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Abstract We show that the transition matrices between the standard and the canon-
ical bases of infinitely many weight subspaces of the higher-level g-deformed Fock
spaces are equal.

1 Introduction

The g-deformed higher-level Fock spaces were introduced in [6] in order to com-
pute the crystal graph of any irreducible integrable representation of level [ > 1
of Uy (sl,). More precisely, the Fock representation F,[s;] depends on a parameter

= (s1,.. s;) € 7! called multi- -charge. It contains as a submodule the irreducible
1ntegrable Uq (5[ )-module with highest weight Ag, + --- + Ay, The representation
F,[s;]1s a generalization of the level-one Fock representation of U, (5[ ) ([4, 17], see
also [14, 15]).

The canonical bases are bases of the Fock representations that are invariant under
a certain involution ~ of U, (;[,,) and that give at ¢ = 0 and ¢ = oo the crystal bases.
They were constructed for / = 1 in [14, 15] and for / > 1 by Uglov [19]. In [19],
Uglov provides an algorithm for computing these canonical bases. He also gives an
expression of the transition matrices between the standard and the canonical bases in
terms of Kazhdan-Lusztig polynomials for affine Hecke algebras of type A.

In this article we prove three theorems.

1. The first one (Theorem 3.9) is a generalization to / > 1 of a result of [13]. It
compares the transition matrices of the canonical bases of some weight subspaces
inside a given Fock space Fy[s;]. The weights involved are conjugated under the
action of the Weyl group of U, (sl,). This action leads to bijections o; that can
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be described in a combinatorial way by adding/removing as many i-nodes as pos-
sible to the /-multi-partitions indexing the canonical bases. These bijections are
generalizations of the Scopes bijections introduced in [18] in order to study, when
n = p is a prime number, the p-blocks of symmetric groups of a given defect.

2. In a dual manner, our second result (Theorem 4.4) gives some sufficient condi-
tions on multi-charges s; and ¢; with given residues modulo n that ensure that the
transition matrices of the canonical bases of some weight subspaces of F,[s;] and
Fy[¢;] coincide.

3. Our third result (Theorem 5.2) is an application of Theorem 4.4 to the case when
the multi-charges s; = (s1, ..., s;) and ¢; = (¢1, ..., t;) are dominant, that is s >
--+> g7 and 1] > --- > 1;. It shows that the transition matrices of the canonical
bases of the Fock spaces Fy[s;] stabilize when s; becomes dominant (with a given
sequence of residues modulo n). This supports the following conjecture (see [22]).
We conjecture that if s; = (s, ..., s;) is dominant, then the transition matrix of
the homogeneous component of degree m of the canonical basis of the Fock space
Fy[s;] is equal to the decomposition matrix of the cyclotomic v-Schur algebra
Sc.m(¢; 8%, ..., %) of [2], where ¢ is a complex primitive n-th root of unity. This
conjecture generalizes both Ariki’s theorem for Ariki-Koike algebras (see [1]) and
a result of Varagnolo and Vasserot (see [20]) which relates the canonical basis of
the level-one Fock space and the decomposition matrix of v-Schur algebras with
parameter a complex n-th root of unity.

Notation Let N (respectively N*) denote the set of nonnegative (respectively posi-
tive) integers, and for a, b € R denote by [[a; b]] the discrete interval [a, b] N Z. For
X CR,teR, N e N* put

XN :={(s1,....sn) € XN |s1 4+ sy =1} (1)

Throughout this article, we fix 3 integers n, [ > 1 and s € Z. Let I1 denote the set of
all integer partitions, and for N € N*, let [TV denote the set of all N-multi-partitions.
The empty partition (respectively empty N-multi-partition) will be denoted by @ (re-
spectively @y ).

2 Higher-level g-deformed Fock spaces

In this section, we introduce the higher-level Fock spaces and their canonical bases.
We follow here [19], to which we refer the reader for more details. All definitions and
results given here are due to Uglov.

2.1 The quantum algebras U, (;I,,) and U, (;[1)
In this section, we assume thatn > 2 and [ > 2. Let ;[n be the Kac-Moody algebra of
type A,(11_)1 defined over the field Q [7]. Let h* be the dual of the Cartan subalgebra

-~

of sl,. Let Ag, ..., Ay,—1 € b* be the fundamental weights, «, ..., a,—1 € h* be the
simple roots and § := o + - - - + «;,—1 be the null root. It will be convenient to extend
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the index set of the fundamental weights by setting A; := A; mod » for all i € Z. The
simple roots are related to the fundamental weights by

i =2A; — Aj—1— Aj+1+8;00 O=<i<n-1). 2

For0<i, j <n—1,letq; ; be the coefficient of A; in «;. The space

n—1 n—1
b*Z@QAi ® Q(S:@Qai ® QAg
i=0 i=0

is equipped with a non-degenerate bilinear symmetric form (., .) defined by
(i, aj)=a;j, (Ao,a;)=20d;0, (Ao, Ao)=0 O=<i,jsn-1. (3

Let U, (s:\[,,) be the g-deformed universal enveloping algebra of ;[n. This is an
algebra over Q(¢q) with generators ¢;, fi, tiil O<i<n-—1)ando0. Let Ué (s:\[,,)
be the subalgebra of Uy, (an) generated by e¢;, fi, tl.il (0 <i <n —1). The relations
inU, ' (s1,,) are standard and will be omitted (see e.g. [10]). The relations among the
degree generator 0 and the generators of U (s[ ) can be found in [19, §2.1]. If M is

al, (5 »)-module, denote by P (M) the set of weights of M and let M (w) denote the
subspace of M of weight w. If x € M (w) \ {0} is a weight vector, denote by

wt(x) :=w 4

the weight of x. The Weyl group of 5 (or Uy (s n)), denoted by W,,, is the subgroup
of GL(h*) generated by the simple reﬂectlons o; defined by

oi(M)=A— (A e)e;  (Aeh’ 0<i<n-1). &)
Note that W,, is isomorphic to én, the affine symmetric group which is a Coxeter
group of type Ail_) 1

We also introduce the algebra U, (;[l) with

pi=—q " (6)

In order to distinguish the elements related to Uq (5 ) from those related to U, (5[1)
we put dots over the latter. For example, é;, f,, ; Y'(0O<i<i—1)and ) are the

generators of Up (5 ,a O<i<l-— 1) are the simple roots for Up (5 ), Wz
(60, ..., 01—1) is the Weyl group of U, (5[1) and so on. Similarly, if M isa U, (5 1)-
module denote by P(M) the set of Welghts of M.

