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Abstract

We generalize the concept of partial permutations of Ivanov and Kerov and introduce
k-partial permutations. This allows us to show that the structure coefficients of the
center of the wreath product S : S, algebra are polynomials in n with nonnegative
integer coefficients. We use a universal algebra Igo, which projects on the center
Z(C[Sk ¢ S,)) for each n. We show that Ié‘o is isomorphic to the algebra of shifted
symmetric functions on many alphabets.
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1 Introduction

For a positive integer n, we denote by S, the symmetric group on the set [n] :=
{1,2, ..., n}. The cycle type of a permutation w € S, is the partition of n obtained
from the lengths of the cycles in the decomposition of w as product of disjoint cycles.
It is well known that the conjugacy class of a permutation x € S, is the set of all
permutations y that have the same cycle type as x. The center of the symmetric group
algebra, usually denoted Z(C[S,]), is the algebra over C generated by the conjugacy
classes of the symmetric group S,. The family (C, ), is indexed by the partitions of n
and defined by
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C)L = Z(x)

where the sum runs over all the permutations w € S, with cycle type A being a linear
basis for Z(C[S,,]). The structure coefficients cf 5 are the nonnegative integers defined
by the following product in Z(C[S,])

CCi= Y 4G,

p partition of n

The basic way to compute these coefficients is to fix a permutation z of cycle type p
and count the pairs (x, y) such that x has cycle type A, y has cycle type § and xy = z.
This method was used by Katriel and Paldus in [4] to obtain the complete expression
for the product of the class of transpositions C, j.-2y with an arbitrary class Cs.
However, this method is not appropriate when we consider more complicated classes.
In [2], Farahat and Higman showed that the coefficients cf s are polynomials in n when
the partitions A, § and p are fixed partitions, completed with parts equal to 1 to get
partitions of n. By introducing partial permutations in [3], Ivanov and Kerov gave a
combinatorial proof to this result. They built a combinatorial algebra which projects
onto the center of the symmetric group algebra Z(C[S,]) for each n. They showed
that this algebra is isomorphic to the algebra of shifted symmetric functions.

In [10], we introduced a group of block permutations, denoted B',zn, which is
isomorphic to the wreath product S; @ §,. We showed that its conjugacy classes
can be indexed by families of partitions indexed by the partitions of k, and we
proved, using the general framework given in [9], that the structure coefficients
of Z ((C[B’,gn]) are polynomials in n under certain conditions. When k = 1, B}
is the symmetric group S, and if k = 2, B%n is the hyperoctahedral group
‘H,,. Thus, our outcome in [10] can be seen as a generalization of the result of
Farahat and Higman in [2] and our result in [9] giving a polynomiality property
for the structure coefficients of the center of the hyperoctahedral group alge-
bra.

In [11], Wang studied the centers of group algebras of wreath products G : S, for
any finite group G. He proved using the Farahat—Higman approach that the structure
constants are polynomials in n. The goal of this paper is to give a proof using the
Ivanov—Kerov approach to the polynomiality property of the structure coefficients
of Z ((C[B,'zn]). For this reason, we generalize the concept of partial permutations
introduced by Ivanov and Kerov in [3]. We define the term of k-partial permutations.
These are block permutations defined on appropriate sets. When k = 1, a 1-partial
permutation will be a partial permutation in the sense defined by Ivanov and Kerov.
Using k-partial permutations, we build a combinatorial algebra Z’go which projects
onto the center of the group B;ﬁn algebra for each n. We give two filtrations on I]go, and
we show that it is isomorphic to the algebra of shifted symmetric functions on g (k)
alphabets, where g (k) is the number of partitions of the integer k.

In light of Wang’s result in [11], it is natural to ask whether the Ivanov—Kerov
method can be applied to G @ S,;, for an arbitrary finite group G. Apparently, the
approach we consider in this paper for S can be carried out for any finite group
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G. However, some more effort may be needed, especially for Sect. 5. We will try to
address this challenge in another paper if possible.

The paper is organized as follows. In Sect. 2, we give necessary definitions of
partitions and we review the results concerning the conjugacy classes of the group B],;n
presented in [10]. Then, we introduce the notion of k-partial permutation in Sect. 3.
We study some actions of the group B,’jn on the set of k-partial permutations of n, and
we build our main tool the combinatorial algebra ZX which projects on Z((C[B,’jn])
for each n. Next, in Sect. 4, we prove our main result, Theorem 4.1, that gives a
polynomiality property in n for the structure coefficients of the algebra Z ((C[B,’zn]). In
addition, we give two filtrations on the algebra I’o‘o and we provide explicit expressions
for the structure coefficients in special cases of k = 1, k = 2 and k = 3. In the last
section, we show that the algebra I’go is isomorphic to the algebra A** of shifted
symmetric functions on g (k) alphabets.

2 Conjugacy classes of the wreath product of symmetric groups

In [10], we introduced the group B’,ﬁn and we showed that it is isomorphic to the wreath
product Sk 2 S, of the symmetric group Sk by the symmetric group S,. In this section,
we will review all necessary definitions and results concerning this group.

