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Abstract A graph is one-regular if its automorphism group acts regularly on the set
of its arcs. In this article a complete classification of tetravalent one-regular graphs of
order twice a product of two primes is given. It follows from this classification that
with the exception of four graphs of orders 12 and 30, all such graphs are Cayley
graphs on Abelian, dihedral, or generalized dihedral groups.
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1 Introduction

For a finite, simple and undirected graph X, we use V (X), E(X), A(X) and Aut(X)
to denote its vertex set, edge set, arc set and full automorphism group, respectively.
For u, v € V(X), denote by {u, v} the edge incident to # and v in X, and by C,, and
K, the cycle and the complete graph of order n, respectively. A graph X is said to
be vertex-transitive and arc-transitive (or symmetric) if Aut(X) acts transitively on
V(X) and A(X), respectively. In particular, if Aut(X) acts regularly on A(X), then
X 1is said to be one-regular.

A one-regular graph with each vertex having the same valency must be connected,
and a graph of valency 2 is one-regular if and only if it is a cycle. The first example of
cubic one-regular graph was constructed by Frucht [10] with 432 vertices, and much
subsequent work was done in this line as part of a more general problem dealing with
the investigation of cubic arc-transitive graphs (see [4-9, 26]). Tetravalent one-regular
graphs have also received considerable attention. Chao [2] classified all tetravalent
one-regular graphs of prime order, and Marusi¢ [23] constructed an infinite family
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of tetravalent one-regular Cayley graphs on alternating groups. All tetravalent one-
regular circulant graphs were classified in [37], and all tetravalent one-regular Cayley
graphs on Abelian groups were classified in [36]. One may deduce a classification of
tetravalent one-regular Cayley graphs on dihedral groups from Kwak and Oh [16] and
Wang et al. [32, 33]. Malnic€ et al. [21] constructed an infinite family of infinite one-
regular graphs, which steps into the important territory of symmetry in infinite graphs;
see also [19, 31] for some more results related to this topic. Let p and ¢ be primes.
Clearly, every tetravalent one-regular graph of order p is a circulant graph. For a
tetravalent one-regular graph X of order pgq, if |V (X)| = 2p, then X is a circulant
graph by [3] or [22]; if p = ¢, then X is a Cayley graph on an Abelian group of order
p? (clearly p > 3 and any Sylow p-subgroup of Aut(X) has order p? which is regular
on V (X)), and hence circulant by [36]; if p > g > 2, then X is not vertex-primitive
by [29, 34], and then circulant by [27, 34], which can also be deduced from [24]. It
follows that all tetravalent one-regular graphs of order p or pq are circulant, and a
classification of such graphs can be easily deduced from [37]. In this paper we classify
all tetravalent one-regular graphs of order 2 pq. It follows from the classification that
with the exception of four graphs of orders 12 and 30, all such graphs are Cayley
graphs on Abelian, or dihedral, or generalized dihedral groups. For more results on
tetravalent symmetric graphs, see [11, 12, 17, 28].

We now introduce Cayley graph and coset graph. Let G be a permutation group
on a set 2 and o € Q2. Denote by G, the stabilizer of « in G, that is, the subgroup
of G fixing the point «. We say that G is semiregular on Q if G, = 1 for every
o € , and regular if G is transitive and semiregular on 2. For a finite group G and
asubset S of G suchthat 1 ¢ S and S = S~!, the Cayley graph Cay(G, S) on G with
respect to S is defined to have vertex set G and edge set {{g,sg} | g € G,s € S}.
Given a g € G, define the permutation R(g) on G by x + xg, for x € G. Then, the
homomorphism taking g to R(g), for g € G, is called the right regular representation
of G, under which the image R(G) = {R(g) | g € G} of G is a regular permutation
group on G. It is easy to see that R(G) is isomorphic to G, which can therefore
be regarded as a subgroup of the automorphism group Aut(Cay(G, S)). Thus the
Cayley graph Cay(G, S) is vertex-transitive. Furthermore, the group Aut(G, S) =
{ € Aut(G) | S = S} is a subgroup of Aut(Cay(G, S))1, the stabilizer of the vertex
1 in Aut(Cay(G, S)). A Cayley graph Cay(G, S) is said to be normal if R(G) is
normal in Aut(Cay(G, S)). Xu [38, Proposition 1.5] proved that Cay(G, S) is normal
if and only if Aut(Cay(G, S)); = Aut(G, S). A graph is called a circulant graph, in
short, a circulant if it is a Cayley graph on a cyclic group.

Let X be a symmetric graph, and A an arc-transitive subgroup of Aut(X). Let
{u, v} be an edge of X. Assume that H = A, is the stabilizer of u € V(X) and that g €
A interchanges u and v. It is easy to see that the core H4 of H in A (the largest normal
subgroup of A contained in H) is trivial, and that Hg H consists of all elements of A
which maps u to one of its neighbors in X. By [18, 30], the graph X is isomorphic
to the coset graph X* = Cos(A, H, Hg H), which is defined as the graph with vertex
set V(X*) ={Ha :a € A}, the set of right cosets of H in A, and edge set E(X™*) =
{{Ha, Hda} | a€A,de HgHY}. The valency of X*is |HgH|/|H|=|H : HN H8|,
and X* is connected if and only if HgH generates A. By right multiplication, every
element in A induces an automorphism of X*. Since H4 = 1, the induced action of
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A on V(X*) is faithful, and hence one may view A as a group of automorphisms of
X*.

Throughout this paper we denote by Z, the cyclic group of order n as well as
the ring of integers modulo 7, by Z; the multiplicative group of Z, consisting of
numbers coprime to n, and by D, the dihedral group of order 2n, respectively. For
two groups M and N, N < M means that N is a subgroup of M, and N < M means
that N is a proper subgroup of M.

2 Preliminaries

In this section, we introduce some preliminary results. The first is about transitive
Abelian permutation groups.

Proposition 2.1 [35, Proposition 4.4] Every transitive Abelian group G on a set 2
is regular.

For a subgroup H of a group G, denote by Ci (H) the centralizer of H in G and
by N¢ (H) the normalizer of H in G. The following proposition is due to Burnside.

