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Abstract We study geometric and combinatorial properties of the degenerate flag va-
rieties of type A. These varieties are acted upon by the automorphism group of a cer-
tain representation of a type A quiver, containing a maximal torus 7". Using the group
action, we describe the moment graphs, encoding the zero- and one-dimensional
T-orbits. We also study the smooth and singular loci of the degenerate flag vari-
eties. We show that the Euler characteristic of the smooth locus is equal to the large
Schréder number and the Poincaré polynomial is given by a natural statistics count-
ing the number of diagonal steps in a Schréder path. As an application we obtain
a new combinatorial description of the large and small Schroder numbers and their
g-analogues.
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1 Introduction

Forn > 1, let 37 | be the degenerate flag variety attached to the Lie algebra sl
(see [13, 14]). This is a flat degeneration of the classical flag variety, defined using
the PBW filtration on irreducible representations of sl,,+1 (see [17]). By construction,
the J,,; is acted upon by the degenerate Lie group SL;, |, which is the semi-direct
product of the Borel subgroup B and the abelian group Gflv , where G, is the ad-
ditive group of the field. In particular, Gé\' acts on J,_ , with an open dense orbit.
The degenerate flag varieties are singular normal projective algebraic varieties, shar-
ing many nice properties with their classical analogues. In particular, they enjoy a
description in terms of linear algebra as subvarieties inside a product of Grassmann
varieties.

It has been observed in [9] that the degenerate flag varieties can be identified with
certain quiver Grassmannians of the equioriented quiver of type A,. More precisely,
I 41 1s isomorphic to the quiver Grassmannian Grgim 4 (A ® A*), where A and A*
are the path algebra of the equioriented A, quiver, resp. its dual. This observation
was used in two different ways: first, to get a deeper understanding of the geom-
etry and combinatorics of the degenerate flag varieties, and, second, to generalize
the results and constructions to a wider class of quiver Grassmannians. In this paper
we continue the study of the varieties F; | using the techniques from the theory of
quiver Grassmannians. More concretely, we achieve two things: first, we describe the
combinatorial structure of the moment graph of ) . Second, we describe explic-
itly the smooth and singular loci of the degenerate flag varieties. Let us give a brief
description of our results.

Recall that the notion of the moment graph attached to an algebraic variety X
acted upon by an algebraic torus was introduced in [6, 21]. This combinatorial object
captures the structure of zero- and one-dimensional orbits of T'. It turns out to be very
useful for describing various geometric properties of X, such as cohomology and
intersection cohomology. Our first task is to describe the moment graph I" of i1
We note that the automorphism group Aut(A @ A*) acts on J, ;. The maximal torus
T of the automorphism group acts with a finite number of fixed points (this number
is equal to the normalized median Genocchi number, see [9, 13, 15]). It is proved
in [9] that there exists a codimension one subgroup 2 C Aut(A @ A*) containing
the torus 7' such that 2-orbits through T'-fixed points are affine cells that provide a
cellular decomposition of Jy ;. We describe 2 as a quotient of the Borel subgroup
of SLy,. Using this description, we prove the following theorem (for a more precise
formulation see Sect. 3):

Theorem 1.1 The number of one-dimensional T -orbits in F, | is finite. The edges
of I correspond to the one-parameter subgroups of .

We note that the structure of I" has many common features with its classical ana-
logue (see [8, 22, 27]).

Our next goal is to describe the smooth locus of the degenerate flag varieties.
Since J, | has a cellular decomposition by 2l-orbits of 7'-fixed points, it suffices to
decide which T -fixed points are smooth. We recall that the T -fixed points are labeled
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by collections S = (S1, ..., S,) of subsets of {1,...,n + 1} such that #S; =i and
S; C Si+1 U {i + 1}. We denote the corresponding 7 '-fixed point by ps.

Theorem 1.2 A point pg is smooth if and only if for all 1 < j <i <n, the condition
i € §Sjimplies j + 1 € S;. The number of smooth T -fixed points is given by the large
Schroder number r,.

We recall (see [20, 26]) that the large Schroder number r, is equal to the num-
ber of Schroder paths, i.e. subdiagonal lattice paths starting at (0, 0) and ending at
(n, n) with the following steps allowed: (1, 0), (0, 1) and (1, 1). In particular, Theo-
rem 1.2 implies that the Euler characteristic of the smooth locus of F | is equal to
r,. Moreover we prove the following theorem:

Theorem 1.3 The Poincaré polynomial of the smooth locus of I, is equal to the
(scaled) q-Schroder number q”(”_l)/zr,, (q), where r,(q) is defined via the statistics

on Schroder paths, counting the number of (1, 1) steps in a path.

As an application, we obtain a new proof of the statement that r,,(g) is divisible
by 1 + g. The ratio is known to give a g-analogue of the small Schroder numbers.

Let us mention two more results of the paper. First, we prove that, for a general
Dynkin type quiver Q and a projective Q-module P and an injective Q-module /7, the
quiver Grassmannian Grgim p (P @ I) is smooth in codimension 2. Second, we prove
that the smooth locus of F} | can be described as the subvariety of points where the
desingularization map R,y — Srz 41 (see [16]) is one-to-one.

Finally, we note that all the results of the paper can be generalized to the case of
the degenerate partial (parabolic) flag varieties.

Our paper is organized as follows:

In Sect. 1 we introduce the main objects and recall the main definitions and results
needed in the rest of the paper.

In Sect. 2 we describe the moment graph of the degenerate flag varieties.

In Sect. 3 we prove a criterion for smoothness of a 7T'-fixed point and compute the
Euler characteristics and Poincaré polynomials.

In Appendix A we prove the regularity in codimension 2 of certain quiver Grass-
mannians.

In Appendix B we describe the smooth locus in terms of the desingularization.

In Appendix C we compute the moment graph for the degenerate flag variety J7.

2 Quiver Grassmannians and degenerate flag varieties

In this section we recall definitions and results on the degenerate flag varieties and
quiver Grassmannians to be used in the main body of the paper.

2.1 Degenerate flag varieties

Let F,+1 be the complete flag variety for the group SL, 41, i.e. the quotient SL,,1/B
by the Borel subgroup B. This variety has an explicit realization as the subva-
riety of the product of Grassmannians ]_[Z=1 Gr (C'Hh consisting of collections
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(V1,...,Vy) such that V; C V4 for all i. In [13, 14] flat degenerations S"Z‘H of
the classical flag varieties were introduced. The degenerate flag varieties J7, 4 are
(typically singular) irreducible normal projective algebraic varieties, sharing many
nice properties with their classical analogues. In particular, they also have a very ex-
plicit description in linear algebra terms. Namely, let W be an (n + 1)-dimensional
vector space with a basis wy, ..., wy+1. Let pry : W — W be the projection opera-
tors defined by prrwy =0 and pryw; = w; if i # k. The following lemma is proved
in [13], Theorem 2.1.

Lemma 2.1 The degenerate flag variety I, | is a subvariety of the product of Grass-
mannians [ |;_, Gt (W), consisting of collections (Vi)i_, such that

Prisi Ve CVigr forallk=1,...,n—1.

Another important property of the varieties F} | is that they admit a cellular de-
composition into a disjoint union of complex cells. Moreover, there exists an alge-
braic group 2l and a torus 7' C 2 acting on F;,_ | such that each cell contains exactly
one T-fixed point and the 2A-orbit through this point coincides with the cell. Let us
describe the combinatorics of the cells, postponing the description of the group ac-
tion to the next subsection. So let S = (S1, ..., S,) be a collection of subsets of the
set {1,...,n + 1} such that each S; contains i elements. Then the cells in F 41 are
labeled by the collections satisfying the following property:

Sk C S Utk+1), k=1,....n—1. 2.1)

We call such collections admissible. The number of admissible collections (and hence
the Euler characteristic of 7 41) 1s equal to the normalized median Genocchi num-
ber h;,41 (see [9, 13, 15]). We note that the correspondence between the admissible
collections and T-fixed points is very explicit. Namely, for a collection S we denote

by ps € J,, | a point defined by

ps=V1,..., V), Vi = span(w;, i € Sk).
Clearly, such a point belongs to Jy,  , if and only if the collection S is admissible.
2.2 Quiver Grassmannians

The construction above can be reformulated in the language of quiver Grassmannians
(see e.g. [7, 24, 25]). Let Q be the equioriented type A, quiver with vertices labeled
by numbers from 1 ton and arrows i — i+ 1,i=1,...,n—1:

O: e—>e—---—oe

For a representation M of Q we denote by Mj the subspace of M attached to the
vertex k. For a pair 1 <i < j <n let R; ; be an indecomposable representation of
Q supported on the vertices i, ..., j (i.e. (R; )y =C for i <k < j and is trivial
otherwise). We have the following immediate lemma.
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Lemma 2.2

| ifk<i<l<i
dimHom(R, ;. Rep) = | = TR=i=I=.
0, otherwise;

1, fi+l<k<j+1<I,

dim Ext! (R; iRy )=
(Ri.j: Rict) {O, otherwise.