2.1 Partitions

A partition X is a weakly decreasing list of positive integers (A1, ..., A;) where A1 >
A2 > ... > X > 1. The A; are called the parts of A; the size of A, denoted by |A][, is
the sum of all of its parts. If |A| = n, we say that A is a partition of n and we write
A F n. The number of parts of A is denoted by /(1). We will also use the exponential
notation A = (1M 2m2(®) 3m3() -y where m; (1) is the number of parts equal
to i in the partition A. In case there is no confusion, we will omit A from m; (A) to
simplify our notation. If A = (1’”1()‘), 2m2() 3m3() (}‘)) is a partition of n,
then ) "_, im;(A) = n. We will dismiss ™™ from A when m; (A) = 0; for example,
we will write A = (12, 3, 62) instead of A = (12,29, 3,49, 59 62,79). If A and § are
two partitions, we define the union A U§ and subtraction A \§ (if exists) as the following
partitions:

AUS = (1m|()»)+m1(5) 2m2()»)+m2(5) 3m3()»)+m3(5) ).
A\S = (1A =mi®) pma(G)=ma®) 3m3G)=m3@) -y if (1) > m;(8) for any i.

A partition is called proper if it does not have any part equal to 1. The proper partition
associated with a partition A is the partition A := A\ (1”1 ®)) = (2m2®) 3ms®) -y,

If A is a partition of » < n, we can extend A to a partition of n by adding n — r parts
equal to one and the new partition of n will be denoted as A, :

L, =AU ",
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2.2 Conjugacy classes of the symmetric group S,

The cycle type of a permutation of S, is the partition of n obtained from the lengths
of the cycles that appear in its decomposition into a product of disjoint cycles. For
example, the permutation (2, 4, 1, 6)(3, 8, 10, 12)(5)(7,9, 11) of Si2 has cycle type
(1,3, 4%). In this paper, we will denote the cycle type of a permutation e by ct(w). It
is well known that two permutations of S, belong to the same conjugacy class if and
only if they have the same cycle type. Thus, the conjugacy classes of the symmetric
group S, can be indexed by partitions of n. If A = (1713 2m2() 3ms@) - pyma(d)y
is a partition of n, we will denote by C), the conjugacy class of S,, associated with X :

C; :={o € S,|ct(o) = A}
The reader should remark that we use regular font and boldface, in the notation for
conjugacy classes, to distinguish between a set and its formal sum of elements. The

cardinality of C}, is given by:

n!
|Col = —,
2

where

n
o= Dm0

r=1
2.3 Conjugacy classes of the group B’I:n

We recall the definition of the group Bllgn as given in [10]. If i and k are two positive
integers, we denote by py (i) the following set of size & :

(@) :={G — Dk+1,G — Dk+2,...,ik}.

The set pi (i) will be called a k-tuple. The group B,lin is the subgroup of Sk, formed
by permutations that send each set of the form py (i) to another with the same form:

Bf ={we S Y1 <r<n, 31 <r <nsuchthat w(pi(r)) = pr(r)}.
The order of the group Bllin is equal to
IBE | = (k!)"n!
In particular, B] is the symmetric group S, and B%n is the hyperoctahedral group
‘H,, on 2n elements. In fact, as shown in [10], B,fn is isomorphic to the wreath product

SkZSn.
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For a permutation w € B,’En and a partition p = (p1, ..., p;) of k, we will con-
struct the partition w (p) as follows. First decompose w as a product of disjoint cycles
Ci1,Ca, ..., C,. Consider the subcollection of cycles {C;;, Cj,, ..., C;;}, such that
C;, contains p; elements of a certain k-tuple py (i), C;, contains p, elements of the
same k-tuple py (i), etc. Now add the part m to w(p) if m is the number of k-tuples
that form the cycles {C;,, C,, ..., C;}.

Example 2.1 Consider the following permutation, written in two-line notation, @ of

3

Big
1 2 3 | 4 5 6 | 7 8 9 | 10 11 12 | 13 14 15 | 16 17 18
12 10 11 | 13 14 15 | 7 8 9 | 1 2 3 | 5 4 6 | 17 18 16

We put the sign | after each three elements to emphasize that we are working in the
case k = 3. The decomposition of w into a product of disjoint cycles is:

o= (1,12,3,11,2,10)(4, 13,5, 14)(6, 15)(7)(8)(9) (16, 17, 18).

The first cycle (1, 12,3, 11, 2, 10) contains all the elements of p3(1)l; thus, it con-
tributes to w (3). In it, there are two 3-tuples, namely p3(1) and p3(4). Thus, we should
add a part 2 to the partition w (3). In the same way, the cycle (16, 17, 18) will add a part
1 to w(3) to become the partition (2, 1). By looking at the cycles (4, 13, 5, 14)(6, 15),
we see that 4 and 5 belong to the same cycle while 6 belongs to the other; thus,
these cycles will contribute to (2, 1). Since these cycles are formed by the two 3-
tuples p3(2) and p3(5), we have w(2, 1) = (2). The remaining cycles (7)(8)(9) give
w(l,1,1) = ().

Definition 2.2 By a family of partitions, we will always mean a family of partitions
A = (A(X)), indexed by the partitions A of k. The size of A, denoted by |A[, is the
following sum:

Al =) IAM).

Ak
If |A| = n, we say that A is a family of partitions of n.

Definition 2.3 If w € B,’gn, define type(w) to be the following family of partitions

type(®) := (0 (0)) prk-

In [10], we showed the following two important results:

1. Letw € B],jn and p,, be the permutation of n defined by p, (i) = j whenever
o (pr(i)) = px(j). Then, we have:

J ) =ct(po) and ) o (o)l = n.

pEk pkk
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2. The conjugacy classes of the group B’gn are indexed by families of partitions of n,
and the associated conjugacy class for a given family of partitions A is:

Cp ={we Bl,zn such that type(w) = A}.

