denote by G /p the graph obtained from G by deleting the vertices vy,
..., vy—1 and adding an edge between vy and v,;. We sometimes call G/p a contraction
of G by p. The proof of the following proposition is given in Appendix.

Proposition 3.11 Let p : vpevy - - - e;v; (t > 2) be an ear of a graph G. Then, the
following hold:

() If G € G5, then G/p € GS. (Equivalently, if a graph is not in G5, then its
subdivision is not in G5.)

(i) Ift = 3 and G/q € G, where ¢ = p — v;, then G € GS. (Equivalently, if
G ¢ G5, then the graph obtained by contracting an edge e = uv with degs(u) =
deg; (v) = 2 is not in G'5.)

Example 3.12 Let G be the graph in Fig. 9. Then, G ¢ G and G € G N geio,

First, we consider the graph G in Fig. 9. Note that if Gy ¢ G then Gy ¢ G°'*,
which also implies that by Proposition 3.11(i), G ¢ G¢*. Thus, it is sufficient to show
that Go ¢ g by Algorithm 2.4. Note that for each i € {1, 3, 5}, vertex v; of G has
degree two and b(Goy — v;) = b(Gp). We apply the algorithm to G with v;. Then,
W = {v1, v2, v4, v} and a shortest closed walk w; of even length with V(w;) = W
is a cycle of length 4. Its associated binomial is By, = ejeg — ege7. Similarly, by
considering the vertex v3 and vs one by one, finally, we have B = {By,, Byw,, Bw;}
where By, = exeg — e3e9 and By, = eseg — ese. It remains to check if I = (B).
However, By, cannot be generated by 3, where By, = eje3es —eaeseq is the primitive
binomial associated with w4 : viejvrerv3esviesvsesvgeqvy. Thus, Algorithm 2.4
returns FALSE, as a desired one.

Now, we will show that G € G N G°. Since G is constructed by clique sums of
cycles, G € G° by Theorem 2.7(i). It remains to check that G € G¢. Note that G
has exactly six primitive walks X; ~ Xg, defined as Fig. 9. Then, one can check from
Corollary 4.5 that

By, € (Bx,, Bx,),  Bxs € (Bx;. Bxy),  Bxs € (Bx,, Bxy).

Thus, I = (By,, Bx,. Bx;), which implies that /¢ is a complete intersection.
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Fig.9 Graphs G, G and primitive walks in G

4 Properties of walks in a signed graph

In this section, we investigate properties of even-signed closed walks in a signed graph
(G, 1), which play an important role in the following section.

Lemma 4.1 In a signed graph (G, ©), for two closed walks w and W' sharing a vertex,
w(W 4+ W) = pu(w)u(w').

Proof If w or w' is trivial, then it is clear. Suppose that both are nontrivial. Let

i . e e . /. / ! “ o 4 1 . . —
W @ uej v, ---ejuand w: uej vy, ---e; u. Since t(ej, u)r(ej,u) = 1 (resp.

r(e/j1 , u)r(e;.r, u) = 1) means that u is an unbalanced vertex term of w (resp. w'),
w(w + w') is equal to

(=t(ej, Wt lej,, W) (=T (e}, W) (€], W)p(W)n(w')
(—t(ejp, wt(e), w)(—t(e , u)tlej, u)) = p(w)n(w').

O

Lemma4.2 Letw be a (u, v)-walk in a signed graph (G, t). For any two (v, u)-walks
wi and Wy,

pWE+ Wy ) = (W + W)W + W),
Proof If u = v, then the lemma holds, since we have the following from Lemma 4.1:

pwwi +wy ) = W) ws ) = wwi)n(wa) = (W) n(wi) e (w)(ws)
= w(W+ wp)u(w + wp).

Suppose that # and v are distinct. Then, each of w, wy, and w; is nontrivial. Without
loss of generality, it is enough to consider the case when

. . A / . "1 "
W uejvp---esv, Wi lvev, e, W lvejv, e

as depicted in Fig. 10.
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Fig. 10 An illustration for the

1
v
proof of Lemma 4.2 "2

Note that 7 (e;., u)t(ey, u) = 1 (resp. T(ejv)r(e], v) = 1) means that u (resp. v)
is a new unbalanced vertex term of wy + w, I Thus,

w1 +wy ) = uwi)(=t(e), u)r (e, u) w(wa)(—t(ey, v)r (e, v)).

Likewise,

w(W 4+ wi) = n(w)(—t (e, v)T(e], V)W) (= (ey, u)t(er, u)),
LW 4+ w2) = n(w)(—t (e, v)T(e], V)W) (—1 (€}, u)T(er, u)).

Therefore, (Wi + w5 ') = w(W) (W) (el u)t(el, u)t(e), v)T(e], v) = u(w+
wW1) (W + wa). o

Lemma 4.3 Let w and W' be two even-signed closed walks in a signed graph, whose
first vertex terms are the same. Then (by taking By and By properly) BY |, = B} B:vr,

w+w
and By o = By By,
Proof Letw = wo+---4+w, and W = w;, +- - -+ W, be balanced section decomposi-
tions of w and w’ for some odd integers » and s. By Lemma 4.1, w, 4w, is a balanced
section of w+w’ if and only if w; 4wy is a balanced section of w-+w’. First, suppose that
W, +W, is not a balanced section of w+w’. Then, wo+- - - +w, +w;+- - -+w; is a bal-
anced section decomposition of w+w’. By definition, it follows that By} Bv'v*, = Bv'vIr W
and By B, = B .. Suppose that w, + W isa balan(fed section of w + w'. Letting
X = w; +wpandy = w, + W6, we have a balanced section decomposition of w +w’,

X+Wi+- W Y+ W W

Then, we can obtain that By BVJVF, = B"; L and BB, = B, by redefining By

and By, properly. O

Lemma 4.4 Letw be a (u, v)-walk in a signed graph without unbalanced vertex term.
For two (v, u)-walks w1 and w», if w + W; is even-signed for each i = 1,2, then

Bw] ;! belongs to the ideal (Bw+w1 , BW+WZ).
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Proof For simplicity, let a, b, ¢, and d be closed walks such that
a=wtw,b=w'+wlc=wt+w d=w'+w

Note that each of the four walks are even-signed (a and b are even-signed by the
assumptions, ¢ and d are even-signed by Lemma 4.2). Moreover, the first vertex terms
of a and b are the same as u, and the first vertex terms of ¢ and d are the same as v.