2.2 The space A*
2.2.1 The vector space A°* and its standard basis

Following [19], we now recall the definition of A, th£ space of semi-infinite g-wedge
products of charge s (this space is denoted by A** 2 in [19]). First, let r > 2 be an
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integer, and A;V be the space of g-wedge products of finite length r (this space is
denoted by A" in [19]; we hope that this does not make any confusion with our A®).
As a vector space over Q(q), A; V is spanned by the g-wedge products

Uk = Uk, NUjy A=+ AUk, , k=i, ks, ....k,)eZ", (7)

with relations given in [19, Prop. 3.16]. These relations are called straightening rules
(we will not need them in this article). Now, define A’ as the inductive limit

A =lim ALV, ®)

where maps A;V — AZ/V (r' >r)are given by v > V AUy Allg_p_1 A--- A
us_41. Less formally, A® is spanned by g-wedge products of infinite length

Uk = Uy NUjy N -+, k=(ki,ky,...) € P(s), O]

where P (s) is the set of all sequences of integers (k1, kp,...) suchthatk; =s —i + 1
for i large enough. The straightening rules given in [19, Prop. 3.16 (i)] still hold for
any pair of adjacent factors of a ¢g-wedge product uy € A®. From now on, we shall
assume without further comment that all g-wedge products lie in A* (in particular,
they have infinitely many factors). Using the straightening rules, one can express
a g-wedge product as a linear combination of so-called ordered q-wedge products,
namely g-wedge products uy with k € Pt (s), where

PTY(s) :={(k1, ka,..) € P(s) | k1 > ko > -- ). (10)

In fact, the ordered g-wedge products {uy | k € P77 (s)} form a basis of A®, called
the standard basis. In this article, it will be convenient to use different indexations of
this basis which we give now.

* Indexation uy. This is the indexation we have just described.

* Indexation L. To the ordered g-wedge product uj corresponds a partition A =
(A1, A2, ...) defined by

Ai=ki—(s+1—1) (i>1). (11)
If ug and A are related this way, write
(X, s) = uy. (12)

* Indexation L,,. Recall the definition of Z" (s) from (1). Uglov constructed a bijec-
tion
T — " xZ"(s), Ar> (Xy,Sn) (13)

(see [19, §4.1], where this map is denoted by 7;7). With the notation above, A, is the
n-quotient of A and s, is a variation of the n-core of A (see e.g. [16, Ex.8, p.12]).
Write

An,82)% =14, s) (14
@Springer
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if (An,s,) = 7,,(1). Note that this indexation coincides with the indexation A if
n=1.
* Indexation A;. Uglov constructed a bijection

n: - I xZs), r> (A, s)) (15)

(see again [19, §4.1], where this map is denoted by ;). The map 7; is a variation
of the map 7, defined above. Write

Az, 81) = [A,8) (16)
if (A7, s7) = t1(X). Note that this indexation coincides with the indexation A if [ = 1.

Example 2.1 Take n =2,/ =3 and s = —1. Then we have

USAULANUQ AU NU_4 At_g Au_7 A= [(4,3,3,2,1),—1)
((3.3),9), (-1,0))°
((1, D, (1, 1), (D), (0,0, -1)).

Lo

2.2.2 Three actions on A*

Following [3, 6, 19], the vector space A® can be made into an integrable repre-
sentation of level [ of the quantum algebra U, (sl,). This representation can be
described in a nice way if we use the indexation A;. In order to recall the ex-
plicit formulas, let us first introduce some notation. Fix A; = oD a0y et
and s; = (s1,...,s) € Z. Identify the multi-partition A; with its Young diagram
{G,j, D) e N* x N* x [;I]] |1 <j < )\Eb)}, whose elements are called nodes of
A;. For each node y = (i, j, b) of A;, define its residue modulo n by

res,(y) = res,(y,s;) := (sp+j—i) modn € Z/nZ =[0;n — 1] a7

If res, (y) = ¢, we say that y is a c-node. If pu; € I is such that ;D Ajand y =
1 \ A7 is a c-node of u;, we say that y is a removable c-node of p; or that y is an
addable c-node of ;. For 0 <c¢ <n — 1, denote by

M.(A;;s1;n)  (respectively Aq(A;; s7;n), respectively R.(A;; s;5n))  (18)

the number of c-nodes (respectively of addable c-nodes, respectively of removable
c-nodes) of A;. Put

Ne(Apsspn) = Ac(A; s n) — Re(Ay; sp5n). (19)

For A;, w; € I1!, s; € Z', ¢ € [[0; n — 1]] and k € N*, write

ck
A 20)
if there exists a sequence of /-multi-partitions "1«)) C vl(l) Cc---C vl(k) such that A; =

v,y =™ and for all 1 < j <k, v\ v/~ is an addable c-node of v}’ ~".
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Given a multi-charge (sj,...,s;) and two nodes y = (i, j,b) and vy’ = (i, j/, b),
write

y<v' 1)

if either sp + j —i <spy +j — i’ orsp+j—i=sy +j —i and b < b'. This
defines a total ordering on the set of the addable and removable c-nodes of a given

multi-partition. If A; <k I, put
NZ s s siin) =y (ﬁ{ﬂ € N? | B is an addable c-node of g; and B > ¥}
yEr\A

—#{B e N3 | B is a removable c-node of A; and 8 > y}),(22)
and define similarly N~ (A;; py; 813 n).

