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Abstract

This paper proposes seven combinatorial problems around formulas for the char-
acteristic polynomial and the spectral numbers of an isolated quasihomogeneous
hypersurface singularity. One of them is a new conjecture on the characteristic poly-
nomial. It is an amendment to an old conjecture of Orlik on the integral monodromy
of an isolated quasihomogeneous singularity. The search for a combinatorial proof of
the new conjecture led us to the seven purely combinatorial problems.
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1 Introduction

This paper proposes seven combinatorial problems around formulas for the character-
istic polynomial and the spectral numbers of a quasihomogeneous singularity. One of
them is a new conjecture on the characteristic polynomial. It is an amendment to an
old conjecture of Orlik on the integral monodromy of an isolated quasihomogeneous
singularity. The search for a combinatorial proof of the new conjecture led us to the
seven purely combinatorial problems.

This work was supported by the DFG Grant He2287/4-1 (SISYPH).

B Claus Hertling
hertling @math.uni-mannheim.de

Philip Zilke
Philip.Zilke @ gmx.de

I Lehrstuhl fiir Mathematik VI, Universitdt Mannheim, Seminargebdude A 5, 6, 68131 Mannheim,
Germany

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10801-018-0864-9&domain=pdf

448 Journal of Algebraic Combinatorics (2019) 50:447-482

We start with a result on Z-lattices with automorphisms. Then we describe Orlik’s
conjecture and our new conjecture. Finally, we give a rough outline of the seven
problems.

Definition 1.1 Let M C IN = {1, 2, 3, ...} be a finite nonempty subset. Its Orlik block
is apair (Hys, hyy) with Hyy a Z-lattice of rank ZmeM o(m)and hy : Hy — Hpy an
automorphism with characteristic polynomial [ [, c sy @ (P, is the m-th cyclotomic
polynomial) and with a cyclic generator e; € Hyy, i.e.,

rkM i
Hy =7 ) ). (1.1)
j=1

(Hpm, hp) 1s unique up to isomorphism. Autgi (Hps, hp) denotes the group of all
automorphisms of Hys which commute with A, and which have all eigenvalues in
st

Definition 6.1 enriches the set M to a directed graph 4 (M). An edge goes from
mp e Mtom, e M if:ﬁ—; is a power of a prime number p and ifnoms € M\{m, m>}
with my|ms3|m; exists. Then it is called a p-edge. The main result in [5] is cited
precisely in Theorem 6.2. Roughly it is as follows.

Theorem 1.2 [5, Theorem 1.2] Let (Hyy, hyr) be the Orlik block of a finite nonempty
subset M C IN. Then Autgi (Hpy, hpy) = {:l:h]]‘u |k € Z} if and only if condition (I)
or condition (Il) in Theorem 6.2 is satisfied. They are conditions on the graph ¢ (M).

A weight system w = (wy, ..., wy) with w; € Q¢ equips any monomial
x) = x{'..x" with a weighted degree deg, x) := >"_ w;ji. A polynomial
f € Clxy, ..., x,] is called an isolated quasihomogeneous singularity if for some
weight system w with w; € Q N (0, 1) each monomial in f has weighted degree

1 and if the functions %, R % vanish simultaneously only at 0 € C". Then

the Milnor lattice Hyiinor := H,,_l(f_l(l), 7)) is a Z-lattice of some rank u € IN
[12], which is called Milnor number. It comes equipped with a natural automorphism
hmon © Hwilmor — HMilnor Of finite order, the monodromy. Thus its characteristic
polynomial has the form

Pehhmon = [ Imer, orm

for a finite subset My C IN and a function v : M; — IN. Denote vpyax =
max(v(m) |m € N)andfor j =1, ..., Vmax

Mj:={meM|vim) =j} gi= ] Ou

meM_/-
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Then
Mi>DM,D>..DOM,, #Y
Vmax
and  Pen o = l_[ 8j-
j=1
The polynomials g1, . .., gu,., are called elementary divisors of pcp pyon-

Conjecture 1.3 (Orlik’s conjecture, [14, Conjecture 3.1]) For any isolated quasiho-
mogeneous singularity, there is an isomorphism

Vmax

(Hwitnor> hmon) = €D (Hu; . b))
j=1

The conjecture is known to be true for curve singularities [11] and a few other cases,
but it is still (after 45 years) open in general. The following conjecture is independent
of Orlik’s conjecture, but it is motivated by Orlik’s conjecture, as it concerns the sets
My,....,.M

’ Vmax *

Conjecture 1.4 Foranyisolated quasihomogeneous singularity, each of the sets M1, ...,
M,, . satisfies condition (I) in Theorem 6.2.

Vmax

If this is true for some singularity, then Theorem 1.2 gives for these sets
Autgi (Hy; hm;) = {:I:h’juj |k € Z}. If also Orlik’s conjecture holds, then this is
helpful in determining the automorphisms of the Milnor lattice which respect the
monodromy (and intersection form or Seifert form).

Examples 1.5 (i) Fix u € Z. The singularity A, f(x1) = xi‘ + ,1s quasihomogeneous
with w; = ﬁ Here

tl‘--H -1
Pehhmon (1) = 1 = 1_[ D, (1),
meM
with M = {a € N|a # 1 and a divides u + 1}.

Here (Hmilnors Amon) = (Hy, har) is well known, so Orlik’s conjecture holds here.
The set M satisfies condition (I) in Theorem 6.2 (because of Theorem 6.9), so Con-
jecture 1.4 holds here. Therefore Autgi (Hmiinor, fimon) = {:I:h’fIlon |k € Z}.

(i1) The Thom—Sebastiani sum of two singularities f(x) and g(y) is f(x) + g(y).
Then [20]

(HMill'lOl‘a hmon)(f + g) = (HMilnor, hmon)(f) ® (HMilnor, hmon)(g)
But it is unknown whether Orlik’s conjecture holds for f + g if it holds for f and g.

Example 6.5 (ii) shows that condition (I) in Theorem 6.2 does not behave well under
tensor product of products of cyclotomic polynomials. This motivates problem 7.
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(iii) It is not even clear for all Brieskorn-Pham singularities »;_, x‘ whether
Orlik’s conjecture or Conjecture 1.4 hold. Though both conjectures hold if ged(a;, a;)
= 1foralli and j with i # j [3, Proposition 6.3].

Orlik’s Conjecture 1.3 concerns the Milnor lattice. Any proof requires to go into
geometry. But we hope that our Conjecture 1.4 is amenable to a combinatorial proof.
It just concerns the characteristic polynomial. Milnor and Orlik [13] proved a formula
which expresses this in terms of the weight system w of the quasihomogeneous sin-
gularity. It says div pep py.n = Dw, Where Dy, is defined in (3.9). See Theorem 3.9.
Therefore we hope that there will be a purely combinatorial Proof of Conjecture 1.4
dealing solely with properties of w. This is problem 6 below. For most of the other
problems, we need two more data.

First, an isolated quasihomogeneous singularity comes also equipped with expo-
nents ay, ..., o, € QN (0,n). They are slightly finer invariants than pcj p,,.,- They
satisfy

%
iV Pt oy = Y _[€77"]
j=1
and, forany d € N withv; :=d - w; € Nforalli € {1, ..., n},

21 = P

j=1
where p(v ¢) is defined in (3.8). See Theorem 3.9.

Second, the weight systems w for which isolated quasihomogeneous singularities
exist, can be characterized by a combinatorial condition (C1) (and equivalent com-
binatorial conditions (C1)" and (C2), see Lemma 3.3). This is cited in Theorem 3.5.
It was proved first by Kouchnirenko [8, Remarque 1.13 (i)]. The necessity of (C1)
had already been seen by K. Saito [17], the sufficiency not. A weaker combinatorial
property (C1) is equivalent to py,q) € Z[t] (3.16).

The seven problems are given in detail in the later chapters. Roughly, they are as
follows.

Problem 1: (Remark 3.8) Let (v, d) = (v1, ..., vp, d) € N"*! withd > max; v; be
given which satisfies (C1). Write py,q4) = Zae%Z o) -t € Z[1].

Is Dy =Y, 0(a) - [e27¥]?

Problem 2 : (Remark 3.11 (ii)) Let (v,d) = (vi,...,v,,d) € N+ with d >
max; v; be given which satisfies (C'1). Give combinatorial proofs of the
formulas in Theorem 3.9 which connect Dy and p(y, 4) with the exponents
and with one another.

Problem 3: (Remark 3.11 (iii)) Make some good use of the conditions for J with
[J] = 2in (C1).

Problem 4: (Remarks 5.2) Find examples different from Ivlev’s example for weight
systems w which satisfy (C1), but not (C1).
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Problem 5: (Remark 5.6) Prove or disprove K. Saito’s Conjecture 5.4 that dy € M|
or dTW € M, for w with (C1). Here dyw := lcm(denominator of w; |i €
{1,...,n}).