In addition,

n! (k)"

Crl =
[Cal Za

where

I(A (A
Zp = HZA(A)ZA( ( )).
A=k

3 The algebra of k-partial permutations

In [3], Ivanov and Kerov introduced a useful tool called partial permutation to give
a combinatorial proof to the polynomiality property of the center of the symmetric
group algebra obtained by Farahat and Higman in [2]. They showed that the algebra
of partial permutations that are invariant under some action of the symmetric group
is isomorphic to the algebra of shifted symmetric functions. In [10], we used the
general framework built in [9] to generalize the result of Farahat and Higman to
wreath products of symmetric groups. We proved the polynomiality property for the
structure coefficients of the center of the group B,]:n algebra. The goal of this section
is to generalize the concept of partial permutations in order to obtain a combinatorial
proof for this result.

3.1 k-partial permutations

The definition of the group B,’fn can be extended to any set formed by a disjoint union
of k-tuples as follows. Suppose we have a set d that is a disjoint union of some k-tuples

d =] pitan,
i=1

where a; is a positive integer for any 1 < i < r. We define the group BZ to be the
following group of permutations:

BYi={weS; |Vl <i<r3l<j<rwitho(p(a)) = pela,)},

where S; is the group of permutations of the set d. In other words, the group Bs
consists of permutations that permute the blocks of the set d.
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Definition 3.1 Let n be a nonnegative integer. A k-partial permutation of » is a pair
(d, w) where d C [kn] is a disjoint union of some k-tuples and w € Bs.

The concept of k-partial permutation can be seen as a generalization of the concept
of a partial permutation defined by Ivanov and Kerov in [3]. In fact, when k = 1, a
1-partial permutation is a partial permutation as defined in [3]. We will denote by P,’(‘n
the set of all k-partial permutations of n. It is clear that the cardinality of the set P,’(‘”
is

n

AEDYS C) ‘=" " | )Y,
r=0

r=0

where (n | r) :=n(n —1)---(n —r + 1) is the falling factorial.
Definition 3.2 If (d, w) is a k-partial permutation of n, we define:

1. supp(w) to be the support of w. That is the minimal union of k-tuples of d on
which o does not act like the identity.

2. w, to be the permutation of the set [kn] obtained from w by natural extension
(extension by identity).

Example 3.3 Consider the 3-partial permutation (d, w) of n = 6, where d = p3(1) U
p3(2) U p3(4) U p3(6) and

<123|
w =

45 6 | 10 11 12 | 16 17 18
12 10 11 | 4 5 6 :

| 16 18 17 | 1 2 3
We have supp(w) = p3(1) U p3(4) U p3(6) and

(1 2 3 | 45 6 | 78 9 | 10 11 12 | 13 14 15 | 16 17 18
= 12 10 11 | 4 5 6 8 9 | 16 18 17 | 13 14 15 | 1 2 3 )

The notion of type defined for the permutations of B],in can be extended to the
k-partial permutations of n. If (d, w) is a k-partial permutation of n, we define its
type A = (A(p))prk to be the type of the permutation w. For example, the cycle
decomposition of the 3-partial permutation given in the above example is

(1,12,17,2,10,16)(3, 11, 18)(4)(5)(6)
and its type is formed by w (2, 1) = (3) and w(1?) = (D).

. k k
3.2 Action of Bkn on the set ’Pkn

There is a natural product of k-partial permutations of n given in the following defi-
nition.
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Definition 3.4 If (d}, w;) and (d2, ) are two k-partial permutations of n, we define
their product as follows:

(di, w1)(da, w2) = (d1 Udp, wiw3),

where the composition wjw; is made after extending both w; and w; by identity to
di Ud,.

Itis clear that the set P,’(‘n equipped with the above product of k-partial permutations
is a semigroup. That is, the product is associative with identity element, the k-partial
permutation (¥, 1y), where 1y is the trivial permutation of the empty set. The group
B,lfn acts on the semigroup P,’fn by the following action:

o-(d,w) = (o), aa)afl),

for any o € B,’;n and (d, w) € P,fn. We will use the term conjugacy class to denote
an orbit of this action, and we will say that two elements of P,’jn are conjugate if they
belong to the same orbit. Two k-partial permutations (d, w1) and (da, w>) of n are in
the same conjugacy class if and only if there exists a permutation o € B,fn such that
(d2, ) = (6(dy), cwio™Y). Thatis |d;| = |d»| and type(wi) = type(wy). Thus, we
have the following proposition.

Proposition 3.5 The conjugacy classes of the action of the group B,]fn on the set P,fn of
k-partial permutations of n can be indexed by families A = (A(X)) -k with |A] <n
and for such a family, its associated conjugacy class is:

Cani=1{d,w) € P,fn such that |d| = k|A| and type(w) = A}.

We recall that a partition is called proper if it does not have any part equal to 1.
Definition 3.6 A family of partitions A is called proper if the partition A (1¥) is proper.

If A is a proper family of partitions with |[A| < n, we define A, to be the family
of partitions A except that A(5) is replaced by A% U (1" 1AD ) 1t is clear that
1A, | =n.

Consider now the following surjective homomorphism 1 that extends k-partial
permutations of n to elements of B],én :

v Py, = B,
d, 0)— w,,
where w,, is defined in Definition 3.2. Let A be a family of partitions with [A| < n
and fix a permutation x € Cp , where Cp  is the conjugacy class in Bllzn associated
with the family of partitions A,,. The inverse image of x by  is formed by all the
k-partial permutations (d, w) of n that satisfy the following two conditions:

d D supp(x) and w coincides with x on d.
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Since supp(w) consists of [A]| — m (A(1%)) k-tuples, there are

(n — Al +m1(A<1’<>>)
my(A(1%))

elements in 1/ ~! (x). All of these elements are in C A:n»and we recover all the elements
of Cp;, when x runs through all the elements of Cp . Thus, we get the following
proposition.

