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Abstract A new construction is given of cyclic semifields of orders ¢>", n odd, with
kernel (left nucleus) Fy» and right and middle nuclei isomorphic to F», and the
isotopism classes are determined. Furthermore, this construction is generalized to
produce potentially new semifields of the same general type that are not isotopic to
cyclic semifields. In particular, a new semifield plane of order 4° and new semifield
planes of order 16° are constructed by this method.
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1 Introduction

Finite semifields are of fundamental importance in the study of finite affine and pro-
jective planes and seem to appear in various classification results and construction
procedures.

For example, in the classification of finite translation planes admitting non-
solvable doubly transitive groups on line size sets, due to Ganley, Jha and Johnson [9],
towards the end of the study, an unusual possibility arises: whether a semifield plane
could admit a non-solvable collineation group acting doubly transitive on a parabolic
oval. Ultimately, the semifield plane is shown to be a generalized twisted field plane.
It is only through the knowledge that the full collineation group of any generalized
twisted field plane is solvable (see Biliotti, Jha, Johnson [5]) that this case can be
completely ruled out.

There are intimate connections between commutative semifields and symplectic
semifield planes, as shown by Kantor [16]; the transpose+dual of a commutative
semifield plane produces a symplectic semifield plane. In the Suetake planes of or-
der ¢", where ¢ and n are both odd, admitting a collineation group with two long
orbits of length (¢” — 1)/2 on the set of components, there is a class of associated
generalized twisted field planes. In fact, such generalized twisted field planes are
symplectic and by reversing the construction procedure, [2], Ball, Bamberg, Lavrauw,
Penttila have shown that the Suetake planes are also symplectic, the first such non-
semifield symplectic planes known of odd dimension and odd characteristic.

Another example of unlikely places for semifields to show up is in ‘generalized
Desarguesian’ planes of Jha-Johnson [12, 13]. Starting with a translation plane of
order ¢ admitting a collineation group isomorphic to GL(2, g) acting canonically
as in an associated Desarguesian plane of order ¢3, it is possible to construct a type
of semifield plane called a cyclic semifield plane. Conversely, any cyclic semifield
plane of order ¢> constructs a generalized Desarguesian plane.

A cyclic semifield plane of order ¢” is defined as follows: assume that 7 is an
element of I'L(n, q), which is strictly semilinear and irreducible over F,. Then, there
is a non-identity automorphism o of F,; such that

af =Ta’,Ya eF,.

The following defines a spread set and a corresponding semifield plane, called a
“cyclic semifield plane”:

[x=0,y=x(@+o1T +orT?+ -+ o1 T"N);
a; €Fy, i=0,1,2,...,n—1}.

This construction generalizes that of Sandler [21] and is due to Jha-Johnson
[11,13].

If n = 3, there are connections with generalized Desarguesian spreads. If S3 is
a cyclic semifield plane of order ¢>, consider the group G isomorphic to GL(2, q)
acting canonically as a matrix group:

ab
<<Cd>,ad—bc;éO,a,b,c,deIE‘q>.
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If T defines S3 as above, the following becomes a spread set:
{x:(),y:xa;a qu} U{(y=xT)g; g€ G}.

Such a translation plane admits GL(2, ¢) as a collineation group and conversely any
such plane constructs a cyclic semifield plane.

In a related article, the authors [14] determine all the cyclic semifields of order ¢°
that are of dimension 6 over the associated centers and have right and middle nucleus
isomorphic to F 2 and left nucleus isomorphic to I 5. In the same paper it has been
proven that any semifield of order ¢© with left nucleus isomorphic to 3, middle and
right nuclei both isomorphic to F > and center I, is isotopic to a cyclic semifield and
hence it belongs to the so called family F4 of semifields 2-dimensional over their left
nucleus and 6-dimensinal over their center, introduced in [20].

In this article, we determine all the cyclic semifields of order g2, n odd, with
left nucleus isomorphic to Fg», middle and right nuclei both isomorphic to F_2 and
center isomorphic to IF,. Some of these were previously constructed by Jha-Johnson
in [11] (see Section 10). Moreover, we generalize this family constructing a family
of semifields with the same parameters. This wider family contains new classes of
semifields not cyclic but isotopic to cyclic semifields (semifields of degree 2) and,
for g =2,4 and n =5, examples of semifields not isotopic to any previously known
semifield.

Furthermore, we are able to give a lower bound for the number of isotopism classes
of cyclic semifields. In particular, for ¢ = p”, denoting by # the number of elements
of Fyn not belonging to any proper subfield of [Fyn, there are at least

q" -0
2nhq(q — 1)

mutually non-isotopic cyclic semifields.

2 Semifields, semifield spreads and spread sets

A finite semifield S is a finite algebraic structure satisfying all the axioms for a skew-
field except (possibly) associativity. The subsets

N;={a €S| (ab)c =a(bc), Vb, c €S},

Ny =1{b eS| (ab)c =a(bc), Ya,c €S},

N, ={ceS|(ab)c =a(bc), Ya,b €S}
and
K={ae N NN, NN, |ab=ba, Vb e S}

are fields and are known, respectively, as the left nucleus, middle nucleus, right nu-
cleus and center of the semifield. A finite semifield is a vector space over its nuclei
and its center (for more details on semifields see [6] and [8]).
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To any semifield spread S of PG (3, q) it is possible to associate a translation
plane 7(S) of order ¢, called a semifield plane, via the well known André-Bruck
and Bose construction; i.e. a projective plane coordinatized by a semifield, of order
qz, say S, which is at least two dimensional over its left nucleus.

Let S be a semifield spread and choose homogeneous projective coordinates in
PG(3, g) in such a way that the lines

oo =1(0,0,c.d): c.d €F,)

and
Lo={(a,b,0,0): a,belF,}

belong to S. For each line £ of S different from £, and ¢, there is a unique non-
singular 2 x 2 matrix X over [, such that

t=Lx={(a,b,c,d)]|(c,d)=(a,b)X : a,beF,}.
In this setting, for any 2 x 2 non-zero matrix X over Fy, the set
Rx={hx:relF;}U{fxo}

is a regulus containing the lines £, and £( and any regulus through £, and £y can
be written in this way. The set

Cs=1{X|txeS)

has the following properties:

(i) Cs has g elements,

(ii) the zero matrix belongs to Cg,

(iii) X — Y is non-singular for all X, Y € Cs, X #7,

(iv) Cgs is closed under addition.

Such a set Cg is called the spread set (of matrices) associated with S with respect
to €9 and £ (see e.g. [6]). Conversely, starting from a set C of 2 x 2 matrices over
IF, satisfying (i), (ii) and (iii), and closed under addition, the set of lines

S={x: XeCU{{}

is a semifield spread of PG(3,¢) and Cs =C.

Let 7 (S) be the semifield plane defined by the semifield spread S of PG (3, q),
let Cs be the spread set associated with S containing £g and £, and let V=V (4, q)
denote the vector space of all 2 x 2 matrices over F,. Since Cg is closed under
addition and contains the zero matrix, Cs defines a vector subspace of V over some
subfield of IF,. Denote by K the maximal subfield of IF, with respect to which Cs is
a K -vector subspace of V, i.e. K is the maximal subfield of I, such that .X € Cg for
any A € K and for any X € Cg. If 7(S) is a non-Desarguesian semifield plane, then K
is a proper subfield of IF; called the center of the semifield plane 7 (S); equivalently,
K is called the center of the semifield spread S. It can be shown that K is isomorphic
to the center K of the semifield S which coordinates 7 (S).
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Starting from a semifield spread S of a 3-dimensional projective space, another
semifield spread, say S, can be constructed by applying any correlation of the space.
The semifield spread S does not depend, up to isomorphism, on the chosen correla-
tion and it is called the transpose of S (see e.g. [6] and [3]).

Two semifield spreads S and S’ are isomorphic if and only if the associated trans-
lation planes 7 (S) and 7 (S’) are isomorphic; this happens if and only if the associ-
ated semifields S and S’ are isotopic (for more details on isotopy see [6]). The center
of a semifield spread is invariant under isomorphisms.

In terms of the associated spread sets of matrices, we have that S and S’ are
isomorphic if and only if there exist two matrices A, B € GL(2,F;) and an automor-
phism o € Aut (IF,) such that

Cs={AM°B: M €Cs} ([6].

