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Abstract Let C(d, k) and AC(d, k) be the largest order of a Cayley graph and a
Cayley graph based on an abelian group, respectively, of degree d and diameter k. It is
well known that C(d, k) < 14+d+d(d—1)+---+d(d —1)*~! with equality satisfied
if and only if the graph is a Moore graph. However, there is a much better upper bound
for abelian Cayley graph. We have AC(d, 2) < % +d+1and AC(d, k) < % +
O (d*~1). On the other hand, the best currently lower bounds are C(d, 2) > 0.684d2,
AC(d,2) > Bd*—2.1d"3P and AC(d, k) > (4)*+0(d*!) for sufficiently large d.
In this paper, we improve previous results on the degree—diameter problem. We show
that C(d,2) > 30d> — 5.4d"%, AC(d,2) = Zd* —3.9d"% and AC(d, k) >
(%)kdk + 0 (d*=0473) for sufficiently large d.
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1 Introduction

In a graph I, the distance d(u, v) from vertex u to vertex v is the length of a shortest
u — v path in I". The largest distance between two vertices in I' is the diameter of I
Let I' = (V, E) be a graph of maximum degree d and diameter k. According to the
Moore bound, T has at most 1 +d +d(d — 1) + - - + d(d — 1)*~! vertices. When
the order of V equals 1 +d +d(d — 1) + --- +d(d — 1)*~!, the graph I is called a
Moore graph. Except k = 1 ord < 2, Moore graphs are only possible ford = 3,7, 57
and k = 2 [5,8]. The graphs corresponding to the first two degrees are the Petersen
graph and the Hoffman—Singleton graph. The existence of a Moore graph with degree
57 and diameter 2 is still open. As there are very few Moore graphs, it is interesting
to ask the following the so-called degree—diameter problem.

Problem 1 Given positive integers d and k, find the largest possible number N (d, k)
of vertices in a graph with maximum degree d and diameter k.

We refer to [11] for a recent survey on the degree—diameter problem.

The Moore bound for diameter two is N(d,2) < d?> + 1. In [7], Erdés et al.
improved this bound by showing that N(d, 2) < d*> —1ford >4, d #7,57. An
explicit lower bound N(d, 2) > d* — d + i is given by Brown’s graphs [4] for all d
such thatd — 1 is a prime power andi = 2 ford — 1 evenand i = 1 ford — 1 odd. A
modification of Brown’s graphs constructed by Sirdii et al. [15] gives the lower bound
N(d,2) > d?* —2d"5% for all sufficiently large d. Clearly, this bound asymptotically
approaches the Moore bound.

Let Gbeagroupand S € G suchthat S~! = Sande ¢ S.Here S™! = {s7!:5 ¢
S}. The Cayley graph I'(G, S) has a vertex set G, and two distinct vertices g, i are
adjacent if and only if g~!/ € S. Here S is called the generating set. A Cayley graph
is always vertex-transitive and regular, and its valency equals |S|. Then, it is easy to
see that the diameter of a Cayley graph I'(G, S) is k if and only if k is the smallest
integer such that all elements in G appear in {Hﬁzlsi :s;eSforl=1,2,...,k}

Proposition 1.1 The diameter of a Cayley graph T'(G, S) is k if and only if k is the
smallest integer such that all elements in G appear in {l_li.‘:]s,- 1 5; € SU {e}}, where
e is the identity of group G.

Since neither the Brown’s graphs nor their modifications are vertex-transitive, it is a
natural question to ask what is the maximum number of vertices of a vertex-transitive
graph or a Cayley graph of diameter k& and degree d. We use v(d, k), C(d, k) and
AC(d, k) to denote the largest order of a vertex-transitive graph, a Cayley graph and
an abelian Cayley graph, respectively, of degree d and diameter k. Then, we have
N(d,k)y>v(d,k)y>C(d, k) > AC(d, k).