Proposition 3.7 If A is a family of partitions with |A| < n, then:

_(n— Al +mi(A(Y)
'CA;"'_< mi(A(1)) )'CA""

The action of the group Blkcn on the set P,’fn of k-partial permutations of n can be
extended linearly to an action of B],;n on the algebra C[P,ﬂ‘n]. The homomorphism
can also be extended by linearity to become a surjective homomorphism between the
algebras C[’P,’jn] and (C[B’,;n]. For any o € B,’gn and (d, w) € P,fn, we have:

Yo -(d,w) =Y(od)), R Ua)o_ln = O’Q”U_l =0 -w,=0- Y, ).

Let I,’fn be the sub-algebra of C[P,fn] generated by formal sums of the conjugacy
classes Cp.,, then we have 1//(I,’§n) = Z((C[B/,gn]), where Z((C[B/,gn]) is the center of
the group algebra (C[Bl,gn] and by Proposition 3.7,

n—|Al +m1(A(1k))>C

Crn) =
¥ (Can) ( my (A(15))

for any family of partitions A with |A| < n.

3.3 The algebra ZX

Let (C[Pé‘o] denote the algebra generated by all the k-partial permutations with a finite
support. Any element a € (C[Pé‘o] can be canonically written as follows:

o
a=Y"%" > aiu(d o), e
r=0 d ek
where the second sum runs through all the sets d that are unions of r k-tuples and

a4, € C for any (d, w). Denote by Proj, the natural projection homomorphism of
(C[?’é‘o] on (C[P,fn], thatisifa € (C[Pgo] is canonically written as in (1), then

Proj, (a) = ZZ Z aq,0(d, w),

r=0 d weph
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where the second sum is now taken over all the sets d C [kn] that are unions of r
k-tuples. The pair ((C[Pé‘o], Proj,,) is the projective limit of the family ((C[P]]({n])nzl
equipped with the morphisms Proj,,, : (C[’P,fn] — (C[P,’jm] defined on the basis
elements of (C[P,fn] by

. (d. o) ifd C [km]
Pro.]nm d, )= { 0 otherwise

whenever m < n.

Let B’go denote the infinite group of finite permutations permuting k-tuples. That
means that any x € B’go is a permutation that permutes only finitely many k-tuples,
i.e. it has a finite support. The action of B’,ﬁn on (C[P,’jn] can be generalized to an action
of B, on the algebra C[PX ]. In concordance with our notations, let us denote Z¥_ the
sub-algebra of all finite linear combinations of the orbits of this action. In other words,
I";o is generated by the elements C,, indexed by families of partitions and defined by

Cr= ) (d o),

(d, )

where the sum runs over all k-partial permutations (d, w) € Pgo such that d is a union
of |A| k-tuples and w has type A. It would be clear that Proj, (Cy) = Oif |A| > n
while if |A| < n,

Proj,(Ca) = Ca:n-

4 Structure coefficients of the center of B,’:n group algebra

In this section, we present our main result in Theorem 4.1, a polynomiality property in
n for the structure coefficients of the center of the B,’gn group algebra. To show it, we
describe the structure coefficients of the algebra I’o‘o and then apply the composition
of the morphisms ¥ o Proj,, defined in the previous section.

Let A and A be two proper families of partitions with |[A[, |A| < n. In the algebra
Z’go, we can write the product C5 Cx as a linear combination of the basis elements,
that is

CACp =) chaCr, 2)
r

where I' runs through some families of partitions and cll; A are nonnegative integers
independent of n. In what follows, there are arguments that show that CR A are nonneg-
ative integers. The reader may refer also to [7, Proposition 1.3] for a complete proof
about this fact. If we apply Proj,, to this equality, we get the following identity in Z,]{‘n :

r
CA;nCA;n = Z CAACF;n'
r
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Since A and A are proper, by applying v to this equality we obtain using Propo-
sition 3.7 the following identity in the center of the group B,’in algebra:

— T+ m(D(1%))
CoCh =5 (T <” | >C .
Bt ;C“ m (T (15)) =

The sum over all the families of partitions in the above equation can be turned into
a sum over all the proper families of partitions if we sum up all the partitions that give
Cr, . In fact, the only families of partitions which will contribute to the coefficient of
Cr, are the following

®" = (0"(p)), where O (1% = r(k) U (1") with 0
<r=<n—|lland ® (p) = T(p) if p # (1°).
It will be easy to verify that ®° is the only proper family of partitions among them

and that

_ r rok _ 0
07 =100+ r. m© (15) =r and (” 107+ m1 (71 ”):(” © ').

m (O (1%)) r

Thus, equivalently the above equation can be written as

L )
Ca,Ca, = Z( Z CAX_H( . ))Crn,
r r=0

where the sum now runs over all proper families of partitions. The sums over I" in the
above equations are finite. That means there is a finite number of partition families I"
appearing in each equation. To see this, one needs to understand what is the form of
the families of partitions I that may appear in Eq. (2).