A very successful tool towards the proof of many of the results contained in this
article was looking at the spread set of a semifield spread S of PG (3, g) as a set of
IF,-linear maps of IE‘qz; denote this set by S. Then, the set S is closed under addition
between linear maps and it has the following properties: (i) the zero map belongs
to S; (ii) |S| = ¢?; (iii) any non-zero element of S is a non-singular map. In what
follows we will refer to S as a spread set of linear maps of S. In these terms we
have that the spreads S and S’ are isomorphic if and only if there exist two bijective
[Fg-linear maps ¢ and ¢ of F 2> and 7 € Aut (F2) such that

S'={pop oy:peSs}
where
ptixe Fpo— (a@*x+b"x?) e F 2,

for

e (ax + bx?) el
and S and S’ are spread sets of linear maps of S and S’ respectively. Also, if S is a
spread set of linear maps of I > of a semifield spread S, then

S={¢:9eS)

where

p:xeFp—ax+bix1 el
for

g:x€Fp—ax+bx? eFp,

is a spread set of linear maps of the transpose spread Sof S.

Finally, if S is a spread set of linear maps of a semifield spread S containing the
identity map, then the algebraic structure (Iqu, +, o) where + is the sum of the field
[, and o is defined as

Xoy=gyx),
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with ¢y, the unique element of S such that ¢, (1) = y is a semifield with identity 1 and
left nucleus Fy; this semifield is (up to isotopy) the semifield S which coordinatizes
the plane 7 (S5).

3 Cyclic semifield spreads in PG (3, ¢"), n odd
In this section we will study cyclic F,-semifield spreads of PG(3,4") (n > 1 odd)
whose associated semifield S has middle and right nuclei both isomorphic to F ». We

start by proving some lemmas which are fundamental to our purpose.

Lemma 1 Let F; be the field of scalar 2 x 2 matrices over Fy, i.e.

F=!(OO)F}

If F is any field of 2 x 2 matrices over Fyn isomorphic to qu and containing F,,

then
u+ At Bt )
P f( B Vwren),

where A, B, C, D are elements of Fyn such that A+ D, BC — AD € F, and the
polynomial X* + (A+ D)X + AD — BC is Fy-irreducible.

Proof Let M = (é g) be an element of F\ F,. Any element of F has the form

a0 +,30 AB\ (a+BA BB

0« 0BJ)\CcD) \ BC a+BD)’
with a, B € F,. Since the field F is closed under the product, straightforward com-
putations show that

A+ DceF, and BC—ADE]F;.
Moreover, since F is a field, any matrix of F is non-singular, i.e. the polynomial
X>+(A+ D)X+ AD — BC

is F,-irreducible. O

. u+ At Bt
Lemma 2 Let F be the field of the previous lemma and let & = < Crou+t Dt)’

with u,t € Fy, be any element of F. Then,
q u+ Dt —Bt
al = .
—Ct u+ At
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Proof Note that since
X*4+(A+ D)X+ AD — BC
is F;-irreducible, then also
X>—(A+ D)X+ AD - BC
is IF,-irreducible. Let A be one root in qu of
X*>—(A+ D)X+ AD — BC;

then 1 € F 2 \ F; and hence {1, 1} is an Fy-basis of IF 2. Also, the map

(u+ At Bt
1//.( Ct u+Dt)eF»—> AMAu€el,

is an isomorphism between F and qu =T, (A). Hence, since AY = (A 4 D) — A, if

o= u+ At Bt
B Ct u+Dt)]’

with u,t € F,, then

/ / ’
TS _ u + At Bt
al =y ()Lt'i‘u)—( ct' u +Dt)

where u' =u +t(A + D) and t' = —t; the result follows. O

Now, we are able to exhibit the general form of a cyclic I, -semifield spread of
PG(3,q"), n odd, whose associated semifield has right and middle nuclei both iso-
morphic to ¥ ».

Lemma 3 Any cyclic semifield spread S of PG(3,q"), n odd, whose associated
semifield has right and middle nuclei both isomorphic to ¥ > and center isomorphic
to F, can be described as follows

x=0, y=x(I(@+eu+ - +omiu'T)+T(Bo+ P+ + faau’>))
3.
where o, Bj vary in F, with F a field of 2 x 2 matrices isomorphic to ¥ > described
in Lemma 1, I is the identity matrix,

(D—A)xo—Bx»
T=(" c ,
X2 —X0

D—A)xoxy—Bx2
and u =xg + ()%.
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Proof If S is a cyclic semifield spread of PG (3, ¢"), whose associated semifield
has right and middle nuclei both isomorphic to F 2 and center isomorphic to Fg,
then its spread set with respect to the lines £, = {(0, 0, x2, x3): x2,x3 € Fyn} and
Lo ={(x0,x1,0,0): x1,x2 € Fqn} consists of the matrices

Tag+TBo+ Tay +T361 +--- + TH/B% +T" i, (3.2)

2

where «;, B; vary in a field of matrices F’ isomorphic to F > and T is a 2 x 2 matrix
over Fyn such that «T = T for any « € F and such that T induces a non-linear
collineation of PG (n — 1, q2) without fixed proper subspaces (i.e., (T, F) is an irre-
ducible pair, see [11]). Hence, the spread set Cs of S is a right vector space over the
field of matrices F generated by {/, T, T2, ..., 7"} }. Since S is a semifield spread
with center IF;, we may assume that F' contains the field of scalar matrices over [F,
and by Lemma | we have

u+ At Bt )
F_K Ct u+Dt)'”’t€F‘1}’

A+D,AD - BC€F,

where

and
X>+(A+ D)X+ AD— BC

is I, -irreducible. Since 7 is odd such a polynomial is also F»-irreducible and this
implies that BC # 0 and that the field F' is contained in the field of matrices (isomor-

phic to IF2.)
u+ At Bt )
{( Ct u+Dt>'”’tqun}'

T = (io il >, with x; € Fyn, by T = Ta? and by Lemma 2 we get
2 X3

u—+ At Bt xox1\ _ { Xox1 u+ Dt —Bt
Ct u+Dt]\x2x3) \x2x3 —Ct u+tA

for all u, ¢ in IF, and this implies the following conditions:

(D — A)xg — Bxp
C .

X3 = —X0, X1 =

Hence,

D—A —B
- xo( )go X2 .
X2 —X0

Straightforward computations show that

T2k—1 — uk—] T T2k — MkI
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fork=1,..., %5 and with

(D — A)xoxz — Bx3
c .

Now the result follows. |

2
u=xy+

A spread set of the form (3.1) produces a cyclic semifield spread if the pair (7', F)
is irreducible. So, by Lemma 3, we may obtain all the cyclic semifield spreads of
PG(3,q"), n odd, whose associated semifield has middle and right nuclei both iso-
morphic to F > and center isomorphic to Fy, by determining all the irreducible pairs
(T, F), where F is a field of 2 x 2 matrices over Fy» isomorphic to qu described in
Lemma 1 and 7T is a 2 x 2 matrix of the type shown in Lemma 3.

In order to do this, it is useful to describe the spread set associated with a cyclic
semifield spread in terms of Fy»-linear maps of F 2, in such a way that the field of the
matrices F' corresponds to the field of the scalar maps of F 2, defined by elements of
F,2, i.e. the maps x € Fy2n > ax € Fon, with € F .