Currently, the best known construction of vertex-transitive graphs is the McKay—
Miller-Sirdti graph [10], which gives v(d, 2) > §(d +1)?, for degreesd = $(3g — 1)
such thatg = 1 (mod 4) is a prime power. In the same paper the authors have shown
that all these graphs are non-Cayley.

For Cayley graphs, we have the following results. In [14], Siagiova and Siraii

gave a construction of Cayley graphs of diameter two and of order d*> — O(d %)
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for an infinite set of degrees d. Hence, their result for Cayley graphs asymptotically
approaches the Moore bound d? + 1. Siagiova and Siraii [13] constructed Cayley
graphs of diameter two and of order %(d + 1)2 for all degrees d = 2g — 1 where
q is an odd prime power. In [1], Abas proved that C(d,2) > %dz —tford > 4
even and C(d,2) > %(d2 +d) —t ford > 4 odd, where 0 < t < 8 is an integer
depending on the congruence class of d modulo 8. Recently, Abas [2] showed that
C(d,2) > 0.684d> for every integer d > 360756. In this paper, we improve Abas’s

result and show that C(d, 2) > %dz —5.4d"5%5 for sufficiently large d.

For Abelian Cayley graphs, we have AC(d, k) < ‘,l(—l,( + 0(d*") ford — oo and
fixed k [16]. In [6], Dougherty and Faber showed thatAC(d, k) > ($)*+ 0(d*~!) and
asked whether the constant 1/k* can be improved. In this paper, we give an affirmative
answer to this question by showing that AC(d, k) > (3k3—_1)kdk + O(d*=%475) for
sufficiently large d. For small diameters, we have better results. Macbeth et al. [9]
showed that AC(d, 2) > %(d2 —4) for d = 4g — 2, where ¢q is an odd prime. This
result was generalized in [15], where it is proved that AC(d, 2) > %dz — 1.454'5%
for any sufficiently large d. Later, Pott and Zhou [12] gave a construction of abelian
Cayley graphs of diameter two and of order é—idz — 2.1d'3% for sufficiently large
d from generalized difference sets. In this paper, we improve their result and show
that AC(d,2) > %—Zdz —3.9d'3% for sufficiently large d. Other researchers also
considered the largest order of a Cayley graph based on cyclic group and metacyclic
group, see [9,17].

This paper is organized as follows. In Sect. 2, we give a lower bound for C(d, 2).
In Sect. 3, we show lower bounds for AC(d, 2) and AC(d, k).

2 Lower bound for C(d, 2)

The following lemma can be found in [2], which will be used later.
Lemma 2.1 [2] The equations

aix + b1y =cy,
ax +byy=c

ar by

over Ly have a unique solution in Z,, if and only if the determinant D = o b
2 2

coprime with n.

Now we state our main result.

Theorem 2.2 Let n = 2m, where m is an odd integer. Let G = Z,, X Zyn X Z3 be a
group with multiplication (io, i1,1) - (jo, j1, j) = (o + Jji, i1 + ji—i, 1 + J), where
(io, i1, 1), (Jo, J1, J) € Zn X Zn X Zy. If there exists a subset T < G such that

(1) at least one of {(m, 0, 0), (0, m, 0)} is contained in T;
2) if (i, j,0) €T, theni+ j=1 (mod 2);
@) @uTH-TuTH 26,
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then for any odd prime p > 4|T |, there exists a Cayley graph of diameter two, degree
QIT|+1—¢€—p)p — 1, and of order 2p*n?, where € = |T N {(m, 0, 0), (0, m, 0)}]
and p = min{l, [T N{@i,n—1i,1):i € [0,n — 1]}|}.

Proof Let p be an odd prime with p > 4|T|.Let H =F, xF, x Z,, x Z,, x Z be a
group with multiplication (xo, x1, io, i1, #) - (o, ¥1, jo, j1, J) = (xo+ (= Doy, x1 +
(=D"y1-i,io + ji,i1 + ji-i, i + j), where (xo, x1, {0, i1, 1), (Y0, Y1, jo, j1, J) €
Fp xFp X Zy X Ly X L.