Problem 6: (Remark 6.4 (i)) Prove (or disprove) combinatorially Conjecture 1.4.

Problem 7: (Remark 6.4 (iii)) Find a natural condition on products f of cyclotomic
polynomials which implies for any elementary divisor of f condition (I)
in Theorem 6.2 and which is stable under tensor product. Prove that Dy

for w with (C1) satisfies it (this would prove Conjecture 1.4).

Some comments: The problems 1, 2, 3 and 7 are motivated by problem 6, i.e., the
wish to prove combinatorially Conjecture 1.4. If Conjecture 1.4 and Orlik’s conjecture
hold, we understand the Milnor lattice with monodromy of an isolated quasiho-
mogeneous singularity much better, and we can determine Autgi (HMilnor, Amon)
much easier. This, in turn, will be useful for many problems on singularities,
for example, for period maps and Torelli problems. The problems 1 and 2 are
closely related. A positive solution to one of them will probably also give a
positive solution to the other one. And both will probably be useful for posi-
tive solutions of the problems 6 and 7. [6] made good use of the conditions
for |J| = 1 in (C1). They give rise to a graph. But the problems here prob-
ably require to involve also the conditions for |J| > 2. Problem 3 is vague,
but fundamental. The condition (C1) is because of Theorem 3.5 central for the
classification of (weight systems of) isolated quasihomogeneous singularities. We
need to be able to work with the condition (C1). Problem 3 addresses this.
It looks surprisingly difficult to find solutions for the very concrete problem 4.
Though the problems 4 and 5 are less important than the other problems. Prob-
lem 5 is motivated by the (more important) problems 6 and 7. They are closely
related. A positive solution of problem 6 goes probably via a positive solution of
problem 7.

The paper is structured as follows. Section 2 gives notations and basic facts around
cyclotomic polynomials. Section 3 introduces for abstract weight systems w and (v, d)
the objects Dy and p(y 4y and the conditions (C1) and (C1), and it states elementary
facts as well as the formulas and facts which hold for the weight systems w of isolated
quasihomogeneous singularities. This is all classical. Section 4 gives more explicit
formulas in the cases of the quasihomogeneous singularities of cycle type and chain
type. This builds on Sect. 3 and on [6] and is elementary. Section 5 presents examples.
Especially, it gives counter-examples to the part of K. Saito’s Conjecture 5.4 which
says that dy € M in the case of a weight system w with all w; < % These counter-
examples are interesting also in Sect. 6. Section 6 formulates in Theorem 6.2 the main
result from [5] on automorphisms of Orlik blocks. It discusses Conjecture 1.4, it gives
examples, and it proves Conjecture 1.4 in special cases, which include the cycle type,
the chain type, the cases with n = 2 and many of the cases with n = 3 (Theorem 6.9).

2 Notations around cyclotomic polynomials

This section fixes some notations and recalls some well-known formulas around prod-
ucts of cyclotomic polynomials.
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In this paper N = {1,2,3,...} and Ny = {0, 1,2, 3, ...}. Whenever a number
n € Nis fixedthen N := {1, ...,n}.

Denote by 1(C) C S! the groulp of all unit roots. Denote by Q[ (C)] and Z[(C)]
the group rings with elements ijl b;l¢;] where b; € Q, respectively, b; € Z and
where ¢; € u(C), with multiplication [¢1] - [£2] = [¢1 - £2]. The unit element is [1].
The trace of an element le=1 bjlgjlis

1 1
tr| Y bjlgil| =) b eC. (2.1)
j=1 j=1

The degree of it is

1 I
deg ij[gj] ;=ij Q. (2.2)
j=1 j=1

The trace map tr : Q[u(C)] — C and the degree map deg : Q[u(C)] — Q are ring
homomorphisms.

The divisor of a unitary polynomial f = ( — A1) - ... - (t — &) € C[¢] with
)\.j (S M(C) is

div f = [A ]+ -+ [A]. (2.3)

Of course tr(div /) = A1 + --- + X; and deg(div ) = deg f.
For two polynomials, f as above and g = (t — «1) - ... - (t — k) with «; € pu(C),
define the new polynomial f ® g € C[¢] with zeros in u(C) by

k1
(fea® =[][]¢—rrp. (2.4)
i=1j=1
Then
div(f ® g) = (div ) - (div g), 25)
tr(div (f ® g)) = (tr(div f)) - (tr(div g)), (2.6)
deg(f ® g) = (deg f) - (degg). 2.7

The order ord (¢) € IN of a unit root ¢ € (C) is the minimal number m € IN with
¢™ = 1. For m € N, the m-th cyclotomic polynomial is

o= [] «-oecnm 2.8)
¢rord (¢)=m
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It is in Z[t], it has degree ¢(m), and it is irreducible in Z[z] and Q[¢]. Denote
Cm . 1
Ay =dive™ = 1), ¥, :=divd,,, E, =—A,. 2.9)
m
Then A1 = [1]. Of course
" —1=]Tenw. Ap =7 Wn, (2.10)
mln min
n n
@ = [T =G wy = unsoen () - Ao 211D)
min min
Here /tmoeb 1s the Mobius function [1]
/"LMOCb : ]N — {01 17 _]}7
(=D"ifm=p;-...-p, with py, ..., pr
m different prime numbers, (2.12)
0 else
(here r = 0 is allowed, so umoeb(1) = 1). The traces of A,,;, and W,,, are
lifm=1
trA, = {0ifm22, (2.13)
tr¥y, = AMoeb(1M). (2.14)
It is easy to see that
Ay - Ap = ged(a, b) - Aem,p), Ea - Eb = Elema,b)s (2.15)
[¢]-Ap = Ap iford (£)]b, (2.16)
div(f) - Ap =deg f- Ay iff|(t”—1). (2.17)
Especially
Ay -Ap=a-Ap ifalb. (2.18)

It is more difficult to write down formulas for W, - ;. They can be cooked up from

the following special cases.

U, W, =¥, if ged(a,b) =1,
Wpa - Wy = go(pb) -Wpa if pis a prime number
anda > b >0,

a
\ija . \I/pa = q)(pa) . Z\I’pj — pa_l . \I’pa
j=0

if p is a prime number and a > 0.

(2.19)
(2.20)

2.21)
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Especially
a—1
Wpa - Wpe = 24713 "W (2.22)
=0

Fix a finite set M € IN and a map v : IN — INg with support M (so M = {m €
IN | v(m) # 0}) and define the unitary polynomial

A= ]’[ dVM ¢ Z[1] (2.23)
meM

(Gif M = @, then A = 1). Of course, then

divA = Z v(m) - W,,. (2.24)
meM
Define also
dy = lecm(m € M}. (2.25)

Then M C {m € IN|m divides dps}. (2.11) and (2.24) give a unique function x :
IN — Z with finite support

supp(x) S {n e N|3m € M withn|m} C {n € IN|n divides dyy}  (2.26)

and
divA = Z x(n) - A, (2.27)
nelN
v(m) = Z x (), (2.28)
n:mln
x(n) = m;m V(m) - AMoeb (%) : (2.29)

v and x and the following third function L : IN — Z determine each other. L does
not have finite support. The numbers L (k) € Z are the Lefschetz numbers of A. They
are defined by

deg A deg A
Liky:= Y 2% ifa=[]a—-2p. (2.30)
j=1 j=1
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Especially L(1) = tr(div A). Observe

m—1
Z [eZJTia/m] = A,
a=0

m—1

D[] = ged(k, m) - Ay gedthm) 2.31)
a=0

Thus

L) = Y2 x(m)-tr(ged(, m) A geaem) )

meM
— Z m - x(m). (2.32)
m:mlk
Mobius inversion [1] gives
m-xm) =3 pntoen (o) - L(K) (2.33)
X = z M Moeb X . .
m

L does not have finite support, but the following extended periodicity property:
L(k) = L(gcd(k,dy)). (2.34)

Therefore L is determined by its values on {m € IN | m|dys}. (2.34) implies the peri-
odicity

L(k) = L(k+dum), (2.35)

but it is stronger. In fact, (2.34) is equivalent to supp (x) € {m € IN|m|dy} and to
M C {m € IN|m|dy}.

All the formulas (2.24)—(2.35) make also sense if div A is replaced by any element
of Q[ (C)]. Then v, x and L have values in Q.

3 Weight system and characteristic polynomial of an isolated
quasihomogeneous singularity

Fix a number n € IN, and denote N :={1,2,...,n}and ¢; := (0, ..,0,1,0, ..,0) €
IN (with 1 at the i-th place) fori € N.