Proposition 2.2 [15, Chapter IV, Theorem 2.6] Let G be a finite group and P a
Sylow p-subgroup of G. If Ng(P) = Cg(P), then G has a normal subgroup N such
that G=NP with NN P =1.

Kwak and Oh [16, Theorem 3.1] classified tetravalent one-regular normal Cayley
graphs on dihedral groups with a cyclic vertex stabilizer.

Proposition 2.3 A tetravalent Cayley graph X on a dihedral group is one-regular
and normal with cyclic vertex stabilizer if and only if X is isomorphic to Cay(D»y,
{b,ab, a**'b, a52+e+lb})f0r some pair (n, £) such that £> + >+ £+ 1= 0(mod n),
n>10, 62 -1 # 0(mod n) and (n, £) # (15,2), (15, 8), where Dy, = {(a,b | a" =
br=1,bab=a"").

The following proposition can be extracted from Xu [37, Theorems 2 and 3],
where tetravalent one-regular circulant graphs were classified.

Proposition 2.4 Let p and q be primes and G = {(a) = Zypq. A tetravalent Cayley
graph X = Cay(G, S) on G is one-regular if and only if p,q > 2 and S = al =
{a, ahl,ahz,ah3} where H = {1, hy, ha, h3} is a subgroup of order 4 of Z;pq such
that —1 € H. Furthermore, distinct subgroups of order 4 containing —1 give noniso-
morphic one-regular graphs.

The next proposition is a special case of [36, Theorem 3.5].
Proposition 2.5 Let p be a prime and G = Z), X Z. Then there exists a tetravalent

one-regular Cayley graph on G if and only if p — 1 is a multiple of 4 and in this case,
there are exactly two nonisomorphic tetravalent one-regular Cayley graphs on G.
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Let X be a connected symmetric graph, and let G < Aut(X) be arc-transitive on
X. For a normal subgroup N of G, the quotient graph Xy of X relative to the set of
orbits of N is defined as the graph with vertices the orbits of N in V (X), and with two
orbits adjacent if there is an edge in X between those two orbits. Let X be a tetravalent
connected symmetric graph, and N an elementary Abelian p-group. A classification
of tetravalent connected symmetric graphs was obtained for the case when N has at
most two orbits in [11], and a characterization of such graphs was given for the case
when X is a cycle in [12]. The following is a ‘reduction’ theorem.

Proposition 2.6 [11, Theorem 1.1] Let X be a tetravalent connected symmetric
graph, and let G < Aut(X) act arc-transitively on X. For each normal subgroup
N of G, one of the following holds:

(1) N is transitive on 'V (X);

(2) X is bipartite and N acts transitively on each part of the bipartition;

(3) N has r > 3 orbits on V(X), the quotient graph Xy is a cycle of length r, and
G induces the full automorphism group Do, on Xy;

(4) N hasr =S5 orbits on V(X), N acts semiregularly on V (X), the quotient graph
XN is a tetravalent connected G /N -symmetric graph and X is a topological
cover of Xn.

3 Examples

In this section, we introduce some tetravalent one-regular graphs of order 2pg, where
p. q are primes. The first example is the graph CG, > of order 2 p? (p = q), which
was defined by Gardiner and Praeger [11, Definition 4.3].

Example 3.1 Let p be a prime congruent to 1 mod 4, and let +¢ be the two elements
of order 4 in Zj,. The graph CG, ,» is defined to have vertex set Zy x (Zp x Zp) with
two vertices (0, (x1, y1)) and (1, (x2, ¥2)) being adjacent if and only if

(x2,y2) — (x1, y») € {(1, D, (=1, 8), (1, = 1), (=1, —&)}.

Furthermore, the tetravalent graph CG, > is one-regular.

Clearly, CG, > is independent of the choice of €. A group of automorphisms of
ngpz was given in [11, Definition 4.3] that is arc-transitive on ngpz, but the full
automorphism group of CG, 2 Was not obtained there. We shall compute the full
automorphism group of CG, > in the following lemma, showing that CG, > is one-
regular.

Lemma 3.2 Let G(2p2) ={a,b,c|aP =b? = 2=1,cac=aL,cbe=b"" ab=
ba), the so called generalized dihedral group of order 2p*. Let p be congru-
ent to 1 mod 4, and let ¢, —e be the two elements of order 4 in Z’;. Set

S = {cab, ca='b?, cabil,caflbfe}. Then ngpz = Cay(G(2p2), S). Furthermore,
ngpz is one-regular and Aut(ngpz) = GQ2p?) % Zy.
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ca73b2571 Ca3b275

ca3pxtt y cadb2te

ca” b3 cab?

ca 3bq cadb—<

ca*3b ca3bs

ca lbg cab™3

ca3bg cadb—2-<

ca3bg? “1p—2-e . —1p2—e 2e—1,, 1-1-2¢ cadhe—2
ca” b ca” b cab cab

Fig.1 An induced subgraph of ngpz

Proof Let G = G(2p?) and X = Cay(G, S). Note that the graph CG, 2 has vertex set
Zo x (Zp x Zp) with two vertices (0, (x1, y1)) and (1, (x2, ¥2)) adjacent if and only
if (x2,y2) — (x1,y1) € {1, 1), (—1,¢), (1, —1), (—1, —¢)}. It is easy to see that the
map defined by (i, (x, y)) — c'a*b?, (i, (x, y)) € Zy x (Zp x Zp), is an isomorphism
from CG, > to X. Let A = Aut(X), and let A; be the stabilizer of 1 in A. Since §
generates G, X is connected. The map ¢+ ¢, a a~ ! and b — b® induces an
automorphism of G, denoted by o, which cyclically permutes the elements in S. This
means R(G) % (o) < A, so that X is symmetric. To finish the proof, it suffices to
show that A = R(G) % ().

For the case p =5, it can be shown with the help of the computer software package
MAGMA [1] that Aut(X) has order 200, which implies that A = R(G) X («).