Example 2.2 Take s; = (5,0,2,1), A; = ((5, 3,3,1),(3,2),4,3,1),(2,2,2, 1)),
n =3 and ¢ = 0. Then we have

Mc(A;s;;n) =11, Ac(Apssi;n) =Re(A;s;;m) =5 and Ne(Ag;s,n) =0.

The addable c-nodes of A; are (5,1,4), (4,2,1), (1,4,2), (1,3,4) and (1, 5, 3). The
removable c-nodes of A; are (2,2,2), (3,1,3), (3,2,4), (2,3,3) and (1,5, 1). The
list of all these nodes arranged with respect to the ordering described above is
(5,1,4) <(2,2,2) <(3,1,3) <(3,2,4) < 4,2,1) < (1,4,2)
<(2,3,3) < (1,3,4) < (1,5,3) < (1,5, 1).
Take also p; = ((5,3,3,1),(3,2), (5,3, 1), (2,2,2, 1)), so that g; \ & = {(1,5,3)}

is a single c-node. Then NZ (A;; puyss;;n) =0 —1=—1 and NZ(As; uy; si5n) =
4—-4=0. <o

For s; = (s1,...,51) € 7!, define

1 2 2
Asi,n) = %I; (%’ - s;,) - (@ — (s mod n)). (23)

Now we can state the following result.

Theorem 2.3 [3, 6, 19] The following formulas define on A* a structure of an inte-
grable representation of level | of the quantum algebra Uy (sl,,).

eilvi,si)= Y g NIy ), (24)
lliﬂ’l

filviosy =Y gNm ORI ), (25)
Vli—:lﬂ/vl
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ti v, sp) = g™y sg), (26)
. 1vi, s1) = —(A(s1, n) + Mo(vy; s1;0)) vy, 7). (27)
O

Note that these formulas involve no straightening of g-wedge products. They are
therefore handy to use for computations.

In a completely similar way, A* can be made into an integrable representa-
tion of level n of the quantum algebra U, (sl;). This action can be described us-
ing the indexation A,. Namely, we have (with obvious notation) the following re-
sult.

Theorem 2.4 [3, 6, 19] The following formulas define on A a structure of an inte-
grable representation of level n of the quantum algebra U, (sl;).

Gilvnosa)® = 3 p NGl e, 28)
il
An—>v,
fi_|vn, sn>° = Z pN,->("n:ILn;Sn§l) “Ln’ sn>°’ (29)
Vni)ll'n
v, s0)* = MO |y, 500, (30)
319, 50)® = — (A, D) + Mo $03 D) [V, $0)°. 31)
O

Theorems 2.3 and 2.4 show in particular that the vectors of the standard basis of
A® are weight vectors for the actions of U, (sl,) and U,(sl;), and the weights are
given by:

Corollary 2.5 [19], (27-30) With obvious notation, we have

n—1

WE(AL 81) = —A(s, m)8 + Ag 4+ Ay — Y Mi(Aisney,  (32)
i=0
Wi(As, 81)) = —(A(s1, 1) + Mo(Ais 8151))8 + (n — 51+ 51) Ao
-1
+> (s —siv) A, (33)
i=1
-1
Wi, $0)*) = —A(sn, DS + Ay 4+ Ay, = Y Mi(niss Dy, (34)
i=0
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WA, 7)) = = (A(Sn, D) + Mo(hn; 25 D)8 + (L = 51+ 1) Ao

n—1
+ D (i —sit1) Ai (35)
i=1
O
Definition 2.6 For m € Z*, define an endomorphism B, of A* by
+o00
By (ug, Nagy A+ -) i= Z”kl Ao Nk N Uk—plm N Uk N
j=1
(k1. k2, ...) € PTH(s)). (36)
o

Using a variation of [19, Lemma 3.18] for g-wedge products with infinitely many fac-
tors, one sees that the sum above involves only finitely many nonzero terms, hence
By, is well-defined. This definition comes from a passage to the limit r — 00 in
the action of the center of the Hecke algebra of &, on g-wedge products of r fac-
tors. However, the operators B,, do not commute, but by [19, Prop. 4.4], they span a
Heisenberg algebra

H:=(By |meZ". 37

We now recall some results concerning the actions of Uy, (;[n), Uy, (;Il) and ‘H
on AS.

Proposition 2.7 [19], Prop. 4.6 Recall that p = —q~". Then the actions of U (; (s:\[n),
U ,/, (;[1) and 'H on A’ pairwise commute. [l

For L, N € N*, introduce the finite set
AL NG) i={(r1,...,r) €ZF(s) | r1 >+ >rp, 1 —rp < N} (38)

Using [19, §4.1], it is not hard to see that if r; € 7! (s) and r, € Z"(s) are such that
|91, 71) = |9y, 1r,)°, then r; € A, (s) and r, € A, 1(s). Conversely, if r; € A; ,(s),
then there exists a unique r, € A, (s) such that |@,,r,)® = |9;,r;), and if r, €
A,.1(s), then there exists a unique r; € A; ,(s) such that |9;, r;) = |8,, r,)°. There-
fore,

{19, 7)) | € Al,n(s)} ={19,,rn)% | rn € An,l(s)}

is a set of highest weight vectors simultaneously for the actions of UL; (;[n) and
U ;,(5’.\[1). It is easy to see that these vectors are also singular for the action of H,
that is, they are annihilated by the B,,, m > 0. It turns out t/k\lat these - vectors are the
only singular vectors simultaneously for the actions of U L; (sl), U 1’, (sl;) and ‘H, and
we have the following theorem.