We consider two closed walks a+b and ¢+d. Sincea+b = w+w; + (wz)’] 4w
and c+d = w; + (w2) ! +w~! +w, they are the same walk and so £ Ba 1, = Beid.
By Lemma 4.3, by taking binomials associated with four even-signed closed walks a,
b, ¢ and d properly, we have

+ _ ptpt - _ p—p- + _ pt+pt - _ p—p—
Byip = By By, By iy = Ba By, Biia= BBy, Bqa= BBy
Note that since w has no unbalanced vertex term, B;r = By, and we let X := B:{ .
Hence,
Bia Be 1 1 1 BYBY BIBC
_p+ — _ TcHd c+d _ + - _ _ _ a™p a™p
Be=Bf — By = 5t —E_}(B”d— c+d>_}Bc+d_:|:}Ba+b—:|: T F
BfBf ByB, S -
We may assume that B, = —*5-" — —*5"-. (The other case is similar.) Thus, X divides

both B;‘ B;' and B, B, . Moreover, since w has no unbalanced vertex term, X divides
one of B;‘ and B, , and one of B;' and By . Thus, X divides either B;‘ and By, or
B, and BJ .If X divides B; and By, then

5 B B N _BJ By N BiBy\ BaBy
¢ X X X

X

_ (BdBy BBy BiBy BaBy\ Bf By

_< x x )Jt\Tx Tx )T x Bt xb
Similarly, if X divides B, and Bg’ , then

+ —pt —pt+ —p-— - +
B:B;Bb—i— _BaBb+BaBb —BaBsz—aBb—i—B—bB
¢ X X X X X x "

In any case, B belongs to the ideal (By, By), a desired conclusion. ]

The following is from Lemma 4.4 by considering cases where w is a walk of length
one.

Corollary 4.5 Let w1 and wy be two even-signed closed walks in a signed graph,
starting withu, e, v for an edge e = uv. Then, By € <Bwl, sz>, where w; = uev+wl’.
fori=12andw =w| + W’[l.

The following lemma may fail if we drop the assumption on oddness of sign of w
orw'.
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Lemma 4.6 Let w and W' be two odd-signed closed walks in a signed graph (G, 1),
whose first vertex terms are the same. Then, W + W' and w~' + W' are even-signed
closed walks in (G, 1) and By-1, y = £ Byiw.

Proof Note that w + w' and w~! + w’ are even-signed by Lemma 4.1, since
pw™h =puw) = pnw) =—1,uw+w) =pnwpw)=1,and u(w ! +w) =
uwwHu(w') = 1. Let wo + - - - + w2, be a balanced section decomposition of w
for some nonnegative integer r. We assume that wg contains the first vertex term v.
Then, y is a nontrivial walk and x may be trivial, and w 4+ w’ and w~! + w’ have the
following section decompositions (the parts wy + - - - 4+ wo, and Wz_rl + .-+ wyare
dropped if r = 0):

W tW =y + W W+ X W,
W_1+w/=X_1+W2_rl+"+W1_l+y_l+w/

Then, we make a binomial By = BT — B~ by putting the edges in E(y) to BT,
the edges in E(w;) to B™, the edges in E(w) to BT, and so on. Let Ut and U~ be
the (multi)set so that

B+:1_[e and B_:He.

ecUt ecU™

Then, by a way to make the binomial By,

U+DE(Y)U< U E(Wi)>, U_D<U E(Wi))UE(X).

i>0: even i:odd

Similarly, we also make a binomial By-1, = BT — B’ by putting the edges in
E(x~!) to B/~, the edges in E(w{rl) to BT, and so on. Let W and W~ be the
(multi)set so that

BT = 1_[ e and B = l_[ e.

ecW+ ecW~—
Then, by a way to make the binomial By-1_y,
wt o E(y)U ( U E(W,-)) ., W™ > <U E(wi)> U E(X).
i>0: even i:odd

Note that it is sufficient to show that for the first edge term e}l of w/, e;.l e Ut if and
only if e;.l € W. In the following, let ¢, be the first edge term of w (i.e., the first

edge term of y), and e}, be the last edge term of w. We note ¢, € E(y) C W.
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(Case 1) Suppose that x is nontrivial. Then, e, is the last edge term of x and x +y is
a balanced section of w. Thus,

T(ej,,v) = —1(ej;, V). “.1)

We also note that e;, € E(x) C U™. Then, where the second biconditional is from
“4.1),
/

€ celUt & t(ej,,v) =1(e

/

v e —tej, ) =1, v) & ¢ ewt.

J1

(Case 2) Suppose that x is trivial. Then, the first vertex term v of w is unbalanced, and
SO

t(ej,,v) = t(ej;, V). “4.2)

We also note that ej, € E(wp) C U *. Then, where the second biconditional is
from (4.2),

/ + _ / . _ / / +
e, eU" < r(ej*,v)_—r(ejl,v) & r(ejl,v)_—t(ej],v) < € e W

m}

5 Proofs of the main results
5.1 Proof of Theorem 3.1

Proof of Theorem 3.1 The following is directly derived from Lemma 4.3.

Claim 5.1 For an even-signed closed walk w in a signed graph, if By is primitive, then
w has no proper nontrivial section that is an even-signed closed walk.

Let w : vjej,v;, ---vj, e v;, be an even-signed closed walk in a signed graph
(G, 7). First, we show the ‘only if” part. Suppose that By is primitive in /(g ). Note
that (ii) holds by Claim 5.1, and so we will show (i).