For fixed three families of (not necessarily proper) partitions A, A and I', the
coefficient cll; A in Eq. (2) counts the number of pairs of k-partial permutations
((d1, ®1), (d2, w2)) € Cp x Cp such that

(di, @1) - (d2, 2) = (d, w)
where (d, w) € Cr is a fixed k-partial permutation from a specific conjugacy class.
We should remark that when multiplying (d;, w1) by (d2, w>), the permutation wiwy
acts on at most k| A| + k|A| elements. This means that each family of partitions I" that
appears in the sum of Eq. (2) must satisfy the following condition:

max(|Al, [A]) < [T] < [A]+[A] 3

In other words, we have showed that the function deg : I’go — N defined on the
basis elements of I’go by deg(Cp) = |A] is a filtration on I’o‘o. Another filtration of
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the algebra I’go will be given in Proposition 4.3. We are able now to state the main
theorem of this paper.

Theorem 4.1 Let A, A and T be three proper families of partitions satisfying
max(|Al, |A]) < |T'| < |A| + |Al. For any integer n > |I'|, we have

n—|T|
T, Dy (10— T
C = C
A}léﬂ - AA r ?
r=0
h £|r|+y . . ind d
wnere CAA are nonnegatlve lntegers inaepen ent Ofn.

By Eq. (3), the integers r in the above theorem satisfy the following inequality,
which leads us to the next corollary

r < |Al+[A[ =]

Corollary 4.2 Let A, A and T" be three proper families of partitions satisfying
max(|Al, |[A]) < |I'| < |A|+ |A]. The structure coefficient c%"A is a polynomial in
n with nonnegative integer coefficients and of degree at most |A| + |A| — |T'|.

The result in Corollary 4.2 was first given in [10] as an application of the general
framework for the structure coefficients of the centers of finite group algebras built in
[9].

Filtrations allow us to have more information about the families of partitions I" that
appear in the expression of the product Cp Cx in the algebra I’go. The first filtration
on Z’go was given by deg . In the next proposition, we give another one.

Proposition 4.3 The function deg, : I’go — N defined on the basis elements of Z{;O by
deg (Cp) = |A] +m1 (A1)

is a filtration.
Proof Let (d;, ;) and (da, w7) be two k-partial permutations and suppose that:
r S
dy = | prla) and ds = |_J pi(®))
i=1 j=1

for some integers a; and b;. Denote by A, B, H, K, G, L, T and F the following
sets:

A ={ajsuchthatl <i <r}, B={bjsuchthatl < j <5},
H = {a; € A\B such that w; acts as identity on pk(a;)},
K = {a; € AN B such that w1 acts as identity on pg(a;)},
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G = {b;j € B\ A such that w acts as identity on pi(b;)},
L = {b;j € AN B such that @ acts as identity on p(b;)},
T = {x € AN B such that w; and w; act as identities on pi(x)}

and
F = {y € (AN B)\T such that w; and w; act as inverses on pi(y)}.

It would be easy to see that |T'|+| F| < |AN B, and from this, we obtain the following:

deg (d) Udy, 01) = |A\B| + [B\A| + |A N B| + [H| +|G| +|T| + |F|
< |[A\B|+|ANB|+ [H|+|K|+|B\A|+ |[ANB|+ |G|+ |L]|.

deg’ (d,@1) deg' (da,2)
The result follows. O

In [3], the authors propose many filtrations that may be generalized to our case.
We turn now to make some computations. In the following three examples, we give
explicit expressions of products of conjugacy classes for the cases k = 1, k = 2 and
k = 3, respectively.

Example 4.4 Let k = 1. Since (1) is the only partition of one, the algebra Z!  is
generated by partitions. For instance, C(y) is the set of all 1-partial permutations that
have type (2) or equivalently the set of all partial permutations with cycle type (2). In
Z;o, we have, for example,

C2)Cp = C(lz) +3Cpy + ZC(22)
and
Co)Cp) =2Ca ) +4Cw + Ca).
The first equation appears in [3] and the second appears in [7]. Apply now v o Proj,, on
the above two expressions to get the following results in the center of the symmetric
group algebra Z(C[S,]]):

nn—1
¥C(]") + 3C(1n—3,3) + 2C(1n—4722) for any n > 4,

C(]n—2,2)C(1n—272) = 2

and
C(]n—Z’Z)C(ln—3’3) = 2(”1 — 2)C(1n—2’2) + 4C(1n—4’4) + C(1)1—5’2’3) for any n > 5.

Example 4.5 There are only two partitions of 2, namely (12) and (2). Thus, the ele-
ments generating Zgo are indexed by families of partitions A = (A(1%), A(2)). Take,
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forinstance, A = ((1), (2)); then, C((1),(2)) is the set of all 2-partial permutations with
type ((1), (2)). For example, ({3,4,7,8,9, 10}, (3,7, 4, 8)(9)(10)) € C(1),2))- We
have the following two complete expressions in Zgo :

Ca.nCw.ay = Cw.0y @

and
C(y),(z))C(yj’(z)) = ZC((lz),@) + ZC(Q’(lz)) + ZC(M’(ZZ)) + 3C((3)’yj). (@)
For example, the first coefficient 2 in the right-hand side of the above equation is
due to the fact that there are only two pairs (x, y) € C,2)) X Cg,(2)) that satisfy

xy = ({1,2,3,4}; (D(2)(3)(4)). Namely, (x,y) can be one and only one of the
following pairs:

(({1, 2,3,4}: (1,4,2.3)), (11.2.3,4}: (1,3, 2, 4)))

or
(({1, 2,3,4); (1,3,2,4)), (11,23, 4} (1,4, 2, 3))).