Let w be a primitive element of F, and a; = «'. Since at least one of
{(m,0,0), (0,m,0)} is contained in 7', without loss of generality, we assume
(m,0,0) € T.If p = 1, then suppose (i;,n —i,, 1) € T. We divide T into five
subsets: T = T; U T, U T3 U Ty U T5, where

Iy = {(m,0,0)},

Iy = {(iz,n — iz, D},

3 ={0,m0}NT,

Ty ={@,j,0): (G, j,0)€T, (G j,0) # (m,0,0), (0,m,0)} = {(#,5:,0) : i €[1, 1]},
Ts=A{Gj.D: G JjDeT, G D#Gn—i, D} ={(u,v,1):iellk]}.

Define

X1 ={A(x) = (x,a1x,m,0,0) : x € F,},

X2 ={B(x) = (x, —x,i;,n—iz, 1) :x €F,},
X3={C(x) =(x,0,0,m,0): (0,m,0)eT,x €Fp,},

X4 ={Di(x) = (x,a;41x,t;,5,0) : x eFp,i €[1,1]},
Xs ={Ei(x) = (x, diti41%,ui, vi, 1)+ x € Fp, i € [1,k]},
X=X1UXUX3UXyU Xs.

Note that #; +s; = 1 (mod 2) and m is odd, then we can compute to get that

X' ={A0) T = (x, —a1x,m,0,0) : x € Fp},

X5 =Xy,

X3! = X3,

X' =(Di) 7 = (=) x, (= Diaix, —t;, —s:,0) 0 x € Fp i€l 1]},

X3 = (E0) ™ = (D" M apipx, (DY, —v, —u, 1) x € Fp, i€ [1,k1).

Note that (0, a; - 0,m,0,0) = (0, —a; - 0, m, 0, 0), then | X U X_1| =QITI+1-
€e—p)p—1
We can compute to get that A(x) - A(y) = (x — y,a1x + a1y, 0, 0, 0). Since the

1 -1

determinant = 2ay is coprime with p, then for any (u, v) € F, x [, there

isx,y € F, xFp such that (x — y, a1x + a1y) = (u, v).
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We can also compute to get the following equations.

A@)-B(y) = (x —y,a1x —y,m +i,n—iz1),
Ax)-C(y) = (x —y,a1x,m,m,0),
Ax) -Di(y) =(x —y,a1x +ajy1y, m + ti, 5, 0),
AXx) - Ei(y) = —y,a1x +ajyy1y, m +u;, v, 1),
AE) D) = — =Dty ax
+ (=Dajy1y,m —t;, —s;, 0),
A - Ei() 7 = = (D" Maginy, aix
+ =Dy m = v, —u, 1),
B(x) - A(Y) = (x + (=D"ary, —x
+ (=" y i m+n—i., 1),
B(x)-C(y)=(x,—x+ (=D)""y, i. +m,n —i., 1),
B(x) - Di(y) = (x + (—=D%ajp1y, —x + (=" =y, i,
+si,n—i; +14,1),
B(x) - Ei(y) = (x + (=Daipis1y, —x + (=1)" =y, iz
+vi,n —i; +u;0),
B(x)-Di(») ' = (x + (=D y, —x