Claim 5.2 Let w = wo + W1 + W2 + W3 be a nontrivial section decomposition of W.
Then, at least one of wo + w1 and w1 + Wy is not a closed walk.

Proof Suppose to contrary that each of wy + w; and w; + w» is a closed walk. First,
we will show that both w3 4+ wg and w3 + Wl_l are odd-signed closed walks in (G, 7).
Let v be the first vertex term of wg and u be the first vertex term of wq. Then, w3 is
a (u, v)-walk, and each of wg and wl_l is a (v, u)-walk. Hence, both w3 + wg and
w3+ Wl_l are closed walks. Then, w3 + wy is clearly a proper closed section of w, and
so it is odd-signed by Claim 5.1. In a closed walk w* = wl_1 + wO_1 + w2 + w3, note
that w3 + wfl is a proper closed section. By Lemma 4.6, w* is also an even closed
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walk such that By = B+, and so By is also primitive. It follows from Claim 5.1 that
w3 + wfl is odd-signed in (G, 7). Then,

(Wo +w1) = u(wo + (W)™ = u(ws + wo(ws +wihy =1,

where the second equality is from Lemma 4.2 and the last one is from the fact that
both w3 + wg and w3 + Wfl are odd-signed. Hence, wg 4 wy is a proper even-signed
closed section of w, a contradiction to Claim 5.1. O

Claim 5.3 Let v be a vertex repeated in w. Then, v is repeated exactly twice in w and
is a cut vertex of [W] such that [w] — v has exactly two connected components and
each block of [w] is a cycle of length at least two.

Proof We may assume that the first vertex term is v. First, we claim that there is no
vertex repeated more than twice. Suppose thatthere are k and £ suchthat 1 <k < £ <r
and v = v;, = v;,. Let w = wo + w| + wp where each w; is a nontrivial closed walk
whose first vertex term is v. Then, w(wo)u(wi)(wz) = w(w) = 1 by Lemma 4.1,
which implies that at least one of wg, w, and w» is an even-signed closed walk in
(G, 1), and say wq. This contradicts to Claim 5.1. Hence, v is repeated twice and so
we let w = wgo + w; where w, is a nontrivial closed walk whose first vertex term is v.

By Claim 5.2, every internal vertex term u of wg is not appeared in wj at all. Hence
v is a cut vertex of [w]. Moreover, since v is repeated twice, [w] — v has exactly two
connected components and every block of [w] containing v contains exactly two edges
incident to v. Thus, each block is a cycle. O

By Claim 5.3, it is clear that every vertex belongs to at most two blocks, which
implies ().

We show the ‘if” part. Suppose that an even-signed closed walk w in (G, t) satisfies
(i) and (ii).

Claim 5.4 For each edge e € E(W), e divides exactly one of By, and By,.

Proof Suppose to contrary that an edge e € E(w) divides both By and By, . Then, e is
repeated in w and so e is on a cycle of length two in [w] by (i). Moreover, w has at least
two balanced sections, and let wo + - - - + W1 be a balanced section decomposition
of w. Then, we may assume that both wo and wy;_; contain e for some i € [k]. Then,
there are section decompositions wo = Xo + yo and wp;_1 = Xp;_1 + y2;—1 such that
the first edge term of yo and the last edge term of x»; 1 are e. Consider the section
w’ of w so that the first and the last edge terms are e. Then, by the structure of [w]
from (i) and (ii), w’ is a closed walk and W = yo +Wj + --- +Wp; 7 + Xp;_1 is a
balanced section decomposition (W1 + - - - + Wo;_5 is dropped if i = 1). Hence, W’ is
an even-signed closed section of w, a contradiction to (ii). O

Let A = A(G, 7). By Claim 5.4, from the same way in (the proof of) Observation 2.11,
we can find an integer vector b = (b.).cE(G) such that eb" b = By and G, = [w]
(G, is the multigraph in Proposition 2.13). Suppose to contrary that By is not primitive.
Then, there is a binomial e — ¢ in I(G,7) (for some ¢ = (c)ecE(G), Other than b)
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such that e |®[b+, et |e[b+. It also holds Ac = 0. By Proposition 2.13, each connected
component of G¢ has an even-signed Eulerian. Now consider two multigraphs G, and
G¢. Note that G is a proper subgraph of G,. By the condition (i) on Gy,, each block
B of Gy, is a cycle and so each block of G is also a block of G,. Thus, G¢ is made
by taking some blocks of Gy.

Let d = (de)ecE(G) be a vector such that d, = b, — ¢, for every edge e. By
definition,

bt b~
ed = ZF and e = Z?,

and Gy is the graph obtained from Gy, by deleting the edges of blocks of G¢. Take a
nontrivial connected component D of G4. Since Ad = 0, by Proposition 2.13, D has
an even-signed Eulerian wp. However, wp is a nontrivial section of w, which is an
even-signed closed walk in (G, 7). This is a contradiction to (ii). O

5.2 Proof of Theorem 3.9

We often use the fact that a graph in G°iS satisfies all statements in Theorem 2.5, since

gcis cC gci_

Proof of Theorem 3.9 We show the ‘only if” part first. Suppose to contrary that G is a
2-connected graph in G°s none of (G1)-(G5) in Theorem 3.9. Since G5 C G¢ie, by
Theorem 2.7(i) and Observation 3.8 it follows that G is constructed by clique sums
of cycles. Note that since G is 2-connected, 1-clique sum cannot be done to make G.
Thus, G is constructed by 2-clique sums of cycles. By Corollary 3.7, every induced
subgraph which is constructed by 2-clique sums of cycles belongs to GS. Not to be
(G1) or (G2), G is constructed by clique sums of at least three cycles.

Claim 5.5 For each edge e, there are at most two induced cycles containing e.