To this aim, let S be a cyclic semifield spread and let Cs be the associated spread
set as described in Lemma 3. Recall that, since # is odd, the polynomial

X?—(A+ D)X+ AD — BC
is both [F,-irreducible and Fy»-irreducible and in particular C # 0. Let A be a root
inF 2 of X*—(A+ D)X + AD — BC: then A € F 2 \ F, and F 21 = Fyn (1). Set
r= % - g and consider the Fyn-basis (x, 1} of Fy2.. The 2 x 2 matrix over Fgn

representing (in the fixed basis and with respect to the left multiplication) the linear
map

&:xquanaxquzn,

u+ At Bt
Ct u+Dt)’

where 7, u are the components of « in the Fy»-basis {2, 1}. In particular, if « € F»
thent,u € IF,.
On the other hand the matrix

D—A)xo—B
T X0 ( )go X2
X2 —X0

with a € qun, is

represents, in the fixed basis {A, 1}, the [Fyn-linear map of Iqun
T X € Fan = ban (S ]Fan,

where b = xpA — x. It follows that forany k =1, ..., % the matrices 72*~1 and
T2 represent, in the fixed basis {X, 1}, the Fyn-linear maps of ]qun

el — _ n
T* 1. xe Fon > bu1x4" € Fon
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and
T . x e F o > ukx e Fon,
where u = b?"*!. Then, the F n-linear maps of [ 2. corresponding to the matrices
of Cg in the basis {1, 1}, are
idag + T Bo + T?a) + T3,31 4+ 4 Tn_zﬂ% + T"_lc{%,
where «g, ... ,a%,ﬂo, ,,3% € qu, i.e.

n—1

X e]qun |—>(ao+a1u+~-~+a%u7)x
n—3 n
+b(,30+,3114+--~+/3%u7)xq € F o,

where ;, B; € qu. Let S be such a set of [F;» -linear maps. Note that, since | S| = qz”,

then {1,u,...,u o } is independent over qu and this implies that qun = qu (u),1.e.

{Lu,...,u"™ }isan [F,2-basis of F 2. Therefore, by the previous arguments and by
Lemma 3, we obtain part (1) of the following:

Theorem 1 (1) Any spread set of Fyn-linear maps of a cyclic semifield spread S
of PG(3,q"), n odd, whose associated semifield has the right and middle nuclei
both isomorphic to ¥ > and the center isomorphic to ¥y may be represented in the
following form:

n—1 n=3 n
y=(Ofo+a1u+‘~+a%u7)x+b(ﬂo+ﬂ1u~~+ﬂn7—su7)xq )
where «;, B; vary in qu, u is a fixed element of Fyn such that {1, u, ..., u”_l} is an

F2-basis of ¥ 20 and b is a fixed element of F 2. such that "t =y,
(2) Conversely, if u and b are two fixed elements of Fyn and F 2. (n odd), re-

spectively, such that {1, u, ..., u”_l} is an qu—basis oquzn and b7t = u then the
following

n—1 n—3 n
y=(ao+aut--+aniu)x+bBo+Pru---+ Pusuz)xt,
(where a;, B vary in I 2) is a spread set of Fyn-linear maps of a cyclic semifield
spread of PG(3,q"), whose associated semifield has the right and middle nuclei

both isomorphic to F 2> and the center isomorphic to .

Proof We give the proof of part (2). The set of the Fn-linear maps

Su,b:{(po{() ..... A p—1,B0s--» ﬁﬂ Lo, ,Bj E]qu}v
2
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x €Fy '—>(a0+a1u+-'o+a%u%)x
n—3 n
+b(/30+,31u+~+13%u7)x‘1 quZn,

contains the zero map, is closed under the sum and | S, 5| = ¢>". So it defines a spread
set of a semifield spread if the non-zero maps of S, ; are non-singular. Suppose that
there exist x € FZzn and «;, Bj € F 2 such that

n—1 n—3 n
(@ +aru+--Faniu 2 )x+b(Bo+ fru+--+ Pusu 2 )x =0.

2
Then
b(ﬂ0+ﬂlu + ... +ﬁ?u%)an_l =—0)— QU — -+ —Qn_1U 2
and hence

n n=3 _ _n n—=1__n
b1 +1(ﬂo+ﬁ1u+~-+5§“7)q (@ +au+-Foapiu )+,

2

ie.
9 gl 4l S
“(ﬂo +,31M+ +.3@” )(Bo+ Bru+ +,3#” )
2
n—1 n—1
= (ag —}—a(l]u+-~~—i—az,luT)(ao—}—alu—}—~--+a%u7).
T
Now, since {1, u, ..., u”’l} is an IE‘qz—basis of qun (in particular since n is odd and
u € [Fyn, itis also an IF; -basis of F;n), we geto; = 8; =0 forany i =0, ..., % and
forany j =0,..., ”—53 So the non-zero maps of S, 5 are all non-singular.
Let

n
T:xeFm— bx? € F o

and note that T € S, 5. Since
T(ax) =albx? = a?T(x)

for any o € F 2, T induces a strictly semilinear collineation of PG(n — 1, q%) =

PG(Iqun,Iqu). Let U, be an m-dimensional subspace of PG(n — 1, qz) (m>—-1)
fixed by 7' of minimum dimension. Then we can write

Up=x,Tx),...,T™(x))

and hence
T"H(x)=agx + -+ + apuT™(x)

for some «; € ]qu. If m <n — 1, then the F»-linear map
ag+ o T+ - 4o, T™ — T
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of §,.» is singular, a contradiction. So, T induces an irreducible semilinear collinea-
tion over I 2> and since S, p, is the subspace over F > generated by

id, T,T?, ...,T" 1,

we have that S, 5 defines a cyclic semifield spread of PG (3, ¢").

Now we compute the nuclei of the semifield S, ; defined by S, 5. It is easy
to see that an element y of a semifield S belongs to N, (resp. Np,) if and only
if oy 0o €S (resp. ¢ o ¢, € S) for any element ¢ of S (see e.g. [22, Sec. 4]).
From this, we get that F > is contained in the right and middle nuclei of the
semifield S, p. Also if ¢ : x > Ax + Bx4" is an element of the right nucleus of
Su,p, then @ o @q,, .., a%,o,...,o € Sup for any «; € qu, and this implies B = 0.

Now, from ¢ o ¢g,....0,_1,0,...0 = AQuy,....an_; ,0,...,0 € Su,p for any o; € qu, we get
T i

,,,,,

2
n—1 n—1 . .
Allbu,...,u 2 g, =[l,u,...,u 2 ]y ,. Hence A € qu, ie. N, :qu. By using
q q
similar arguments we obtain N, = qu; this concludes the proof. Il

Corollary 1 The transpose S of a cyclic semifield spread S of PG(3,q"), n odd,
whose associated semifield has right and middle nuclei both isomorphic to F > and
center Fy is a cyclic semifield spread.

Proof By the previous theorem part (1) a spread set of linear maps of S can be rep-
resented in the form S, , where u is a fixed element of F» such that {1, u, ..., w1}
is an [ 2-basis of F 2. and b is a fixed element of F 2. such that p"*t1=y.Soa
spread of linear maps of S is S,.pe" and since b1+ = pa"+1 =y, from (2) of
Theorem 1 we get the result. O

By Theorem 1, all of the cyclic semifield spreads in PG (3, ¢"), n odd, whose
associated semifields have middle and right nuclei both isomorphic to F > and cen-
ter isomorphic to F,, are obtained by selecting the elements b € F 2, such that
{Lu,..., u"’l} is an F, -basis with b‘fﬂ+1 =u, i.e. selecting the elements b ]qun in
such a way that 59" ! does not belong to any proper subfield of Fyn. So far, the only
known examples of cyclic semifield spreads have been exhibited by Jha and Johnson
(see e.g. [10]) and they are obtained by choosing the element b as a primitive element
of I ,2n. In the rest of this section, we will denote by Su.p a cyclic semifield spread
defined by the set S, of F;n-linear maps of Theorem 1.

Now we describe some geometric properties of the cyclic semifield spreads S, j.
First we give a technical lemma

Lemma 4 Let u be an element of Fyn such that {1,u, ..., u”’l} is an qu -basis of
F 2 (n odd). Let

n—1
yWw) =y +yiu+---+ysu’ withsz,yiquz
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and yg; # 0 and suppose that the polynomial
Yy =w+yx+--+yx

has no non-constant factors in Fy[x]. If

ﬂ(u)=ﬁ0+ﬂ1u+---+ﬂ%u% £0

with B; € F 2 and ggzi €Fyn, then

Bu) =1y (u),

where t(u) = o + tiu + - -+ + teu € Fn, 1c # 0 and ¢ < 51 —s.