We note that the representations Ry ; are injective and the R; ,, are projective (note
that these are all indecomposable injective and projective representations of Q). We
set

n n
Lk=Rix. Pi=Rn. P=@P. I1=Phk
k=1 k=1

Hence, P is isomorphic to the path algebra of Q and [ is isomorphic to its linear dual.
For a dimension vector e = (eq, ..., ;) and a representation M of Q, we denote by
Gre(M) the quiver Grassmannian of e-dimensional subrepresentations of M. Then
by definition one gets

Fp1 = Grgimp(P & I). (2.2)

¥

Remark 2.3 The representation P @ I can be visualized by the following picture
(here n = 4). Each fat dot corresponds to a basis vector and two dots corresponding
to the vectors u and v are connected by an arrow u — v if u is mapped to v. The
quiver obtained in this way is called the coefficient-quiver of P & I.

e >0 >0 > o
e > o > o °
o > o o > o 2.3)
) e > o > o

e = 0 —— 0 —— o

The isomorphism (2.2) has many important consequences. In particular the auto-
morphism group of the O-module P @ [ acts on F, ;. The group Aut(P @ I) is of
the form Aut(P @ 1) = (Hol?rlll(t; n Ho;nlfg}P) )- The part Hom(/, P) is one-dimensional

(Hom(/, P) = Hom([I,, P1)). We denote by 2 C Aut(P & I) the subgroup
oA — Aut P 0
“\Hom(P,I) Autl)]’
The group 2 contains a torus 7 isomorphic to (C*)?", where each factor scales the
corresponding indecomposable summand in P @ /. The importance of the group

comes from the following lemma, proved in [9].
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Lemma 2.4 The group 2 acts on 3, | with a finite number of orbits. Each orbit is
a complex affine cell, containing exactly one T -fixed point. The orbits are labeled by
admissible collections.

For an admissible collection S we denote by Cs the cell containing the 7-fixed
point ps.

Remark 2.5 We note that 7' contains a one-parameter subgroup which acts by the
identity automorphism on the degenerate flag variety. Hence one gets a (2n — 1)-
dimensional torus acting effectively on |, while the maximal torus 7 acting
on the classical flag variety 41 is n-dimensional. We note that there is a natural
embedding 7 C 7. In fact recall that any point of F7 | is of the form (Vi)i_,.
Vi € W ~ C"*!. Hence any diagonal (in the basis w;) matrix in SL(W) induces
an automorphism of the degenerate flag variety. Hence we obtain the embedding
T°CT.

Finally, we note that the torus 7 contains a one-dimensional sub-torus 7y with
the following properties: the set of T-fixed points coincides with the set of the Tp-
fixed points and the attracting set of a fixed point p coincides the orbit 2{p (which
is an affine cell) [9, Theorem 5.1]. The action of the one-dimensional torus can be
illustrated as follows (n = 4, the scalar A € C* is the parameter of the torus and the
power of A corresponds to the scaling factor of the T} action):

1 °
A e > e
)\2 e > o > @

2.4)

This picture is obtained from the picture (2.3) by putting the P-part on top of the
[ -part.

We conclude this section by describing the action of the torus 7 on the tangent
space at a T-fixed point ps. Recall that the tangent space at pg is isomorphic to
Hom(ps, M/ps) where M = P & I ([9, Lemma 2.3], [7, 25]). Let 6, be the co-
efficient quiver of M (see Remark 2.3) and let 7 : )y — Q be the natural projec-
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tion onto the A, quiver Q. The coefficient quiver of M/pg is 63 \ S. The vector
space Hom(ps, M/ps) has a distinguished basis, denoted by B, parameterized by
triples (A, f, B) where A is a predecessor-closed connected sub-quiver of S, B is a
successor-closed connected sub-quiver of 87 \ S and f : A — B is a quiver isomor-
phism compatible with 7 (see [11]). For example, in the left-hand side of the picture
below

[ ] )\,39-)\,39-)\,3

A4 > g 1
2.5)

L4 A
A A = A
v f 5 1 1

—> @
A = Ay > A2
the fat dots highlight the coefficient-quiver S of a T-fixed point ps of Jj and the
frames highlight a distinguished basis vector of the tangent space at ps.

Proposition 2.6 Given a T-fixed point ps of 5, the torus T acts on the tangent
space at ps diagonally in the basis B. Moreover the eigenvalues are (generically)
distinct.

Proof Given A € T and f € Hom(ps, M/ ps), (. f)(v) = )L.f()\_l.v). Now, by def-
inition of T, each connected component R of 6); has a weight wt(R) and hence a
basis vector (A, f, B) receives the weight wt(B)/wt(A). Il

To illustrate the previous proposition, let us consider Fj§ and the action of
T depicted in the right-hand side of (2.5). The tangent space at ps has di-

mension 7 and the torus acts in the standard basis B as the diagonal matrix
1 A3 A A3 A2 1 A
)L3.7 A4’ )L47 )Ll ’ )\I ’ )L2’
A;i := A'. In particular its action on the tangent space at pg is given by the diagonal
matrix diag()\’3, ALam2Z a2z 0 a2 )Fl). Notice that the eigenvalues of the Tj

action are not distinct.

Corollary 2.7 The T-fixed one-dimensional vector subspaces of Hom(ps, M/ ps)
are precisely the coordinate ones, i.e. those generated by standard basis vectors.

2.3 Partial flag varieties

The whole picture described above has a straightforward generalization to the case
of partial flag varieties. Namely, given a collectiond = (d, ..., dy), where 1 <d| <
dy < --- <dy <n, let Fq be the corresponding partial flag variety for SL,+; (Fq
is a quotient of SL,; by a parabolic subgroup). Explicitly, Fg consists of collec-
tions (Vy,, ..., Vg4, ) of subspaces of an (n + 1)-dimensional vector space W such
that dim V,;, = m and V,, C V. These varieties can be degenerated in the same
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way as the complete flag variety (see [13, 14]). As a result one gets a variety F9,
consisting of collections of subspaces (Vy,, ..., Vg, ) of W such that dim V;,, = m and

I”"d1+1"'17’"d,~+|vdi C Vi i=1,...,k—1.

These varieties are also certain quiver Grassmannians (see [9]). Namely, consider
the equioriented quiver of type Ay. Then the degenerate partial flag variety g is
isomorphic to
dk)(P]dl ® P2d2_d1 B P Pkdk_dk—l ® I]dz—dl B @ I,ff?dk_' @ I]:H-l—dk)’
(2.6)
where P; and [; are projective and injective modules of the A quiver. There is a
natural surjection J , — JFg, sending (V;)j_, to (Vdj)];:l. The group 2 thus acts
on Jg; the orbits are affine cells containing exactly one T'-fixed point. These T-fixed
points are parametrized by collections S = (Sg,, ..., Sq,) of subsets of {1, ..., n+1}
subject to the conditions #S4, = d; and

.....

St CSay Uldi+1,....diy1}, i=1,... k—1. @2.7)

We call such collections d-admissible. As for the complete flags, the corresponding
T -fixed point ps = (Vy,, ..., Vy,) is given by V5, = span(w;, j € Sg;).

3 The moment graph

In this section we study the combinatorics and geometry of the cellular decomposition
of the degenerate flag varieties.