Proof of Claim 5.5 Suppose that there are three induced cycles V', C® and C®
of G, containing the edge e. Let H = G[V(CY) U V(C®) U v(C®)]. Since H
is constructed by 2-clique sums of cycles, H € G* by Corollary 3.7. Moreover,
all vertices of H except the endpoints of e have degree two in the graph H. By
Proposition 3.11(i), by contracting ears of H, we obtain a graph H* € G5, which is
a 2-clique sum of three triangles at one edge. But H* contains K> 3, a contradiction
to Theorem 2.5(ii).

Claim 5.6 An induced cycle of G shares an edge with at most two induced cycles.

Proof For an induced cycle C of G, suppose that there are three induced cycles C1,
C@, O of G, each of which shares an edge with C. Then, for each i € [3] there
is a unique edge ¢; which belongs to both C and C®. By Claim 5.5, e, €3, e3 are
distinct. Now let H = G[V(C)uV(CD)uv(CP)uV(C)],and then H € G by
Corollary 3.7. In addition, all vertices of H, except the endpoints of ¢;’s, have degree
two in the graph H. By Proposition 3.11(i), by contracting ears of H, we obtain a graph
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C(i+1)

Gl GZ
Fig. 11 Some graphs not in G

H* € G°S. Note that H* is 2-connected with three triangles. By Theorem 2.5(iii) and
(iv), it follows that H* must be the graph Gy in Fig. 9. By Example 3.12, Gy ¢ G“
and so Gy ¢ G°'%, a contradiction. O

By Claims 5.5 and 5.6 , there are induced cycles cH, c® ... cm (for some
m > 3) such that G is constructed by 2-clique sums of those m cycles, where for each
i € [m—1],C® and CE*D share an edge e;. Note that ey, . . ., e,,_| are distinct. For
eachi € [m—2]and ¢ € {2,...,m—i+1},let H’ = G[V(CD)UV(Ci+D)u. ..U
V(CU+t=D)]. Note that H" € G5 by Corollary 3.7. In addition, Proposition 3.11(i)
says that by contracting two ears of Héi) lying on the cycles C® and CUH¢=D | we
obtain a graph Fe(i) in G5, In Fe(i), the cycles corresponding to C) and CU*+¢=D are
triangles.

Claim5.7 Leti € [m — 2]. Then, C¢*V has length at most four. Moreover; if C,
CU*Y and CU*? share a vertex v, then CU*Y is a triangle and there is no more
induced cycle containing v.

Proof We firstly show the ‘moreover’ part. Suppose that C), C+D and C*2) share
avertex v. If C*D is not a triangle, then by contracting ears of F3(') properly, we can
obtain G in Fig. 11, and note that G; ¢ G by Theorem 2.5(iii). Hence, C¢*1 is a
triangle.

Suppose that there is another induced cycle C/) containing the vertex v. Since
G is 2-connected, we may assume that j = i 4+ 3. By the above argument, both
CU*D and CU*? are triangles. Then, Ff) has four triangles and so IV(Ff))I =6
and |E (Ff))| = 9. By deleting the vertex v, it becomes a bipartite graph, and so
Y b(F\” — x) > 1. Applying Theorem 2.5(i), we have 2|E(F")| < 3|V(F\")|, a
contradiction.

It remains to show that C“+1) has length at most 4. Suppose that C“*1 has length
at least 5. Then, by the previous argument, C®, C+D and C*? do not share one
common vertex. By contracting ears of F3(’) properly, we obtain G, in Fig. 11. By
Theorem 2.5(iv), G, ¢ G, a contradiction. O

Suppose that C® is a cycle of at least length 4. By Claim 5.7, C® has length 4.
By the moreover part of Claim 5.7, C() and C® do not share a vertex. Not to be
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(G1) (G2) (G3)

Fig. 12 Graphs (G1')-(G5')

[w1] [w] [ws] [wa] [ws]

Fig. 13 All possible primitive walks in (G, T) when G is (G3')

(G4) (G5')

(G4), m > 4, and so consider F, i]). Then, the triangles corresponding to C) and C¥
in F, il) are disjoint by Claim 5.7. Then, there are no two disjoint edges connecting
those two triangles, which is a contradiction to Theorem 2.5(iv). Suppose that C @ s
a triangle. By Claim 5.7, not to be (G5), m > 5. Consider Fs(l) and then there are no

two disjoint edges connecting two triangles corresponding to C" and C® in Fs(l), a
contradiction to Theorem 2.5(iv).

Now we prove the ‘if” part of Theorem 3.9. By Proposition 3.11(ii), if (Gi') is in
G then (Gi) is in G'S, where (G1')-(G5') are shown in Fig. 12. Let G be one of
(G1)-(G5'), and 7 be its sign.

(G1) and (G2') It is trivial that the graph (G1') is in G'%, since either I 1) = {0}
and the triangle w is odd-signed in (G, 1), or /(G ;) = (Bw) and w is even-signed in
(G, 7). Suppose that G is (G2'). Let w and w’ be two triangles of G. If one of w and
w’ is even-signed in (G, 1), then (¢, 1) is a complete intersection by Proposition 3.6.
Suppose that w and w’ are odd-signed in (G, 7). Then, (G, ) has only one primitive
walk, by Theorem 3.1, which is the cycle w” of length four. Thus, /(G .r) = (Bw),
and so /() is a complete intersection.

(G3’) Suppose that G is (G3'). If one of triangles having a vertex of degree two is
even-signed in (G, 1), then /(g ¢) is a complete intersection by Proposition 3.6, since
we already show that the graph in (G2') is in G’*. Hence, suppose that both triangles
having a vertex of degree two are odd-signed in (G, 7). We will find 2(= r(G, 1))
binomials which generate /(G 7).