@ Springer



J Algebr Comb (2007) 26: 383—414 391

Theorem 2.8 [19], Thm. 4.8 We have

A = @ U,;(s:\ln)®H®U[§(5A[1)-|ﬂz,rl>

r1€ALR(S)

= P UG @HRU,E. I8, ra)".

rp€An,(s)

2.2.3 The involution — of A*

Following [19], the space A® can be endowed with an involution . Instead of recall-
ing the definition of this involution, we give its main properties (by [23, Thm. 3.11],
they turn out to characterize it completely).

Proposition 2.9 [19] There exists an involution = of A*® such that:
(1) — is a Q-linear map of A® such that for allu € A*, k € Z, we have qk—u =g *u.
(i1) (Unitriangularity property). For all A € T1, we have

n.s) €l s) + @D Zlg. a1, ),
n<r

where <1 stands for the dominance ordering on partitions.
(iii) For all A € T1, we have wt(|A, s)) = wt(|A, 5)) and wt(|A, s)) = Wt(|A, 5)).
(iv) Forall0<i<n—-1,0<j<l—1,m<0,v e A, we have

fiv=fi.v, fj.vzfj.ﬁ and By.v=B,.".

Proof Let — be the involution of A® defined in [19, Prop. 3.23 & Eqn. (39)]. By
construction, (i) holds. The other statements come from [19, Prop. 4.11 & 4.12] and
Corollary 2.5. (I

2.3 g-deformed higher-level Fock spaces
2.3.1 Definition

By Theorem 2.3, the space

Folsili= @ Q@)rns) CA® (1€ Z(s) (39)

yelll

is a Uy (;[,,)-submodule of A®. The reader should be aware that F,[s;] is not a
U, (sl;)-submodule of A°. In a similar way, by Theorem 2.4, the space

Fplsal":= €D Q@)hn,52)° CA* (5, €Z'(s)) (40)
Apelln

isalU, (al)—submodule of AS.
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Definition 2.10 [19] The representations F,[s;] and F,[s,]® (s; € ZL(s), sp € Z"(s))
are called (g-deformed) Fock spaces. When [ > 1 and n > 1, we speak of higher-level
Fock spaces. <

Since the maps 7; and 7, are bijections, we have the following decompositions:

N= P Fisil= @ Fyls.1" (41)
s;€7L(s) SnE€Z"(s)
Neither of these decompositions is compatible with the decompositions of A® given
in Theorem 2.8.
2.3.2 Fock spaces as weight subspaces of A*. Actions of the Weyl groups.
Let N, L € N*. Recall the definition of Q (s) and Q% (N) from (1) and define a map

0L N : QF(s) = QL (N),  (s1,....s0) > (N —s14+SL,51 — 2, ..., SL—1 —SL).

(42)
(Note that this map also depends on the charge s € Z that we have fixed. How-
ever, since s will not vary in this paper, we do not keep it in our notation.) It is

easy to see that 6 y is bijective. Moreover, for (aj,...,ar) € QL (N), the I-tuple
(S1,...,81) = GL_‘lN(al, ...,ar) is given by
| L—1 L
si=7 s dam |+ Y e As=is<D). (43)
j=1 j=i+l

The next result shows that the Fock spaces are sums of certain weight subspaces of
A*. The proof follows easily from Corollary 2.5.

Proposition 2.11 [19]
(i) Lets, € Z"(s). Let (a1, ..., an) :=6p,1(sy) and w:= Y :_ aiA;_y. Then

Fplsal® =D A*(w +ds).
deZ

(ii) Lets; € Zl(s). Let (ay,...,a1) :=0;,,(s1) and w := Zle a;N;_1. Then
Fylsi]) =P A° (v + db).
deZ
O
Note that the operator B,, (m € Z*) maps the weight subspace A*{w) (respec-
tively A%(w)) into A*{w + mé) (respectively A®{w + mé)). Therefore, by Propo-

sition 2.11, the Fock spaces Fy[s;] and Fp[s,]* (s; € ZL(s), s, € Z"(s)) are stable
under the action of H.
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We now compare some weight subspaces of the Fock spaces. The proof follows
again from Corollary 2.5.

Proposition 2.12

() Let s; = (s1,...,8) € Z (s) and w be a weight of Fyls;]. Then there exists a
unique pair (s,, w) such that Fy[s;1{w) =Fp[s,1°(w), where s, is in Z' (s) and
w is a weight of Fpls,1®. More precisely, write w = dé + Z?Zl a; N1 with

ai,...,ay,d € Z, and put so :=n + s;. Then we have s, = 9,:11(511, ...,ap) and
W =db+ Y12 (s — si DA
(ii) Let s, =(s1,...,8,) € Z"(s) and w be a weight of Fls,]°. Then there exists

a unique pair (sl, w) such that Fpls,]®(w) = Fyls;l{w), where s; is in ZL(s)
and w is a weight of Fy[s1]. More precisely, write w = ds + Zi:l ai Ai_y with
a,...,a;,d € Z and put so :=1 + s,. Then we have s; = 91;3 (ai,...,a;) and
w= d(S—}-Z V(si = sis D) Aj. O