Now assume p > 5. We depict the subgraph of X induced by the vertices at dis-
tance less than 4 from 1 (see Fig. 1). Let A7 be the subgroup of A fixing S pointwise.
From Fig. 1 one may see that passing through cab™', 1 and cab, there is a 6-cycle
passing through a?h'~¢ and another 6-cycle passing through a5+, but no 6-cycle
passing through 2. This implies that A7 fixes b?, and similarly A7 fixes b=2, b% and
b2¢. Note that b** and a%b'*¢ have a common neighbor, but b?¢ and a?b'~¢ have
no common neighbor. It follows that A} fixes a’b'~¢ and a’b'*¢. Thus, one may
show that A} fixes every vertex at distance 2 from 1 in X. By connectivity of X and
transitivity of A on V(X), we find that A} fixes every vertex in X and hence A} = 1.
It follows that A; = A7 < Sy and |A| < 48p2.
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Set P = (R(a), R(b)). Then P is a Sylow p-subgroup of A. Since a €
Aut(G(2p?)), one has x® R@bDa — (ya™ gipiya — ygiapia — yR@'b) for any
x € G. Thus, a_lR(aibj)a € P, that is, « normalizes P. Similarly, one may show
that « R(c) = R(c)a. Since R(c) normalizes P, |[N4(P)]| is divisible by 8p2. By Sy-
low theorem, the number of Sylow p-subgroups is kp + 1 =|A : N4(P)| and is a
divisor of 6. This forces k = 0 because p > 5 and hence P is normal in A.

Suppose that A| # («). Take 8 € A1 \(«). Since (@) =Z4 and A| = Af < S4, one
has («, B) = Dg or S4. Since o permutes the elements in S = {cab, ca 'be, cab™!,
ca~'b~#} cyclicly, there exists an involution y € A\(«) such that y fixes cab and
cab™! and interchanges ca~'b® and ca~'b~¢. Note that there is no 6-cycle passing
through cab™1, 1, cab and b%. Then y fixes b2. On the other hand, since y normalizes
P, for any x, y € (a, b) one has (xy)?” = 1REY = [¥7 (RWRG)Y = [ROYROY -
R(x)Y R(y)Y = 1R™"1RM” — x¥ ¥ that is, y induces an automorphism on (a, b).
Thus, y fixes (b?) pointwise. In particular, y fixes b*. Since ca™!b? is the unique
common neighbor of 1 and b% in X, y fixes ca~'b®, a contradiction. This means
that A| = (), that is, A = R(G(2p?)) x (). O

Xu [37, Theorems 2 and 3] classified all tetravalent one-regular circulant graphs,
and one may deduce the following example.

Example 3.3 Let p and g be odd primes. Assume p = ¢g. Then Z;p q has a unique
subgroup of order 4, say Hp, when p = 1(mod 4). Assume p # ¢g. Then Z;pq has
a unique non-cyclic subgroup of order 4, say Hj, and if both p — 1 and ¢ — 1 are
divisible by 4, then Z} »q has exactly two cyclic subgroups of order 4 containing —1,
say H and H3. Let G = (a) = Zp, and define CCQM = Cay(G,aHi), i=0,1,2,3.

Note that CC%M = CC(Z)pz' The graphs CCépq (i =0, 1,2, 3) are pairwise nonisomor-

phic tetravalent one-regular circulant graphs of order 2 pg and Aut(CC épq) =G x H;.

The following example follows from [36, Theorem 3.3 and Proposition 3.3(iv)].

Example 3.4 Let p be a prime congruent to 1 mod 4, and w an element of order 4
in Z; with 1 <w < p — 1. Let G = (a) x (b) = Z) x Z. Then the Cayley graphs

CAY, = Cay(G.{a.a”", a"’b,a=""b}) and CA}, = Cay(G, {a.a”",a"b,a="b})
are nonisomorphic tetravalent one-regular graphs. Furthermore, Aut(C.Ag p) =G x
(Zy x Zy) and Aut(CA} ) = G x Zy.

Since 0 < w < p — 1, the graphs CAg » and C.Ai p are independent of the choice
of w. The following example is a special part of [16, Theorem 3.1].

Example 3.5 Let p and g be odd primes with p > g, and let D,y = (a,b | a?? =
b*=1,bab=a"").

(1) Let p = 1(mod 4) and pg # 15. Then there is exactly one subgroup of order
4, say (sg), in Z*[;q such that sg 4+ 1=0 (mod p) and 590 + 1 =0 (mod ¢g). Let

CDY = Cay(Dapg. {b.ab, a**'b, asosotlpyy,
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(2) Letg =1 (mod 4). Then there is exactly one subgroup of order 4, say (s1), in Zj; q
such that sy + 1 =0 (mod p) and s{ + 1 =0 (mod ¢). Let CD; ,, = Cay(D2q,
(b, ab, a® b, a*1+1+1p}).

The Cayley graphs CDg q and CD% pq are independent of the choice of s and s;
respectively, and nonisomorphic tetravalent one-regular graphs. For i =0 or 1, let
«; be the automorphism of D;,, induced by the map a — a* and b +— ab. Then
Aut(CDgM) = R(D2py) x (ag) and Aut(CDépq) = R(D2pg) % (a1).

The proof of uniqueness of (so) or (s1) is straightforward (also this can be proved
by the equation (2) in the proof of Lemma 3.1 in [20], which claims that for each
u € Z, and v € Z, the equation |[(u + Q) N (v + P)| =1 holds in Z,, where Q =
{kq | k € Zpg} and P = {kp | k € Zpq}). There are two elements of order 4 in (so),
that s, sp and 58 . Since the automorphism of D3, induced by a — a ™, b — b maps

(b, ab, a®* b, a0 p) to (b, ab, a8 "b, a=0b} = (b, ab, a%*+'b, a* T+ p),
the graph CDgp q is independent of the choice of s9 and similarly, the graph CD% p
is independent of the choice of s1. Let p and g be primes congruent to 1 mod 4.

By Proposition 2.3, the Cayley graphs CDg v and CD% pq are normal and one-regular,

implying that Aut(CDY, ) = R(D2pg) X {ap) and Aut(CD},,) = R(D2pg) x (@1).
Clearly, Aut(CDg vq) and Aut(CDép ;) have unique normal Sylow p-subgroups, say
Po and P;. The group of automorphisms of Py induced by the conjugacy action of
elements in Aut(CDg » q) is isomorphic to Zg4, but the group of automorphisms of P;
induced by the conjugacy action of elements in Aut(CDé »q) is isomorphic to Zj.