By Theorem 3.1, the set of primitive walks is a subset of {wy, ..., ws}, where

Wi, ..., Ws are the closed walks in Fig. 13. If the triangle w; is even-signed in (G, ),
then G has only three primitive walks wi, w, and w3, and By, € (Bw,, Bw,) by
Corollary 4.5. If wj is odd-signed in (G, t), then G has only three primitive walks
w3, Wy and s, and By, € (Bw,, Bws) by Corollary 4.5.
(G4) Suppose that G is (G4'). Similar to previous case, by Proposition 3.6, we may
assume that two triangles are odd-signed in (G, t). Then, we will find 2(= r (G, 1))
binomials which generate /(g ;). Note that the six walks defined as Fig. 14 are all
possible primitive walks.

If w; is even-signed in (G, 1), then (G, t) has only four primitive walks wyi, wo,
w3 and Wy, and By, Bw, € (Bw,, Bw,) by Corollary 4.5. If w; is odd-signed in
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[w] [ws] [wa) [ws]

[We)

[w1]

Fig. 14 All possible primitive walks in (G, t) when G is (G4')

ol Al el

[x1]

Fig. 15 Five closed walks in G when G is (G5’), where x| ~ X3 are even-signed in (G, 7)

wu(a), u(b) l Primitive walks wi ~ wg

Vo e <

[wa] ws)| [we)

n(a) = p(b) =1
wil wa]

A

[wi) wi] [we)

[ws] [wi] ws) [ws]

Fig. 16 Six primitive walks when G is (G5')

(G, 7), then (G, 7) has only four primitive walks w3, w4, ws and we, and By,, By, €
(Bws. Bwg) by Corollary 4.5.

(GY5’) Suppose that G is (G5'). Similar to previous case, by Proposition 3.6, we may
assume that two triangles having a vertex of degree two are odd-signed in (G, ). We
will find 3(= (G, 7)) binomials which generate /(g,;). Consider closed walks a, b,
X1, X2, and x3, defined as Fig. 15.

We consider cases according to p(a) and w(b), and then, in each case we will
define six walks w; ~ wg as Fig. 16.* Then, (G, t) has only 9 primitive walks, w,
..., Wg, X1, X2, and X3, and then By, , By,, Bw, generate /(G ), since it follows from
Corollary 4.5 that

By, € (Bw,, Bw,), Bws € (Bw,, Bw;), Bws € (Bw,, Bw;).
By, Bx, € (Bw;, Bw,), Bx; € (Bw,. Bwg)-

4 The case where u(a) = 1 and p(b) = —1 is similar to the second case of Fig. 16.
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G1 Gz Gg G4

G 5 G() G7 G8

Fig. 17 Eight graphs G| ~ Gg whose toric ideals are not complete intersections

5.3 Proof of Theorem 3.10

First, we note thateachof G| ~ GginFig. 17 does notbelong to G by Algorithm 2.4.
Therefore, those eight graphs are not in G*.

Proof of Theorem 3.10 1t is sufficient to consider only connected graphs. We first show
the ‘only if” part. Suppose that G is a connected graph in G*. For a nonedge block
F of G, F is one of (G1)-(G5) by Proposition 3.5 and Theorem 3.9. If G has at most
one nonedge block, then (i) or (ii) holds. Now suppose that G has at least two nonedge
blocks.

Claim 5.8 Suppose that Fy and F, are two nonedge blocks of G such that F| is not
(G1). Let p be a shortest path from a vertex of Fi to a vertex of Fp, and C®) an induced
cycle of F; having a vertex of p. Then, Fy is (G2), the cycle CV is a triangle, and
degFl (v1) = 2, where vi = V(F1) NV (p).

Proof Since F) is not (G1), we can take another induced cycle C ©) of Fy which shares
an edge with CV. Let H = G[V(C@)u v(cD)u v(C?) U V(p)]. Note that H
is in GS by Corollary 3.7. Using Proposition 3.11(i), by contracting ears, we obtain
a graph H* in G°*. Let Cf) and p* be the cycle and the path of H* corresponding
to C¥) and p, respectively. Note that p* is a path of length at most one. Since the
graphs G| and G, in Fig. 17 are not in G, it follows that vy has degree two in
H V() uv(C)l.

From the fact that the graphs G3 and G4 in Fig. 17 are not in G, together with
Proposition 3.11(i), the cycle C!) must be a triangle. Similarly, from the fact that the

5 For the graph G3, [2, Example 4.10], it was shown that the toric ideal /5 is not a complete intersection
by using the algorithm. Fix G; for some in i € {1,2,4,5,6,7,8}. Since G; is not bipartite, we need at
least |[E(G;)| — |V (G;)| nontrivial binomials to generate the ideal I, . Let v be a vertex of degree two on
the block isomorphic to K3. Note that b(G; — v) = b(G;) = 0, and let us apply Algorithm 2.4 starting
from the vertex v. If i = 4, then there is no such closed walk w of even length with V(w) = W and so
the algorithm returns FALSE. Otherwise, the binomial associated with any shortest closed walk w of even
length with V(w) = W is trivial. In the remaining process, we consider the graph Gl’. = G; — v, which is
not bipartite. Since |E(G;)| —IV(G;)I = |E(G))|—|V(G;)|—1,atmost |[E(G;)|—|V(G;)| — 1 nontrivial
binomials are obtained through the algorithm, and those cannot generate /g, . Consequently, the algorithm
returns FALSE.
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> <P<] <D<

(1) (112) (H3)
(H1") (H2) (H3)

Fig. 18 Graphs (H1)-(H3) and (H1")-(H3')

graphs Gs, Gg, G7, and Gg in Fig. 17 are not in G'*, it follows that F must be (G2),
and therefore, deg £ (v1) = 2. O