3.1 The group action

Recall the group 2 acting on ;. The following lemma is simple, but important for
us. Let B C GLy, be the Borel subgroup of lower-triangular matrices and N C B be
the subgroup of matrices (a;,j);>; such that g;; =1 and a; j = 0 unless i — j > n.
For example, for n = 5 the group N looks as follows:

1 0000 0 O0O0OOO
01 000 O0O0OO0OO0OTO
001 00O0O0O0OO0OTO
00 01 0O0O0O0OO0TO0
00 00O 1 O0O0O0O0TO0
00 00O O0OT1TTUO0OO0OO0TO
*# 000 0001 O0O0O0
* x 00 00O 01 00O
* x x 0 0 0 0 01 O
*x x x % 0 0 0 0 0 1
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Lemma 3.1 The group U is isomorphic to the quotient group B/N.

Proof Consider the isomorphism Aut(P & I) >~ Aut(D;_; P; ® Pj_, Ix). We note
that for any pair of indecomposable summands of P & I the space of homomorphisms
between them is either one-dimensional or trivial. More precisely, let us introduce the
following notation for the indecomposable summands of P @ I:

Ri=Py,Ro=Py—1,.... Ry =P, Ryy1=In, Rpy2=1Ip—1,..., R =1;. (3.1)

Then for two indecomposable summands R; and R; one has dimHom(R;, R;) =1
if and only if i < j and j —i <n (see Lemma 2.2). Hence we obtain a surjection of
groups B — 2 and the kernel coincides with N. O

Remark 3.2 Let us fix a non-zero element y; ; € Hom(R;, R;) for each pair i, j with
i < j,j—i <n.Thenany element g € 2 can be uniquely written as asum ) _ g; ;i ;,
defining a matrix in B. This produces a section 2 — B.

Remark 3.3 We note that the direct summands R; in type A4 are visualized in (2.4).
Namely, R; is represented by the only fat dot in the upper line, R; is represented by
the two dots in the next to the upper line, and so on up to Rg. In general, if i < n, then
the dimension vector of R; is (0, ...,0, 1, ..., 1) with { units and each non-zero (R;)x
is spanned by wy,41—;. If i > n, then the dimension vector of R; is (1,...,1,0,...,0)
with 2n — i + 1 units and each non-zero (R;) is spanned by wa,—; 2.

Recall that the T fixed points in J) | are labeled by the admissible collections.
For an admissible collection S let ps be the corresponding 7'-fixed point and Cg
be the cell containing pg. We know that Cg = 2Apg. Our goal now is to describe a
unipotent subgroup Us C 2 such that the map Us — Cg is one-to-one. Let a be the
Lie algebra of the group 2. Then

a=Hom(P, P) ® Hom(/, I) & Hom(P, I).

The Lie algebra a is the quotient of the Borel subalgebra b C gl,,, of lower-triangular
matrices by the ideal n consisting of matrices (a;;);>; such that a; ; = 0 unless
Jj — i > n (this is exactly the Lie algebra of N). In particular, the one-dimensional
hom-spaces Hom(R;, R;), i < j, j —i < n between two indecomposable summands
of P @® I correspond to the root vectors of the form E;; € b (E;; are matrix units).

We have
a=to @ aij,

1<i<j<2n
Jj—i<n

where t is the Lie algebra of the torus T and a; ; = Hom(R;, R}).
Consider a pair R;, R; of direct summands of P & I such that dimHom(R;, R;) =
1 and fix a non-zero y € Hom(R;, R;).
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Definition 3.4 A pair of indices (i, j) (a pair of representations R;, R;) is called
S-effective, if ps N R; # 0 and y (ps N R;) does not sit inside pg.

Remark 3.5 S-effective pairs have the following geometric interpretation: they are in
bijection with standard basis vectors of the tangent space at pg on which Tj acts with
positive weight (see the end of Sect. 2.2). Let us prove this statement. In notation
(3.1), we denote by Ry the coefficient-quiver of Ry. Given an S-effective pair (i, j) a
non-zero y € Hom(R;, R;) is determined (up to scalar multiplication) by a (unique)
triple (A, f, B). So A C R; is predecessor-closed, B C R is successor closed and
f A — B is a quiver isomorphism compatible with 7 (see Sect. 2.2). The sub-
representation y (ps N R;) C R; determines the successor-closed sub-quiver f(SNA)
of B. Since by definition y (ps N R;) does not sit inside pg, /(SN A) strictly contains
SN B and the difference /(SN A)\ (SN B) is the coefficient quiver of the non trivial
quotient ¥ (ps N R;)/(y (ps N Ri) N ps). The map

y > by = (SNANfTHSNB), flsna r-1snpy- SN A\ (SN B))

gives a bijection between S-effective pairs and standard basis vectors of the tangent
space T (ff"fz‘ +1) = Hom(ps, M/ ps) on which Ty acts with a positive weight. To see
this we notice that SN A is predecessor-closed in S and S N B is successor closed
in B. Then f~'(SN B) is successor closed in SN A and hence SN A\ f~1(SN B)
is predecessor closed in S N A and hence in S. We notice that S N B coincides with
SNR; (otherwise SN B would not be strictly contained in f (SN A)). Since f(SNA)
is successor closed in R; and SN B =S N R, it follows that f(SN A)\ (SN B)
is successor closed in R; \ (SN R;) and hence in 6y \ S. The quiver morphism
flsna\ £-1(snp) 18 a quiver isomorphism between SN A\ F Y SNB)and f(SNA)\
(SN B) compatible with 7, since f is so. The image b,, of y is hence a standard basis
vector of Hom(ps, M/ ps). The action of Ty on b,, is given by A.b, = A/~ b,,. Since
vy #0, then i < j and hence b, has positive weight. The map is hence well-defined
and injective. Let us show that it is surjective. Let b = (A’, f’, B’) be a standard basis
vector of Hom(ps, M/ ps) on which Ty acts with a positive weight. Then there are
indices i and j such that A’ is a predecessor-closed sub-quiver of SNR;, and B’ is a
successor-closed sub-quiver of R; \ (R; N'S). The torus Ty acts on b as A.b = ATl
and hence j > i. We claim that j —i <n. Indeed if j —i > n then 7(R};) and 7 (R;)
are disjoint in Q (otherwise Hom(R;, R;) # 0 against the hypothesis j —i > n) and
hence the quiver isomorphism f’: A’ — B’ could not exist. In view of Lemma 2.2
and the proof of Lemma 3.1, it follows that there is a non-zero standard basis vector
y € Hom(R;, R;) defined by a triple (A, f, B). Notice that 7 (A) =7 (B) =7 (R;) N
m(Rj) D (A") = m(B'). It follows that A’ C A, B’ C B and f’ = f|a. From this
we conclude that ps N R; # 0 and y (ps N R;) does not sit inside pg and hence (i, j)
is an S-effective pair.

Let U; ; C 2 be the one-parameter subgroup with the Lie algebra «; ;. The impor-
tance of effective pairs is explained by the following lemma:
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Lemma 3.6 If a pair (i, j) is not S-effective then U; jps = ps. Otherwise, the map
Uij — F,.1> 8 > gps is injective.

Proof Assume that a pair R;, R; is not S-effective and take a non ftrivial y €
Hom(R;, R;). By definition, yps C ps and hence the exponent of the (scaled) op-
erator y fixes ps. To prove the second claim we note that

exp(cy)ps = (d +cy)ps.

Hence, if y ps does not sit inside pg, then all the points exp(cy)ps, ¢ € C are differ-
ent. O

For an admissible S let ag C a be the subspace defined as the direct sum of one-
dimensional spaces Hom(R;, R;) for all S-effective pairs R;, R;.

Lemma 3.7 The subspace ag is a Lie subalgebra of a.

Proof Lety; € a; jand y» € axy, i > j, k > [ be two elements such that [y1, 2] # 0.
Then either j = k or i =1. We work out the first case (the second is very similar). We
have [y1, 2] = Y12 € a; . Since y, is S-effective, we have

v2(ps N Ry) 2 ps N Ry.
Now, since

yi(ps N R;) 2 psNR;

and j = k, we obtain

v1Y2(psNRy) 2 psNR;

and hence yy» is S-effective. O

Let Us be the Lie group of ag, i.e. Us is generated by all U; ; with S-effective
(i, j). We note that Ug is invariant with respect to the torus 7 action by conjugation.