Apply now v o Proj,, for the above two expressions to get the following results in
the center of the hyperoctahedral group algebra Z(C[B%n]) :

C((l”),@)c((]”_l),(l)) = C((]n—l))(])) for any n > 1

and for any n > 4

Ciar2).@) Caar2).2p=n = DCam.m+2Cun-2), 12) +2Can-4),22)) +3C1n-3 3).)-
The first equation comes with no surprise since C(in), ¢ is the identity class.

Example 4.6 (13), (2,1) and (3) are the only three partitions of 3. Thus, Igo is
generated by elements indexed by triplets of partitions. We will suppose that the
first corresponds to the partition (1%), the second corresponds to (2, 1) and the
third corresponds to (3). For instance, Cg,(1),(1)) contains the 3-partial permutation
({4, 5,6, 13, 14, 15}; (4, 5)(6)(13, 15, 14)). In Igo, we have the following two com-
plete products:

Cw,1),anCwm.) =2Cy,1),12)) T 2C), .0 + 3Cw,q),(1))
and
Co.).an €.y = 2C 12). (1)) + 3C0.0.) +4Cp.12).0 + 6Cy.0.112))-
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For example, the coefficient 3 in the above first equation comes from the fact that:

(1,2)(3)(7,8,9) = (1,2)(3)(7,9,8) - (7,9, 8)
=(1,3)(2)(7,8,9) - (1,2,3)
=(2,3)(1)(7,8,9)-(1,3,2).

If we apply now ¥ o Proj, on the above equations, we get the following explicit
expressions in the center of the group algebra (C[Bgn]. Forn > 2:

Cam2),ay,a0 Can-1.,0,a0) = 2Can-3),y,a2+201 = DC(n-1) 1) 3y +3C1m-2), 1y, 1)

and forn > 3:

Ciam2),a).a) Can1.ay.0m = 2Cn-3), 12,1y + 300 = DCan-1y g (1y)
+4C(1n-2),(12),9) + 6C((1n-2) 4, (12))-

5 Irreducible characters of B,':n and symmetric functions

In [3], Ivanov and Kerov showed that the algebra 7 is isomorphic to the algebra of
shifted symmetric functions which we shall denote as A'*. The goal of this section is
to prove that in general for any fixed positive integer k, the algebra I’go is isomorphic
to an algebra of shifted symmetric functions on many alphabets denoted by A**. We
start first by recalling the result of Ivanov and Kerov in [3]. Then, we show a similar
result in the case k = 2 (hyperoctahedral group) before considering the general case.

5.1 Case k = 1: the symmetric group S,

The irreducible S,,-modules are indexed by partitions of n. For A - n, we will denote
by V* its associated irreducible S,-module and by x* its character. The algebra A' of
symmetric functions has many basis families indexed by partitions. Among them are
the power sum functions (p;,), and the Schur functions (sy ), . The transition matrix
between these two bases is given by the following formula of Frobenius:

pPs = Z X;Spﬂ (6)

P
lol=I8]

where x sp denotes the value of the character x* on any permutation of cycle type 8.
A shifted symmetric function f in infinitely many variables (x1, x3, .. .) is a family
(fi)i=1 that satisfies the following two properties:

1. f; is a symmetric polynomial in (x; — 1,x0 —2,...,x; —i).
2. firi(xr, x2, .00, x3,0) = fi(xr, x2, ..., xi).
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The set of all shifted symmetric functions is an algebra which we shall denote as .A'*.
It has many basis families indexed by partitions. In [6], Okounkov and Olshanski gave
alinear isomorphism ¢ : A! — A!. For any partition , the images of the power sum
function p; and the Schur function s; by ¢ are the shifted power symmetric function
pf and the shifted Schur function s}. By applying ¢ to the Frobenius relation given
in Eq. (6), we get:

= s ™

o
[ol=I3]

If f e A™andif A = (A, A2, ..., A7) is a partition, we denote by f (1) the value
Ji(A1, A2, ..., A;). By [6], any shifted symmetric function is determined by its values
on partitions. The vanishing characterization of the shifted symmetric functions given
in [6] states that s; is the unique shifted symmetric function of degree at most |p| such
that

UMD £A :
*(,\) d]m)» [P it p g_)‘
otherwise

(®)
where (|A] | |p]) := |A|(JA] = 1) --- (|]A| = |p| 4 1) is the falling factorial and f*/7 is
the number of skew standard tableaux of shape A/p. Using the following branching
rule for characters of the symmetric groups

X;))LU(l\MfIﬂI): Z % ©)

v;[v|=lpl

one can verify using Formulas (7) and (8) that

e .
Sty = | A, M=
8 0 otherwise

If k = 1, the algebra Iéo constructed in the previous section has a basis C; indexed
by partitions. Now let A be any partition and consider the composition F. )} = % oYo
Proj); of morphisms, where dim A denotes the dimension of the irreducible S,-module
V*. The reader may refer to [7, Proposition 1.34] or [8, Section 4.2] for a complete
proof that % is an algebra morphism from Z(C[S,]) to C. If § is a partition such

that || > |A|, then F )} (Cs) = 0 since the projection is zero in this case. Suppose now
that |1| > |§|, we have the following equalities:

A A
X . X [A] = 18] + m1(3)
<dimk °v OPIOJ‘“> €)= Fmx (( my(5) )CQW)

_ (M =18l m @Y (AL,
_< mi(8) )zgmdimk = dma A (0
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This implies that F )\] (Cs) = zgl pg(k) and that the map F L. Iéo — A" defined on
the basis elements of Z by