Proof Let
n—1
Bx)=pBo+pix+---+ ﬁ%xT =m(x)3(x)
where m(x) is the factor of 8(x) of maximum degree belonging to IF,;[x] and let

8(x) =380+ 81x 4 -+ §x'

y @)
B(u)

where [ < % Since

eFyn, B(u) =m(u)é(u) and m@w)?" =m(u), we get

y@s@)? =38y,

ie.
o+ yiu+-+ yu) S8 +87u+- -+ 87ul)
=) +viu+- Ayl u)(So + S1u+ -+ §ul).
Since s +1 <n — 1 and {l,u,...,u”_l} is an qu—basis of ]Fan from the above

equality we get the following polynomial equality
y ()8(x) = P (x)8(x) (3-3)

where 7 (x) and S (x) are the conjugates over qu of y(x) and §(x), respectively. Note
that if a polynomial g(x) € qu [x] does not have non-constant factors in IF;[x] then
g(x) and g(x) do not have non-constant common factors. Then y (x) (resp. §(x)) and
7(x) (resp. § (x)) does not have non-constant factors in common. So by Equality 3.3
we get §(x) =ay(x) witha € Fy. So

B(x) =amx)y(x) =1(x)y(x),

where 7(x) € F,[x] has degree at most % — s and hence S(u) has the required
form. O

Now we can prove the following
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Theorem 2 Let S, ;, be a cyclic semifield spread defined by the spread set of Fyn-
linear maps S . The following properties hold true.

a) The Desarguesian spread D containing the lines {~, and Lo whose spread set of
Fyn-linear maps is

D={xeFumméxelF:§eF )}
shares ¢" ' + 1 lines with the spread Sub-

The Desarguesian spread D' containing the lines £, and £y whose spread set of
Fyn-linear maps is

D'={x €F > nx? €Fpn:neF )

shares q"~' + 1 lines with the spread Sub-
b) Any regulus R (resp. R') passing through £~ and £y and contained in D (resp.
D' shares g*+t' + 1 lines with Su.p, where —1 <5 < % (resp. -1 <s < %).

Moreover, there exist exactly q + 1 reguli in D sharing q% + 1 lines with S, p.
Each of these q + 1 reguli is defined by the set of Fn-linear maps

Ry ={x €Fpon > hax €F o : A € Fygn},

where o € F*,.

¢) The Desarguesian spread D is the unique Desarguesian spread containing the
line lo and Ly sharing ¢t + 1 lines with Sub-

Proof a) Since

n—1
Su,bz{xquzn+—>(ao+a1u+~--+a%u 7 )x

+b(Bo + Pru+ - —i—ﬂ%u%)an €F o aj €F )
(see proof of Theorem 1 part (2)), it is clear that

DNS,p={x¢e qun = (o + oqu + ---+a%u%)x eIE‘qz,. T € qu},

and

D'NS,p={x €F 20 = b(fo + Piu +-~-+ﬂ#u%)x"" €F o €Fpl.

Hence
DN Supl=g""" and D' NS pl=4""",
ie.
IDNSupl=¢" " +1and D' NSyl =¢" " +1.
b) Note that any regulus passing through £+, and ¢¢ is defined by a set R of

[Fgn-linear maps of V (the vector space of all Fy»-linear maps of I 2,) which is an
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1-dimensional [F»-subspace of V. Let R be a regulus through £, and ¢y, contained
in D and passing through another line of S, ;. Then, the set of the [F;»-linear maps
defining the lines of R \ {£x} is

Row) = {x €Fpon > da(u)x €Fpon 1 A € Fyn)
where
a(u)=a0+a1u+-~-+a%u%
with «; given elements of F 2 not all zero. Let

n—1

ax)=ao+taix+---+on1x T €F[x]

2
and write
a(x) =Ix)yx)

where [(x) is the factor of a(x) belonging to Fy [x] with maximum degree. Let
y(X) =y +yix+---+yx’, withy; € F 2 and y; #0.

It is clear that Ry () = R, ). Now, a line of S,, 5 \ {€o} belongs to such a regulus if
and only if there exist A € ]FZ,, and Bo, B1, ..., ;‘3% S IE‘qz (not all zero) such that

n—1
KV(M)=ﬂ0+ﬂ1M+-~-+ﬂ%uT
i.e., from Lemma 4, if and only if
A=tw)=ty+tiu+---+tu,

with t; € F, and ¢ < % —s. Hence, if t = % —s,then [RNS, | = gt + 1.

Similar arguments show the results related to the regulus passing through the lines
Lo and £¢ and contained in D’. Moreover, the reguli of D through the lines £, and

Lo sharing with S, , ¢ = + 1 lines are obtained with s =0, i.e. with y (x) =y € ]FZZ;
precisely they are the reguli defined by the Fn-linear maps

Ry ={x€F,nr>ry €F o :1eFy}, wherey € IF:;Z.

¢) Let D be a Desarguesian spread of PG (3, ¢") different from D containing the
lines ¢+, and £y, sharing q”+1 + 1 lines with S, 5 and let D be the spread set of
[ -linear maps defining D. The spread sets of ¥y -linear maps D and D are distinct
Fn-vector subspaces of V =V (4, F;n) of dimension 2 and hence dim]Fq,, (DN D)
is either O or 1. Recalling that S, ; is an F,-vector subspace of V =V (4n,F,) of
dimension 2n, since

1Su.s N D] =Sy N D] =g" !,
then

dimg, (S, N D) = dimg, (Sup N D) =n+1.
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If DN D = {0}, then
2n =dimg, Sy > dimg, (Sy.p N D, Syup ND)=n+1+n+1=2n+2,

a contradiction. So diqu,, (DN D)=1.Hence D and D share a regulus through £

and £ defined by the Fyn-linear maps of D N D. Since by b) a regulus through €4,
and £g of D shares with S, , at most q% + 1 lines, then

_ 1

dimp, (S, N D N D) < %

and this implies

~ 1 3 3
dimg, ($1,0 1 (D, D) Zn+14+n+1- "= =102

Since D'N D = {0}, we have D’ ¢ (D, [))Fqn and hence dimg,, (D' N ((D, D) =1,
ie. D'N{D, D)Fqn defines a regulus of D’ through £+, and £y. Since by b) a regulus

of D’ through £+, and £y shares at most g o + 1 lines with S, , we have

_ —1
dims, (S5 N (D' 1 (D, D)) = “——.

Finally, since |S, , N D'| = ¢"~!, we get

2n = dimg, Sy > dimg, (Sy.» N (D, D), S, N D)

3n+3 n—1
>

+n—1-— =2n+1,

a contradiction. This proves the Theorem. g

4 A generalization

In the previous setting we have the norm N (b) = qun /q" b) = b?"+t1 = y. However,
the general form of the spread of linear maps can produce other non-cyclic semifields,
which may be considered as constructed from cyclic semifields.

Let Sy p be the set consisting of the Fy»-linear maps of F 2.

Su,b = {(pao,...,au,ﬁo,...,ﬂu Lo, IBJ € qu} (*)
2 2

n—1
Pyt y_1,80ss B3z - X G]Fan I—)(ao—i—alu—}—-n—{—a%uT)x
2
n=3 n
+b(ﬂ0+ﬂ1u+-~~+ﬁ%u7)xq €F,

withu € F},, b e F;2n and {1,u,...u" "'} an F 2-basis of F 2: (n odd). So [S,| =

qzn, the zero map belongs to S, » and S, is closed under sum. We have the following
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Proposition 1 The set S, j, is a spread set of Fn-linear maps if and only if

n—1
N(ag+oaqju+--+oap_1u 2 )

N(®b) € Pu)= P anBieFt. @.1)
N(ﬂo+ﬁ1u+“'+ﬂ#u7)

In this case the associated semifield Sy , has Ny =Fyn, N, = N,y = ]qu and center
F
g

Proof The set S, p is a spread set if and only if all the non-zero elements of S, , are
non-singular maps, and this is equivalent to require that

n—3 n—1
N(b)N(ﬁo+,31u+~-+ﬂ%u7)7éN(ozo+a1u+~-+a%u7),

for all ag,...,n-1 and By, ..., Bns3 € qu not all zero, i.e. N(b) € P(u) . In this
2 2

case, the left nucleus of the associated semifield S, ; is F» and it is easy to verify
that the right and the middle nuclei are both F > and the center is F,. 0

If Condition (4.1) holds true then the semifield S, ; and the semifield spread S,
defined by S, 5 are called semifield and semifield spread of type (), respectively.

It is useful to observe that a set S, 5 of IF;»-linear maps defined as type () is not
uniquely defined by the pair (u, b). Indeed
Proposition 2 Let S, and S, 1y be two sets of Fyn-linear maps of ¥ 2. defined as
in (x), then Sy p = Sy p if and only if u' =a + pu, a,p €Fy, BF#0 and b’ = &b

with & € ]FZZ.