Thus, Aut(CDgpq) * Aut(CDépq), and hence CDgpq and CD%M are nonisomorphic.

Example 3.6 Let A5 and S5 be the alternating group and the symmetric group of

degree 5, respectively. Let G = A5 x (x) with (x) = Z,.

(1) Set H=1{((12)(34), (13)(24)x)and D= H(13)(25)H. Then Cos(G, H, D)
is a tetravalent one-regular graph of order 30 with girth 5, denoted by A/ Cgo, and
Aut(NCY) =G.

(2) Set H=((12)(34),(13)(24)x)and D= H(1 3)(25)xH. Then Cos(G, H, D)
is a tetravalent one-regular graph of order 30 with girth 3, denoted by A/ 031:0’ and
Aut(NC})) =G.

(3) Set H={((12)(34), (12))and D= H(13)(25)H. Then Cos(Ss5, H, D) is a
tetravalent one-regular graph of order 30 with girth 4, denoted by N C%O, and
Aut(NC3,) = Ss.

For the first case, Aut(\/{ Cgo) contains G as a subgroup because Hg = 1, which
acts regularly on arcs of the graph. With the help of MAGMA [1], we can show
that Aut(Ni Cgo) has order 120, implying that Cos(G, H, D) is one-regular and

Aut(N Cgo) = G. One may have a similar proof for the second and the third cases.

Remark Guo [14] classified symmetric graphs of order 30, but the graphs given in
Example 3.6 are missing from his classification.
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Example 3.7 Let Ay = (a,b | a®> = b> = (ab)? = 1). Then the tetravalent Cayley
graph Cj» = Cay(Aq, {a, b,a™!, b~'}) is normal and one-regular with automorphism
group isomorphic to R(A4) X (Za X Z3).

Clearly, (ab)? = 1 if and only if (ba)*> = 1. Thus, the map « induced by a > b,
b+ a, and the map B induced by a — a~!, b+ b~ are automorphisms of A4. Set
S={a,b, a‘l,b_l}. Then «, 8 € Aut(G, S), and hence Cj; is arc-transitive. Again
with the help of MAGMA [1], Aut(Cy2) has order 48, implying that Aut(Cip) =
R(A4) X (Zy x Z3) (also this can be obtained by [25, p.1114]).

Lemma 3.8 The graphs defined in Examples 3.1-3.7 are pairwise nonisomorphic.

Proof The graphs CG, > and chpz, defined in Examples 3.1 and 3.3, are not iso-

morphic because a Sylow p-subgroup of Aut(CG, ) is elementary Abelian, and a
Sylow p-subgroup of Aut(CC, ) is cyclic. The graphs CCEM, CDgpq and CDépq,
defined in Examples 3.3 and 3.5, are not isomorphic one another because there 1s

an involution in the center of Aut(CCép q) (0 <i <4), but neither Aut(CDgp q) nor

Aut(CDé » q) has such an involution. In fact, if there was an involution in the cen-

ter of Aut(CDgpq), say y, then P = (y) X {(ap) would be a Sylow 2-subgroup of

Aut(CDY, ). Recall that Aut(CD3 ) = R(D2pq) % {ao), and that g is the automor-

phism of D;,, induced by the map a + a* and b — ab, where sg +1=0 (mod p)
and 50 + 1 =0 (mod g). Clearly, |P N R(D3pq)| = 2. Assume that P N R(szq). =
(R(a'b)) forsome 0 <i < pg—1.Then P = (R(a'b)) x (ap), and hence y = R(a'b)
or R(aib)aé. Since R(a)R(alb) = R(a)~!, one has y = R(aib)aé. Thus, for any x €
Dapg» LR@ — yyR@y _ (R@bejR@agR@b) _ ((mib)aga)agaib — xaiba®taih =

2
xR@™0) Tt follows that R(a) = R(a~%), implying s2 + 1 =0 (mod pq) and hence
sé 4+ 1=0 (mod ¢g). Since sg + 1 =0 (mod ¢q), one has g = 2, a contradiction. Simi-

larly, one may show that there is no involution in the center of Aut(CDé » q). 0

4 Classification

In this section, we shall classify tetravalent one-regular graphs of order 2pg, where
p and g are primes. First we consider the case where the automorphism group is
nonsolvable.

Lemma 4.1 Let p and q be primes. Then a tetravalent one-regular graph X of order
2pq has a nonsolvable automorphism group if and only if X = NC%,,i =0, 1, 2.

Proof By Example 3.6 the graphs A/ Cgo, i =0, 1,2, are one-regular with nonsolv-
able automorphism groups and the sufficiency follows. To prove the necessity, let
X be a tetravalent one-regular graph of order 2pg with G = Aut(X) a nonsolvable
group. By the definition of coset graph, one may let X = Cos(G, H, HdH), where
H is the stabilizer of v € V(X) in G, and d interchanges v and one of its neighbors.
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Then d? = 1 because of the one-regularity of X. As |V (X)| = 2pq, one further has
|G| = 8pq, and hence |H| = 4. It follows that H N H¢ = 1 because X has valency
4. The connectivity of X implies (Hd H) = G. To finish the proof, it suffices to show
that X = NChy,i=0,1,2.

Since G is nonsolvable, G has a nonsolvable composition factor, say G1/G2,
which is a non-Abelian simple group. Since |G| = 8pg, by [13, P.12-14] one has
G1/Gy = As or PSL(2,7). If G1/G, = PSL(2,7), then G = PSL(2,7) because
|G| = 8pgq. However, by using MAGMA [1], we find that there is no tetravalent
one-regular graph with G = PSL(2, 7) as full automorphism group, a contradiction.

Thus, G1/G, = As. In this case, X has order 30 and G has order 120. By elemen-
tary group theory, up to isomorphism, there are three nonsolvable groups of order
120 which are SL(2,5), A5 x Z; and Ss. Suppose G = SL(2,5). Then, by [15, The-
orem 8.10], G has a unique involution, say a. This means thata € H N H d contrary
to HY N H = 1. It follows that G = As x Z or Ss.