Definition 3.1 A weight system is a tuple (vi, ..., vy, d) € (Q=0)"*! with v; <
d. Another weight system is equivalent to it, if the second one has the form
q-(vy,...,v,,d) for some g € Q. A weight system is integer if (vy,...,v,,d) €
IN*+1 1t is reduced if it is integer and it is minimal with this property, i..,
gcd(vy, ..., vy, d) = 1. Itis normalized if d = 1.
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Any equivalence class contains a unique reduced weight system and a unique nor-
malized weight system. From now on, the letters (v, ..., v,, d) will be reserved for
integer weight systems, and (wq, ..., wy,, 1) will be the equivalent normalized weight
system, i.e., w; = %.

Let (vq, ..., vy, d) be an integer weight system (not necessarily reduced, it does
not matter here). For / C N and k € INy denote

7' ={aeZ"|a=0fori¢J}, N§:=27'nINg,
Z'=laeZ'| ) ai-vi=kl,  (Np= (2NN,
i

Z =7 N (@M, N = (Z) ) "IN} = N N (NG,

So, Z” is a coordinate plane in Z" where some coordinates are 0, (ZJ )k 1s an affine
hyperplane in Z”, and INJ and (IN )« are the intersections of Z’ and (Z’); with the
quadrant INjy. Of course, ZN = 7" and Z¥ = {(0, ..., 0)}.

Remark 3.2 For J C N with J # ¢ define the semigroup

SG(J) =Y Ny-v; SNy (3.1)
jeJ
and observe
> Z-v;=17-ged(vj|j € ). (3.2)
jeJ
Then
Nk #0 < k e SG(J), (3.3)
(2 #0 < gedv;|j e )k (3.4)

The following combinatorial lemma is a specialization of [6, Lemma 2.1]. It will
be useful in Theorem 3.5. (The conditions (C2)’ and (C3) in [6, Lemma 2.1] are less
important.)

Lemma 3.3 Fix an integer weight system (vi, ..., vn, d). The following three condi-
tions (C1), (C1) and (C2) are equivalent.

(Cl): VYJCNwith] #¢ (IN))g #0ordIK C N\J
with |K| = |J| and ¥ k € K (IN))a—v, # 9.
(Cl1)’:  As (Cl), but only for J with |J| < %
(C2): YJCNwithd #0 3K CN
with |K| = |J| and ¥ k € K (IN))g—v, # 9.

Proof (C1) = (C1) is trivial. (C1) = (C1) and (C2) = (C1) are easy. See [6]
for details. The least easy implication is (C1) = (C2). In [6] it was proved via the
condition (C3) there. A more direct proof will be given now.
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Suppose that (C1) holds. Fix J € N with J # (). We want to find a K € N such
that J and K satisfy (C2). Define the support of J by

supp (J) :={j € J|Fa € (IN})g witha; # 0} C J.

Consider J; := J\supp (J).

1st case, J; = @J: Then J and K := J satisfy (C2).

2nd case, J; # (J: The definition of J; implies (]Né‘)d = . Therefore (C1) gives
the existence of a set K1 € N\Jj with |K{| = |Ji|and V k € K (]Né])d—vk # 0.

Because of v — dy > 0, any element 8 € (]Nél )d—v; satisfies B; # O for some
jeJr.

If some k € K1 would be in J\ J1, then for any element 8 € (]N({l )d—v, the element
a = B + e would contradict J; N supp (J) = ¥. Thus K; € N\J. Now J and
K := Ky Usupp (J) satisfy (C2). O

Remarks 3.4 (i) Denote with a bar the analogous conditions (C1), (C1)’, (C2) where
INy is replaced by Z. Also these conditions are equivalent to one another. The proof
is the same as above.

(i1) Recall that a polynomial

f= Z do - x* € Clxi, ..., x,] where x* =x{'..xg"
aelNg
is quasihomogeneous with respect to a weight system (vy, ..., vy, d) if

n
Zai -v; =d forall o withay # 0.
i=1

Recall that a quasihomogeneous polynomial has an isolated singularity at O if the
functions g_f vanish simultaneously precisely at 0. The set of all quasihomogeneous
polynomlals with a glven weight system (v, ..., v,,d) is the (finite dimensional)
space {Zae(mg) , o - X% | aq € C}. A generic quasihomogeneous polynomial with the
given weight system is one in a Zariski open subset of this space.

(iii) Let f be a quasihomogeneous polynomial with weight system (vy, ..., v, d)
and an isolated singularity at 0. Then all fibers £ ~!(r) € C" fort € C* are smooth and
diffeomorphic. The Milnor lattice Hyfjinor := H, (red)( f~Y(1), Z) (reduced homology
if and only if n = 1) is a Z-lattice of rank © = Hj:l(vj — 1) € IN. It comes
equipped with a natural automorphism /oy, Of finite order, called monodromy. The pair
(HwMilnor» hmon) depends up to isomorphism only upon the weight system. Theorem
3.9 expresses pen, gy, 10 terms of the weight system. Orlik’s conjecture predicts the
isomorphism class of the pair (Hmilnor, #mon) and uses only the weight system for
this.

The following theorem is cited from [6, Theorem 2.2]. It was first proved by Kouch-
nirenko [8, Remarque 1.13 (i)]. See [6, Remarks 2.3] for its history and contributions
in [8-10,15,17,21,22].
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Theorem 3.5 Let (vy, ..., v,, d) € Nt be an integer weight system. The following
three conditions are equivalent.

(1S3): There exists a quasthomogeneous polynomial f with the weight system

(v1, ..., vu, d) and an isolated singularity at 0.
(1S3)’: A generic quasihomogeneous polynomial with the weight system
(v1, ..., vn, d) has an isolated singularity at 0.
(CI)to (C2): The weight system (v1, ..., vy, d) satisfies one of the equivalent con-

ditions (C1), (C1), (C2).

In Definition 3.6, some objects will be associated to any weight system. Before
studying them in the case of weight systems of isolated quasihomogeneous singular-
ities, their shape under weaker conditions will be discussed in Lemma 3.7.

Definition 3.6 Let (v,d) = (vy,...,v,,d) € IN"*1 be an integer weight system.

(a) Define unique numbers s1, ..., Sy, t1,..., % € IN by

V; Si
—_— = — d d [ s t - 1,
7 i and gcd(s;, t;)

so by reducing the fractions v; /d. The numbers depend only on the normalized
weight system w = (w1, ... w,) = (5, ..., ).
(b) Define

dyw :=lcm(tj | j € N). 3.5)
Of course dyld. If (v,d) is reduced and ged(vy, ..., v,)|d (which holds, for

example, if (C2) holds), then gcd(vy, ..., v,) = 1 and then dy, = d.
(c) For k € IN define

M (k) :={j € N |1; divides k}, (3.6)
1 d—v;
and u(k) == [] <; - 1) = J] — € Q-0 (3.7)
jeMm N/ jeMk)

(the empty product is by definition 1).
(d) Define a quotient of polynomials

no o d—u;
Y N ! '~
pevay () = 1" ,1:[1 S €QO (3.8)
and an element of Q[u(C)]
(]
Dy =[] <s—jAt,. - Al) € QIu(C)). (3.9)
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Lemma 3.7 Let (v, d) be an integer weight system.

(a) Then
M (k) = M(gcd(k, dw)) (3.10)
. d .
:{JGNImdzwdesvj}, (3.11)
p(k) = p(ged(k, dw)). (3.12)

(b) The Lefschetz numbers L(k) of the element Dy are

L(k) = L(gcd(k, dw)) (3.13)
= (=" MOl L) e Q. (3.14)

(c)
(v, d) satisfies (C2) = k) e N forallk € IN. (3.15)
(v, d) satisfies (C2) <= py.a) € ZIt]. (3.16)

Proof (a) As all ¢; divide dy by definition of dy, #;|k is equivalent to #;| gcd(k, dy).
This shows (3.10) and (3.12). Now suppose k|dyw (just for simplicity of notations). By
definition #; = d/ ged(v;, d). Thus forany j € J

d d d
tilk — |k —|gcd(v;, d —|v;.
jlk = gcd(vj,d)l — k|gc (vj,d) k|v]

This shows (3.11).
(b) The following calculation gives (3.14).

n

cd(k, 1))
L(k) =tr l_[ (g—jAlj/gcd(k,tj) - Al)

5
j=1 /

n d k’ t;
_ 1_[ (M - tr (Azj/gcd(kﬁj)) - 1)

=ty
t.
- ILG) e
jeM@ N/ jEM k)

= (=)"MOL ).

The equality (3.13) L(k) = L(gcd(k, dy)) is a consequence of the analogous proper-
ties (3.10) of M (k) and (3.12) of w(k) and of (3.14).

(c) Recall from Remark 3.2 that (Zj)d_,,l #0 = gcd(vj|j e D — ).
Therefore (C_2) says
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(GCD) Y J C N the gcd(v; | j € J) divides at least | J| of the numbers d — v; for
leN.