Example 2.13 Take n =3,/ =2, s; = (1,0) and w = —2A0 + A1 + 3A> — 26.
Then by (32), we have wt(|((1, 1), (1)),s1)) =w, so w is a weight of Fy[s;]. By
Proposi.tion 2.12 (i): we have Fy[s;](w) = Fpls,]*(w) with s, = (2,1, -2) and
w =2Ag + A1 — 25. Moreover, using (32) and (34), we see that for all |A;, s;) =
[Ans$n)® € Fylsil(w) = Fplsnl®(w), we have Mo(As; s;5n) =2, Mi(A;s15n) =1,
My(Ag; 813 n) =0 and Mo(Ay,; sy 1) = M1 (Ay; sp; 1) = 0 (this shows a posteriori that
dim(Fg [s:1(w)) = 1). 0

We now deal with the actions of the Weyl groups of U, (g [,) and U (; [;) on the set
of the weight subspaces of A’. Recall that W, = (00, ..., 0,—1) 18 the Weyl group of
U, (5[ ). Since the «;’s are the simple roots and the A ;’s are the fundamental weights
for the Kac-Moody algebra 5[n, we have (Aj,o;) =6;; forall 0 <i, j <n—1.

Hence by (5), W,, acts on the weight lattice @?:01 ZA\; ® 7§ by

0;.6=48 and
A if j#i, N
UI.AJ_{Ai—1+Ai+1_Ai—5i,08 itj=i ©Oshisr=Do @

Moreover, it is easy to see that W, acts faithfully on Z"(s) by

{UO'(S19'--9SH) = (si’l +l,S2,...,sn_1,S1 _l), (45)

O (S1y ooy Sn) = (S1yeevy Sit1>SiseeesrSn) 1<i<n-1),

and the set A, ;(s) defined by (38) is a fundamental domain for thlS action. In a
similar way, one can define two actions of the Weyl group W; of U » (5 [1), one on the

weight lattice @ﬁz(l) ZA; ® 7§ and one on Z! (s). The following lemma will be useful
later.

Lemma 2.14 Let s, € Z"(s) and w be a weight of Fpl[s,]°. Let (s;,w) € 7 (s) x
P(A®) be the unique pair such that Fp[s,]®(w) = Fy[s;](w) (see Proposition 2.12
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(). Let & € W,. In the same way, let (t;, w') € Z!(s) x P(A®) be the unique pair
such that Fp[s,]*(c.w) =Fy [t;1{w'). Then we have

t]=06.5 and w =w+wt(|9;, t;) — wt(|9;, 51)).
Proof The proof follows immediately from the formulas given in Proposition 2.12. [
2.3.3 The lower crystal basis (L[s;], B[s;]) of Fyls;]at g =0

Let s; € 7z (s). Following [8], let A C Q(gq) be the ring of rational functions which
are regular at ¢ =0, L[s;] := @xlen’ A, ;) andforO<i <n—1,let &%, ﬁlow,
é;"? and fiuP denote Kashiwara’s operators acting on L[s;]. The following lemma

shows that sometimes, certain powers of the operators &;'°" and ¢&;"? coincide (one
~ low ~ up
has an analogous result for f;  and f; ).

Lemma 2.15 Let s; € Z!(s), w € PFqls1]), u € (Kere;) N Fylsiw) and k =
(w, «;). Then we have

(élup)k(fl(k)u) — (éilow)k~(ﬁ(k)‘u) =u.

Proof The second equality follows easily by induction on k from the definition of
&:°% . Let us now show that (é,-“P)k.(fl.(k).u) = u. Note that for 0 < j <k, we have

w577 ), ) = (wiu), ) — (k — j) (i, o) =2j — k.

By induction on 0 < k’ < k, we get therefore, by definition of &;"?,

k'—1 . .
. —J
j=0
peLy Y
As a consequence, we have (eN,'“p)k.(fi(k).u) = 1_[ [I]c T u=u. O
: —J
j=0
Put
Blsi1:= {|A1, 1) mod g L[s;] | & € TT'}. (46)

From now on, we shall write more briefly A; for the element in B[s;] indexed by the
corresponding multi-partition. By [3, 6, 19], the pair (L[s;], B[s;]) is a lower crystal
basis of Fy[s;] at ¢ = 0 in the sense of [8], and the crystal graph B[s;] contains the
arrow A; —> j; if and only if the multi-partition u; is obtained from A; by adding

a good i-node in the sense of [19, Thm. 2.4]. We shall still denote by eN[IOW and filow
Kashiwara’s operators acting on B[s;] U {0}.
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2.3.4 Uglov’s canonical bases of the Fock spaces

By Propositions 2.9 (iii) and 2.11, the Fock spaces Fy[s;] and F[s,]* (s; € 7! (s),
s, € Z"(s)) are stable under the involution ~ . The involution induced on these spaces
will still be denoted by —. Let s; € 7! (s). For I € I, write

sy =Y axu:s (@) 1M, 1) (47)
A el

with axp;s(q) € Zlq, q_l], and let
Asl (51) = (a)‘l’ﬂﬁsl(q))x;,ulel'[’ (48)

denote the matrix of the involution ~ of Fy[s;]. Since the weight subspaces of Fy[s;]
are stable under the involution ~, (32) implies that ay,, u,;s,(q) is zero unless |A;| =
|p;|, where |A;| (respectively |u;|) denotes the number of boxes contained in the
Young diagram of |A;| (respectively |u;|). By Proposition 2.9 (ii), the matrix Ag,(q)
is unitriangular. One can therefore define, by a classical argument, canonical bases of
the Fock space Fy[s;] as follows.

Theorem 2.16 [19] Let s; € Z!(s). Then there exists a unique base
(GT(,s1) | A e T (respectively (GO, s1) | M € nl})
of Fyls:] such that:
() Gt (A s0) =Gt (A, s0) (respectively G~ (A, s)) = G~ (A, 51) ),
(i) GT (A, 87) = |\, 5;) mod qL7F[s;] (respectively G~ (A, 1) = |\, 81)

mod ¢~ 'L [s/]),

where L<[s)]:= € ZIg“1IA1. 51) (e = %1). O
rell!