Let G = As x Zp = As x {x). Then, G = As x (x) < S5 x {x) (A5 < S5). Since
|H| =4, one has either H < A5 or H N A5 = Z,. For the former, by MAGMA [1], we
can show that Cos(G, H, Hd H) is not tetravalent one-regular for any involution d €
G. Thus, H N As = Z,. Since all involutions of A5 are conjugate and HiNH=1,
one may assume H N As = ((12)(34)) and H = ((1 2)(3 4), zx) for some involution
z € As. Since both zx and x commute with (1 2)(3 4), z commutes with (1 2)(3 4),
which implies that H = {(1), (1 2)(34), (1 3)(2 4)x, (1 4)(2 3)x}. Clearly, d = y or
yx for some involution y € As. By using MAGMA [1], there are 8 such y’s such
that Cos(G, H, Hd H) is tetravalent and one-regular. Furthermore, all such y’s are
conjugate under Ng, (H). By Example 3.6, one may assume that y = (1 3)(2 5), and
hence X = N Cgo or N C;O, corresponding to d =y or yx, respectively.

Let G = Ss. Then P = ((1324), (12)) is a Sylow 2-subgroup of G. Since Sylow
2-subgroups of G are conjugate, one may assume H < P, implying H = ((1 32 4)),
(1 2)34),(0 3)24) or {((12)34),(12).1Ift H=(12)@34,(13)24)
or ((1 3 2 4)), then by using MAGMA [1], there is no involution d such that
Cos(G, H, Hd H) is tetravalent and one-regular. Thus, H = ((12)(34), (12)). Again
by using MAGMA [1], there are 8 such d’s such that Cos(G, H, Hd H) is tetravalent
and one-regular. Furthermore, all such d’s are conjugate under Ng(H). By Exam-
ple 3.6, one may assume that d = (1 3)(2 5), and hence X = NC%O. Il

Let X and Y be two graphs. The lexicographic product X[Y] is defined as the
graph with vertex set V(X[Y]) = V(X) x V(Y) such that for any two vertices u =
(x1,y1) and v = (x2, y2) in V(X[Y]), u is adjacent to v in X[Y] whenever {x, x3} €
E(X) or x; = x7 and {y1, y2} € E(Y). The following is the main result of this paper.

Theorem 4.2 Let p and q be primes. A tetravalent graph X of order 2pq is one-

regular if and only if it is isomorphic to one of the graphs in Table 1. Furthermore,
all the graphs in Table 1 are pairwise nonisomorphic.

Proof By Examples 3.1-3.7 and Lemmas 3.2 and 3.8, all graphs in Table 1 are pair-
wise nonisomorphic tetravalent one-regular graphs. Let X be a tetravalent one-regular
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Table 1 Tetravalent one-regular graphs of order 2pg

X | X| Aut(X) References

CG,,» 2p?%, p = 1(mod 4) G@2p?) %7y Example 3.1

ccgp2 2p?, p=1(mod 4) Zy,2 2y Example 3.3

CCéPq 2pq,p>q>2 Lopg (Z%) Example 3.3

cc3 - 2pq, p = 1(mod 4) Zopg % La Example 3.3
g=1(mod4),p>gq

3, 2pq. p = 1(mod 4) and Zopg % s Example 3.3
g=1(mod4), p>gq

CAgﬂ 4p, p=1(mod 4) (Zop x Zp) (Z%) Example 3.4

CA}‘p 4p, p=1(mod 4) (Znp x Zn) x Ly Example 3.4

cDY g 2pq, p = 1(mod 4), Dapy X Ly Example 3.5
p>q>2and pqg #15

CD;pq 2pq,q = 1(mod 4), Dypg % Zy Example 3.5
p>q>2

Ci2 12 Ag % (Z3) Example 3.7

N, 30 As x Zp Example 3.6

./\/C%O 30 As X Zp Example 3.6

NC%O 30 Ss Example 3.6

graph of order 2 pq. To finish the proof, it suffices to show that X is one of the graphs
listed in Table 1. Set A = Aut(X), and let A, be the stabilizer of v € V(X) in A. By
the one-regularity of X, |A| = 8pq. If A is nonsolvable, then by Lemma 4.1, one has
X=N Cgo, i =0, 1,2, which correspond to the last three rows in Table 1. Thus, we
assume that A is solvable. Set n = pg and let B be a normal subgroup of A. First we
prove three claims.

Claim 1 Ifn is odd and B is a 2-subgroup, then |B| = 2.

Consider the quotient graph X p of X relative to the set of orbits of B. Then each
orbit of B on V(X) has length 2, and |Xp| = n > 2. By Proposition 2.6, Xp has
valency 2 or 4. If Xp has valency 2, then X is isomorphic to C,,[2K ] which is not
one-regular, a contradiction. Thus, X p has valency 4, and by Proposition 2.6, B = Z;.

Claim 2 If B is an Abelian group of odd order n, then there is an involution o €
Aut(X) such that (B, «) acts regularly on V (X) with b* = b~ for each b € B.

Clearly, B acts semiregularly on V(X) with two orbits, say A and A’. Set
A ={A() | be B} and A’ ={A'(b) | b € B}. One may assume that the actions
of B on A and A’ are just by right multiplication, that is, A(b)8 = A(bg) and
A'(b)8 = A'(bg) for any b, g € B. By symmetry of X, there is no edge in A and
A’, implying that X is bipartite. Let the neighbors of A(1) be A’(by), A'(b2), A'(b3)
and A’(by), where by, by, b3, by € B. Note that B is Abelian. Then for any b € B,
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the neighbors of A(b) are A'(bby), A'(bby), A'(bb3) and A’ (bby), and furthermore,
the neighbors of A'(b) are A(bb;"), A(bby"), A(bby") and A(bb, ). The map
o defined by A(b) — A'(b~1), A'(b) = A(b™!) for any b € B, is an automor-
phism of X of order 2. For any &', b € B, one has A(b)** = A(W'b~1) = A(b)!
and A'())® = A'(b'b~1) = A'(W')*", implying that b* = b=!. It follows that
[(B,a)| =2pq and hence (B, ) acts regularly on V (X).