For any k € IN with k|d, obviously the analogous condition with M (k) instead of
N holds then, too. It is easy to derive from this directly p(k) € IN for this k. But it
will also follow from the consideration below of oy, 4). Then (k) € IN forall k € IN
follows with (3.12).

Pv.d) 1s a quotient of cyclotomic polynomials. The condition (GC D) says that any
cyclotomic polynomial in the denominator turns up with at least the same multiplicity
in the numerator, especially the cyclotomic polynomials ®gcq(v; | jes) forsome J € N.
Thus pev.q) € Z[t] is equivalent to (C2).

Now suppose that @ holds. Then (GC D) holds for N and also for any M (k)
instead of N. The argument above for p(y, 4) € Z[¢] applies also to the partial product
I—[jeM(k) (...) for any k € IN and shows that it is in Z[¢]. Dividing out all factors (r — 1),
one can insert t = 1 and obtains for the partial product

d—v;
me=[] LeZnQuo=N.

v
jeMmiky
O

Remark 3.8 Let (v,d) be an integer weight system with (C2). Then (3.16) gives
Pv.d) = Zae%za(a) .17 with a function o : %Z — 7 with finite support.
And (3.15) gives L(k) € Z.

Open problem 1:

(a) Is Dy € Z[u(C)]? Equivalent: Are the x (m) which are determined by the L (k)
and (2.33) in Z?
i
(b) Is Dy = Zae%z o(a) - [e7]?

Yes for problem 1 (b) would imply Yes for problem 1 (a).

The following theorem is classical, see the Remarks 3.10 for its origins.
Theorem 3.9 Let (v, d) be an integer weight system with (C2), i.e., a weight system
of isolated quasihomogeneous singularities.

Then the divisor of the characteristic polynomial of its monodromy is Dy, so here
Dy, € INg[t], and

tr((monodromy)*) = (—1)""M®I . (k). (3.17)

Also pwv.a) € Nolt], thus

w
Pv.d) = th'“f for certain aj € Q. (3.18)
Jj=1
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These numbers (ay, ..., ay) are the exponents of the singularity, and emion
e*™% qre the eigenvalues of the monodromy, i.e., the zeros of the characteristic
polynomial, so here

"
=D _[7 ] € No[u(C)]. (3.19)
j=1

Remarks 3.10 (i) Formula (3.17) was shown by Milnor in [12, §9.6]. Of course, the
trace of the k-th power of the monodromy is precisely the k-th Lefschetz number of the
characteristic polynomial of the monodromy. Therefore (3.17) together with (3.14)
and the equivalence of the data L, x, v, A in Sect. 2 implies that the characteristic
polynomial of the monodromy has the divisor Dy. This was first seen in [13].

(i) The polynomial p(y 4y is the generating function of the exponents, which are
up to the shift v; + - - - 4 v, the weighted degrees of the Jacobi algebra

C{xlv"'a-xn} f&h C[xla"'vxn]
(o) T ()
dxp’ "t dxp ax1’ " dxy

This was (re)discovered by many people. Therefore p(yv,4) € INp[?].
(iii) Let (v, d) be an integer weight system with n < 3. Theorem 3 in [18] says

Pv.d) € Z[t] <= (IS3).

With (3.16) and Theorem 3.5, this is equivalent to (C1) <= (C1) forn < 3.
This equivalence (C1) <= (C1) for n < 3 is lemma 2.5 in [6]. It has a short
combinatorial proof.

Remarks 3.11 (i) Theorem 3.9 implies that for an integer weight system (v, d) with
(C2) the answer to the problem 1 (a)+(b) is Yes. But the proof is not combinatorial.
Theorem 3.9 gives also the following three implications:

(C2) = Dy € No[u(O)], (3.20)

(C2) = p.a) € Nolt], (3.21)
n

(C2) = Dy = Z[ezﬂf“.f]. (3.22)
j=1

(3.22) is the positive answer to problem 1 (b) in the case (C2). The known proofs of
(3.20), (3.21) and (3.22) are not combinatorial.

(ii) Let (v, d) be an integer weight system with (C2).

Open problem 2:

(a) Give a combinatorial proof of (3.20).
(b) Give a combinatorial proof of (3.21).
(c) Give a combinatorial proof of (3.22).
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(iii) One can separate in (C2) and (C1) the conditions for J of different values
of |J| € N. The conditions for J with |J| = 1 lead to the graphs and types of a
quasihomogeneous singularity which are discussed in [6, ch. 3]. Sections 4 and 6 in
[6] make extensive and successful use of the conditions for | /| = 1. Below in Sect. 4,
we will extend formulas in [6] for parts of the Milnor number u to formulas for parts
of Dy.

Butitis irritatingly difficult to make use of the conditions for J with |J| > 2in (C2)
or (C1). Though they must be used in solutions of the problems in (iii), and probably
also in a positive solution of the Conjecture 6.3 in Sect. 6, if that has a positive solution.

Open problem 3: Make some good use of the conditions for J with [J] > 2 in
(C2) or (C1).

The last point in this section is a discussion of a well-known fact on the order of
the monodromy of a quasihomogeneous singularity. That order is

dmon :=lecm(m € N |v(m) > 0)

where the numbers v(m) are determined by Dy = Zm e V(m) - Wy

Lemma 3.12 In the case of an isolated quasihomogeneous singularity with w; < %
forall j € N, dmon = dy or dimon = % If all wj < L, then dinon = dy.

Proof Because of the Definition (3.9) of Dy, dmon is a divisor of dy. The equalities

n

1
I1 (— - 1) = p = trid = tr(Mon)® = L(dmon)

W
1
= £u(dmon) =+ | | <w_ - 1)

J i tjldmon J

J=1

show that the second product can miss only indices j with w; = % Therefore
lem(tj | w; < 1) divides dion. If all w; < 1, then lem(t; | w; < 1) = dy. If
somewj=%thenlcm(tj |w; < %):dwor dTW. a

4 Formulas for isolated quasihomogeneous singularities of cycle type
and of chain type

The formulas in this section concern the isolated quasihomogeneous singularities of
cycle type,

XX+ x1xy? +x2x§3 + XX, wheren € N, ay,...,a, € N,

and in the case n even neither a; = 1 for all even j nor a; = 1 for all odd j,
and of chain type,

1
xf1+ +x1x3% +x0x5° + -+ xp_1xyn wheren €N, ay, ..., a, €N
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The formulas start with normalized weight systems (w, 1) = (wy,..., wy, 1)
which satisfy a part of the conditions (C1) and (C2) in Lemma 3.3, namely that
part which concerns subsets J € N with |J| = 1. That part leads to graphs and types
of weight systems, see Sect. 3 in [6]. As already said in Remark 3.10 (iv), it is difficult
to make use of the conditions in (C'1) and (C2) for J with |J| > 2. The formulas here
do not make use of these higher conditions.

The formulas extend formulas in [6] for parts of the weight system and parts of
the Milnor number to formulas for parts of Dy. Some calculations already made in
[6] will be reproduced here for better readability. We start with the cycle type, then
consider a generalization of the chain type and finally specialize that to the chain type.
The formulas for the generalization of the chain type will allow to glue its root to
another graph.

Define the function

o0
o UZ" — 7,
k=0
o1, s Xk) =X xk — X2 X+ (D I+ (=D @

(thecase k =01is p(¥) = 1).

Lemma 4.1 (Partly [6, Lemma 3.4 and (4.6)]) Fixn € IN and n numbers ay, ..., a, €
IN such that, if n is even, neither aj = 1 for all even j nora; =1 for all odd j.
Then there is a unique normalized weight system (w, 1) = (wy, ..., wy,, 1) with

ajwj+wj_1 = 1forall j € N, where wy := wy. It is

vj

w; = ] where

vj:=paj-1,aj-2,...,a2,a1, 0y, ay1,...,djy1) € N,
n

d:=[]aj— (1" eN. (4.2)
j=1

Define
y = ged(vy, d).

Then the unique numberssj, t; € Nwithged(s;, tj) = landw; = j—;from Definition
3.6 are

H=..=t, = —. “4.3)

Especially y = gcd(vj, d) forany j € N.
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The Milnor number is
n
j=1

The divisor Dy, from Definition 3.6 is

Dw:y-Ad/y+(—l)"-A1. 4.5)
Proof The matrix of the system a;w; + w;_; = 1 of linear equations has the deter-
minant
aj 1
1 a n
det L =1_[aj—(—1)”=d,
N . ° . ]:]
1 ay

here d > 0 by hypothesis. Therefore it has a unique solution. It is easy to see that this
solution is given by (4.2). The conditions that in the case n even neither a; = 1 for all
even j nor a; = 1 for all odd j make sure that the numbers v; and d and the weights
w; are not zero, but positive. The equation a;jw; + w; 1 = 1 implies w; < 1.