By Claim 5.8, itis sufficient to show that G has at most two nonedge blocks. Suppose
to contrary that G has three nonedge blocks Fi, F>, F3. Without loss of generality, we
may assume that the distance between F7 and F; is maximum among the distances
between two of F, F> and F3. Let p be a shortest path between F| and F. For each
i €{l,2}, wetake an induced cycle C O of F; having a vertex of p. Let H be a smallest
induced connected subgraph of G containing V (C Myy V(C @yu V(p)UV (F3).Note
that H € G5 by Corollary 3.7. In addition, there is a vertex w; such that deg gwi) =2
andw; € C) foreachi = 1, 2. By Proposition 3.11(ii), by subdividing edges incident
to w1 and w, properly so that C() and C® become cycles of odd length, we can obtain
a new graph H’' in G with two nonbipartite blocks. If F3 is not bipartite, then H’
has three nonbipartite blocks, and so H' ¢ g by Theorem 2.5(v), a contradiction.
Thus, F3 is bipartite. Then, we can find a vertex w3 € F3 with degy, (w3) = 2 and let
H'" be the graph obtained from H' by subdividing an edge incident to w3 once. Then,
H" has three nonbipartite blocks and so H' ¢ G/ by Theorem 2.5(v). On the other
hand, H' € G°'S by Proposition 3.11(ii), and we reach a contradiction.

Now we show the ‘only if* part. Note that for every sign t of G, any primitive
walk in (G, 7) does not contain a pendent edge e by Theorem 3.1. Thus, each graph
satisfying (i) or (ii) is in G/* by Theorem 3.9. Consider graphs satisfying (iii). Together
with Proposition 3.11(ii), it is sufficient to show that each of the six graphs (H1)-(H3)
and (H1')-(H3') in Fig. 18 is in G'S. We consider (H1)-(H3) first. Let G be one of
(H1)-(H3), and 7 be its sign.

(H1) Suppose that G is (H1). Let w and w’ be two triangles in G. By Proposition 3.6,
it is sufficient to suppose that each of w and w’ is odd-signed in (G, ). Then, there
is only one primitive walk w + w’ and r (G, t) = 1, which implies that (G, 7) is a
complete intersection.

(H2) Suppose that G is (H2). Let a be the triangle without a vertex of degree two.
Since we already show that (G2') in Fig. 12 and (H1) are in G, by Proposition 3.6,
we may assume that the two triangles other than a are odd-signed in (G, 7). We will
find 2(= r(G, 7)) binomials which generate /(G ;). By Theorem 3.1, the six walks
defined as Fig. 19 are all possible primitive walks.

If ais even-signed in (G, 7), then (G, t) has only four primitive walks wy, wa, w3,
and wy, and By, By, € (Bw,, Bw,) by Corollary 4.5. If ais odd-signed in (G, 7), then
(G, 1) has only four primitive walks w3, w4, Ws, and We, and By, Bw, € (Bws. Bwg)
by Corollary 4.5.
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[wi] [w] [w3] [wi] [ws] [w]

Fig. 19 All possible primitive walks in (G, t) when G is (H2)

> <1+ P4

[b]

W%W

Fig.20 Six closed walks in G when G is (H3), where x| ~ X4 are even-signed in (G, 7)

(H3) Suppose that G is (H3). Since we already show that (H2) is in G’*, by Propo-
sition 3.6, we may assume that both triangles having a vertex of degree two are
odd-signed in (G, t). Then, we will find 3(= r(G, t)) binomials which generate
I(G,7). Consider six walks a, b, x| ~ x4 defined as Fig. 20.

Now we divide cases according to w(a) and u(b). In each case, we define eight
walks w; ~ wg as Fig. 21.% Then, (G, t) has only 12 primitive walks, wy, ..., wg,
X1,..., X4, and then By, , By,, Bw, generate I(G,¢), since it follows from Corollary 4.5
that

By, € (Bw,. Bw,)., Bws. Bws € (Bw,. Bw;), Buw;, Bws € (Bw,, By,
By,, Bx, € (Bw,, Bws), Bx;. Bx, € (Bw,. Bws).

Let (G, 1) and (G, ') be such that G is (Hi), G’ is (Hi") (i € {1, 2, 3}), and the
sign coincides on a cycle. Then, r(G, ) = r(G’, ') and the primitive walks are al_so
corresponding. Similar to the argument of (Hi), we can conclude that (Hi’) is in G5,

O

6 The case where u(@) = —1 and p(b) = 1 is similar to the second case of Fig. 21.
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a), u(b) ‘ Primitive walks wq ~ wg
ula) = p(b) = 1 I | <]
IWL IW W1

I> <><><II><>

<> <>I><I<><>

[wi] [ws] [wi]

Fig. 21 Eight primitive walks when G is (H3)
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Appendix
Proof of Propositions 2.13

Proof of Proposition 2.13 Recall the definition of a signed multigraph (Gp,, 11,), that
is, Gp, is induced by |b,| copies of e for every edge e, and 11, (e, v) = 7(¢/, v) ifeisa
copy of ¢’ € E(G). For simplicity, we let H = Gy.

Let E;f(v) (resp. E;}f (v)) be the (multi)set of edges e of H incident to v with
b, > 0and 1 (e, v) = 1 (resp. (e, v) = —1). Similarly, let EI_{+(v) (resp. E (v))
be the (multi)set of edges e of H incident to v if b, < 0 and t(e, v) = 1 (resp.
(e, v) = —1). Note that deg; (v) = |E; " ()| +|E~ W +1Ef~ I +ER" ()],
where the size |M| of a multiset M counts multiplicity.
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Claim A.1 For every vertex v of G,
Ex )+ ER~ ) = [Ef~ W+ E5" ).
Proof of Claim A.1 Let v be a vertex in H. The entry of Ab corresponding to v is

ZEGEG(U) b.t (e, v) = 0, where Eg(v) denotes the set of all edges of G incident to v.
Note that

Y betev)=0 & Y b= Y b,

ecEg(v) ecEg(v) ecEg(v)
T(e,v)=1 T(e,v)=—1
and by definition,
Y be=IEfT ) - IEZT ), Y be=IEf ) - Ef )]
ecEg(v) ecEg(v)
T(e,v)=1 T(e,v)=—1

Thus, |Ef; " (v)| — |[E; T (v)| = |Ej;” (v)| — |E;~ (v)], and so the claim holds. O

For simplicity, let
Ef,(v)=E}T(v)UE, (v), E;(v)=E} (WUEL (v).