Theorem 3.8 The map Us — Cs, g > gps is bijective and T -equivariant.

Proof First, we note that T -equivariance follows from 7 pg = ps. Now let us prove
that the map Us — Cg is surjective. Let us write an element g € 2 as g = gsg1h,
where h € T, gs € Us and g; belongs to the subgroup of 2, generated by U; ; with
non S-effective (i, j). Then gps = gsps and hence we are done. Finally, let us prove
the injectivity. Assume that there exists g € Ug such that gps = ps. We identify g
with the corresponding lower-triangular matrix in GL, with entries g; ; satisfying
gii=1and g ; =0if i — j > n. Our goal is to prove that g; ; = 0 for all i > j.
Let p(S) = (V1,..., V;,) and assume that g; ; # 0 for i > j. Since g € Us, the pair
(i, j) is S-effective. Consider a non-zero element y € a; ; (so y € Hom(R;, R;)). Let
t=1,...,n be anumber such that V; N R; # 0 and y V; N V; = 0. Choose a non-zero
vector w € V; N R;. Then gw ¢ V; and hence gps # ps. O
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Remark 3.9 We note that Theorem 3.8 is analogous to the corresponding theorem for
classical flag varieties, see e.g. [27], Lemma 3.2.

Proposition 3.10 The number of S-effective pairs (i, j) is equal to the sum Npy(S) +
Npp(S) + Ny (S) of three numbers defined by:

e Npi(S) is the number of pairs 1 <k <l <n + 1 such that there exists t with
k<t <lsuchthatk € 8,1 ¢ S;.

e Npp(S) is the number of pairs 1 <k <1 <n such that there exists t >l such that
leS,ké¢S;.

e Ny (S) is the number of pairs 2 < k <1 <n + 1 such that there exists t < k such
thatl € S, k ¢ S;.

Proof We divide S-effective pairs into three parts R;, R; C P, R;, R; C I and R; C
P, R; C I. We claim that the number of S-effective pairs from the first (second, third)
part is equal to Npp(S) (N (S), Npi(S)).

(i) Thecase R; C P, R; CI.Then1 <i <n < j <2n. Since (i, j) is S-effective,
there exists anindex t:n+1—i <t <2n+1—j suchthatn +1—i € S; and
2m+ 1) —jé¢ S;.Putk=n+1—iandl=2(n+1) —j.

(ii) The case R;, R; C P. Since (i, j) is S-effective then 1 <i < j <n and there is
anindext:t>n+1—i>n+1—jsuchthatn+1—ie S;andn+1—j ¢ S;.
Putl=n+1—-iandk=n+1-—j.

(iii) The case R;, R; C I. Since (i, j) is S-effective then n + 1 <i < j <2n and
thereisanindex r:t <2n+1—j <2n+1—i suchthat2(n + 1) —i € S; and
2m+ 1) —jé¢S.Putl=2(n+1)—iandk=2(n+1)—j.

O

Corollary 3.11 The dimension of Cs is equal to the sum Np;(S) + Npp(S) + Ny (S).

Proof Thanks to Theorem 3.8 the dimension of the cell Cg is equal to the number of
S-effective pairs R;, R;. Now Proposition 3.10 implies the corollary. g

Corollary 3.12 The Poincaré polynomial of I, is equal to the sum of the terms
gNPI®+NeeS)+NuS) \where the sum runs over the set of admissible collections.

Remark 3.13 In [9, Theorem 5.1] it is shown that although 3’;“1 41 is not smooth, the
one-dimensional sub-torus Ty of T still produces a Biatynicki-Birula type cell de-
composition ([3], [10, Theorem 2.4.3]). In other words, the attracting set of a Tp-fixed
point pg is a cell and it has dimension equal to the dimension of the positive part of
the tangent space at pg (the positive part is the vector subspace generated by vec-
tors on which Ty acts with positive weight). In view of Remark 3.5, this dimension
is precisely the number of S-effective pairs. Theorem 3.8 provides another and more
explicit proof of this fact.

Remark 3.14 From the discussion above (see Corollary 3.11 and Remark 3.5), the
dimension of the cell with center pg can be easily read off from S, viewed inside
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the coefficient quiver of P @ I written in the form (2.4). Indeed in this diagram let us
color a vertex black if it belongs to S and white otherwise. In the ith column (counting
from left to right) there are precisely i black vertices. Some of them are sources of S.
For every such source ¢ € S; let us count the number w, of white vertices below it.
Let ¢; be the sum of the w,’s. Then the dimension of the cell with center pg equals
the sum ¢y + ¢z + - - - + ¢,. For example let us consider the following 7' -fixed point
of J5:

then ¢c; =2, ¢ =0, ¢3 =2 and ¢4 = 2. The cell has hence dimension 6.

3.2 Moment graph

We briefly recall the definition of a moment graph (see [6, 21]). Let X be a projec-
tive algebraic variety acted upon by a torus 7 = (C*)? with a fixed one-dimensional
sub-torus : : C* C T. Assume that the T action on X has finitely many fixed points
and one-dimensional orbits and any C* fixed point is T-fixed (X7 = X©). As-
sume further that X has a decomposition as a disjoint union of 7'-invariant affine
cells in such a way that each cell C contains exactly one C*-fixed point p and
C={xeX: lim_ot:(A)x = p} (i.e. the cell consists of all points attracted by p,
see [3]). We denote this cell by Cp,. The moment graph I" has its set of vertices la-
beled by the T-fixed points. Two points p; and p; are connected by an edge in I if
there exists a one-dimensional T-orbit L such that L = L LI p; U p> (i.e. p1 and p,
are the T-fixed points in the closure of L). Thus the edges of I" are labeled by the
one-dimensional T -orbits. We orient I" by the following rule: for two vertices p; and
p2 wesay p1 = p2if Cp, C C_‘pl. If there is an edge connecting p; and p in I” then
we put an arrow p; — p3. Finally, one defines a labeling oy, of the edges L of I" by
the elements «y, € t*, where t is the Lie algebra of the torus 7. Namely, for an edge L
let Ty C T be the stabilizer of a point x € L (obviously, Ty is independent of x € L).

@ Springer



172 J Algebr Comb (2013) 38:159-189

Then the Lie algebra t, C tis a hyperplane. We define «; as a non-zero element in
the annihilator of t,.

Example 3.15 Here we give an example of the moment graph for the classical flag
variety F3 = SL3/B. The torus T has six fixed points labeled by pairs (S, S») of
subsets of {1, 2, 3} such that #5| = 1, #5, =2 and S| C S3. The moment graph of 3
looks as follows:

(1,12)
(2,12) (1,13)
| T |
\
(2,23) (3,13)

(3,23)

We note that usually the arrows in the moment graph direct from bottom to top. How-
ever, for our purposes it is more convenient to draw the vertices from top to bottom,
since in the degenerate situation the dense cell corresponds to the point (1, 12), see
Example 3.17. This is not important in the classical situation due to the Chevalley
involution, but crucial in the degenerate case.

Our goal is to describe the moment graph of the degenerate flag varieties.

Remark 3.16 We note that the moment graphs turn out to be a powerful tool for
computing various cohomology groups of algebraic varieties (see [6, 18, 19, 21, 27]).
A crucial role is played by the notion of sheaves on moment graphs. In this paper we
do not discuss I"-sheaves, but only describe the combinatorial structure of the graphs.
Computation of the (equivariant) cohomology as well as the (equivariant) intersection
cohomology of the degenerate flag varieties is an interesting open problem.

Example 3.17 Here we give a picture of the moment graph for the degenerate flag
variety Stg. Recall that the T-fixed points are labeled by pairs (S, S2) of subsets of
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the set {1, 2, 3} such that #S; =1, #5, =2 and S| C S U {2}.

(1,12)

PN

(2,12) (1,13)

(3,23)
(2.23) 3, 13)

2,13)

The moment graph for the degenerate flag variety F3 is computed in Appendix C.

We now give an explicit combinatorial description of the moment graph. We
identify the Lie algebra t of 7 with the diagonal traceless 2n x 2n matrices.
For a pair of indices 7,j, 1 <i < j < 2n, we denote by «; ; € t* the element
a; j(diag(xy, ..., x20)) = x; — X;.