Proof We first note that S, , = S, » if and only if the following conditions hold true

n—1 n—1
(Lou,ooo,u 2 5, =[1u,....u" 7 g ,; 4.2)
q q
n=3 / 1 =3
b[Liu,....,u2Jp,=>b[lu,...,u 2 Jg,. “4.3)
q q
The sufficient condition is obvious. Concerning the necessary condition, from (4.2)
it follows that ' € [1,u,...,u 2 ]qu, then there exist «g, o¢q,...,0; € qu, with
a,#0and 1 <t < % such that ' = o9 + aju + - -+ + a,u’. Again from (4.2)
. n=1 1. - .
since u'? € [1,u,...,u" ]]qu and {1, u,...,u""'} is an F,-basis of Fn, then 2t <

(n—1)/2. After % steps, taking into account (4.2) we get t = 1. Let now

u' =a+ pu, witha € Fy and g € T}
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By (4.3) there exist Bo, B1,..., Bk € F 2, with By #0and 0 <k < % such that

b'=bBo+ Pru+--- +/3kuk).
So

bu' =b(Bo + Biu+ -+ B (e + Bu)

and again from (4.3) we get k + 1 < (n — 3)/2. After % steps, (4.3) yields k£ = 0.
This concludes the proof. 0

Definition 1 Since {1,u,..., u"_l} is an Fy-basis of Fyn and N (b) = pa"tl e Fyn
then N (b) can be uniquely written in the following manner:

Nb)=Lo+ Litt+---+ Ly u" " with L; € F,.

If Su.b = Sy 1 then, by Proposition 2, b’ = €b with & € F,2 and u=oa+Bu,a,Be
Fy, B # 0 and hence

NGB =EINB) =T Lo+ Liu+ -+ Ly—u"h)

;o . n—1
=§q+l<Lo+L1<u ﬂa>+--~+Ln—1(u ﬁoz) )

This means that if t is the maximum integer (1 <t <n — 1) such that

N®B)=Lo+Lyu+---+ L', with L, #0,

then
N®)=Ly+Liu' +---+ Lu", with L, #0.

From these arguments the following definition makes sense.
A semifield S, j, of type (x) has degreet (1 <t <n—1)if

N(Mb)=Lo+ Lu+---+ Lu" with L; #0.
Proposition 3 A semifield S, » of type (x) is cyclic if and only if it has degree 1.
Proof 1t follows from Theorem 1, Proposition 2 and Definition 1. O

Theorem 3 The transpose of a semifield spread of type (x) is a semifield spread of
type (x) with the same degree.

Proof The spread set of linear maps of the transpose of Sy is S, 4. Since
N(7") = N(b), the result follows. O

From Theorem 1 we have that the pairs («, b) with N(b) = u satisfy Condition
(4.1). From this, a question naturally arises:
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Are there other pairs (u, b) satisfying Condition (4.1)?

Or equivalently:

Do there exist semifields S, ;, of type () of degree greater than 1? (Q)
A first answer to this question is the following

Theorem 4 If
N(b)=A+ Bu+Cu® (A, B,C eF,and C #0),
then Sy p is a semifield if and only if the polynomial
f(x)=A+ Bx + Cx* € Fy[x]

has two distinct roots in IF.
In order to prove this theorem, we start with the following

Lemma 5 Let
f(x)=A+ Bx +Cx? €Fy[x]
non-constant and let n > 3. Then, there exist o, a1, ...,&—1 and Po, B1, ..., Bn3
2 2
elements of qu not all zero, such that
2 n30 a4 q qg 153
(A+Bx +Cx )(,30+/31x"'+,3%x 2 )(ﬂ() +ﬂ1x"'+ﬁux 7))
2
n—1 n—1
:(ao—l-alx—i—-u—i-a%xT)(ag+a?x+-~~+af11%1x7) 4.4)

if and only if f (x) has either two coincident roots in Fy or two conjugate roots in F .

Proof We start by proving the sufficient condition. In our hypotheses, we can write
f(x)=C(x —x0)(x —x{), and hence B =—C(xo + x{) and A = ngH. Now, let
o] € ]qu such that a’lﬁl = C and let ¢yg = —xpa;. Then

A+ Bx+Cx*= ong + (ozooz(f + ozgom)x —i—ozflﬁlx2 = (oo + otlx)(ozg + oz(fx)

and hence (4.4) occurs.

Now, we prove the necessary condition. Suppose that (4.4) occurs for some
«;, fi € F 2 notall zero. By way of contradiction suppose that either f(x) has degree
1 or f(x) has two distinct roots in IF,. Let

8() = (Bo+Prx-++ Busx"T), §(x) = (B +/3§’x~'+/33%3x% and

n—1

h(x)= (g +o1x+--+an 1x%),ﬁ(x)=(ag +afx+-+al x 7).

2 =

Equality (4.4) becomes
fx)g(0)E(x) =h(x)h(x).
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Note that gg and hh are elements of IF,[x] and a root in IF; of a polynomial of this
type always has even algebraic multiplicity. Indeed, if a € Fy, then (x — a)*|h(x)
if and only if (x — a)slfz(x). Hence, in our hypotheses, if x¢ is a root of f(x) in
[F,[x], then xo has odd algebraic multiplicity as a root of f(x)g(x)g(x) and, on the
other hand, it has even algebraic multiplicity as a root of the polynomial h(x)h(x), a
contradiction. O

We now give the proof of Theorem 4.

Proof (Theorem 4) By Proposition 1, S, ; is not a semifield if and only if there exist
o, Bi € Iqu, not all zero, such that

n—3 n—1
N(b)N(ﬂo-i-ﬁlu+---+/3%MT)=N(0!0+a1u+-~~+a%u7),
ie.
n—-3 n—=3
(A+Bu+Cu®)(Bo+ Pru+ -+ Pusu 2 By +lut - +plu?)
2

= (@t Foau Tl +alut o +al_u"T). 4.5)
Since the exponent of u in the above equality is at mostn — 1 and {1, «, ..., u”’l} is
an I 2-basis of I 2., by (4.5) we have the following polynomial equality

-3

n n=3
(A-I—Bx~|—Cx2)(,30+/31x+~-'+ﬂ%x7)(ﬂg+ﬁ(fx+"'+,3(f;3x7)
2
=(ao+a1x+~'-+a%x%)(ag +ot(fx+-~+ot‘,{_1x%)-
=

By the previous lemma, this equality can occur if and only if f(x) has either two
coincident Fy-roots or two conjugate I 2-roots. Hence, since C # 0, we can say that
Su.p is a semifield if and only if the polynomial A + Bx + Cx?e Fy[x] has two
distinct roots in IF,. a

So, if S, is semifield of type (x) of degree 2, from Proposition 3 it follows that
Su.» is never cyclic. However, as we shall see in the next section these semifields of
degree 2 are isotopic to cyclic semifields.

Note that if n = 3, Theorem 4 gives a complete answer to the question (Q). In the
case n > 3, it remains to investigate the possibility that S, ;, has degree greater than
two and we deal with this problem in Section 6.