By definition #; = d/y. The identities (where wo = wy,, so = s, fo = t,,)

ST AN ) W SV .

=Wy = = a

b T g o) =ty =t - . (4.6)
ged(tj—1,tj—1 —sj-1) =1 ged(aj, tji—1 —sj-1)

show #; _1|t;. As we have a cycle here, t; = d/y and gcd(vj,d) = y forany j € N.
The Milnor number is calculated by (with vy = vy,)

n

—d—vj aj - v;
M:H—:H—:ay...n,,.

=1 vj_l =1 vj_l

The divisor Dy, is defined in (3.9). Because of (2.15) it has only the two summands
Ag/y and Ap, and the coefficient of A is obviously (from (3.9)) x (1) = (=1)". As
n=deg Dw = x(d/y)-d/y + x (1), the coefficient x (d/y) of Ay, is x(d/y) =y,
so (4.5) holds. O

Lemma 4.2 is a slight generalization of the chain type. Corollary 4.3 specializes it
to the chain type.

Lemma4.2 (Partly [6, (4.10)]) Fix n € IN, n numbers ay, ..., a, € IN, two numbers

50, to € IN with sg < to and ged(so, tg) = 1, and define wy = ;—8
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Then there are unique weights wi, ..., w, € QN (0, 1) withajw; +wj_1 =1
Jor j =1,...,n Write w; = %with sj,tj € N and ged(sj, tj) = 1 and B; =

a;

ged(tj—1 —sj—1,aj) € Nand oj := ﬁ € IN. Then

paj-ti,....a1) 10+ (=1)/so

Si = “4.7)

! Bj - B1

li=aj-tji—1 =0oj-..-ap-1. 4.8)
The partial divisor and the partial Milnor number associated to (wy, ..., wy) are

n

1 n . n— ﬁ ﬁl
ﬂ(;jAt_,—Al)=(—1) A+ Y (=1 BEEL A 4.9)

j=1 j=1 0750

a
=04W&+§]1W11_1 E,, (410

j=1

n ~1

1 Jlnts e —1)"
1—[ (_ . 1) — p(an, an—1 1 ap) + (1) U)(). @.11)

=1 w; — wo

Proof The weights are unique and in QN (0, 1) because they are determined inductively
by the equations a;w; + w;_1 = 1, 1i.e.,

1-— w;j—1 _ tji—1—8j-1

w; =

aj aj-tj—
(-1 —sj-1)/Bj
ot

As 1 = ged(sj—1,tj-1) = ged(tj—1 — sj—1,tj—1), this shows (4.8). For j =1 (4.7)
is clear. For j > 2 the additional calculation

Bj-sj=tj-1=sj-1

_Gj-1-..cai-ty p@jo,....a1)-fo+ (=17 Lsg
 Bjo1 e B Bj-1- ... B
_plaj—r,...,a1) - to + (—=D/so

- Bit P

shows (4.7). Now the partial divisor is also calculated inductively. The induction uses
the partial divisor and the partial Milnor number for n — 1. Also #;|f, and (2.18)
(AgAp = al\p for a|b) are used.
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n—1 1 1
<_Al, _A]> . <_At" _A1>
. Sj Sn

J=1
n—1 n—1
1—[ 1 1 1—[ 1
- <_ B 1) . _At" B (_Atj B Al)
j=1 \%i Sn j=1 N
.B .-B1 ,Bj ﬂl
<A D" DI A,
ir— n + (=1 +E (=D o—so U

j=1

This shows (4.9) and (4.10). The partial Milnor number is the degree of the partial

divisor.

Corollary 4.3 In the situation of Lemma 4.2, suppose wo = wi. Then

so=s1=1Ltn=t=a+1,p1 =a,a1 =1.

Define
=(@+1-ay-...-ar fork=1,...,n, by:=1,
wr ‘= plag, ...,a, a1 +1), fork=1,...,n, uo:=1.
Then
Sj= Ml_l )
Bj--.- B2
t t (a1 +1) b
=it =i -...-ap - (ag =
J it J B Po
=1
Dy =] (S—jAtj - AI)
j=1

= (=D"+ Y (=D"Bj.pr Ay

j=1

= (D" ) (D" by By

j=1

l_[<—— >=bk—uk1.

Furthermore, define
n ' m
DDAy =Y T
j=0 i=1
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The definition (4.20) makes sense, as obviously for the divisor on the left hand side,

_ | Liffor some even k m|by—, m fby_j—1,
vim) = {0 else. @20
Then
n ) n
Z(—l)”‘fAbj = ]_[ ( Ap; — A1) (4.22)
—t 1\
j J
0
Dy = [A]. (4.23)
i=1

Proof Formula (4.12) is trivial. The formulas (4.15) to (4.19) are immediate con-
sequences of the formulas in Lemma 4.2. (4.22) is proved inductively by a similar
calculation as (4.9),

Il
S
e i3
N
gp
|
!
N———"
=
T —
>
F
|
~. S
e )
N
=
Sl=
>
S
|
>
N———

n—1
Ap, + Y (=" Ay,
j=0

For the final formula (4.23), it is in view of (2.31) and (4.18) enough to show

bj

— =t for j > 1. (4.24)
ecd(b, ) /

But uy = b — pr—1 (for k > 1) and by = apby— (for k > 2) show

ged(bj, w) = ged(bj, pn—1) = ... = ged(bj, pj) = ged(bj, pj—1).
Asw; = ;—j = “bf—;l,
bj bj
t j j

T oged(bj, pjo1)  ged(by, )
O

Remark 4.4 The last formula (4.23) in corollary 4.3 fits to a result of Orlik and Randell
[16, (2.11) theorem]. They showed that the integral monodromy is the p-th power of a

@ Springer



468 Journal of Algebraic Combinatorics (2019) 50:447-482

cyclic automorphism of the Milnor lattice, whose eigenvalues are given by the divisor
in (4.20). Formula (4.23) just confirms that the divisor Dy, has the eigenvalues which
fit to this theorem.

We made this calculation mainly to see how it works and to get some inspiration
for good guesses for other types of weight systems of isolated quasihomogeneous
singularities.

5 Examples and counter-examples

This section offers examples. Some of them are counter-examples to conjectures or
hopes.

Example 5.1 Recall that for weight systems withn = 3 (C1) <= (C1) by Remark
3.10 (iii). The first known (and the only documented) example of a weight system
(v1, ..., vy, d) which satisfies (C1), but not (C1), is an example of Ivlev [2, 12.3]
with n = 4. It is the integer weight system

(v,d) = (1,24, 33,58, 265). 5.1

By Lemma 3.7 (c) p(v,a) € Z[t]. Ivlev (and we, too) calculated that p(y gy is even in
INo[#]. By Theorem 3.5 any quasihomogeneous polynomial with this weight system
has a non-isolated singularity at 0.

Now we show that (v, d) satisfies (C1), but not (C1). Observe

1 24 33 58 vjoosj
W=z =22 1), wj=-L="=2 withs; =vj,t; =d,
265 265 265 265 d tj

and

265=5-53, 264=3-8-11=8-33=11-24,
265 —33 =232=4-58,

gcd(24,33) = 3,265 — 58 =207 =3 - 69,

but 207 ¢ SG (24, 33) := INp - 24 + INp - 33.

The following table lists the sets J with |J| < 2 which satisfy alone or with a suitable
set K € N\J the condition (C1).

J]12)]3)| (411, 231, 3|1, 412, 4} (3. 4)
k[ Imiml 1 1 3y

The set J = {2, 3} satisfies with K = {1, 4} (C1), but not (C1). In the notation of [6,
Example 3.2 (iii)], the weight system is of type XII (but with a different numbering).
The sets M (k) are
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[ M(265) = N = {1,2. 3.4} if 265[,
M) = {M(l) = if 265 k.

Therefore only the values of L(k) = (—1)"~M®1 . (k) and x (k) for k € {1,265}
are interesting.

(L(265), L(1)) = (66516, 1) = (u, 1),
(x(265), x (1)) = (251, 1),

Dy =251+ Aags + 1+ Ay = S - Aags + A1
Remarks 5.2 Open problem 4: Find other examples of integer weight systems (v, d)
which satisfy (C1), but not (C1). Both cases, p(v,q¢) € INolt]and pwv,q) € Z[t]\INo[?],
are interesting. Because of Remark 3.10 (iii), all such examples satisfy n > 4. Find
examples with n = 4 of other types as Ivlev’s example, which is of type XII in the
notation of [6, Example 3.2 (iii)].

Examples 5.3 Here some examples of weight systems of isolated quasihomogeneous
singularities are given, together with the values of v, x and L from Sect. 2.
Hn=3, N={1,23}

( 1= 115 !

w17w27w37 - 47 65 127 .

One singularity with this weight system is xi‘ +x§’ +x2x32. The monomials xf, xg, x2x32
give the type II in [6, example 3.2 (ii)]. The following table lists all sets M (k) and
suitable values of k.