Theorem 3.18 The number of one-dimensional T-orbits in F;,_ | is finite. The orbits
are of the form U; jps \ ps, where S is admissible and (i, j) is S-effective. The edge
in the moment graph, which corresponds to U; jps \ ps is labeled by «; ;.

Proof Thanks to Theorem 3.8, we only need to describe the one-dimensional T -
orbits in Us. It is easy to see that these are non-identity elements in U; ;. g

Remark 3.19 Theorem 3.18 also follows from Corollary 2.7 and Remark 3.5. Indeed
in view of Corollary 2.7, the directions around pg of the one-dimensional T -orbits
containing pg are precisely the standard basis vectors of the tangent space Tpg (5}, , ;)
at ps. In particular the number of such T-orbits is bigger or equal than dim ¥, , and
itis equal if and only if pg is smooth. Any such curve £ consists of three T -orbits £ =
{ps} U {£'} U {pr}. The direction of ¢ is fixed also by the one-dimensional torus 7p.
In particular this standard basis vector of Tg(J),, ;) has either positive or negative
To weight. If the weight is positive then {ps} U {¢'} sits inside the attracting set of pg
which is the cell 2 pg and hence pRr (and its attracting cell) is in the closure of this
cell. It follows that in the moment graph there is an arrow pg — pR. In particular
the number of arrows starting from pg in the moment graph, equals the number of
standard basis vector of T (5}, ;) on which 7p acts with positive weight. In view of
Remark 3.5 this number equals the number of S-effective pairs.
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Corollary 3.20 The dimension of a cell Cs is equal to the number of edges in the
moment graph which are directed outwards the vertex ps.

The following theorem generalizes the results as above to the case of the degener-
ate partial flag varieties.

Theorem 3.21 The number of one-dimensional T orbits on Fy is finite. Each of these

orbits is covered by a one-dimensional T-orbit in F,, | via the surjection I, | —

Jq. All the orbits are of the form U; jp \ p for some i, j and a T-fixed p € Fg.

4 Smooth locus and the Schroder numbers

In this section we describe the smooth locus of the degenerate flag varieties ¥ | and
compute Euler characteristics and Poincaré polynomials.

4.1 Smooth cells

Take a point N € Grgimp(P @ I). Then N can be split as N = Np @& Ny, where
Np C P and Ny C I, such that N; and P/Np are of the same dimension vector (see
[9, Theorem 1.3]).

Lemma 4.1 A point N in a quiver Grassmannian Grtgim p(P @ 1) is smooth if and
only if Ext!(Ny, P/Np) =0.

Proof Let (-,-) be the Euler form of the quiver Q, given on a pair of dimen-
sion vectors d, e by (d,e) = Y die; — > /= diei+1. Then (dim X, dimY) =

dimHom(X, Y) — dimExt! (X, Y) for arbitrary representations X and ¥ of Q. By
[9, Theorem 1.1], we have

(dim P, dim I) = dim Grgim p(P & I).

By the formula [9, Lemma 2.3] for the dimension of the tangent space T to the point
N € Grgim p(P & I), we then have

dim Ty = dimHom(N; & Np, P/Np & I/N})
= (dim P, dimI) — dimExt!(N; & Np, P/Np & I /N)).

Since Np is projective and N /Ny is injective, we obtain
dimExt! (N; ® Np, P/Np & I/Ny) = dimExt' (N, P/Np).

Hence, the dimension of the tangent space at a point N is equal to the dimension of
the Grassmannian if and only if Ext! (Nj, P/Np) vanishes. O

Recall that the quiver Grassmannian Grgim p (P @ I) can be decomposed into the
disjoint union of A-orbits of the form 2Apg. Hence all the points of the orbit are
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smooth or singular together with pg. So it suffices to understand what are the con-
ditions for an admissible collection S that guarantee the smoothness of pg. We use
Lemma 4.1 above.

Theorem 4.2 A point pg is smooth if and only if for all 1 < j <i <n, the condition
i €S implies j+1€8;.

Proof Given an admissible collection S = (S;)_,, we introduce the following num-
bersforalli=1,...,n+1:

ki =min{l <k <i:ieS}, lj=min{j <l<n:jeS]

Recall the indecomposable representations Ry ; with the support on the interval [k, /].
A representation pg is isomorphic to the direct sum N; & Np, where N; C I and
Np C P.lItis easy to see that

NIZ@Rk,-,i—l, P/NPZ@Rj,lj—l-
i J

The extension groups between the indecomposables are given by Lemma 2.2. Thus
we obtain 0 # Ext! (N, P/Np) if and only if there exist indices i and j such that
ki +1 < j <i <I;— 1. This holds (writing out the three inequalities) if and only if
there exist indices j <i such that

min{l <k <i:ieS}<]j, min{j <l <n:jeS§}>i.

This translates into the condition that there exist j <i such thati € S;_1, but j ¢ §;.
Conversely, this means that the orbit is smooth if and only if forall 1 < j <i <n+1,
ifi € §;_1, then j € §;. Note that this condition is voidin case j =1 ori =n+1, so
that we can replace j by j — 1, and obtain the assertion of theorem. g

In what follows we call an admissible collection S smooth iff pg is a smooth point.
4.2 The large Schroder numbers
Let r, be the nth large Schroder number, defined as the number of Schroder paths,
i.e. subdiagonal lattice paths from (0, 0) to (n, n) consisting of the steps (0, 1), (1, 0)

or (1, 1). The sequence rg, 1,12, ... starts with 1,2, 6,22, 90, 394. Here are the six
Schroder paths for n = 2:

We note that (see e.g. [1, 5, 26])

n—1

Fn =rp—1 + Z FkFn—1—k-
k=0
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The small Schroder numbers s;, are defined as halves of the large ones.

Recall that a collection S = (S,)!,_, of subsets of the set {1, ..., n + 1} is smooth
if #S, = a, Sy C Sq+1 and for all 1 <a < b < n the following condition holds (see
Theorem 4.2):

if beS, then a+1eS,.

Let LS, be the set of length n smooth collections and 7, be the cardinality of LS,,.

Proposition 4.3 The numbers r, satisfy the recursion

n—1
Fn=Trp_1+ kafn—l—k~
k=0

Proof We divide all smooth collections according to the values of Sj. So first, let
S1 = {1}. Let us show that the number of such smooth collections is equal to 7;,_1.
Note that all S, contain 1. Fora=1,...,n — 1 we set

Sl ={i:i+1eSu1}C{l,....n}.

We claim that the collection (S é):’l;i is smooth and all (Iength n — 1) smooth collec-
tions arise in this way. First, obviously, #S, =a and S, C S/ +1- Now the conditions
(b €S, implies a + 1 € Sp), 2 <a < b <n are equivalent to the conditions (b € S;
impliesa +1€S;),1<a<b<n-—1.

Let LSﬁ C LS, be the set of smooth collections satisfying 1 = {k},2 <k <n+1.
We want to show that the cardinality of LSﬁ is equal to rg_27p+1—k. To this end
we construct a bijection F : LS’,; — LSk_» x LS,+1—k. For convenience, we write
F = (f, g), where

fiLSE > LS, 5, g LSk — LS, 1 4.

First, since S1 C S, for any a, we have k € S;, 2 < a < n. Now the conditions
keS,fora=1,...,k—1imply

{2,...,k}cS, foralla>k.
Given a collection S € LS¥, we define

g =(&®1,....8)n+1-)
as follows:

2(S), = {i:2<i<n+1—-kji+k—1¢€Si4x-1}, if1¢ Sapk—1, @1
¢ {Huf{i:2<i<n+1—-k,i+k—1€S,4xk—1} otherwise. '
+

We note that the image depends only on the sets S, with a > k.
Now, given a collection S € LSﬁ, we need to define

fO®=(fS)1,.... fSk-2).
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Let Sy ={2,...,k} U{i} forsomei=1,k+1,...,n+ 1. We note that since k €
Sq C S fora < k,each S, \ k for2 <a <k —1is an (a — 1)-element subset of the
fixed set of cardinality k — 1 (this setis {2,...,k — 1} U {i}). We now define the map
f as follows:

F(S)a= {i:l1<i<k—-2,i+1€S8,41}, if Sqv1 C{2,...,k},
“ {i:1<i<k—-2,i+1eS,41}U{k—1}, otherwise.
4.2)
We note (this is important) that f1(S) depends only on Sy, ..., Sg—1.
Our first goal is to show that f(S) € LSx—> and g(S) € LS,,—x+1 for any S € LSk

By definition, g(S), C g(S)4+1 for 1 <a <n —k and
g8 €ef{l,...,n—k+2}, #2(S)y=a forl<a<n—k+1.