FY(Cs) =25 'pt

is an isomorphism of algebras. This result was first shown by Ivanov and Kerov in [3,
Theorem 9.1]. It can be used to obtain the multiplication table of p? in A'* from that
of C;s in Iéo. For example, the two equations given in Example 4.4 imply the following
two equalities in A"

# # # # #
PyP2) = 2P(2) +4PG) + P2y

and
# # # # #
PyPG3) = 0P(12) + 6Py + P23

5.2 Case k = 2: the hyperoctahedral group Bgn

The conjugacy classes as well as the irreducible representations of the hyperoctahedral
group B%n are indexed by bipartitions of n. These are pairs of partitions (A1, A2)
satisfying |A1| 4 |A2| = n, where A (resp. A») corresponds to the partition (1%) (resp.
(2)) of 2. To simplify our notations, (A1, A2) = n will be used to say that (L1, A7) is a
bipartition of n. If (A1, A2) I n, then the size of the conjugacy class and the dimension
of the irreducible representation associated with (11, A,) are given, respectively, by
the following formulas:

2! 2"n!
C _ _ 11
€20 Zony 2100, 202, (an
and

) dim A; dim A
dim(i1, J2) = n! : (12)

(21D (122!

Ifo = (a1, a2, , o) is a partition of n, define

Pa (X, ) = paPay -+ Pa, and  py(X,¥) = Py Doyt P

where for any k > 1

pE =2 G +yH and pr = G~y

i>1 i>1
If (61, &2) is a bipartition, we define the following two functions on two alphabets:
P (8, ) 1= pg (e, y)pg, (e, y) - and oy ) (3, Y) 1= 5 (1), ().
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These are the generalizations of the power sum symmetric function and the Schur
function to two alphabets, and they form linear bases for the algebra .A% of symmetric
functions on two alphabets. If (§1, §2) I n, the following formula in A% is analogous
to Formula (6) of Frobenius, see [5, page 178] and [1]:

(p1,02)
P(al,sz)(x, y) = Z X((;]l’,g;) s(pl,pz)(xv y),
(p1,p2)n

where X(((ﬁ ! sl; 2)) denotes the value of the irreducible character x (°1-°2) of B%n evaluated

on a permutation with 2-set type (81, §2). In the same way as we did in the previous
section, we define the algebra A>* of shifted functions in two alphabets and we have:

# _ (p1, /72) *
Py G = D XG ) Sty @ ) (13)
(p1.p2)Fn

Example 5.1 1f §; = &, = (1), we have the following equation:

(in + ZYi)(th Zyt X((l) (1))5(2)(7() + X((l)) ((1))S(1)(X)S(1)(Y)

i>1 i>1 i>1 i>1

(#,(2)) ((12),9) ¥,(1%))
TX. 5@+ X1y, 5a2 ®) + X)) San ¥,

where
s(n(x) = szw
i>1
s(lz)(x) = Z XiX;
1<i<j
and

s@)(x) = lez + Z Xi| Xiy.

i1 1<iy<ia

By comparing both sides, we deduce that x(((lz)) g))) =1, (((11)) ((11)))) =0,y _ 1,

X,y = T
a0 _ w2 _
X(ny.(y = Land xi) qy) = —1

The characters X((éol ! ’3‘; 2;) can be expressed in terms of the characters of the symmetric

group as follows, see [1, Formula (4.2)]:
u,v
where the sum ranges over all vectors
u= (u]’ uz, ..., ul(‘sl)) € {_7 +}l(81) and V= (U]’ v, ..., UI(EZ)) € {_5 +}l(32)7
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and where «,,, (resp. Byy) is the composition consisting of the parts (81); of §; with
u; = + (resp. u; = —) followed by the parts (82) ; of 6, with v; = + (resp. v; = —).
As an application, we can recover the results of Example 5.1. For instance,

@0 _ _p@wu=—i,@ 8 _ @
Xoan= 2. D XXy = X2y = 1.
(u,v)e{(+,+)}
and
L) _ -l () ) )
X,y = > =D Xety Xp = Xy X1y — X1y X1y = O-

(w,v)e{(—=,+),(+,-)}
Proposition 5.2 If (p1, p2) b n and (81, 62) = r withr < n, then:
(pr.p2) _ (v1,12) -r pL/V1 £02/v2
X(61.5), Z X(6,.5,) (Iml |w|>f fr, (15)
(vi,v2)kr
and

(nlr) (p1,p2)
v = , . 16
dim(p1, pa) X(51 5), p(51 8) (p1, P2) (16)

Proof The first result is a consequence of Formulas (9) and (14). Multiplying Eq. (15)
(nlr)

by m ylelds:
(mlr) X(m,pz) _ Z lo1 o2l (vpw) (- n—r FPUVL pP2/v2
dim(py, pp) “G1U0"77).82) (n —r)tdim py dim py “@1:82) oy | — vy

(v, v)Fr

_ ) Aot LD o v U2l L 12D o) /05

o Z (1.82)  dim p; Y dim po 4
(v v)br

= Z X((;ll ;22)) ‘Tl (p])sv2 (p2) ( by characterization (8))
(v, v)br

= Pls, 59 (P1:02) (byEq.(13)) o

¥ (P1-P2)
p1.p2) *— dim (pr,p0) ©
Y o Proj,, of morphisms to the basis element of Igo indexed by the bipartition (81, 82)

yields zero; if > n and if r < n, we have:

(p1,02) _

X n—r+mip(dr)

F? C = —( C )
(pl,pz)( (51,82)) dim (p1, p2) < (31,62)

If (o1, p2) F n and (81, 82) F r, applying the composition F2 (

mi(81)
- (n —rt m1(81)> 2
mi(81) 261,69, dim(p1, p2) ©1.5),
= <n -r + ml(él)) n|2n (P] /)2)
m1(81) Z(S ) 21 = bm Gy dim(p1, p2) ©1,8),
b mp(Gp!
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2 (nlr) (p1.02)
251,50 dim(py, pp) " 182,
2 ( ) (17)
= ———P.5,)\P1, P2).
2651.5) (61,62)

This implies the following theorem.
Theorem 5.3 The linear map F? : 12, —> A>* defined by

2181141821

F2(Cs,.50) = s s
P zeay O

is an isomorphism of algebras.