5 The question of isomorphisms
We start this section by observing that the geometric properties proved for any cyclic

semifield spread (Theorem 2) hold true for any semifield spread of type (x) as well.
We have the following

@ Springer



J Algebr Comb (2009) 29: 1-34 21

Lemma 6 Let S, ; and S,y be two semifield spreads of type (x). Suppose that S
and Sy  are isomorphic, and let ¢ and Y be the ¥ g -linear maps of F 2. and t the
automorphism of F 2. such that

Sup ={pog oy e Sl
Then either
¢:x€lF > LxeF o and Y:xeF o> MxeF

where LM = AB with X € IF;,, and B € FZZ’ or
¢p:xeF o> L'x?" e Fon and ¢ :x €Fon > M'x?" e F on,
where L' M'?" = )\ with A € Fyn and g € FZZ'

Proof Note that by (c) of Theorem 2, the Desarguesian spread D is the unique De-
sarguesian spread containing £+, and £o sharing ¢"*! 4 1 lines with any semifield
of type (x). Moreover from (b) of Theorem 2 the g + 1 reguli Ry of D defined
by the sets of Fyn-linear maps Ry = {x € F o > Aax € Foon: L € Fgn}, o € FZ”

are the unique reguli of D sharing q% + 1 lines with any semifield of type (x).
Hence an isomorphism between S, , and S,/ ;y must: (i) leave invariant the Desar-
guesian spread D; (ii) leave invariant the set of the ¢ 4+ 1 reguli {Ry: @ € FZZ}. Let

¢:xeFm> Lx + L'x?" e Foon and ¢ 1 x € Fpon > Mx + M'x7" € F ;20 From
(i), wehave pop' oy € D={x €F on > nx €F 2 : n €F o} foreach ¢ € D. If
@:x €F o > Ex €F o, since

¢O(pr OW(X) — (LSIM_‘_L/éfan/qn)x + (L%.rM/+L/$ranqn)an,

this implies that LE*M’ 4+ L'€74" M9" =0 for any & € IF,2n, which is equivalent to
LM =L'M?" =0, ie. either L' =M =0 or L =M =0 (recall that ¢ and ¥ are
bijective maps). Now, from (i7) we have that for each o € I 2, the map ¢ o at oy
must belong to R, = {x € Fj2n > Ayx € F 20 1 & € Fgn} for some y € ]FZZ’ Since

poa’oy(x) =a"LMxordpoa®o(x) =a"" L'M'?" x, we have that either LM =
MBor L'M'T" =B, with A € %, and B € F,. O

Remark 1 From Lemma 6 it follows that if
¢:x E]Fan — Lxquzn and w:xequzn — M.XE]Fan
where LM = AB with X € IFZ,, and B € FZZ, then
n—1
Su by = {x € Fpon > (a0 +oaut +--- —l—a%utT))\x

n n—=3 n
+ b7 AM4 *‘(ﬂo+ﬂ1uf+~--+ﬂ%uf7)xq €Fpnioi BieFp), (5.0
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whereas if
n n
¢:x€F o> L'x? €Fpon and ¢ :x €Fpon> M'x?T €F o,

where L' M'?" = A\’ with ) € Fon and B € FZZ, then

n—1
ut 2 )Ax

Sy ={x€eF zn+—>(05()~|-Ollu +. Ol

1 _3 n
AL AM - 1(,30—}—/3114 +- +ﬂn sut 2 )x €F e, Bj €Fpl.

In the latter case S,y can be obtained also by an isomorphism of the first type with
M=b"M""

Hence via isomorphisms of second type we get the same semifield spread sets
obtained via isomorphisms of the first type. So we can consider only isomorphisms
of the first type, i.e. if S,/ j is isomorphic to S, 5, then there exist A € F;n , M e FZZ"

and 7 € Aut(]qu,,) such that

n—1
Su/’b/:{.XE]F 2nf—>(ot()+a1u + - _}_a% T ))\..X

FHUIMT N By + Bt + - + ﬁ%w%)xq” €F i, Bj €F o).
First we consider the case T = 1.
Theorem S If
Swpy ={x €Fyon > (o +aju+--- —I—a%u%))»x
+DAMT 7 (B + Bru+ -+ ucau T €F o i, B € F )
then

1 bm” !
M/=a+ﬂu€Fqn\Fq,)\.=—n_l and b/Z/—,
Y+ du w(y +8u) 2 w(y + 8u)

where o, B,y, 8 €F 2, (y,8) # (0,0), u, u' e ]FZ2 and M € IFZz”.
Proof Since
n—1

Sy ={x €F pon > (a0 +oau +-~—|—a@u’ 2 ))x

-3
+b’(ﬂo+ﬁ1u’+~-~+/3% ’T)xq €F o, Bj €T},
our hypothesis occurs if and only if

R L AN EN (5.2)
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b/l / yn=3 _ q"—l n=3
[1,u',....,u Z]qu—bAM [l,M,...,Ltz][qu. (5.3)

From (5.2) it follows that

1
= m where D(u) = agp + - +an 1u o for some a; € T, g% 5.4
: E
u' =AE;(u) = Dl u)) ,where E;(u) = c(l) + .-+ c,l u = for some c ) e IE‘ 2.
u
(5.5)
From (5.3) it follows that
b =baM? " Ag(u), (5.6)
Wb =biM? A (u), fori:l,...,%, (5.7)
where A; (1) = (’) + .-+ y,f’)3u "2 for some y ) e qu andi =0,..., %
Putting together (5.6) and (5 7) we have
. A;
ui = A fori=1,...,"%5. (5.8)
Ao(u)
Moreover,
W =ul = Aic1() . A1) fori=1,...,23
Ao(u)  Ao(u) :
and so from (5.8) it follows
Ai(w)Ag(uw) = A1(w)A;—1(w), fori=1,..., % 5.9
Since the exponent of  in the above equality is at most n — 3 and {1, u, ..., u" "'} is
an I 2-basis of F 2., by (5.9), we have the following polynomial equalities
Ai()Ag(x) = Ay(0) A1 (x), fori=1,...," 5. (5.10)

In particular for i =2, Equation (5.10) becomes
AT(x) = Ag(x) Az (x).

Let Aj(x) = f1(x)®" --- f;(x)® be the decomposition of Aj(x) in irreducible factors
of IF,2[x] and let &; be the multiplicity of the factor f;(x).

CASE 1: A{(x) JAo(x). In this case there exists an irreducible factor f;(x) such that
£ JAo and hence from the above equality f;” 1 4,. From (5.10) with i = 3, we
have

Ap(x)A3z(x) = A1(x)A2(x)
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and since f£'|A1(x) I FAo, 711 Ao then f7772| A3, After "5 steps from (5.10)

-3
withi = T’
Ao()Anzs (x) = A1 () Anzs (x), (5.11)
we have
5i+#
fi |Ans
and since ¢ > 1 and A%(x) has degree at most %, we get ¢; = 1 and f; has
degree 1, i.e.
n=3
Ars () =§£i(0)'T
e IF:;Z.

Again from (5.11), we get

Ao(ES (x)'T
fl(x)gl e ‘fi_l(_x)gi—l . ﬁ(_x) . ﬁ+1 (x)EH»l e ft(x)sl

Anss (x) =
2
and hence A,—s (x) = fi(x) 5 e(x), where e(x) is a polynomial of degree at most
1, which is not proportional to f;(x) and we also get

;A AW g
S Aow)  Aus@)  e@)

where d(u) = &£ fi (u).
From (5.5), for i = % we get

E%(u)
D(u)

n—1
e

and hence
dw)"T D(u) = e(u)%E%(u).

From the above equality it follows the polynomial equality

d(x)" T D(x) = e(x)"T Euca (x).

Since d(x) and e(x) are not proportional, then D(x) = ,ue(x)%, where u € ]FZZ'
1

Hence A = -
pe(u) 2
n=>5
Since AnES (x) = fi(x) 2 - e(x), from Equalities (5.9) and going backward we
u _
get Ap(u) = 52 . So from (5.6), we have b’ = W’ where @' = ,LLETS
3 2
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CASE 2: A;(x)|Ag(x). In this case degA(x) < degAo(x), otherwise u” € I, hence

deg A;(x) < "52. From (5.10), we get

Ao(x)
Ap(x)

Aji—1(x) = A (x)

and hence

degA;_1(x) >degA;(x)+1 fori=1,..., %

From (5.12), with i = % and i = % we get

degA% (x) > degA% x)+1,

degA# (x) >degAns(x)+1>degA,s(x)+2,
2 2

and after % steps we get

"3 degdi(x) > degA n=>
— Z egAi(x) > deg %(x)—i-T.
This implies that A% (x) is a constant polynomial, say S,
n—>5 n—3
degAi(x) = > and degAg(x) = —
Let
A
e(x) = 0(x)
Ar(x)

Using Equalities (5.10), we get

Ao(x) = e(x)"T B.

From Equality (5.5) fori = %, arguing as in Case 1, we get

1
A= ——7
pe(u) 2
for some p € IE‘ZZ.
Using (5.6), we get
, bma !
e
gy
where u' = 7

Now we are able to prove

(5.12)
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Theorem 6 The semifield spreads S, , and S,y are isomorphic, if and only if

g 1 !
u/:melﬁ‘qn\ﬁrq,)»:;nil andb/z/i,
)/+8MT M(V‘FSMI)T M ()/+8Mr)
where o, B,y,8 € Iqu, (y,8) #(0,0), u, ' € IF;Z, M e FZ”’ and T € Aut(]qun).
In addition if S, , and S,y py are isotopic and Sy, is cyclic, then

N®')=A+ Bu' +Cu,

where either C =0 or the polynomial A + Bx + Cx? € Fy[x] has two distinct roots
inlF,.