Let us show that for 1 <a <b <n — k + 1 the inclusion b € g(S), impliesa + 1 €
g(S)p. Since b > 1, b € g(S), implies b +k — 1 € S;4x—1. Since S is smooth, we
obtain a + k € Sp4r—1, which gives a + 1 € g(S), and we are done. Similarly, one
proves that f(S) € LSx—_».

Finally, we have to prove that the map F = (f, g) : LS,’j — LSk—2 X LSy_+1 1S
one-to-one. Given an element (S, S”) € LSkx_» x LS, _x+1, we use formulas (4.1) and
(4.1) to reconstruct S such that F(S) = (S, S"). a

Corollary 4.4 The Euler characteristic of the smooth locus of F¢ i1 s equal to the
nth Schroder number ry,.

Finally, let us formulate the analogue of Theorem 4.2 for the degenerate partial
flag varieties. We omit the proof since it is very close to the proof of Theorem 4.2.
Recall that the T'-fixed points in Fg are labeled by d-admissible collections S =

(Say+ .-+ Sq) (see (2.7)).

Theorem 4.5 A T-fixed point ps € Fq is smooth if and only if the following condi-
tions hold: if b € Sq; and dj\ > b > d; for some j > i, then {d; +1,...,diy1} C
de+1'

4.3 Poincaré polynomials

There are several ways to define g-analogues of the Schroder numbers (see [1, 2,
5]). We will need the simplest one (see [5], page 37, polynomials d,,(¢g)). They are
called Narayana polynomials there, but in other papers the same polynomials are
also referred to as Schroder polynomials, see e.g. [20]). For a Schroder path P let
diag(P) be the number of the diagonal steps in P. Define r,(gq) as the sum of the
terms ¢4128(P) over the set of Schroder paths P. Here are the first several polynomials

ro(q) =1, r@=1+q,  r(g)=2+3q+4q%
r3(q) =5+10g +6q> +¢°,  r4(g) = 14+ 35 + 30> + 104> + ¢*.
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Clearly, r,(0) is the nth Catalan number. Let P;™(g) be the Poincaré polynomial of
the smooth locus of F ;. Our goal here is to prove the following theorem:

Theorem 4.6 PS™(q) = ¢""~1/%r,(q).

Recall (see [1, 5]) that

n—1

(@) =qra1(@) + Y re(@)ra1-1(q). (4.3)
k=0

Proposition 4.7 The Poincaré polynomials of the smooth locus satisfy the following
recursion:

n—1
B™M@)=q"B" (@) + Y_ gV RN @ P (). (4.4)
=0
Proof First, let us consider smooth collections (S, ..., S,) with §; = 1. Then the

cells labeling such collections are in one-to-one correspondence with smooth collec-
tions 8" of length n — 1: §7 = S; 1 \ {1}. We claim that

dim Cg = dim Cg' + n. (4.5)

We use Proposition 3.10. Clearly, the terms Npp and Ny for ps and p(S’) do coincide
and the difference of the terms Npy is equal to n (since S| = {1}, in the definition of
Npywecantaket=1,i =1, j=2,...,n+ 1). Now (4.5) produces the first term of
the right hand side of (4.4).

Recall the bijection F = (f, g) : LSﬁ — LSk—2 X LSy—k+1, k > 2, from the set of
smooth collections with S; = {k} to the product LS;_» x LS, _k+1. Our goal is to
prove that

dim Cs = dim C sy 4 dim Cy(s) + (k — D(n +2 — k) — 1 (4.6)

(after the shift =k — 2 one gets the corresponding term in (4.4)). Recall that since
k € S| we have

{2,....k}C Sy forallm>k.

In particular, S = {2, ..., k}U{r} for some numberr = 1,k+1,...,n+ 1. We claim
that

Npi(S) + Npp(S)
= Npi(f(S)) + Npi(g(S)) + Npp(f(S)) + Npp(g(S)) + (k — D(n + 1 —k),

and

Nu(S) = Ni(f(S)) + Nu(g(S)) +k —2.
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First, let us prove the first formula. Assume that 1 =r = S \ {2, ..., k}. Then

Npi(S) = Np1(£(S)) + Ner(g(S)) + (k — D@+ 1 —k),
Npp(S) = Npp(f(S)) 4+ Nep(g(S)).

Here the term (k — 1)(n + 1 — k) comes from the fact that in the definition of Np;(S)
onecantakei =2,...,k, j=k-+1,...,n+ 1 and t = k. These possibilities are not
counted in Np;(f(S)) + Np;(g(S)). Now assume that r > k. Then one has

Npi(S) = Npi(f(S)) + Npi(8(8)) + (k = D) (n — k),
Npp(S) = Npp(f(S)) + Nep(g(S)) +k — 1.

Here the term (k — 1)(n — k) comes from the fact that in the definition of Np;(S)
one cantake i =2,...,k, je{k+1,...,n+1}\r and r = k. The term k — 1 in
the right hand side of the second equality comes from the fact that in the definition
of Npp(S) onecantakei =1, j =2,...,k and t = k. All these possibilities are lost

when computing Np;(f(S)), Npi(g(S)), Npp(f(S)) and Npp(g(8S)).
Now let us prove that

Nu(S) = Ny (£(S)) + Nu(g(S) + &k —2.

Here the argument is even simpler: the missing k — 2 comes from the following
possibilities for Ny (S) missing in Ny (f(S)) + Ny(g(S)): i =2,...,k—1, j =k,
t=1.

We thus obtain

dim Cs =dimC ) +dim Cys) + (K — D(n + 1 — k) + (k —2),
which implies (4.6) as well as the proposition. U

Corollary 4.8 Theorem 4.6 holds.

Proof We note that P;{™(q) = 1+¢q =r1(¢g). Now the induction procedure combined
with (4.3) and Proposition 4.7 gives the desired result. g

Remark 4.9 1t is natural to define a g, ¢-version h;11(q, t) of the normalized median
Genocchi numbers as the sum over admissible collections S of the terms

dim Cs [ im Ty Ty —n(n+1)/2,

Then the value h,(1, 1) is exactly the normalized median Genocchi number and
hnt+1(g,0) = q"(”’l)/ 2, (g) is the (scaled) nth Schroder polynomial. Here are first
few ¢, t-Genocchi polynomials:

Mg, t)=1+q,  h3(q.t)=2q+3¢>+q° +1,
ha(q.0) =4 (54 10g +6¢° + ¢°) + tq (29 + 7q*> + 5¢°) + 1*(1 + q).

@ Springer



180 J Algebr Comb (2013) 38:159-189

4.4 Schroder numbers: from large to small

Recall the polynomials P;™(q), which are equal to q""=D2p (), rn(q) being the g-
Schroder polynomials. Recall (see [12, 20]) that the polynomials r,(g) are divisible
by 1 + g. The ratios are denoted by s,,(q) (thus r,,(¢) = s,(g)(1 + q)). These are the
small g-Schroder polynomials. (In particular, s, (1) are the small Schréder numbers.)
Our goal here is to show that the divisibility of r,(g) by 1 + ¢ has a very simple
and concrete explanation within our approach. We give two proofs: one is due to
the referee and uses the result from Appendix B. The second proof is based on the
existence of a certain involution on the set of smooth cells.

Theorem 4.10 The polynomials P;™(q) and thus rn(q) are divisible by 1 + q.

Proof According to Theorem B.1 there exists an embedding of the smooth locus of
J7% into the desingularization R, (see [16] and Appendix B for more details). Re-
call that a point of R, is represented by a collection of subspaces V; ; and the map
(Vi,j)1<i<j<n—1+> Vi n—1 is a fibration R, — P! (recall that Vi.n—1 18 a subspace
of the two-dimensional space span(wi, wy)). We thus obtain a composition map p
from the smooth locus of F¢ onto P!, which is SL,-equivariant, where the group SL,
acts naturally on the two-dimensional space span(wp, w,). Therefore, the map p is
a cellular fibration and PS™(g) is divisible by the Poincaré polynomial of P!, which
equals 1 4 g¢. d

We now give the second proof of the theorem above.