Claim 3 If p > q > 2, then A contains a cyclic normal subgroup of order n = pq.

Let T be a minimal normal subgroup of A. By solvability of A, T is elementary
Abelian, and by Claim 1, T = Z3, Z, or Z,;. Assume T =7Z; and let L/T be a
minimal normal subgroup of A/T. Again by Claim 1, L/T = Z,, or Z,. The Sylow
p- or g-subgroup of L is normal and so characteristic in L. By the normality of L in
A, A has a normal subgroup of order p or gq. Thus, A always has a normal subgroup
of order p or g, say N. Then |N| = p or q. Set C = C4(N). Clearly, C < A and
N < C. Furthermore, A/C is isomorphic to a subgroup of Aut(N) =Z,_1 or Zy_1.

Assume N = Z,. Let Xy be the quotient graph of X relative to the set of orbits
of N, and K the kernel of A acting on V(Xy). Then N < K. Suppose that A/N
is Abelian. Then its quotient A/K is Abelian, and by Proposition 2.1, A/K acts
regularly on V (Xy), which is impossible because the arc-transitivity of A on X im-
plies that A/K is arc-transitive on Xy. Thus, A/N is non-Abelian. Since N < C
and A/C is Abelian, N is a proper subgroup of C. Let M /N be a minimal normal
subgroup of A/N contained in C/N. Then M/N = Z, or M/N is a 2-group. For
the former, M = Z,, is a cyclic normal subgroup of order pg, as claimed. For the
latter, M = N x R, where R is a Sylow 2-subgroup of M. It follows that R < A.
By Claim 1, R = Z5, and hence M = Z),. If Cx(M) = M, then A/M is isomorphic
to a subgroup of Aut(M) = Z,_,. Since M/N = Z, is normal in A/N, M/N is in
the center of A/N, and since (A/N)/(M/N) = A/M is cyclic, A/N is Abelian, a
contradiction. It follows that M < C4(M). Let T/M be a minimal normal subgroup
of A/M contained in Co(M)/M. Then T /M is a 2-group or g-group. If T/M is a
2-group, then Sylow 2-subgroups of 7" have orders greater than 2, which are normal
in A, contrary to Claim 1. Thus, 7/M = Z, and hence T = Zs . It follows that T
has a cyclic subgroup of order pg which is normal in A, as claimed.

Assume N = Z,. Since p > g, one has p | |C|, and hence N < C.Let M/N be a
minimal normal subgroup of A/N contained in C/N. Then M/N =7, or M/N is
a 2-subgroup. For the former, M = Z,,, is a cyclic normal subgroup of order pg, as
claimed. For the latter, M = N x R, where R = 7, by Claim 1. Thus, R < A. Let P
be a Sylow p-subgroup of C. Then R and N normalize P, implying |[N4(P)| > 2pg
and |A : Ng(P)| <4. Note that P is also a Sylow p-subgroup of A. The number of
Sylow p-subgroups of A is kp +1=|A: Nao(P)| <4, forcing k =0, that is, P < A.
Thus, A has a cyclic normal subgroup PN of order pq, as claimed.

In what follows we consider three cases: p =¢q, p > g =2and p > g > 2, respec-
tively.

Casel: p=gq

By [25, p.1111-1112, p.1144-1146], there exist no tetravalent one-regular graphs

of orders 8 and 18. Thus, p > 3. Let P be a Sylow p-subgroup of A. Then
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|P| = p? and hence P is Abelian. Suppose that P is not normal in A. Remem-
ber that |A| = 8p2. By Sylow theorem, the number of Sylow p-subgroups of A is
kp +1=|A: Na(P)| that divides 8. Since p > 3, one has p =7 and k = 1, that
is, |A: Ng(P)| = 8. Thus, C4(P) = P = N4(P) and by Proposition 2.2, A has a
normal Sylow 2-subgroup, contrary to Claim 1. It follows that P is normal in A.
Since |P| = pz, one has P =7, x Z,, or sz. If P=7Zy x Zp, then X %ngpz by
[11, Theorem 1.3] and Lemma 3.2, which corresponds to the second row in Table 1.
IfrP= sz, then by Claim 2, there exists an o € Aut(X) such that G = (P, ) acts
regularly on V(X). Thus, A = GA,, where A, is the stabilizer of v € V(X) in X.
Let Q be a Sylow 2-subgroup of A such that A, < Q. Then Q = A, x (Q N G),
implying that Q is not cyclic. If P = C4(P), then Q = A/ P, which is isomorphic to
a subgroup of Aut(P) = Zp(p—1), a contradiction. It follows that P < C4(P) and by
Claim 1, C4(P) = Zzp2~ It is easy to see that C 4 (P) acts regularly on V (X), that is,

X is a tetravalent one-regular circulant graph of order 2p2. By Proposition 2.4 and
Example 3.3, X =CC which corresponds to the third row in Table 1.
Case2: p>qg=2

In this case, |A] = 16p. If p =3, then |X| = 12 and by [25, P.1114], there is a
unique tetravalent one-regular graph of order 12, implying X = C;, by Example 3.7,
which corresponds to the eleventh row in Table 1. Now assume p > 3. Let N =
0>(A) be the largest normal 2-subgroup of A and P a Sylow p-subgroup of A.
We shall prove that P <1 A. Since |A| = 16p, A/N has a unique minimal normal
subgroup, that is, PN/N. Thus, PN <1 A. Consider the quotient graph Xy of X
relative to the set of orbits of N, and let K be the kernel of A acting on V(Xy).
Then N < K and A/K is arc-transitive on Xy, forcing 2 | |[A/K]|. It follows that
IN| | 8. If |[N]| | 4, then by Sylow theorem, P is normal in PN because p > 5.
Then P is characteristic in PN and so normal in A. Similarly, P is normal in A
when |N| =8 and p # 7. Now assume |N| =8 and p = 7. Then N = Dg, Qg (the
quaternion group), Zg, Za4 X Zy or Z%. Let C =C4(N). Then, C < A and A/C is
isomorphic to a subgroup of Aut(N). If N Z 73, then 7 {|Aut(N)| and hence 7 | |C|,
implying P < C. It follows that P is characteristic in PN and hence normal in A.
IfN= Zg, then N < C and Aut(N) = PSL(2,7). Note that |A/N| = 14. By [15,
IL, Theorem 8.27], Aut(N) has no subgroups of order 14, implying C # N. Since
IN|=|02(A)| =8, onehas |C| # 16. Thus, 7 | |C|. It follows that P < C and P < A.