+ (=D s — i — 1, 1),

B(x) - E;(») ™' = (x + (=Dituitly —x
(=D R gy i — i — i — v, 0),
Cx) - B(y)=(x+y, y,izm+n—il),
Cx)-Di(y)=(x+y,—aiy1y,ti,m +s;,0),
Cx)-Ei(y)=&+y, —aiyi+1y,ui,m+v;, 1),
Cx)- D "=+ (=D y, (=D ta 4y,
—ti,m—sj, 0),
C)-E ' =&+ D" ag iy,
(=D"y, —vi,m —u;, 1),
Di(x)- B(y) = (x + (=D""y, air1x + (=D (—=y). 1;
+iz, 8 +n—iz 1),
Di(x)-Dj(y) = (x + (=D"y, aj1x
+ (=D%aj1y, t; +tj, 5 +5;,0),
Di(x)- Ej(y) = (x + (—=D'y, aj41x
+ (=D%ajpp1y. i +uj,si +vj, 1),
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Di(x)- Dj(» ™" =+ (=D y aip1x
+ (=D aj gyt —t;, 5 —55,0), i # ],
Di(x)-E;(0) 7" = (x + (=D a0y, aigx
+ (=D)situitly g — vj,si —uj, 1),
Ei(x)- A(y) = x + (=D"a1y, aj414+1x
+ (=D"y, ui, vi +m, 1),
Ei(x)-B(y) = (x + (=D""(=y), Gip141x + (=D"y, u;
+n—i;v +i;0),
Ei(x)-C(y) = (x, @jri41x + (=D)%y, u;j +m, v, 1),
Ei(x)-Dj(y) =+ (=D"ajq1y, aiyi41x
+(=D%y, ui +sj, v +15, 1),
Ei(x)-Ej(y) = (x+ (—=D"ajti41y, aiti41x
+(=D%y, u;i +vj,v; +uj,0),
Ei(x)- D)~ = (x+ (D" iajy, aiyrx
+ (=DVTHy oy — sj,vi —tj, 1),
Ei(x) Ej(») "=+ (=Dt y gix
+ (=D Gy — v — v, 0), 0 #
Di(x)"" - B(y) = (=Dt lx + (=D'y, (=D ai11x
+ (—=D%(=y), —t; + iz, —s;i +n—iz, 1),
Di(x)"  Ej(y) = (=D x + (=D)'y, (=D aip1x
+ (=D%ajy1y, —ti +uj, —si +vj, 1),

Dix)" D) = (=D x + (=D (=1 x
+ (=D a1y, —t; —tj, —si —sj,0),
D) E;(») 7 = (Dt
+ (=D apy iy, (=D aix
+ (=D v, s — g, 1),
E:(x)™" AW = (D" agix
+(=D%ayy, (D" + (=1 y, —v;,
—uj +m,1),
Ei()™" - BO) = (=) apyipx
+ (=D (=y), (— Dty
+(—D%y, —v; +n —i;, —u; +i;,0),
Ei(x)"' - C(y) = (=) Magpipix, (—1)"“x
+ D"y, —vi +m, —u;, 1),
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Eix)""Dj(y) = (=" apipx
+(=D%ajpy, (=D x
+ (=D"y, —v;i +sj, —u; +1;, 1),
E ) Ej(y) = (=D Mapyipx
+ (=DYajpry, (—D“Hx
+(=D"y, —vi +vj, —u; +u;,0), i #j,
Eix)"" D) = (="M agipx
+ (=D gy gy, (=D Ty
+ (=Dt s — s~ — 15, 1),
E) " Ejpn T = (=D apyigx
+ (_1)v,-+uj+1y’ (_1)u,»+1x

+ (D iy, —v —ug, —u —vj, 0).

Since p > 4|T|, then from the choice of ¢; and Lemma 2.1, we have (XUX~1). (XU
X ’1) D H. Hence, the result follows. O

By taking a special group G and a set 7 in Theorem 2.2, we have the following
corollary.

Corollary 2.3 Let p > 36 be an odd prime and d = 17p — 1. Then, there exists a
Cayley graph of diameter two, degree d, and of order %(d + 12

Proof Let G = Zjo x Z10 X Z be a group with multiplication (ig, i1, i) - (jo, j1, J) =
(o + ji, i1 + j1—i,i + j), where (io, i1, i), (jo, j1, j) € Z1o X Z1o X Zo. Let T =
{(5,0,0), (0,0, 1), (1,0,1), (5,0, 1), (1,3, 1), (1,7, 1), (5,2, 1), (3,2,0), (4, 1, 0)}.
Then, it is easy to check that 7T satisfies the conditions in Theorem 2.2. Hence, for odd
prime p > 36, there exists a Cayley graph of diameter two, degree 17p — 1, and of
order 200 p2. O

Corollary 2.4 For sufficiently large degree d,

Cd.2) = g 54015,
289
Proof Let p > 36 be an odd prime. Let T (H, resp.) be the defining set (group, resp.)
of the Cayley graph in Corollary 2.3. Then, |7| = 17p — 1 and the graph has 200 p>
vertices.