Theorem 4.11 There exists a fixed-point free involution o on the set of smooth col-
lections. For any smooth collection S and the corresponding cell Cs one has

dim Cs = dim Cpg £ 1.

Proof Consider the map w : {1,...,n+ 1} = {1,...,n 4+ 1}, which interchanges 1
and n + 1 and stabilizes all other elements. Define a map o by the formula

a(St,...,8) =Sy, ..., wS,).

First, we note that o maps each smooth S to a smooth collection. Second, since w?
is the identity map, o> = Id. Third, let us show that o is fixed-point free. In fact, a
smooth S is fixed by o if and only if forall k = 1, ..., n the set Si either contains both
1 and n + 1 or does not contain any of these elements. We note that #S,, = n and hence
S, contains at least one of the elements 1,n+1.If 6S =S, then S, D {1,n+ 1}. Now
let 1 <k < n be a number such that {1, + 1} is contained in Sx;; but not in Si4]
(since #S1 = 1 such k does exist). If ¢S =S, then we have 1,n + 1 ¢ Sk. Since S
is smooth, Sy C Si+1 and therefore Sy contains two non-intersecting sets Sy and
{1, n + 1}. This contradicts with #S;+1 =k + 1.

Now let S be a smooth collection. Let k£ be a number such that 1 € S \ Sx—; and,
similarly, let / be a number such that n + 1 € §; \ S;—1. As we proved above, k # [.
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Assume that k < [. We claim that
dim Cs =dim Cyg + 1.

Recall that dim Cyg is the sum of three numbers Np;(S) + Npp(S) + Ny (S) (see Propo-
sition 3.10). First, we note that a pair i = 1, j =n + 1 adds one to Np;(S), but not
to Npr(0'S). Second, each pair i, j with 1 < i, j <n + 1, either shows up for both
S and oS in the dimension counting as in Proposition 3.10 or does not show up for
both cells. Now let us look at other pairs and compute the difference between the
dimensions of Cg and that of C,g.

Take m satisfying k < m < [ and consider j such that j > m, j ¢ S,. Then a
pair i =1, j adds one to Np;(S), but not to Np;(cS) (since 1 € Sy, but 1 ¢ (6.5),,).
However, let us look at a pairi =m, j=n+1.Sincen + 1 € (6S)n \ Su, the pair
(m,n 4+ 1) adds one to Ny;(cS), but not to Ny (S).

Now take m satisfying k < m < [ and consider i such that i <m, i € S;,. Then
a pair i, j =n + 1 adds one to Np;(S), but not to Np;(cS) (since n + 1 ¢ S, but
n+ 1€ (0S),). However, let us look at a pairi =1, j =m. Since 1 € S, \ (6 S,
the pair (1, m) adds one to Npp(cS), but not to Npp(S).

Summarizing, the difference

Npi(S) + Npp(S) + Ni(S) — Npi(6S) — Npp(cS) — N (oS)

is equal to one (coming from the pair i = 1, j = n + 1). This implies the second
statement of the theorem. O

Corollary 4.12 The polynomials P;™(q) and ry (q) are divisible by 1 +q. The ratio
P (q)/(1+q) is equal to the sum of the terms g™ Cs taken over smooth S satisfying
the following conditions forallm =1, ..., n:if 1 € S, thenn+1 € S,.

Proof The Theorem above states that P;™(g) is equal to the sum over the orbits of
the involution o of the terms ¢?(1 + ¢), where d is the minimum of the dimensions
of the cells corresponding to the collections in the orbit. But we know that dim Cs =
dim C,g — 1 if there exists m such that n 4+ 1 € §;,;, but 1 ¢ S,,,. This implies the
corollary. g

Let us relabel the smooth collections as follows. To a smooth collection S we
attach a permutation 7 € S,41 by the formula 7 (m) = S, \ S;—1. Then S is smooth
if and only if the corresponding permutation satisfies the following conditions for all
1<a<b<n:

if n_l(b)fa then n_l(a—i—l)gb.

Corollary 4.13 The number of permutations, corresponding to smooth collections,
is equal to the large Schroder number. The number of such permutations satisfying
alm+1) <7z 1) is equal to the small Schroder number.
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Appendix A: Regularity in codimension 2

We consider the Grassmannian Grgiy, p(P @ I) for P a projective and / an injective
representation over a Dynkin quiver Q. Recall that a variety X is said to be regular
in codimension d if there exists a codimension d + 1 subvariety ¥ C X such that all
points of X \ Y are smooth. For example, normal varieties are regular in codimension
one. In [9] it is proved that quiver Grassmannians Grgim p(P @ I) are normal. We
now prove a stronger statement.

Theorem A.1 Grgim p (P @ 1) is regular in codimension 2.

Proof Recall that the group A C Aut(P @ I) acts on Grgiy p(P @ I) with orbits
parametrized by pairs of representations Ny, Q p of the same dimension vector such
that Ny is a subrepresentation of / and Qp is a quotient of P. Assume that an or-
bit, parametrized by a pair (N;, Q p) of dimension vector f, and admitting exact se-
quences

0> N —1—0;—0, 0—Np,—P—Q0p—0,

is a singular codimension 2 stratum. Using the codimension formula of the proof of
[9, Theorem 4.5], this means that

(€, 6) +[N;, N/1' +[Qp, Qp1' =2 and [Ny, Qp]' #0

(we use the abbreviations [X, Y] = dimHom(X, Y) and [X, Y]! = dimExt' (X, V)).
If (£,f) =0, then f =0, thus N; =0 = Qp, and all extension groups are zero, a
contradiction. If (f, f) =2, then [N;, N;]' =0=[Qp, Qp]!, thus both N; and Qp
are isomorphic to the unique exceptional representation G of dimension vector f. In
particular, [Ny, Qp]1 =[G, G]! =0, a contradiction. Thus we have (f,f) = 1 and
(without loss of generality) [Ny, N1 =0 and [Op, Qp]l = 1. Thus f is a root and
N7 is the corresponding indecomposable. Q p is a minimal degeneration of Ny, thus
by [4, Theorem 4.5]) there exists a non-split short exact sequence

0—>U—->N—-V->0

such that both U and V are indecomposable, and Qp >~ U @ V. In particular,
[v,u1 # 0, thus [U, V]! =0 since Dynkin quivers are representation-directed. We
thus have 1 = [Qp, Qpl' =[U ® V,U & V]! = [V,U]'. From [N;, N;]' =0 it
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follows that [N;, V]! = 0 using the above exact sequence, thus 0 # [N, Qp]! =
[N;, U@ V]! =[N;, UL Applying Hom(_, U) to the above sequence yields

Hom(U, U) — Ext'(V, U) — Ext'(N;, U) — Ext' (U, U) = 0.

The first two terms in this sequence are both one-dimensional. The connecting map is
non-zero since the above exact sequence is non-split, thus it is invertible. This implies
that [N;, U]' = 0, a contradiction. O

Appendix B: Desingularization and the smooth locus

Let 741 Roy1 — J;, be the desingularization of the degenerate flag variety of
type A, of [16]. Our goal here is to prove the following theorem.

Theorem B.1 ”n_+11 (x) is a single point iff x is a smooth point of &, .

Recall that R,4+1 can be explicitly realized as follows. Let W be an (n + 1)-
dimensional space with a basis (wy, ..., w,41). For a pair 1 <i < j <n, let
Wi’f;rl = span(wy, ..., W;, Wj41,..., Wyt1). Then R, is the variety of collections

(Vi.j)1<i<j<n suchthat V; j € Gr;(W/'F") and V; j C Vig j and prjy Vi j C Vi ji1.

Lemma B.2 R, can be embedded into ?ZH X R, in such a way that mw,41 is
simply the projection to the first factor.