Take any edge e;, € E(H) from a nontrivial connected component D of H, say v;,
and v;, are the endpoints, and let w be the walk v;, e, v;,. Without loss of generality,
we may assume e, € E;rl (vi,) (other cases are similar). By Claim A.1, we can take
an edge ej, € E(v;,), say the endpoint of ej, other than v;, is vj;, and then we have
a walk wy : v; e}, v;,e,v;; so that two edge terms incident to v;, belong to Eﬁ(viz)
and E (v;,), respectively. We choose a walk repeatedly by a same way. To be precise,
suppose that a walk wy : v;, e, v;, - - - v;,ej,V;,, is selected. Then, repeat the following
process (§) until no more edge can be selected.

) Ifej, € E;;(viul), then we choose an edge ¢j,,, € Eg(vi,,) — {ej,...,ej}
(as long as it is not empty), and if ¢;, € E,(v;,,), then we choose an edge
€jy € Ef(vi,,,) —{ejy, ..., ej} (as long as it is not empty), and then let v;,,,

be the other endpoint of e, , and set Wey1 : Vi€, Viy -+ - Vi€, Vip 1 € oy Vig,s-

Let wp be the walk lastly obtained. Since every edge of D is selected at most once at
each step in the process, the length of wp is bounded by the number of edges in D.
We choose such wp as long as possible (maximizing its length).

Claim A.2 For each connected component D of H, the walk wp is an Eulerian of D
and it is an even-signed closed walk in (G, 7).

Proof For simplicity, we denote wp by w, and let w : v, e, - --ej,v;,,,. Without
loss of generality, we assume that e;, € E;;(vi, +1)- First, we show that w is closed.
Suppose that v;; # v;,.,.Let I be the set of indices £ for the vertices v;, of w such that
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v, = Vj,,,.Clearly,t +1 € I and 1 ¢ I. By the way of choosing the walk, for each
€eI\{t+1},oneofej, , andej, counts 1 of one of the sets E}, (v;,) and E 5, (v;,),
and the other edge counts 1 of the other set. Hence,

|Ef; i) Nejs o nej 3 = 1Eq i) Nejys . ej
Since ¢j, € E;(vim), by Claim A.1, it follows that E; (v;,,,) — {ej;,....e;} # 0.
Thus, we reach a contradiction that w; is a longest one. Thus, v;; = v;,_,, which means

w is a closed walk.

Suppose that there is an edge of D not covered by the closed walk w. Let D’ be
the graph obtained from D be deleting the edges of [w]. Then, by the choice of w, it
follows that

Yv e V(D), |Ej@)=IE,®W)I.

By taking a nontrivial connected component of D', we can proceed the same argument
in (§) to obtain a closed walk w’. Since both w and w’ are closed, we may assume
that both walks start at the vertex v;,. Then, the closed walk w + w’ is a longer closed
walk which can be obtained from the procedure (§), a contradiction. Hence, w is an
Eulerian of D.

It remains to show that w is an even-signed closed walk in (G, 7). From the def-
inition, it is clear that w is a closed walk in G, and so it is sufficient to show that w
has an even number of unbalanced vertex terms. Note that if the £th vertex term v;, is
unbalanced, then for the three consecutive terms e, _, v;, e, of w, one of the four holds:
(Dej, , € Eff (v andej, € E;"(vi,); 2 ej, € Ef (vi,) andej, , € Et(vy,);
3)ej,_, € Ey (vi,) andej, € Eg (viy); 4)ej, € Ey (vi,) and ej, | € EHi(Uil).
Then, the number of unbalanced vertex terms of w is

> (e @i ol + By @i-Egtol) = X 2|iEf - g ol
veV (D) veV (D)
where the equality is from Claim A.1. Hence, w is even-signed. O

By Claim A.2, we consider a walk wp : v; e v, - - - v;,ej,v;,,, and its associated
binomial By, for a fixed connected component D of H. To complete the proof, it is
sufficient to show that

+ - _
e = H By . and e? = l_[ By, -
D: connected D: connected
component of H component of H
Claim A.3 For any ¢ € [t], beje_u bej/ < 0 if and only if the Lth vertex term v;, is

unbalanced.

Proof of Claim A.3 Without loss of generality, we may assume that bejg > (. First, we
> 0.Then,ej, , € E};~ (v;,)UE ] (v;,). More precisely, ife;, | €

E} (v;,) thenej, € Ef;"(v;,), and ifej,_, € E};*(v;,) thenej, € E};” (v;,). Thus,

suppose that b, i
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T(€ej,_,» Vi,)T(e},, vi,) = —1, which implies that the vertex term v;, is not unbalanced.
On the other hand, if we suppose that bm_1 <0, thenej,_, € E;ﬁ(vie) UEL (viy).
More precisely, if ¢j, , € E;; (v;,) thenej, € Ef(v;,), and if ej, | € Ey~ (v;,)
then ej, € E};”(v;,). Thus, t(ej, ,,v;,)T(ej,, v;,) = 1, which implies that v;, is
unbalanced.

Take any edge e of H. We assume that b, > 0, and the other case is similar. Let
D be the connected component of H containing the edge e. We will show that the
power of e in B} ,, 1s equal to be. If there is no unbalanced vertex term in wp, then
By, = B;;D — 1 and so clearly it holds. Suppose that wp has an unbalanced vertex
term. Then, let wp = wo + - - - + Wo,_1 be a balanced section decomposition of wp
so that the first edge term e, is in wo if b"jl > 0 and ej, is in wy if bgjl < 0. By
Claim A.3, for every edge term ¢, of wp, ¢}, is in some (2s)th section if be_/é > 0,
and e, is in some (2s + 1)th section if be;, < 0, which completes the proof. O

Proof of Proposition 3.3

Lemma A.4 For an odd-signed closed walk w, [W] contains a cycle of G, which is
odd-signed in (G, 7).