Definition 2.17 The bases {G1t(A;,s;) | Ay € I} and {G~(A;, s;) | Ay € 1Y} are

called Uglov’s canonical bases of F4[s;]. Define entries A;‘l WS @), A;l Wi s (q9) €

ZIg.q~ "1 (A, py € T1) by

G sn= Y Af L, @Ris), G (upsn= Y AL, (@) A si),

aelll Melll
(49)
and denote by
A (@)= (A5, s, (q))lz,ulel'l’ (e==%1) (50)
the transition matrices between the standard and the canonical bases of F,[s;]. o
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By [19], the entries of A$(q) (respectively Ag (¢)) are Kazhdan-Lusztig poly-
nomials of parabolic submodules of affine Hecke algebras of type A, so by [11],
these polynomials are in N[g] (respectively N[p]). Moreover, both canonical bases
of Fy[s;] are dual to each other with respect to a certain bilinear form, which gives an
inversion formula for Kazhdan-Lusztig polynomials; see [19, Thm. 5.15]. By [19],
the basis {G1 (A}, AARYAS I1'} is a lower global crystal basis (in the sense of [8]) of
the integrable Uy (s[,)-module F,[s;].

Let s, € Z"(s). In a similar way, one can define canonical bases {G (A, s,)° |
A, € 1"} (e = £1) of the Fock space Fp[s,]°. By [19], the Easis {G= Ay, s0)® |
A, € I1"} is a lower global crystal basis of the integrable U, (sl;)-module Fp[s,]°.
For p, € T1", € = %1, write

G (pssn)* = D A5, (@ i), (51)

Ay elln
where the entries Ai,,, 1 S /
are stable under the involution — , we have Ain LSy (g) = 0 unless wt(|A,;, s,)®) =

(q) are in Z[g, g~ ']. Since the weight subspaces of A*

wt(|ft,,, $,)*) and Wt(|Ay,, 5,)®) = wt(|i,,, 5,)*). In this case, by Proposition 2.12
(ii), there exist s; € Z'(s) and A;, u; € T1' such that |A;, s;) = |A,, 5,)® and |, §;) =
|/, $p)°. It is then not hard to see that

Ain,un;sn (@)= Aiz,m;sz (@) (52)

3 Comparison of canonical bases of weight subspaces of F,[s;] (s; € 7L (s))
From now on, we shall use the following notation.
Notation 3.1 Fors; € Z!(s) and w € P(Fyls:]), put

(s w) i= (A € T | [Ag, 80) € A% (w)}, (53)
and define similarly I1"(s,; w) for s, € Z"(s) and w € 75(Fp[sn]'). S

Definition 3.2 Lets;, t; € Z'(s), w € P(Fyls:]) and w’ € P(Fy[t]). We say that the
canonical bases of F[s;]{w) and F,[#;] (w') are similar if there exists a bijection

o (s;;w) = Ot w)
such that for all A;, u; € l'll(sl; w), € = =*1, we have
AZ(M),G(IM)Z t (@)= Aiz‘ﬂz; s (@)

In other words, the canonical bases of F,[s;](w) and Fy [¢;1{w’) are similar if the
transition matrices between the standard bases and the canonical bases are equal up
to a reindexing of rows and columns. 3
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Notation 3.3 Throughout this section we fix a multi-charge s; € Z(s). To simplify,
we drop the multi-charge s; in the notation of this section, that is we denote by A;
(respectively G*(A))) the vector of the standard (respectively canonical) basis of
Fy[s:] indexed by the corresponding multi-partition and so on. In particular, we use
the notation A; either for a vector of the standard basis of F,[s;] or for a vertex in the
crystal graph B := B[s]. o

3.1 The bijections o;

We recall here the definition of the involution o; (0 <i <n — 1) of the crystal graph
B. We sometimes view o; as a bijection of IT’.

Definition 3.4 Let A; e B=TI' and i € [[0; n — 1]]. Let C be the i-chain in B con-
taining A;. Let o; (X)) € B= I be the unique element in C such that wt(o; (7)) =
o;.(wt(A;)). In other words, o; (A7) is obtained from A; via a central symmetry in the
middle of C. This defines an involution o; of B. This map induces, for w € P(Fy[s;]),
a bijection

oi - T (sy; w) —> T (s;; 07.w). (54)
o
By [9], the definition of oy, ..., 0,—_1 as bijections of B gives actually rise to an

action of the Weyl group W,, on B, but we do not need this fact in this article.

Proposition 3.5 Let w € P(Fy[s;]) and i € [[0;n — 1] be such that w + «; ¢
P(Fylsi]). Let A € I (s;; w) and I, = 0i(A;). Then we have the following:

(1) m; is the multi-partition obtained by adding to A; all its addable i-nodes, and
we have | \ M| = ki == (w, a;).
(i) In Fqls:], we have p; = ]‘i(ki).kl and A} = e}k").ul.
(i) In B, we have p; = (7Y Ay and Ay = (&) ;.