Proof We first note that the map my4+1 @ Ryt1 — F,,; is explicitly given by
Vi, j)i<j > (V,-,l-)?: |- Now consider the forgetful map

Vi, <i<j<n = (Vi j1<i<j<n

(the diagonal terms V;; are omitted). We claim that the image is isomorphic to R,,.
Namely, forapair 1 <i < j <n, we consider the “shift” map sh; ; : Wi’f;rl — Wif‘l/_l
given by

Wy, ifk <i,
shi jwg = . .
wi—1, Iifk>j.

Then for a point (V; j)i<;j € Ry 1, the collection
(Vi/,j)lgigjgn—l = (shi j+1 Vi j+D1<i<j<n—1

belongs to R,. We denote the map R,+1 — R, by ¥,+1. Now the embedding
Ryt — CF}‘;H X Ry is given by the map A = (7,41, Yn+1)- O

Lemma B.3 Let S be a length n smooth collection. Then
7Tn¢’n+17f,;:lps - gjz

is a single point. Moreover, it is a smooth torus fixed point.
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Proof Recall that
=((ps)i);_»  (ps)i=span(w,: a€s;).

Our first goal is to prove that there exists a unique way to define spaces (V;, ,-+1);.:11
such that there exists a point in R, 4+ with the diagonal components being (ps); and
the (i, i + 1)-st components being V; ;4. In fact, fix some i with 1 <i <n —1. We
need V; ;41 such that dim V; ;41 =i and

priv1(ps)i C Viig1 € WL 0 (ps)igr.

Ifi +1¢S;, then dim pr;1(ps); =i and hence V; ;1 =pr; 1 (ps);. Ifi +1€§;,
then since S is smooth, we have i + 1 € S;. Therefore the intersection

WL NV (ps)i1 = span(wg :a #i + 1) Nspan(wg :a € Sjy1)

is i-dimensional and hence V; ;4 is forced to coincide with this intersection. Note
that in both cases V; ;41 is the linear span of some basis vectors. We denote by
Siit1 C{l,...,i,i +2,...,n+ 1} the set of indices of these vectors, i.e.

Viit1 =span(wg :a € Sji+1).

We note that S; ;11 C S;+1 and S; C S; ;41 U {i + 1}

We identify the collectlon of subspaces (V;, ,+1) 1 constructed above with the
point (sh; j1+1Viit1)i— i 1 € J¢. As mentioned above, each component of this point is
a lmear span of basis vectors and thus (sh; ;1 Vi ,+1)l 1 = p(S) for some collection

=(S1,...,8u_1). Explicitly,

S ={a:aeSiit1,a<i}U{la—1:aeS;iy1,a>i+1}.

Our goal is to prove that this collection is smooth. In fact, assume b € S, for some
1 <a<b<n-—1.Then since b > a we have b+ 1 € S, ,4+1. We consider two
cases:b+leS,andb+1¢S,.Ifb+1€S,, thena+ 1€ Sp41 (S is smooth).
Since S; C Sp+1, we have b + 1 € Sp41. Therefore, Sp p+1 = Sp+1 \ {b + 1} and, in
particular, a + 1 € Sp p+1. Since a + 1 < b, this implies a + 1 € Sp. Now assume
b+1¢S,. Then S, 441 # S; and hence a 4 1 € S,. This implies a 4+ 1 € S;, and so
a+ 1€ Sppy1 (because wyt1 = pro+1Wat1 € Vb p4+1). We thus arrive ata 41 € Sb,
which means that S is smooth. O

Corollary B.4 The map wwy4) is one-to-one over the smooth locus of &), ;.

Proof We note that since the fibers over any two points of a given cell in F; | are
isomorphic, it suffices to prove that the fiber is a single point over a smooth torus fixed
point. Let S be a smooth collection and p(S) = 7, Y417, +11. Since S is smooth, our

corollary follows by induction on 7. g

To complete the proof of Theorem B.1, we need to show that the fiber over a non-
smooth point has positive dimension. It suffices to prove that if a collection S is not
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smooth, then the preimage of pg has positive dimension. We first prove the following
lemma.

Lemma B.5 Assume that S, is not a subset of Sq+1 for some a. Then the dimension
of the fiber nn__:lps is positive.

Proof Assume that pg is the image of (V; j)1<i<j<n. Let us look at possible sets
Va,a+1. We know that

Pra+1(ps)a C Va,ar1 C(ps)a+1 Nspan(w; i #a+1). (B.1)

Since S, is not a subset of S, and S, C Sy41 U {a + 1}, we obtain a + 1 € S,
a—+1¢ S,+1. Therefore,

dimpry (ps)a=a—1,  dim(ps)ar1 Nspan(w;:i #a+1)=a+1.

Thus the choice of V; ;41 as in (B.1) is equivalent to the choice of a point in Pl
Therefore the preimage 7, _ +11 ps is at least one-dimensional. g

Corollary B.6 IfS is not smooth, then the dimension of the fiber 7, _:1 ps is positive.

Proof Let k > 1 be a minimal number such that there exists a number a, 1 <a <
n —k such that a + k € S,, but a + 1 ¢ S,«. We prove our corollary by induction
on k. First, we note that the case k = 1 means that S, ¢ S,41 and we are done by the
lemma above. Now let k > 1. Since k > 1 the sets S, 41 satisfying

SaU{a+1} C Saat1 C Sat1
are defined uniquely. Now define a length n — 1 collection S as above:
S;={l:1€Si i1, 1 <iyU{l—1:1€S8;;41.1>i+1}.
Since a + k € q,l and k > 1 we obtain a+ k—1¢€S,. Also, since a + 1 ¢ Satk, WE
obtaina+1¢ S, andhencea+1 ¢ §a+k—1 (since k > 1 we have S;4r—1 C Sa+k)-
This proves that k£ becomes k — 1 for S. By the inductive assumption we know that

the preimage 7, I'p(S) is positive-dimensional. But 7, +1] ps = nn_l p(S) and we are
done. O

Appendix C

In this appendix we compute the moment graph of F3. The T-fixed points of Fj
are listed in Fig. 1. Recall that such points are parameterized by successor-closed
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Fig. 1 The T-fixed points of Ff

subquivers of the following quiver:

3
2 —
1 — —
(C.1)
4 — —
3 —
2

having one vertex in the first column, two in the second and three vertices in the third
column.

Figure 2 shows the moment graph of the degenerate flag variety Fj (we used Bern-
hard Keller’s quiver mutation applet to draw the picture [23]). The 22 smooth torus

@ Springer



187

J Algebr Comb (2013) 38:159-189

rding to Fig. 1. The highlighted vertices

rtices are labeled acco:

Fig. 2 The moment graph of ff. The ve
correspond to the smooth T'-fixed points

@ Spri



188 J Algebr Comb (2013) 38:159-189

Fig. 3 The moment graph

around vertex (22) ,7? {‘ j D—C\
| Be —| ot _| Be | e
20 = ~f~ﬂz: 21 = ﬂH: 6= 7= ~—~{:
.AE‘ — .4‘3 —
(1,2)4 4,5) 4 LHL @25
—8
22— | oe®
—f
(3,4) 1 (3,5) (3,6)
—a 0 —
—| — —| e _| —&
30 = B—B—E‘ 33 = '7'45‘ 35 = .7%3‘
—0 ] —
. 8]

fixed points are highlighted by a frame. These are the vertices adjacent to precisely
6 = dim Jj edges. An edge ps—pr of the moment graph corresponds to a T-fixed
curve between ps and pr in Fj whose direction around ps and pg is given by a
standard basis vector of the tangent space at them. The edge is oriented ps — pr if
and only if the direction around pg has positive Tp-weight and it is labeled by the
corresponding S-effective pair (see Theorem 3.18 and Remark 3.5).

To illustrate, let us describe in detail the graph around vertex (22). There are 7
edges connected to this vertex as depicted in Fig. 3. In particular this T -fixed point is
not smooth.

The arrow (20) — (22) corresponds to the following curve (in the basis (C.1))

((vi), (V1. v3), (U3 + Ava, v, v4)) AP

For A = 0 one gets the starting point (20) of «, for A = co one gets the end point
(22) of «. Its direction around (22) has negative Ty weight while around (20) it
has positive weight. The corresponding (20)-effective pair is (1, 2). The remaining
labelings of Fig. 3 are obtained similarly.
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