For any integer d € [17p — 1,200p> — 1], we can choose and add (d — |T|)
elements in H to T to get a new set T’ such that |7’ = d and T’ = T'~!. Clearly the
Cayley graph I'(H, T') is still of diameter 2.

Now we fix d, which is sufficiently large. Let b = ld—7 + % By [3], there is a prime
p such that b — b%3% < p < b. Hence, we can take this p and construct the Cayley
graph ['(H, T’) such that |T’| = d and

|H| = 200p2 > 200(b — b%-325)2
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> 200(b> — 2b'°%)

2 1.525
> 200 4 2 4
289 17
200

> ——d* — 544"
289 ' '

3 Lower bounds for AC(d, k)

In this section, we consider abelian Cayley graphs. We will give two constructions of
abelian Cayley graphs, which improve the lower bounds for AC(d, 2) and AC(d, k).

31 ACU,?2)

Theorem 3.1 Let g be aprime powerwithqg > 13andd = 24q—2. Then, AC(d, 2) >
27 2
g (d +2)°.

Proof Let w be a primitive element in Fo43 and T = {w22i 11 € [0, 10]}. Then, it is
easy to check that

TUT)U{ExLt y:x,yeT,x #y}U{0} =Fyy3.

Let G = F; x F; x F43 be an abelian group with multiplication (xo, x1,7) -
(3o, y1, j) = (x0 + Yo, X1 + y1, i + j), where xo, x1, Yo, y1 € Fg and i, j € Fay3. For
a €, let D, = {(x,ax) : x € F,}. Then, D, + D, =F,; x F, for a # b. Denote
T={t,t,....,t1nn}and F,; = {ay, az, ..., a4}. Define

11
D = ((Dayy. 0) U (Day3. 0)) | ((Da. 1) U (D, =1)) \{(0, 0, 0)}.

i=1
Then, we can compute to get the following equations.

(Dgyy, 0) + (Dygy5, 0) = Fy x Fy x {0},
(Da]zv O) + (Duiv :l:ti) = Fq X Fq X {:tti}’
(Day, 1) + (Daj, 1)) = Fy x Fy x {1, £ 1} fori # J.

Hence, (D U {(0,0,0)}) + (D U {(0, 0, 0)}) covers all the elements in G. Note that
|D| = 24q — 2 and |G| = 243¢>. We have

ACWED) = 2 (d+27
)= 64 '
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Corollary 3.2 For sufficiently large degree d,
27
ACWd,2) > adz —3.94'%5,

Proof Let p > 13 be an odd prime. Let T (G, resp.) be the defining set (group, resp.)
of the Cayley graph in Theorem 3.1. Then, |T| = 24p — 2 and the graph has 243 p>
vertices.

For any integer d € [24p — 2, 243p% — 1], we can choose and add (d — |T|)
elements in G to T to get a new set 7’ such that |7'| = d and T’ = T'~!. Clearly the
Cayley graph T'(G, T’) is still of diameter 2.

Now we fix d, which is sufficiently large. Let b = 2d—4 + 11—2 By [3], there is a prime
p such that b — p0525 < p < b. Hence, we can take this p and construct the Cayley
graph T'(G, T') such that |T’| = d and

|G| = 243p* > 243(b — b*%)?
> 243(b%> — 2b'5%)

2 1.525
NPYRY Y
576 24

>§f—3%”ﬁ
64

32 ACU, k)

In this subsection, we consider the case AC(d, k). We first prove a lower bound for
ACd,4).

Theorem 3.3 Let g be a prime power andd = 11q —5. Then, AC(d, 4) > (13—1)4(d +
5)3(d — 6).