N {1} {2} 9
12 4 61

Therefore only the values of L (k) = (—1)""M®1. (k) and x (k) fork € {12, 4,6, 1}
are interesting.

(L(12), L(4), L(6), L(1)) = (21, 3,5, —1),
(x(12), x4), x(©6), x(1)) = (1,1, 1, =1),
Dy = A2+ Ag+ Ag — Ay
= A+ (Ve + Vg + W3 + Wy + V) + Us.

(i)n =4, N=/{1,2,3,4},

( ho(l21 5,
w]aw29w39w47 - 57 55 67127 M

One singularity with this weight system is x15 + x1x§ + x36 + xgxf. The monomials

x]5, X1 x%, x36, xgxf give the type XIII in [6, example 3.2 (iii)]. The following table lists
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all sets M (k) and suitable values of k.

N {1,2,3} {3,4} {1,2} {3} ¥
60 30 12 5 61

Therefore only the values of L(k) = (—=D)=M® (k) and x (k) for k €
{60, 30, 12, 5, 6, 1} are interesting.

(L(60), L(30), L(12), L(5), L(6), L(1)) = (42, -30,7,6, -5, 1),
(x(60), x (30), x(12), x(5), x(6), x(1)) = (1, =1, 1,1, =1, 1),
Dy = Agg — A3+ A2 + As — Ag + A

= (Weo + Yoo + W12 + Ws + Wy + W) + (W + Wy + V).

(iii) The curve singularity Ds,, x12q—1 + x1x3:

1 qg—1
=25N= 1727 227 5 71= ) ’1 .
n {1,2}, u =2q, (wi, wa, 1) <2q_12q_1 )

The monomials qu_l, xlxg give the type II in [6, example 3.2 (i)]. The following
table lists all sets M (k) and suitable values of k.

N ¢
2q—11

Therefore only the values of L(k) = (—1)*"M®I. (k) and x (k) fork € {2¢ —1, 1}
are interesting.

(L2q — 1), L(1)) = (2q, 1),
(x@2q =1, x(1)) =1, 1),
Dy, = A2q—1 + Aj.

. . . 2
(iv) The curve singularity Dag 41, X, 44 xlx%:

1 2g—1
n:ZaN={172}7/’L=2q+17(w15w251): _5—71 .
g 4q

The monomials xlzq, X1 x% give the type Il in [6, example 3.2 (i)]. The following table
lists all sets M (k) and suitable values of k.

N {1} 0
4q 2q 1
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Therefore only the values of L(k) = (=)= IM®L. (k) and x (k) for k € {4q,2q, 1}
are interesting.

(L(4g9), L2q), L(1)) = 2q +1,—(2g — 1), 1),
(x(@q), x2q), x(1)) = (1, -1, 1),
Dw = Agg — Nog + A1 5.2)

K. Saito proposed the following conjecture.

Conjecture 5.4 [19, (3.13) and (4.2)] Let (wy, ..., wy, 1) be a normalized weight
system such that pey.qy € No[t] or (in general stronger) such that (1 S3) (from Theorem
3.5) holds for the reduced weight system. Then Dy =), i v(m) - Wy, satisfies

v(dw) > 0 orv <d7w) > 0, (5.3)

1
v(dw) > 0 ifall w; < x 5.4

i.e., in the case (I S3) the monodromy has eigenvalues of order dyw or of order dTW, and
ifallw; < % it has eigenvalues of order dy.

Saito was not aware of the part of Theorem 3.5 saying that the condition (C1) is
sufficient for (/S3) (necessity is proved in [17]). Probably therefore he gave in the
conjecture in [19, (3.13] the characterization p(y,qy € INo[¢], which is in the cases
n < 3 sufficient and necessary for (7 53) ([2,18] [6, lemma 2.4]). In [19, (4.2)] he gave
the condition (/.S3).

He proved in [19] a result which implies the conjecture for n = 3. He also stated
that it is true for n = 2.

The following examples disprove the part (5.4) of the conjecture for n = 4. They
can be extended easily ton > 5.

Examples 5.5 Consider two curve singularities Dy, o | and Dok, Withk, g1, g2 €
IN with g1 and ¢» odd and Icm(q1, g2) > max(qi, g¢2). Then their Thom—Sebastiani
sum Dykg 1 ® Dok, y s @ quasihomogeneous singularity in n = 4 variables with
normalized weights

1 2kgi—1 1 2kgp—1
2kql’ 2k+lq1 ’quz’ 2k—|—1q2

and dy = 2k+1lcm(q1, g2). The divisor of the characteristic polynomial is because of
5.2)

Dy = (Agi+1g, — Dokgy + A1) - (Agkr1g, — Agrg, + A1)
= (2k+1 —2k_ Zk) gcd(qq, qz)AZkﬂlcm(q],qZ)
+2* ged(qi, CIZ)Azklcm(quqz) + A2k+lq1 + A2k+1q2
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_A2k611 — A2kq2 + Ajq.

k
= 2" ged(q1, 112)A2k10m(q1,q2) + /\2k+1q1 + A2k+1q2
_A2k¢11 — A2qu + Aq.

Part (5.4) of Conjecture 5.3 does not hold here.

Remarks 5.6 In Examples 5.5 the part (5.3) of the conjecture does hold. That part of
the conjecture is still open.

We checked the tables of weight systems of isolated quasihomogeneous singular-
ities in n = 4 variables in [7] up to u = 500 for all weight systems for which (5.4)
does not hold. There are 25 cases, and they are precisely those Thom—Sebastiani sums
Dykgy+1 ® Dok, 1 in Examples 5.4 which satisfy u < 500. In 23 cases k = 1,in 2
cases k = 2.

This indicates that for n = 4 their might be no counter-examples to (5.3) and only
the counter-examples in example 5.5 to (5.4).

Open problem 5:

(a) Prove or disprove the part (5.3) of Conjecture 5.4.
(b) Settle whether in the case n = 4 the only counter-examples to (5.4) are those in
example 5.5.

6 A conjecture on the orders of the eigenvalues of the monodromy of
an isolated quasihomogeneous singularity

Recall the Definition 1.1 of the Orlik block (H s, har) and of the group Autgi (Hy, )
for a finite nonempty set M C IN. The main result in [5] characterizes those sets M
for which Autgi (Ha, hr) is as small as possible in terms of conditions on the set M.
It is recalled below in Theorem 6.2. The following definitions are needed.

Definition 6.1 Let M C IN be a finite set of positive integers.

(a) A graph (M) = (M, E(M)) is associated to it as follows. M itself is the set
of vertices. The edges in E (M) are directed. The set E (m) is defined as follows. From
avertex m; € M to a vertex my € M there is no edge if at least one of the following
two conditions holds:

(i) m1/my is not a power of a prime number.
(i) Anm3z € M\{my, my} with ms|m3|m exists.

If my/mj is a power pk with k € IN of a prime number p and if no m3 € M\{m1, m3}
with my|m3|m exists, then there is a directed edge from m| tom,, whichis additionally
labeled with p. It is called a p-edge. Together such edges form the set E (M) of all
edges.

(b) For any prime number p the components of the graph (M, E(M)\{p-edges})
which is obtained by deleting all p-edges, are called the p-planes of the graph. A
p-plane is called a highest p-plane if no p-edge ends at a vertex of the p-plane. A
p-edge from m to my is called a highest p-edge if no p-edge ends at m.
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(c) A property (T) for a prime number p and a property (57) for the prime number

2:
(Tp) : The graph ¢ (M) has only one highest p-plane. 6.1)
(S2) : The graph (M, E(M)\{highest 2-edges})
has only 1 or 2 components. (6.2)

(d) The least common multiple of the numbers in M is denoted lcm(M) € IN. For
any prime number p denote

I(m, p) :==max(l € Ny | pl divides m) forany m € IN,
(M, p) :=max(l(m, p)|m € M) =I1(cm(M), p).

Thenm =[] lom.p),

p prime number p

Theorem 6.2 [5, Theorem 1.2] Let M C N be a finite set of positive integers, and let
(Hyg, hyp) be its Orlik block. Then

Autgi (Hy, hy) = {£h%, | k € 7} (6.3)

holds if and only if the graph ¢ (M) satisfies one of the following two properties.

(I) (M) is connected. It satisfies (S>). It satisfies (T,) for any prime number p > 3.
(1) 4 (M) has two components M| and Mj. The graphs 4 (M) and 4G (M3) are
2-planes of 9 (M) and satisfy (T,) for any prime number p > 3. Furthermore

ged(lem(My), lem(Mr)) € {1; 2}, (6.4)
I(My,2) > 1(M>,2) € {0; 1}. (6.5)

Motivated by Orlik’s Conjecture 1.3, Theorem 6.2, and a search in the lists of weight
systems and associated divisors Dy in [7], here we propose the following conjecture.