Proof If the semifield spreads S, ;, and S, j are isomorphic then there exist A € F;n ,
M e ]Fzzn and T € Aut (F,2.) such that

n—1
Su by = {x € Fpon > (a0 4+out - —i-a%ut 7 )Ax

n=3
2

B AMY T (Bo+ Bru 4 -+ Basu® Tt €Fpnai, B € Fpp).

Also, S,/ p and S,z pe satisfy the assumptions of Theorem 5, so we get

n
7 1
. b'M

, o+ pu’
= n—1 an =7 7\’
w(y +8ut) T Wy +out)

u —mqun\Fq, A=

where a, B, y,8, u, ' € F,2and M € FZZ"'
Now, let S, be a spread set of linear maps defining the cyclic semifield spread

Su.» with N (b) = u, then from u’ = ‘;ﬁi’g';z we getu® = g;{g and hence
b = bTMLI"—lau/—_ﬂ_
W (@ —yp)

This implies that
(o —u'y)(87u’ — B7)
(1 (B — yp))at!

Note that since u’ € Fn \ Fy, then «/y and p7/89 are distinct elements of F,.
Conversely, suppose that

N®')=

il B.v.8 €Fp, (v,8)#(0,0) and b 71’qu”_1
u = ) av ) ) £ ) ) an = y
Y +ou Vo e W (y +out)

with 1’ € IF;Z, Me ]FZZ,l and t € Aut (F 2).
Let S, and S,/ 5 be the sets of the F n-linear maps of qun defining S, » and

S ., respectively. It is sufficient to prove that there exist A € F(’;n, M e IFZZn and an
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automorphism t of qun, such that
n—1
Sy ={x €Fpn > (@0 +onu’ + - +opau’ 2 )ix
2

n n=3 n
+ b AM (B + Bru” +---+,8%MTT)X‘1 €F om0y, Bj €F o).

We first suppose that
1
u = ,
y +éu’

with y, § € F 2> and § # 0; note that since y + du’ belong to Fyn, then y and § must
belong to IF;. Let

1
A=—"7"7
(y +éu™) =
and observe that forany i =1, ..., %, we get
. 1 1 n—1_ .
” T\ —i
= - = — (y +ou’) 2
(v +ou™)' (4 sum)'T
and hence
. 1 n—1
u' e —’H[l,uf,...,ur 2 ]]qu.
(y +éu™) =
Moreover, it can be seen that since 1,u,..., u% are independent over qu then
1L,u®, ..., uf% are independent over qu as well. So
/ et T ol
[1,u'y...,u"2 ]]qu =M1, u*,...,u" 2 ]]qu.
Similar arguments show that
n=3 bTM4a" ! n=3
b/[l,u/,...,u, 2 ]]qu = —u l,ur,...,ur 2 ]qu
(y +6ut) 2
and so we have the result.
Now, suppose that
_ o + Bu”
y +éu’
and let
i 1
u’ = .
y +éu®

For the previous case Sy 5 is isomorphic to S~ ;. Also,

,_(X(S—)/ﬁ 7 E
u—i(S M+8'
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So by Proposition 2 S, jy = S,,7 y and then S, , and S,/ jy are isomorphic. 0
We finish this section with the following

Corollary 2 Let S, j be a semifield of type (x) with degree t > 1. Then S, j, is iso-
topic to a cyclic semifield if and only if t = 2.

Proof The necessary condition follows from Theorem 6. Now, suppose that S,
has degree 2. Then by Theorem 4, N(b) = (a + Bu)(y + éu) with o, 8,y,8 € I,

1 ma" -1
and B3 £ 0. Set u’ = 775 and b = m where u’ € I[*'Z2 and M € FZZ"'
Then, again from Theorem 6 it follows that S, ;, and S,/ are isotopic and since

8_ !’
N @) = B

,then S,/ 1y is cyclic. O
Corollary 3 If S, is a semifield spread of type (x), then the transpose ‘Squ,b is iso-
morphic to Sy p.

Proof By arguments of Section 2, the transpose Su‘b of the semifield spread S, 5 of
type (x) is defined by the spread set of Fy»-linear maps S, ;2. Now the result follows

from Theorem 6 with ' = u, ¥’ =bb?" "1 A =1and t = 1. O

6 New semifields of order 4° and order 16°

Let S, » be a semifield of type (x). If n =3, then S, ;, has degree 1 or 2 and so it is
either a cyclic semifield or isotopic to a cyclic semifield. If n > 3 (n odd), then S, ;,
could have degree r > 3. By Corollary 2, such a semifield S, , would not be isotopic
to a cyclic semifield. So the question is: are there some pairs (u, b) such thatb ¢ P (u)
and S, ;, has degree t > 3?

Computing results show that if g =2 or ¢ =4 and n = 5, there exist semifields
Su.p of type (x) with degree > 2.

Indeed, let w denote a primitive element of s with minimal polynomial X +
x? + 1 € Fh[x]. By using the software package MAGMA [7] we have

Fys \ P(w) = {w, a)lg, a)lg, a)21}.

The elements o and w'® produce cyclic semifields, the element w'® produces
semifields of degree 2 (hence semifields isotopic to cyclic semifields), whereas w?!
produces semifields of degree 4. Indeed,

o' =0 + ot
Hence, the semifield S,, j,, with b € F510 such that N (b) = b = w?!, is of degree 4
and by Corollary 2 is not isotopic to a cyclic semifield.
Let now g =4 and let w be a primitive element of F,s with minimal polynomial
2104+ x0 4+ x7 + x3 + x2 + x + 1 over F». MAGMA computational results show that
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the elements of Fys \ P(w'!) which produce semifields Sy, of degree greater than
2 are

w176:%—(w11)3+(a)11)4’ 60517252(0)11)34-5(0)11)4, a)858=(w11)3+§2(w11)4’
where £ = 3! € F4. Hence, the semifields Syt p» With b € F510 such that
Nb) = b9 ¢ (0176, 517,858}

are of degree 4 and by Corollary 2 they are not isotopic to cyclic semifields. So we
have

Theorem 7 For g =2 and n =5, q =4 and n =5 there exist semifields of type (x)
not isotopic to cyclic semifields.

From a given semifield S, by the so called Knuth operations (transpose and dual),
it is possible to construct six semifields, one of which is the original. We will call
these six semifields derivatives of S. The group S3 permutes the nuclei (up to iso-
morphisms) of the six derivatives [18, Sec. 6].

In what follows we will prove that our examples are not isotopic to any derivative
of a known semifield.

Theorem 8 The semifields of order 4° and the semifields of order 16° exhibited above
are new.

Proof The examples exhibited above have left nucleus F s, right and middle nuclei
2 and center F; (¢ € {2,4}) (see Proposition 1). A symplectic semifield has right
and middle nuclei both isomorphic to the center [15, 18], while a semifield isotopic
to a commutative semifield has left and right nuclei both isomorphic to the center.
Hence, our examples are isotopic neither to a derivative of a symplectic semifield nor
to a derivative of a commutative semifield. These arguments and the even charac-
teristic allow us to say that our examples are not isotopic to a generalized Dickson
semifield, to any semifield of type B, F, C listed in Section 10 and to any of their
derivatives.

Since a Knuth semifield of type (17), (18) or (19) (see [8, pag. 241]) is 2-
dimensional over at least two of its nuclei and since a Knuth semifield of type (20)
(see [8, pag. 242]) has the three nuclei equal to the center, then our examples are not
isotopic to any derivative of such semifields.

Moreover, a Sandler semifield has order q’"z, left nucleus and center of order ¢
(see [8, pag. 243] and [22, Thm. 1]); hence, again by comparing the nuclei, one can
see that our semifields are not isotopic to any derivative of a Sandler semifield.