Let X p be the quotient graph of X relative to the set of orbits of P, and K the ker-
nel of A actingon V(Xp). Then |V(Xp)|=4, P <K and A/K acts arc-transitively
on X p. By Proposition 2.6, X p = C4 and hence A/K = Dg, forcing |K| = 2p. It fol-
lows that A/ P is non-Abelian because A/K is a quotient group of A/P. Moreover,
K is not semiregular on V (X) because |K| =2p. Let v € V(X). Then K, = Z;. Set
C=Cx(P). Then, C < A and A/C is isomorphic to a subgroup of Aut(P) =7Z, 1,
and since A/P is non-Abelian, P is a proper subgroup of C. If C N K # P, then
CNK =K (|K|=2p). Since K, is a Sylow 2-subgroup of K, K, is characteristic
in K and so normal in A, implying that K, = 1, a contradiction. Thus, CN K = P
and 1 #C/P=C/(CNK)ZCK/KJA/K=Dg.If C/P =7, then C/P is
in the center of A/P and since (A/P)/(C/P) = A/C is cyclic, A/P is Abelian, a
contradiction. It follows that |C/P| = 4 or 8, and hence C/ P has a characteristic sub-
group of order 4, say H/P. Thus, |H|=4p and H/P <<A/P,implying H <<A. And

0
2p%°
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H is Abelian because H < C = C4(P). Clearly, |H,| =4, 2 or 1. Suppose |H,| = 4.
Then H, is a Sylow 2-subgroup of H, implying H, is characteristic in H. The nor-
mality of H in A implies that H, < A, forcing that H, = 1, a contradiction. Suppose
|Hy| =2. Let Q be a Sylow 2-subgroup of H. Then Q < A and Q, = H,,.. Consider
the quotient graph X of X relative to the set of orbits of Q. Since |Q| =4 and
Qv = Zo, Proposition 2.6 implies that X 9 = C»,, and hence X = C5,[2K], contrary
to the one-regularity of X. Thus, H, = 1 and since |H| =4p, H is regular on V (X).
It follows that X is a Cayley graph on the Abelian group H. By Proposition 2.4,
there is no tetravalent one-regular Cayley graph on Zy,. Thus, H =75, x Z;, and
by Proposition 2.5 and Example 3.4, X = CAg p Or C.A}‘p, which correspond to the
seventh and eighth rows in Table 1.
Case3: p>q>2

By Claim 3, A has a cyclic normal subgroup of order pg, say M. Clearly,
M < Cpa(M). If M < Cq(M), then a Sylow 2-subgroup of C4(M) is character-
istic in C4(M) and hence normal in A. By Claim 1, Co(M) = Zp,. It is easy
to see that C4 (M) acts regularly on V(X), that is, X is a tetravalent one-regular
Cayley graph on Z;,,. By Proposition 2.4 and Example 3.3, X is isomorphic to
one of the graphs CC% g for 1 <i < 3, which correspond to the fourth, fifth and
sixth rows in Table 1. Thus, in what follows we assume M = C4(M). By Claim 2,
there exists an involution o € Aut(X) such that (M, «) acts regularly on V(X)
and m® = m~! for each m € M. Thus, (M, @) is dihedral, and one may assume
X = Cay(G, S), where G = (a,b | a’? = b* = 1,bab = a~'). One may further
assume that (M,«) = R(G) and M = (R(a)). Recall that A = R(G)A;. Since
A/M =A/CaA(M) < Aut(M) =Zp_1 X Zg—1, R(G)/M is normal in A/M and
hence R(G) is normal in A, i.e., Cay(G, S) is normal. Let P be a Sylow 2-subgroup
of A suchthat Ay < P.Then P=A/M <Z,_| x Zy— and hence P = Z4 x Z or
Zg.Notingthat P= PNA=PNR(G)A; = A1 X (PNR(G)),onehas P = Z4 x 7>
and A; = Z4. By Proposition 2.3, one may assume S = {b, ab, a**'b, aCHH1py for
some pair (pq, £) such that £3 + ¢2 4+ ¢+ 1 =0 (mod pgq), £> — 1 # 0 (mod pq)
and (pq, £) # (15,2), (15, 8). Note that the conditions £ 4+ £2 + £+ 1 =0 (mod pq)
and (pq, £) # (15,2), (15, 8) imply that pg # 15. Let 8 be the automorphism of G
induced by a — a® and b > ab. Then B permutes the elements in {b, ab, a**'b,
qCHt+p) cyclicly, and by the normality of X, A; = (8) and A = R(G) x A;. From
34+ 02 404 1=0 (mod pgq) it follows that (£2 + 1)(£ + 1) =0 (mod pq). Since
£? — 10 (mod pq), one of the following holds:

(1) £+ 1=0 (mod pq),
(2) €> 4+ 1=0 (mod p), £+1=0 (mod q),
(3) £+ 1=0 (mod p), 2 +1=0 (mod q).
Suppose (1) holds. Then a? =a and b¥* = a'*+'b. For any x € G, one
may compute xBR@B* — (xﬁza)/32 —xPla Tl =xa = xR(“fl), that is, R(a)ﬁ2 =

R(a~"). Since R(a)R® = R(bab) = R(a~"), one has R(a)f’R®) = R(a—1)R®) =
R(a). This implies that ,32R(b) € Cao(M), contrary to the fact that M = C4(M).
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Thus, (2) and (3) hold and by Example 3.5, one has X =CDj  or CD,, , which
correspond to the ninth and tenth rows in Table 1. U

Acknowledgements This work was supported by the National Natural Science Foundation of China
(10571013), the Key Project of Chinese Ministry of Education (106029), and the Specialized Research
Fund for the Doctoral Program of Higher Education in China (20060004026).