Proof Let C be the i-chain in B containing A; and u;. Since w + «; is not a weight
of Fy[s;], A; has no removable i-node. This implies, by [19, Thm. 2.4], that &, is the
head of the chain C, and by symmetry g, is the tail of C. Note that since w + «; is not
a weight of Fy[s;], oi.(w + ;) = (0;.w) — «; is also not a weight of Fy[s;], so u;
has no addable i-node. By [19, Thm. 2.4], u, is obtained by adding some i-nodes (let
us say k of them) to A;. The integer k = |p; \ A;| is none other than the length of the
chain C. By a well-known formula for crystal graphs relating weights and positions
in the i-chains, since A; is the head of C, we have k; = (wt(X;), ;) = k. Thus C is a
i-chain of length k; with head A; and tail p;, which proves (iii). The divided powers
el.(k), fi(k) eU, (;[,,) (k € N*) act on v; € Fy[s;] as follows, with notation of Section
22.2:

el.(k).vz = Z g NS envisin g and fi(k).vz = Z g vrErsim g
itk ik
K—>v; v—§
()
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(For k =1, this is a part of Theorem 2.3. The general case follows by induction on
k; see e.g. [5] for a detailed proof.) Since u; has no addable i-node and A; has no
removable i-node, u; \ A; is the set of the addable i-nodes of A; and also the set of
the removable i-nodes of u;, and this set has exactly k; elements. This proves (i), and
this together with (%) proves (ii). U

Example 3.6 Take n=3, /=2, s;=(1,2), i=0, ;; = ((2,2,1),(3,2)) and w =
wt(]A;, s7)). Then we have o;(A;) = ((3,2,2), (3,3, 1)). Note that w + «; is not a
weight of Fy[s;], so Proposition 3.5 can be applied in this case. 3

Remark 3.7 The proof of Proposition 3.5 shows (with the assumptions and notation
of this proposition) that A; = U;] (p;) is the multi-partition obtained by removing to
p; all its removable i-nodes. o

3.2 A first theorem of comparison

Define a symmetric bilinear non-degenerate form (., .) on Fy[s;] by

o) = g8, o, e, (55)
where we put
Il o= (weh), witA) /2 (G e TT). (56)
This form enjoys the following property:
Lemma 3.8 Foru,v e Fyls;],0<i <n—1,we have
(tiu,v)=(u,t.v) and (ej.u,v)=u, fi.v).

Proof Identical to the proof of [12, Prop. 8.1]. U

Let {G*(A;) | A; € TT*} denote the adjoint basis of {G1(A;) | A; € IT'} with respect
to the form (.,.). Since the basis {GT(A;) | A; € 1'[1} is a lower global crystal ba-
sis of F4[s/] in the sense of [8], it follows by Lemma 3.8 and [8, Prop. 3.2.2] that
{G*(\) | A € 1'[1} is an upper global crystal basis of Fg[s;].

We are now ready to prove the following result, which is a generalization to higher-
level Fock spaces of [13, Thm. 20].

Theorem 3.9 Let s; € Z!(s), w € PFqylsi]) and i € [[0; n — 1]] be such that w + o;
is not a weight of Fy[s;]. Let o; : I (s;; w) — T (sy; 0;.w) be the bijection defined
by (54). Then we have, for A;, p; € I (s7; w),

oAt _ At
D Az o .oi: s D= Bap 5@ and

(D) Ag i .or e s @ = By (@
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As a consequence, the canonical bases of Fy[s;1{w) and Fy[s;1{o;.w) are similar in
the sense of Definition 3.2.

Proof Let us prove (i). Let w; € IT’(s;; w). Taking adjoint bases in (49) yields

g 1ol g () = Z A;(M),WW(Q) G*(v)).

v elll(s;;0;.w)

Since o; : [T (sy; w) — l'I’(sl; o;.w) is a bijection, we can make in the sum above the
reindexing v; = o;(A;). If we now apply ei(k") with k; := (w, «;) to both hand-sides
of this equality, we get

g Ve iy = N AL s @ e G @)
Melll(s;;w)
Note that
loi ()l = (o3 wi(ry) 03 wi()) /2= (Wil wi(rp)/2= Il ()

By Proposition 3.5 (ii), we have efk").oi(u,) =pn,;. Now let A; € 1! (s;; w). Since

w + «; is not a weight of F,[s;], we have e;.A; = 0, whence ¢;"?.A; = 0. Moreover,
again by Proposition 3.5, we have o;(A;) = fl-(ki).)u[. Therefore, by Lemma 2.15, we
have

M= @GN A = @) A = (@) (o (),

whence (¢;"P)%t1 5;(A;) = 0. Since {G*(v;) | v; € T1'} is an upper global crystal
basis of Fy[s;], [8, Lemma 5.1.1 (ii)] then implies

" G*(0; (M) = G* (&)l (03 (M1))) = G* (). (% %)

Combining (), (*x) and (x * %) we get

Ml +
g Ml = D7 AL s @ GG
Melll(s;;w)

Since this is valid for any u; € IT/(s;; w), we get the claimed formula by taking again
adjoint bases.

Let us now prove (ii). Let w’ € P(Fq[s/]). If we know the basis (GT(A\) | A €
1/ (s;; w')}, then we can compute the involution of F,[s:1{(w’) by solving a uni-
triangular system. Since the canonical basis {G~(A;) | A; € I (s;: w’)} is uniquely
determined by the involution of Fy[s;]1(w’), the basis {G™(A;) | A; € Il (s;; w')} is
uniquely determined by the basis {GT(A;) | A; € jyL (s7; w")} (and conversely). Thus
(i) implies (ii). (For a different proof of this fact, one can also apply [19, Thm
5.15].) O

Example 3.10 Take n =3,1 =2, s; = (1,0), w = wt(|0;, 81)) — Qoo + 301 + 2)
and i = 2. One can easily check that w + «; is not a weight of F[s;]. The elements
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of IT! (s;; w) are

(D, ), (4., ©2), (4,2.9), (D, 2.2, D), (2,2), ),
(1,1, 2,1, 1), (1, 1,1,1),2), (D, 2, 1,1, 1),

and their respective images by the map o; are

((2), (6. 1), (5.3, 1), (5.3, 1.9), (2,3.,2,2), (2,2.1),3. 1),
(2,1,1),3,1,D), (2,1,1,1),3, D), (2,3, 1,1, 1, 1)).