Proof We show it by the induction on the length of the walk. If it has length at most
three, then it is trivial. Suppose that the lemma holds for any odd-signed walk of
length less than £ (¢ > 3). Let w be an odd-signed walk of length (£ + 1). If there is no
repeated vertex in w, then [w] is a cycle. Suppose that there is a repeated vertex in w. If
v is repeated in w, then we let w = wq + w so that each w; is a closed nontrivial walk
with first vertex term v, and then we have —1 = pu(w) = pu(wo)u(wy) by Lemma4.1,
which implies that one of wy and w is an odd-signed closed walk, say wg. Since wy
is a proper subwalk of w, by the induction hypothesis, [wg] contains a cycle which is
odd-signed in (G, t) and so [w] does. O

Proof of Proposition 3.3 Let A = A(G, t) and A(e) be the column of A corresponding
to an edge e. Take a spanning tree T of G. Then clearly, the submatrix obtained by
the columns corresponding the edges of 7" has the rank |V (G)| — 1. Thus, rank(A) >
IV(G)| - 1.

Suppose to contrary that (G, t) contains no odd-signed closed walk and there are
|V (G)| linearly independent columns. Let A’ be the submatrix inducted by those
columns. Then, the subgraph of G induced by the edges corresponding to the columns
of A’ has |V(G)| edges and so it contains a cycle C. By the assumption that (G, 1)
has no odd-signed cycle, C is an even-signed cycle and we let C have a balanced
section decomposmon wo + - - - + w,.. Without loss of generality, we assume that w; :
viet vl €4, Vg, 11 foreach . Ifr = 0, thenitiseasy toseethat ), ) Ale) = 0,2
contradlctlon to the fact that {A(e) | e € E(C)}are hnearly 1ndependent Suppose that
r > 0.Then, each v} is unbalanced. Since v}, | = vj" Lrel, v mr1) = Tl L yith),
Then, it follows that

> DY A =o.
i=0 j=1
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(i) Vi1 (i) Vi

o* B Vi1 o*
. t— . i
v oty u(p) = (~1)F
+¥\’ /RN / . I T &\‘ /A
- N é \ N :
U1 Vo Y vo@ € N vy N U1 Vo

(G.7) (G/p,7) (G/a,7) (G.7)

Fig.22 An illustration for the proof of Proposition 3.11

This is a contradiction to the fact that {A(e) | e € E(C)} are linearly independent.

Suppose that (G, t) contains an odd-signed closed walk w, and then (G, t) contains
an odd-signed cycle C by Lemma A.4. We take a unicyclic spanning subgraph H of
G, containing the cycle C. Let A’ be the submatrix of A induced by the columns
corresponding to the edges of H. Note that A" is an |V (G)| x |V (G)| matrix and
Al Ap

0 Ap
matrices, the rows and the columns corresponding to A1 are the vertices and the edges
of the cycle C, and Ay, is a upper triangular matrix without zero diagonal element.
Since det(A”) = det(A;;) det(Ayy) and det(Ayy) # 0, it is sufficient to show that the
columns of the submatrix A are linearly independent.

Let C : viejvy...vre-v1. Suppose that Zle c;A(e;) = O for some constant
c;. Since the entry of Z;zl ciA(e;) corresponding to a vertex v; (j € [r]) is
equal to cj_17(ej—1,vj) + cjT(ej, v;), where the indices are modulo r, we have
cj—1t(ej_1,vj) +cjt(ej,vj) = 0.1If a vertex term v; of C is not unbalanced then

by permuting lines, we may assume that A’ = where A;;’s are square

cj—1 = cj, and if a vertex term v; is unbalanced then c;_1 = —c;. Since C has an
odd number of unbalanced vertex terms, then it follows thatci = ¢y = --- = ¢, = 0.
O

Proof of Proposition 3.11

Proof of Proposition 3.11 Note that G/p or G/q in the cases is a simple graph. For
every sign 7 of G, every primitive walk w in (G, 7) containing an edge of the path
p contains all edges of p by Theorem 3.1. In the following, let G* be G/p or G/q
(according to the cases), and let e* be its newly added edge. To show (i), suppose that
G € G5, Take a sign * of G*, and define a sign T of G as follows, and see Fig. 22.

(e, y) ife€ E(G)\ E(p),
T¥(e*, vo) if (e, y) = (vovi, vo),
T(e, y) = (e, v) if (e, y) = (vr—1vr, V),
1 if (e, y) = (vjvi41, v;) for some i € [t — 1],
—1 if (e, y) = (vi—1v;, v;) forsome i € [t — 1].

@ Springer



Journal of Algebraic Combinatorics (2021) 53:1265-1298 1297

For a closed walk w, w is even-signed in (G, t) if and only if the walk w* obtained
from w by contracting the ear p is even-signed in (G*, t*). Thus, (G, ) = r(G*, t*)
and there are s primitive binomials of /(G ;) generating /(G 1) if and only if there are
s primitive binomials of I(G+ ;+) generating I(G+ ;). Therefore, G/p € GCIs since
G e gcis_

To show (ii), take a sign 7 of G. Consider the balanced section decomposition of p,
and let k be the number of balanced sections of p. Define a sign 7* of G* as follows,
and see Fig. 22.

(e, y) ife ¢ {e*, vi—1v},
T(vov, vo)  if (e, y) = (€%, vo),

(e, y) = 1 T(V—1vr, vp) if (e, y) = (v—1v7, V1),
1 if (e, y) = (e*, vi—1),
(—DF if (e, y) = (vi— 1, v-1).

For a closed walk w, w is even-signed in (G, t) if and only if the walk w* obtained
from w by contracting the ear q is even-signed in (G*, t*). Similar to the argument
of (i), we have G € G* since G/q € G*°. O
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