Conjecture 6.3 (= Conjecture 1.4) For any isolated quasihomogeneous singularity,
each of the sets My, ..., M satisfies condition (I) in Theorem 6.2.

’ Vmax

Remarks 6.4 (i) Open problem 6: Prove Conjecture 6.3 combinatorially (or disprove
it by a counter-example).

(i1) The conjecture is hard to deal with, because it requires to split the characteristic
polynomial into its elementary divisors (as also Orlik’s conjecture). It is not easy to
extract from the formula for Dy, which is by the result of Milnor and Orlik the divisor
of the characteristic polynomial, information about these elementary divisors. This
formula is rather nice in terms of the A, (though as a product, not a sum), but the
elementary divisors require to consider the \W,,,.

(iii) Example 6.5 (i) shows that the conditions (I) and (II) together in Theorem 6.2
do not behave well under tensor product. Example 6.5 (ii) shows that condition (I)
alone does not behave well under tensor product. This leads to the open problem 7. It
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generalizes Conjecture 6.3. A solution of problem 7 (a)+(b) would imply a positive
solution of problem 6.
(iv) Open problem 7:

(a) Find a natural condition for products f of cyclotomic polynomials which implies
for any elementary divisor of f condition (I) in Theorem 6.2, and which is stable
under tensor product.

(b) Prove that the characteristic polynomial of any quasihomogeneous singularity
satisfies this condition.

(iv) It would be desirable to have other ways to express condition (I) in Theorem
6.2, e.g., in terms of the x (:m) of the divisor of a characteristic polynomial. But it is
not clear how they could look like.

(v) Conjecture 6.3 is therefore proved only in a few cases, in Theorem 6.9. The
proofs use Lemma 4.1 and Corollary 4.3.

Examples 6.5 (i) Consider f) := ®1,®2®3®; and f> := ®5®;. Then
_ 2 &2 242
by (219)—(220) Denote by f] =g1,1°81,2 and f2 =g and fl ® f2 = g1 882

the decompositions into elementary divisors and by M| 1, M| 2, M2, Mg 1Mg 2 C IN
the corresponding sets (Fig. 1). Then

My ={12,6,4,2} satisfies condition (I),
My = {6, 4} satisfies condition (II),
M ={5,1} satisfies condition (1),
Mg 1 = {60, 30,20, 12, 10, 6,4, 2} satisfies condition (I),
Mg » = {30, 20, 6, 4} satisfies neither (I) nor (II).

(i1) Consider f] := <I>%<I>3<I>1 and fp 1= <I>§<I>3d>1. Then

N1® fo = B3505 P15 D7D PID]

G (Mg,) 9 (Ms )
60

N
DOKE T NN
N4

Fig.1 For example 6.5 (i)
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G (My1) =9 My ) G (Mg 3) G(Ms.4)
21 35 15
ed
7 3 5 3

S |
1 1

Fig.2 For example 6.5 (ii)

by (2.19)~(2.21). Denote by f1 = g1,1- g2 and f2 = g21-gp2and f1 ® fo =
g®.1° 8.2 " 82,3 - 8.4 the decompositions into elementary divisors and by M; ; and
Mg, ; € N the corresponding sets (Fig. 2). Then

My ={7,3,1}, M, = {7},

M ={5,3,1}, M; 5, = {5},

Mg1 = Mg =1{35,21,15,7,5,3,1} and Mg 4 = {35}

satisfy all condition (I), but
Mg3 =1{35,3,1} satisfies neither (I) nor (II).

Remark 6.6 (i) Lemma 8.2 in [4] gives the sufficient condition in part (ii) for
Autgi (Hy, hy) = {j:h],‘w |k € Z}. It is a special case of condition (I) in Theorem
6.2. It holds for many elementary divisors of characteristic polynomials of isolated
quasihomogeneous singularities. But Examples 6.7 (i)—(iii) give quasihomogeneous
singularities where it does not hold for all elementary divisors of the characteristic
polynomial.

(i1) A special case of condition (I) [4, Lemma 8.2]: M contains a largest number
m1 such that ¥ (M) is a directed graph with root mi. This implies (7},) for any p.
Additionally, a chain of 2-edges exists which connects all 2-planes. This implies (.52).

Examples 6.7 (i) The weight system (w, 1) = (£, 5. 75. 1) satisfies (C1) and (/S3).

It is of type I (=Fermat type) in the notation of [6, Example 3.2 (ii)]. The Brieskorn—
Pham singularity )cl6 + xéo + x315 has this weight system. Here

Dy = (Ag — A1) (Ao — A (A1s — Ay)
= (2A30 — Ag — Ao+ A (A5 — Ay)

2
=20A30 + A+ Ao+ A5 — A = Zdivgj,
j=1

with the elementary divisors g; with

divg; = Az forl < j <20,
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%(Mm) in (i) G (Mp) in (i) %(My) in (ii)

O
NS NN

Fig.3 For Examples 6.7 (i) and (ii)

divgrr = Ag + Ao+ A1s — Ao — Az — As + A
= We+ Wig+ Vis + Vo + W3 + W5 + Wy,
divgry = Ay + Az + As —2A 1 = Wy + W3 4 W5 + Uy,

The sets My = {6, 10, 15,2, 3,5, 1} for go1 and M2y = {2, 3,5, 1} for g» satisty
condition (I) in Theorem 6.2, but not the stronger conditions in Remark 6.6 (ii) (Fig.
3).

(ii) The weight system (w, 1) = (&,
II in the notation of [6, Example 3.2 (ii)
xfxz + xg + xg’. Here

1) satisfies (C1) and (1 S53). It is of type

11
53
]. One singularity with this weight system is

1
Dy, = (51\15 - A1> (As — AD(A3 — A1) = QA5 — As + AD(As — Ay)

=3A15+ As+ Az — Ay

=3Wjs +4Ws + 403 + 40 = ) divg;,

with the elementary divisors g; with

dngj = A5 forl <j <3,
divgy = Vs + W3 + ;.

The set My = {5, 3, 1} for g4 satisfies condition (I) in Theorem 6.2, but not the stronger
conditions in Remark 6.6 (ii).

(iii) The ﬁrst of Examples 5.4 is D7 ® D11 with (k, g1, ¢2) = (1,3,5) and (w, 1) =
(6’ SV 10 20, 1). It satisfies (C'1) and is of type IV in the notation of [6, Example 3.2
(iii)]. Here

3
Dy =2A30+ A2+ A — As— A+ A = Y _divg;,
j=1
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G (M) 9 (M)

Fig.4 For example 6.7 (iii)

with the elementary divisors g; withdivg; =", . m; Ym and

M, = {30,20, 15, 12, 10,6, 5,4, 3,2, 1},
M, = {30, 15, 10,6, 5,4, 3,2, 1},
My = {1}.

The sets M1 and M> satisfy condition (I) in Theorem 6.2, but not the stronger conditions
in Remark 6.6 (ii) (Fig. 4).

Lemma 6.8 Suppose that numbers ki, ..., kj € Nwithkjlkj_y for j =2,...,1 are
given. Then the set M C IN which is defined by Ay, — Ay, + -+ + (—l)l’lAkl =
Y mem Y is either empty or satisfies the conditions in Remark 6.6(ii).

Proof We suppose that the set M is notempty. If k; = k;_; forsome j € {2,3,...,1},
we can drop k; and k;_1. Therefore we can suppose k; < kj—q for j € {2,...,1}.
We have to prove the following two claims.

Claim 1 The graph G (M) is a directed graph with root k.
Claim 2 In ¥ (M) a chain of 2-edges exists which connects all 2-planes.

Proof of claim 1: The cases | € {1,2} are trivial. Suppose / > 3. The proof uses
induction over /.

Define the sets M| and M» b‘y Apy =Dy = epr, Ym and le=3(—l)j’1 Ay, =
Y ome m, Ym, so that M = M{UM5. The graph % (M) is obviously a directed graph
with root k. The graph ¢ (M>) is by induction hypothesis a directed graph with root
k3. For the proof of the claim it is sufficient to show that the graph ¢ (M) contains
a directed edge from a vertex in M to k3. As kp < ki, a prime number g with
l(ka, q) < I(k1, q) exists. Then the number
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m = glka) . I pla.p)
p prime number, p#q

is in M1, and there is a directed edge from m to k3. O
Useful for the proof of claim 2 will be

Claim 3 For any prime number p and any r € WNo, the set M(p,r) = {m €
M | l(m, p) = r} is either empty or a single p — plane. In the second case its graph
is a directed graph with a root.

Proofofclaim3: M(p,r) ={p" -m|m € M(p, r)} where A~4(p, r) is the support of
the divisor

Y DTAp with k= pT G kg
Jlkypyzr

If this divisor is not 0, claim 1 applies and gives claim 3.