Proof Let H = F} x (F,)? x (Z3)* be an abelian group with multiplication
(x, x0, X1, X2, P05 i1, 12, 13) - (¥, Y0, Y1, Y2, Jo, J1s J2, J3) = (xy, X0+ yo, X1 +y1, X2+
2,00 + jo, i1 + j1,i2 + j2, i3+ j3), where x, y € IFZ, X0, X1, X2, Y0, Y1, y2 € F, and
i0, i1, i2, i3, jo, j1, j2, Jj3 € Z3. Let

A={a(x)=(x,x,0,0,1,0,0,0):xeFj;}, B={b(x)=(x,0,x,0,0,1,0,0):xEFZ},
C={c(x) =(x,0,0,x,0,0,1,0) : x GFZ}, D ={d(x)=(x,0,0,0,0,0,0,1) : x EFZ},
E={x)=(,x,0,0,0,0,0,0) : x E]FZ}, F={f(x)=(,0,x,0,0,0,0,0) : x EF;},
G:{g(x):(I,0,0,X,0,0,0,0):xe]F;},

a=(1,0,0,0,1,0,0,0), b=1(1,0,0,0,0,1,0,0),
c=(1,0,0,0,0,0, 1,0).

@ Springer



144 J Algebr Comb (2019) 49:135-146

It can be computed to get that

e =7 =x,0,0,-1,0,0,00 : x € L B~ = b0 = 71,0, -2,0,0,-1,0,0) s x € F),
= e = 10,0, -x,0,0,~1,0) sx € ), D7 = (d(0)~ = x71,0,0,0,0,0,0, ~1) : x € F} .,
E-! = E, = F,

G—1 G,
a=!'=(1,0,0,0,-1,0,0,0), b1 =(1,0,0,0,0,-1,0,0),
¢1'=(1,0,0,0,0,0,-1,0).

Define 7’ = AUBUCUDUEUFUGU/{a,b,cland T =T’ UT'~'. Then,
|T| =11g — 5.
It is easy to compute to get that

a@a() ' f@gw) = (xy ' x =y, z,w,0,0,0,0),
d(x)d() ' f(2)gw) = (xy~1,0,z,v,0,0,0,0),
e(x)f(Meg) = (1,x,,2,0,0,0,0),

and {(xy~', x —y,2,1,0,0,0,0) : x,y € F, z,w € Fg} U{(xy~",0,2,w,0,0,
0,0) : x,y € IF;;, zw € Fg} U {(1,x,9,2,0,0,0,0) : x,y,z € Fy}
IF(’; x Fy x Fy x Fy x {0} x {0} x {0} x {0}

We can do similar discussions, then (TU{(1, 0,0, 0, 0,0, 0,0)}H-(TU{(1, 0,0, 0, 0,
0,0,0)}) - (T U{(1,0,0,0,0,0,0,0)}) - (T U{(1,0,0,0,0,0,0,0)}) 2 H follows
from the following equations and replace the elements of the left-hand side of equations
to their inverse.