References

1. Bosma, W., Cannon, C., Playoust, C.: The MAGMA algebra system, I: the user language. J. Symb.
Comput. 24, 235-265 (1997)
2. Chao, C.Y.: On the classification of symmetric graphs with a prime number of vertices. Tran. Am.
Math. Soc. 158, 247-256 (1971)
3. Cheng, Y., Oxley, J.: On weakly symmetric graphs of order twice a prime. J. Comb. Theory B 42,
196-211 (1987)
4. Conder, M.D.E., Praeger, C.E.: Remarks on path-transitivity on finite graphs. Eur. J. Comb. 17, 371—
378 (1996)
5. Djokovié, D.Z, Miller, G.L.: Regular groups of automorphisms of cubic graphs. J. Comb. Theory B
29, 195-230 (1980)
6. Feng, Y.-Q., Kwak, J.H.: One-regular cubic graphs of order a small number times a prime or a prime
square. J. Aust. Math. Soc. 76, 345-356 (2004)
7. Feng, Y.-Q., Kwak, J.H.: Classifying cubic symmetric graphs of order 10p or 10p2. Sci. China A 49,
300-319 (2006)
8. Feng, Y.-Q., Kwak, J.H.: Cubic symmetric graphs of order a small number times a prime or a prime
square. J. Comb. Theory B 97, 627-646 (2007)
9. Feng, Y.-Q., Kwak, J.H., Wang, K.S.: Classifying cubic symmetric graphs of order 8 p or sz. Eur. J.
Comb. 26, 1033-1052 (2005)
10. Frucht, R.: A one-regular graph of degree three. Can. J. Math. 4, 240-247 (1952)
11. Gardiner, A., Praeger, C.E.: On 4-valent symmetric graphs. Eur. J. Comb. 15, 375-381 (1994)
12. Gardiner, A., Praeger, C.E.: A characterization of certain families of 4-valent symmetric graphs. Eur.
J. Comb. 15, 383-397 (1994)
13. Gorenstein, D.: Finite Simple Groups. Plenum, New York (1982)
14. Guo, D.C.: A classification of symmetric graphs of order 30. Australas. J. Comb. 15, 277-294 (1997)
15. Huppert, B.: Endliche Gruppen I. Springer, Berlin (1967)
16. Kwak, J.H., Oh, J.M.: One-regular normal Cayley graphs on dihedral groups of valency 4 or 6 with
cyclic vertex stabilizer. Acta Math. Sin. Engl. Ser. 22, 1305-1320 (2006)
17. Li, C.H., Lu, Z.P., Marusi¢, D.: On primitive permutation groups with small suborbits and their orbital
graphs. J. Algebra 279, 749-770 (2004)
18. Lorimer, P.: Vertex-transitive graphs: symmetric graphs of prime valency. J. Graph Theory 8, 55-68
(1984)
19. Lukacs, A., Seifter, N.: Finite contractions of graphs with polynomial growth. Eur. J. Comb. 22, 85-90
(2001)
20. Malni¢, A., Marusi¢, D., Poto¢nik, P., Wang, C.: An infinite family of cubic edge- but not vertex-
transitive graphs. Discrete Math. 280, 133-148 (2004)
21. Malni¢, A., Marusi¢, D., Seifter, N.: Constructing infinite one-regular graphs. Eur. J. Comb. 20, 845—
853 (1999)
22. Marusic, D.: On vertex symmetric digraphs. Discrete Math. 36, 69-81 (1981)
23. Marusic, D.: A family of one-regular graphs of valency 4. Eur. J. Comb. 18, 59-64 (1997)
24. Marusic¢, D., Scapellato, R.: Classifying vertex-transitive graphs whose order is a product of two
primes. Combinatorica 14, 187-201 (1994)
25. McKay, B.D.: Transitive graphs with fewer than 20 vertices. Math. Comput. 33, 1101-1121 (1979)
26. Miller, R.C.: The trivalent symmetric graphs of girth at most six. J. Comb. Theory B 10, 163-182
(1971)
27. Praeger, C.E., Wang, R.J., Xu, M.Y.: Symmetric graphs of order a product of two distinct primes. J.
Comb. Theory B 58, 299-318 (1993)

@ Springer



J Algebr Comb (2009) 29: 457471 471

28.

29.

30.
31.

32.

33.

34.

35.
36.

37.
38.

Praeger, C.E., Xu, M.Y.: A characterization of a class of symmetric graphs of twice prime valency.
Eur. J. Comb. 10, 91-102 (1989)

Praeger, C.E., Xu, M.Y.: Vertex-primitive graphs of order a product of two distinct primes. J. Comb.
Theory B 59, 245-266 (1993)

Sabidussi, B.O.: Vertex-transitive graphs. Monash Math. 68, 426—438 (1964)

Seifter, N., Woess, W.: Approximating graphs with polynomial growth. Glasgow Math. J. 42, 1-8
(2000)

Wang, C.Q., Xu, M.Y.: Non-normal one-regular and 4-valent Cayley graphs of dihedral groups D5,,.
Eur. J. Comb. 27, 750-766 (2006)

Wang, C.Q., Zhou, Z.Y.: 4-valent one-regular normal Cayley graphs of dihedral groups. Acta Math.
Sin. Chin. Ser. 49, 669-678 (2006)

Wang, R.J., Xu, M.Y.: A classification of symmetric graphs of order 3p. J. Comb. Theory B 58,
197-216 (1993)

Wielandt, H.: Finite Permutation Groups. Academic Press, New York (1964)

Xu, J., Xu, M.Y.: Arc-transitive Cayley graphs of valency at most four on Abelian groups. Southeast
Asian Bull. Math. 25, 355-363 (2001)

Xu, M.Y.: A note on one-regular graphs. Chin. Sci. Bull. 45, 2160-2162 (2000)

Xu, M.Y.: Automorphism groups and isomorphisms of Cayley digraphs. Discrete Math. 182, 309-319
(1998)

@ Springer



	Tetravalent one-regular graphs of order 2pq
	Abstract
	Introduction
	Preliminaries
	Examples
	Classification
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