Also, the multiplication of a Generalized Twisted Field of order ¢ depends on two
automorphisms of Fy,say Sand T with S #1, T #1 and S # T and |[N;| = |Fix T},
IN,| = |Fix S| and |N,,| = |Fix ST~'| (see [1, Lemma 1]). If a derivative of such a
semifield was isotopic to one of our examples then it would have order s (n odd),
two of its nuclei both of order s2 and the other one of order s”; and this is not possible.
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Finally, since the transpose is the unique Knuth operation leaving invariant the di-
mension over the left nucleus and interchanging the dimensions over the other nuclei
and since the transpose of a cyclic semifield is a cyclic semifield as well (see Corol-
lary 1), our examples cannot be the derivatives of a cyclic semifield. So, by these
arguments and by Theorem 7, we have the assert. g

Moreover, computations using the program Magma show that

Theorem 9 For (q,n) € {(3,5), (2,7), (2,9)} semifields S, j, of type (x) of degree
t > 2 do not exist.

7 The number of non-isomorphic semifield spreads S, ; with degree <2

Let S, be a cyclic semifield spread, then a semifield spread S,/ 5 is isomorphic to
Su.p if and only if

;L o +ﬂuf d , beq”_l

u = an =—
y +ou® Wy +dut)
where «, 8, y,68 € qu, (¥,8) #(0,0), u, ' € IFZZ and M € IFZZ,,.
1

Among these the cyclic ones are obtained with u/ = u™ or u’ = = with 7 €

T n_1 T n_1 .
Aut (F;2n) and b = % orb =21 f‘:’,;, . Note that since u € Fy», then the order
of the orbit of u under the action of Aut(IF2.) is at most nh, where g = p". Recall-

ing that Sy ) =S, ¢p, with & € F;z and that the number of b’s with the same norm

. . . n . .
over [Fyn, non-proportional in qu is ‘;—:11, we have that the number of cyclic semi-

field spreads isomorphic to S, is at most 2nhqan+1] . By Corollary 2 any semifield
spread S,  of type (x) with degree < 2 is isomorphic to a cyclic one. So the number
of non-isomorphic semifield spreads of type (*) with degree < 2 coincides with the
number of non-isomorphic cyclic semifield spreads.

Since {1, u, ..., u"’l} is an [F-basis of Fy» if and only if # does not belong to
any proper subfield of F,» and since two cyclic semifield spreads S, 5 and S, 5 are
the same if and only if u’ = « + Bu, B # 0 (see Proposition 2), the number of distinct
cyclic semifield spreads S, j is q"(;—:(i) . % where 6 is the size of the union of the
proper subfields of F,». In this way we have proved the following

Theorem 10 The number of non-isomorphic semifield spreads of type (x) with de-
gree at most 2 is at least

q" -0
q(qg — 1)2nh’
In particular if n is a prime, then 0 = q and this lower bound is

qn—l —1

2(q — Dnh’
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8 Net replacement interpretation

We have given a variety of constructions of semifields with spread sets of the follow-
ing general form:

n—1 n=3 n
x=0,y=(0t0+0t1bt+-~-+06%MT)X+b(ﬂ0+ﬂlu~--+ﬂ%M7)xq ,
Ol,',ﬂj Gqu,i,jZO,l,...,n—l,

where b is a fixed element of F .. Consider the partial spread where g; = 0 for all
j=0,1,2,..., % Let D denote that Desarguesian spread of order q2” given by
{x:O,y:xm;m E]Fan}.
By Theorem 2, any semifield spread S, 5, of type () has a Desarguesian partial
spread in common with D; i.e.
n—1
7

Furthermore, we note that any other component of the semifield spread corresponds
to a Baer subplane of the Desarguesian affine plane defined by D. Write

x=0,y=(ao—|—a1u+---—i—a%u%)x;aie]qu;izo,l,...,

n+l
2

n—1 n+3
qun = (Ol() +ou+--- +a%u7)®<ﬂou +,31u% e +,3%un_l>

=V, Vﬁ.
Hence, we have a replacement net of degree g2 — ¢! of the net
{y =xm;meVy, ® Vg — Va}

in the Desarguesian plane defined by D.
Hence, we obtain:

Theorem 11 The semifields of order g*" constructed here may be constructed from
a Desarguesian affine plane of order g** by the net replacement of a net of degree

an _ qn+1.

9 More semifield spreads by algebraic lifting

We note that the construction process of ‘algebraic lifting” produces from any spread
in PG(3,h) a corresponding spread in PG (3, h?). Furthermore, the process con-
structs a semifield spread from any additive spread set. Hence, we obtain new classes
of semifields of order q4", for n odd with spreads in PG (3, qz”) from any of the con-
structed cyclic or non-cyclic semifields of order ¢, since the spreads constructed
above are all in PG (3, ¢").

Note that the non-cyclic semifields planes are isomorphic to cyclic semifield
planes but algebraic lifting is an algebraic process. Hence, non-cyclic semifield planes
and cyclic semifield planes probably do not lift to isomorphic semifield planes.
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10 The known finite semifields

In Jha and Johnson [11], there are a variety of constructions of cyclic semifield planes.
One construction is relevant in the work presented here. Let £ = lem(m, n), m,n > 1
be integers, and £ > 1. Consider the mapping 7T :

n
T:x— wx?,

where w is a primitive element of qu. Then (see Theorem 2 [11]), Jha and Johnson
show that there is an associated cyclic semifield plane, called the ‘Jha-Johnson cyclic
semifield (g, m,n)’. Here the middle and right nuclei contain Fyn and the left nu-
cleus (kernel) is Fyn (actually this is the dual semifield to the semifield constructed
by Jha and Johnson). When m =2 and n is odd, we obtain a cyclic semifield of
order g>" with kernel [Fgn and middle and right nuclei I 2. Hence, some of the semi-
fields constructed in this article are Jha-Johnson cyclic semifields. The constructions
here require a basis {1,u,u?, ..., u" '} for Fgn over F,, and an element b such that
p9"+t1 =y, so any element u in [F4n not belonging to any proper subfield of Fyn, will
suffice. Here we also give a generalization of such a family (see Section 4) obtaining
new examples forg =2 andn=5,g=4andn =5.

To better view the place of the present class within the known classes, we list
here the known examples. This information comes from the text “A Handbook of
Finite Translation Planes,” of M. Biliotti, V. Jha, and N.L. Johnson, which had been
published by Taylor Books in January of 2007.

The known finite semifields and general construction processes are as follows: (the
classes are not necessarily disjoint, see C and D).
Known Semifields:
B: Knuth binary semifields
F': Flock semifields and their Sth cousins:
F: Kantor—Knuth
F>: Cohen—Ganley, 5th cousin: Payne—Thas.
F3: Penttila—Williams symplectic semifield order 33, 5th cousin, Bader, Lunar-
don, Pinneri flock semifield
C: Commutative semifields/symplectic semifields.
C1: Kantor—Williams Desarguesian Scions (symplectic), Kantor—Williams
commutative semifields
C3: Ganley commutative semifields and symplectic cousins
C3: Coulter—Matthews commutative semifields and symplectic cousins
D: Generalized Dickson/Knuth/Hughes—Kleinfeld semifields
S: Sandler semifields
J J: Jha—Johnson cyclic semifields (generalizes Sandler, also of type S(w, m, n),
or p-primitive type 1, or g-primitive type 2)
J M PT: Johnson—-Marino—Polverino—Trombetti semifields (generalizes Jha—John-
son type S(w, 2, n)-semifields)
JMPT (4%,16%): Johnson-Marino—Polverino—Trombetti non-cyclic semifields of
order 4° and order 16°

@ Springer



J Algebr Comb (2009) 29: 1-34 33

T: Generalized twisted fields

J H: Johnson—Huang 8 semifields of order 8>

C F: Cordero—Figueroa semifield of order 3°

General Construction Processes:

L: Algebraically lifted semifields

The algebraically lifted Desarguesian spreads are completely determined. These

are also known as Cordero—Figueroa/Boerner—Lantz semifield planes for g odd or the
Cardinali, Polverino, Trombetti semifield planes for ¢ even

M : The middle-nucleus semifields by distortion-derivation
C: GL(2,q) — ¢ plane construction of Jha—Johnson.

Finally, we recall that there are two other constructions producing semifields start-

ing from a given one. Both these constructions can be applied if the starting semifield
is 2-dimensional over its left nucleus (see [17, Sec. 10] and [4, Sec. 6]). Recently,
in [19], it has been proven that, up to a Knuth operation, these two constructions are
equivalent.
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