a(x)e(y) f()g(w) = (x,x +y,z,w,1,0,0,0), b(x)e(y) f(D)gw) = (x,y,x+z,w,0,1,0,0),
c()e(y) f()g(w) = (x,y,z,x +w,0,0,1,0), dx)e(y)f(gw) = (x,y,z,w,0,0,0, 1),
a(x)b(y)e(z)g(w) = (xy,x +2z,y,w,1,1,0,0), a(x)b-e(y)g(z) =(x,x+y,0,z,1,1,0,0),
a(x)c(y) f()gw) = (xy,x,z,y +w, 1,0,1,0), a-c(x)f(y)gi) = (x,0,y,x+21,0,1,0),
a(x)d(y) f(2)g(w) = (xy,x,z,w,1,0,0,1), a-dx)f(y)gz) =x,0,y,2,1,0,0, 1),
b(x)c(y)e(z)g(w) = (xy,z,x,y+w,0,1,1,0), b-cx)e(y)gz) =(x,y,0,2,0,1,1,0),
b(x)d(y)e(z)g(w) = (xy,z,x,w,0,1,0, 1), b-d(x)e(y)g(z) =(x,y,0,2,0,1,0,1)
c(x)d(y)e(z) f(w) = (xy, z, w,x,0,0, 1, 1), c-dx)e(y)f(z) =(x,y,2,0,0,0,1, 1)
a(x)b(y)c(z)g(w) = (xyz,x,y,z+w, 1,1,1,0), a-bx)c(y)gz) = (xy,0,x,y+2z,1,1,1,0),
a(x)b-c(y)gz) = (xy,x,0,y+2z,1,1,1,0), a-b-cx)g(y)=x,0,0,x+y,1,1,1,0),
a(x)b(y)d(@)g(w) = (xyz,x,y, w,1,1,0, 1),  a-bx)d(y)g(@) = (xy,0,x,2,1,1,0,1),
a(x)b-d(y)g(z) = (xy,x,0,z,1,1,0, 1), a-b-dix)g(y) =(x,0,0,y,1,1,0, 1),
a()e(y)d (@) f(w) = (xyz,x,w,y,1,0,1,1),  a-cx)d(y)f(2) = (xy, 0,z,x,1,0,1, 1),
a(x)c-d(y)f(z) = (xy,x,z,0,1,0,1, 1), a-c-dx)f(y) = ,0, y,0,1,0,1, 1),
b(x)c(y)d(z)e(w) = (xyz, w,x,y,0,1,1, 1), b-c(x)d(ye(z) = ,2,0,x,0,1,1, 1),
b(x)c-d(y)e(z) = (xy,z,x,0,0,1, 1, 1), b-c-dx)e(y) = ( , ,0, 0,0,1,1, 1),
a(x)b(y)c(z)d(w) = (xyzw, x,y,z, 1, 1,1, 1), a-bx)c(y)d(z) = (xyz,0,x,y, 1,1, 1, 1),
a(x)b-c(y)d(z) = (xyz,x,0,y,1,1,1, 1), a(x)b(y)c-d(z) = (xyz,x,y,0,1,1,1, 1),
a(x)b-c-d(y) =(xy,x,0,0,1,1,1, 1), a-bx)c-d(y) =(xy,0,x,0,1,1,1, 1),
a-b-cx)d(y) =(xy,0,0,x,1,1,1, 1), a-b-c-dix)=(x,0,0,0,1,1,1,1).

O

The following theorem is a generalization of Theorem 3.3, and the discussion is
similar as that of Theorem 3.3; we skip the proof.
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Theorem 3.4 Let g be a prime power, k be an integer and d = 3k — 1)g — k — 1.
Then, AC(d, k) > (527)"(d + k + DF=1(d — 2k +2).

Corollary 3.5 For sufficiently large degree d,

3 k
AC(d, k) > | —— ) d¥+ 0@,
( )_<3k_1> +0( )

Proof Let p be an odd prime. Let T, (G, resp.) be the defining set (group, resp.) of
the Cayley graph in Theorem 3.4. Then, |T| = (3k — 1)p — k — 1 and the graph has
3% p*=1(p — 1) vertices.

For any integerd € [Bk—1)p—k—1, 3"pk—l (p—1)—1], we can choose and add
(d — |T|) elements in G to T to get a new set T’ such that || =d and T' = T'~ .
Clearly the Cayley graph I'(G, T") is still of diameter k.

Now we fix d, which is sufficiently large. Let b = 3kd—_1 + 3]‘,(%11 By [3], there is a

prime p such that b — p0-525 < p < b. Hence, we can take this p and construct the
Cayley graph I'(G, T') such that |T’| = d and

- 3kbk + O(bk70.475)

d k+1\*
L T
~ <3k—1+3k—1>

d k+1 k—0.475
+0 (3k—1 +3k—1>

3 k
dF 4 O(gk—0475)
> (3k — 1) + O( )

m}
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