This isomorphism allows us to obtain the multiplication table of pﬁsl 5) in A%

from the multiplication table of C(s, s, in Z2 . For instance, the equations given in
Example 4.5 give us:

# # _ #
PumPw,a)y = Py,

and
# # _ # # # #
Pw,enPw,e) = Pz T Py T Pw.e2y T4PG1m:

5.3 The general case

We refer to [5, Appendix B] for the results of the representation theory of wreath
products presented in this section. Let (P (Cy)),>1,2-« be a family of independent
indeterminates over C. For each A - k, we may think of P, (C;) as the rth power sum

in a sequence of variables x; = (x;5);>1. Let us denote by A¥ the algebra over C and
with algebraic basis the elements P, (C))

AR = C[P(Cy);r > 1, A F k.

If p = (p1, p2, -+, pr) is an arbitrary partition and A = k, we define P,(C,) to be
the product of P, (Cy),

Py (Ch) = Py (CL) Ppy (Cy) - -+ Pp (C).

The family (Pp)a indexed by families of partitions, where

Py = l_[ Pprpy(Cy),
Ak
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forms a linear basis for A*. If we assign degree r to P.(C,), then

A =P AL

n>0
is a graded C-algebra where .Aﬁ is the algebra spanned by all P, where |A| = n. Recall

that Z  has been defined at the end of Sect. 2.3. The algebra A* can be equipped with
a Hermitian scalar product defined by

< [.8>=) faZAZA
A
for any two elements f = >, faPx and g = Y, ga Pa of AX. In particular, we
have:
< Pp, Pr >= 07124,

where 8, r is the Kronecker symbol.
If y is a partition of k and r > 1, define

Pr(x") =Yz X P(C),
M-k

where x /{’ is the value of the character x? on one element of the conjugacy class Cj.
By the orthogonality of the characters of S,

1 .
<Xk == DT @xN@ =5 K Ky = by,
.gESk pkk

we can write

PA(C =Y 1] P-(X").
ytk

We may think of P,(x") as the ' power sum in a new sequence of variables Yy =

(¥iy)i=1 and denote by s, (") the schur function s, associated with the partition p
on the sequence of variables (y;, );>1. Now, for any family of partitions A, define

Sa = l_[ sac (™).

Ak

The family (S5 ) indexed by the families of partitions is an orthonormal basis of A,
see [5].

@ Springer



410 Journal of Algebraic Combinatorics (2021) 53:389-412

Let y be a partition of k£ and consider V7, the irreducible Sx-module associated
with y. The group B,’En acts on the n'” tensor power T"(VY) = VY @ V¥ ... ® V" as
follows:

(,().(Ul ® v2 ® e ® Un) = a)lvp;l(l) ® wzvp(;l(z) ® e ® w"vp;'(n)’

where w € B,]jn, v, V2, ...,0, € VYV and w; € S is the normalized restriction of w
on the block p L(i). If we denote by 1, (x") the character of this representation of
Bllzn then, by [5, Equation (8.2), page 176], if w € Bllzn we have:

(X)) = [T .

pkk

For any partition o of m and for any partition y of k, define
XM (x7) = det(ny i+ (X))

By extending this definition to families of partitions, we obtain the full list of irreducible
characters of B’,ﬁn. If A is a family of partitions, define

xh =[x .
pkk

For any two families of partitions A and A, let us denote by X 2 the value of the
character X on any of the elements of the conjugacy class C . By [5, page 177], we
have the following three important identities

Xﬁ = < SA, Pa >,
Sa =Y Zy'X{Pr
r

and
Py =Y X} Sr,
r

where the sums run over families of partitions.
. . . - A
Let A be a family of partitions and consider the composition F /Ii = (ﬁ)fn—A oo
Proj 5| of morphisms. We would like to see how F' K acts on the basis elements of

I]éo- If A is a family of partitions such that |A] > |A], it would be clear then that
F }i (Ca) = 0. Suppose now that |A| > |A|, we have the following equalities:
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XA . XM A = A+ mi(Ah)
(dimA o ¥ o Projj )(€Ca) = dimA(( m1(A(1KY) )Cm)
_CM—W+m@W%hW@W
mi(A(15)) Zp,, dim A2
O RD)IATATLA]D A
- Zpn  dimA X (18)

This suggests that if we consider the algebra of shifted symmetric functions A**
isomorphic to A* with basis the shifted functions P} defined by

P = ]_[ P} ,)(Cp)
pHk

and we set

Pi(A) = l_[ PZ(p)(Cp)(A(Io)),
pHk

for any family of partitions A, then we obtain the following result.

Theorem 5.4 The linear map F* : T8, — A* defined by

Fhey = &2

Py

is an isomorphism of algebras.
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