Proof of claim 2: Two cases will be distinguished.
1st case, foranyodd j € {1,...,] — 1} % = 2lkj.)—I(kj+1.2). Then

0 ifr > 1I(ky,2),
orifl(k;,2) > r > I(kjq1,2) for an even j,
orifl(k;,2) > r and [ is even.

2" -m |m|l€;~} wherek~j =27 1k;.2) -kj
ifl(kj,2) >r > I(kjq1,2) foran odd j,
orifl(k;,2) > rand j =1 is odd.

M(Z,r) =

Define
T [k iflisodd,
MV kg —y if s even.

Then the set {2" -E;| M (2, r) # 0} is the set of vertices in M of a chain of 2-edges
which connects all 2-planes.
k

2nd case, a minimal odd j € {1, 2, ..., — 1} with ﬁ £ 21Kj.2)=1(kj11.2) exists:
J

Then a prime number p > 3 with [(k;, p) > I(kj41, p) exists. And then {2r—1k;.2) .
kj10 <r <I(kj,2)} € M. Therefore for 0 < r < I(kj,?2) the set M(2,r) is not
empty. For » > [(kj, 2) the set M (2, r) is as in the 1st case. Thus the set {2r—tkj.2) .
kj| M(2,r) # 0} is the set of vertices in M of a chain of 2-edges which connects all
2-planes. O

Theorem 6.9 Conjecture 6.3 holds for the weight systems of isolated quasihomo-
geneous singularities of cycle type and of chain type. It holds for all isolated
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quasihomogeneous singularities in n = 2 variables. It holds for the isolated quasiho-
mogeneous singularities in n = 3 variables which are of the types III, IV, V, VI and
VII in example 3.2 (ii) in [6] (see Remark 6.10 for the types I and II).

In fact, in all these cases the set M of each elementary divisor satisfies even the
stronger conditions in Remark 6.6 (ii).

Proof First consider the cycle type. Recall Lemma 4.1, and especially formula (4.5)
for Dy. It implies that all elementary divisors except one have the divisor Ag4/,, and
the last one has the divisor Ay/, — A if n is odd, and it has the divisor Ay if n is
even. These divisors satisfy by Lemma 6.8 the conditions in Remark 6.6 (ii).

Next consider the chain type. Recall corollary 4.3 and especially formula (4.17)
for Dy. It implies that any elementary divisor satisfies the conditions in Lemma 6.8.
Therefore it satisfies the conditions in Remark 6.6 (ii).

Now consider the case n = 2. By example 3.2 (i) in [6], there are three types.
Type Il is a cycle type. Type Il is a chain type. They are treated above. Type I is the
tensor product of two A-type singularities, it is called Fermat type. In general, the
tensor product is difficult to deal with, but this case is fairly easy. Here the weights are
(wy, wa) = (%, %), and Dy, is

Dw = (Atl - Al)(Atz - Al)
= ged(t1, ) Alem(y,n) — Doy — Ay, + A

The elementary divisors are as follows.

For k < ged(11, 1) — 2 div gk = Alemey.1)>
fork = ged(r1, 12) — 11 divgr = Alem(ry.1) — Aged(r.) + Als
for k = ng(tl, tZ) : div 8k = Alcm(tl,tz) - At1 - Alz + Agcd(t1,12)~

The divisors in the first two cases satisfy the conditions in Lemma 6.8 and therefore
the conditions in Remark 6.6 (ii).

Consider the divisor div g in the third case. Suppose that #; f#, and > /71, because
else div gr = 0. The set M € IN withdivgr = >, cpr Wi is
M = {m € N|ml|lem(ty, 1), m fty,m ft2}.

Obviously, its graph is a directed graph with root lem(#1, ;). This gives the first
condition in Remark 6.6 (ii). For the second condition, we distinguish the following two
cases. Write’fj = 2—m(}.2) -tj,sothatt; = 2m(tj,2) 'f, Suppose m(ty,2) > m(2, 2).
Then 7> /7 and lem(t1, 12) = 202 . lem(fy, 1o).

Ist case, 7; Af2: Then the set {2" - lem (7, %) |0 < r < m(t1, 2)} is a subset of M
and is a chain of 2-edges which connects all 2-planes.

2nd case, 71|f2: Then m(t;, 2) > m(t2, 2). Thenthe set {2" -5 |m(t2,2) + 1 < r <
m(ty, 2)} is a subset of M and is a chain of 2-edges which connects all 2-planes.

Now consider the case n = 3. By example 3.2 (ii) in [6], there are seven types.
Type V is a chain type, and type VIl is a cycle type. They are treated above. The types
IIL, IV and VI will be treated in a similar way as the type I for n = 2.
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Type III for n = 3: weights w = (-, 52, 33) with

n'n’n

1—w; .
wj=—), tjztl-alethO[jZ—
aj ng(aj,l‘] -1

aj

for j = 2,3,

for some ap, az € IN. Write @ := Icm(ap, a3). Then

1 1 1
Dy = <_All - A]) (_Atz — A]) (—At3 — A])
851 52 53

t1 - ged(an, a3) 1 1
= (Ay — A1) (—Azla ——Ap — —An+ A
§2 53 52 53
= rlAtla _r2At2 - r3At3 +At1 - Al
. ti(f — 1) ged(an, a3) n—1 n—1
with r; = , h=—— 13= .
5283 52 53

Suppose (without loss of generality) that r» < r3. The elementary divisors g are as
follows:

Forl <k <ri—ry—r3: divgr = Aya,
fork=ri—ro—r3+1: divgr = Ayag — Ay ged(a.a3)
+Ay — Aj,
forry —rp—r3+2<k=<ri—r3y: divgr = Anag — Ay ged(ar.03)>
forry —rs+1<k<ri—r: divgy = Az — Ag,
forri —ra+1<k=<ri: divgk = Ayg — Ay, — Asy
+ A4y ged(az,a3)-

The divisors in the first four cases satisfy the conditions in Lemma 6.8 and therefore
the conditions in Remark 6.6 (ii). The divisors in the fifth case are of the same type as
the divisor in the third case in type I for n = 2.
Type IV for n = 3 is a sum of a 1 variable Fermat type and a 2 variable cycle type.
. 1 .
The weights are w = (7, f—; i—;) with
y = ged(az — 1, a2a3 — 1) = ged(az — 1, axaz — 1),

araz — 1 az; — 1 a — 1
h==——, 8§= , 83 =
14 14 14

for some az, az € IN>», by Lemma 4.1. Write 7= gcd(t1, 7). Again by Lemma 4.1,
Dy, is the product

Dy = (Ayy — AD(Y Ay + A1)
= y?Al(Zm(l],tz) - VAtz + At] - Al'
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The elementary divisors gj are as follows:

Forl <k<y(@F—1): divgr = Alem(ry.1)»
fork = )/(?— D+1: divgy = A]cm(n,tz) — Ay + A7 — Aq,
fory(—1D+2 <k <yf: divge = Mm@ — Ans
fork=yf+1: divgy = Ay — Ay

All these divisors satisfy the conditions in Lemma 6.8 and therefore the conditions in
Remark 6.6 (ii).
Type VI for n = 3 consists of a cycle such that one of its vertices is the root of a 2

variable chain. The weights are w = (‘;—1‘, ‘;—3, ‘E—;) with

ajar — 1
Yy = gcd(a2 —l,aiap — 1) = gcd(a1 —l,aiap—1), 1 =tp = ——,
14

a — 1 a; — 1
t3 =1t -aforsomea € N, 51 = , S = ,
14

for some ay, a; € N>>. By Lemma 4.1, Dy, is the product

1
Dy = (y Ay + A1) <5A13 - A1>

. n+1
=rAy —yAy — A1 with r = 4! .
83

Observe r > y + 1, because r — y — 1 is the coefficient of [1] in Dy,. The elementary
divisors gy are as follows:

Forl <k<r—y—1:divgr = Ag,
fork=r—y: divgr = Ay — Ay,
forr —y +1<k<r: divgr = Ay — Ay.

All these divisors satisfy the conditions in Lemma 6.8 and therefore the conditions in
Remark 6.6 (ii). m]

Remark 6.10 In example 3.2 (ii) in [6], i.e., for n = 3, type I is the Fermat type with
w = ( %, % L), and type Il is the sum of a 1 variable Fermat type and 2 variable chain

'
— (L 1 353y ith 3 = 1w imi
type, sow = ( N T with = and a3z > 2. In both cases, a similar ansatz

as in the Proof of Theorem 6.9 leads to an unpleasant multitude of different subcases.
Examples 6.7 (i)+(ii) show that in special cases of both types, some elementary divisor
does not satisfy the conditions in Remark 6.6 (ii). It does not seem worth to try to prove
Conjecture 6.3 in this way.
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