With obvious notation, the transition matrices of the canonical bases of Fg[s;[{w)

are
L. (D, ()
g 1. (@), 2)
0q1. ((4,2),9)
+ _|la001. (D, (2.2, 1)
g>00q g 1.. ((11)(211))
00qg0gqg°gl. ] ((1,1,1,1),(2)
000g>04qg01/ ((1),2,1,1,1))
o (D, (5)
¢ 1 (). @)
q’z1 —q ' 1 . §(4 2),0 )
_ |-¢" 0o o 1 . (1), (2,2, 1)
0 —g g7 =g =g 1 | (@ .en)
—q3 g2 0 ¢ 0 —¢g'1.](01L1,1),Q2
0 g2 -3 0 g2 —g'01)(D,QLLD

In the same way, the transition matrices of the canonical bases of F,[s;]{o;.w) are

O - .
o O O = -

<

Af(or.w)(g) =

R R O =
Q
[38)

_

o O
o O O
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(2), (6, 1))

(5), (3, 1)
(5.3,1),9)
(2),(3,2,2))
(2,2,1), (3, 1)
2,1,1), (3, 1,1))
2,1,1,1),(3, 1))
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(

and

O O = -

ES)
ONQb—«
_QR -
S = .
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. (). 6. 1))
g 1 (3.3, 1)
q‘21 -~ E(s, 3,1), 9) )
ASI <Ul'w>(q) - 0 0 _q—l 0 1 ((2’ 2’ l), (3’ 1)) 3
a7 —q ' g =g ' —q7" 1 (2.1.D.(3.1.1)
-3 ¢ 0 g2 0 —¢'1.](21,1LD,30D)
0 ¢2-¢3 0 qg?2-"'01/(2.GLLLD)
in agreement with Theorem 3.9. o

4 Comparison of canonical bases of F,[s;]{(w) for w in a given coset in
P(A®)/7Z3 and different multi-charges s,

Notation 4.1 For a;, b; 7! (s), introduce the shorter notation

d(a;, by) := A(a;,n) — A(b;,n) € Z. (57)

Throughout this section we. fix s; € Zl(s), w € P(Fyls;]) and i € [0;] — 1]]. Fi-
nally, let (s,, w) € Z" (s) x P(A*) be the pair such that F, [s;[{w) =Fp[s,]* (W) (see
Proposition 2.12 (i)). <o

4.1 A second theorem of comparison
Recall that W; = (60,...,01_1) = 6~51 is the Weyl group of Up(g\ll).
Definition 4.2 Keep Notation 4.1. By analogy with Definition 3.4, define a bijection

Gi " (s, w) — " (s, 6;.W) (58)
which enjoys similar properties as the bijections o; from (54). Since Fy[s;[{w) =
Fp[s,]°(w), we have a bijection between the standard basis of F,[s;]{w) (as a sub-
space of F,[s;]) and the standard basis of F[s,]*(w) (as a subspace of Fy[s,]®).
We thus have a bijection Hl(sl; w) AN IT"(s,; w). Put ¢; := o;.s;. The same argu-
ment gives, by Lemma 2.14, a bijection IT/ (t\; w+d(s), t)) 5) = IM"(s,; 0;.w). We
therefore have the following commutative diagram of bijections, in which the dashed
arrow will still be denoted by &;.

" (s W) — 1" (s, 6;.W)
1 N 1
I (s5 w) --» (67815 w +d(s1, 61.81) 8). o

Example 4.3 Taken =2,1=3,s; = (0,2, —1) and i = 2. Note that d(s;, 5;.51) =0
in this case. Take &; = (¥, (2), 9) € TT'(s;; w), where w := wt(1@, 5;)) — (0 + &1).
By Proposition 2.12 (i), we have w = wt(|@,,s,)®) — (2dg + 3¢ + d2) with
sp == (1,0). We have |A;,s7) = |Ay,5,)® with &, := ((1), (5)). One computes
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R, = 6i(Ay) = ((2), (6, 1)) (see Example 3.10). Let ¢; := 6;.5; = (0, —1,2). Then
6i(A;) is the /-multi-partition such that |6;(X;), ¢;) = |1, S»)°®, namely 6;(A;) =
9.9,(2). o

Since {G~ (A4, 5,)® | A, € IT"} is a lower global crystal basis of Fj[s,]°, one can
prove for the Fock space F[s,]* an analogue of Theorem 3.9. Rephrasing this result
in terms of the indexation A; leads to the following result.

Theorem 4.4 Keep Notation 4.1 and assume that w + ¢; is not a weight of Fp[s,]°.
Let o; : l'[l(sl; w) — l'[l(d[.sl; w + d(sl,di.sl)(S) be the bijection from Defini-
tion 4.2. Then we have, for A;, p; € H[(sl; w), € ==£1:

AS a.b1uy: 6151 (D = B3 gz (D

Proof Apply the analogue for Fp[s,]® of Theorem 3.9 mentioned above, then use
Lemma 2.14 and (52). O

Example 4.5 (see Examples 3.10 and 4.3) Take n, I, s;, w and i as in Example
4.3 (namely, n :=2,1:=3,5;:= (0,2, —1), w:=wt(|9;, s;)) — (0o + 1) and i :=
2). Note that w + «; ¢ 75(Fp[sn]‘) (see Example 3.10). The elements of I (s;; w)
are

(4, (2),9), (9.9, 1, 1), (4, (1), (D), (4,4, 2),
((2,9,9), (D, 2, (D), (1,1, 9,9), (4.9, 1, 1)),

and their respective images by the map g; are

(4,9, (2), (9.9, 1, 1), (4, (1), (D), ((2),9,9),
(4, (2),9), (D, (D), 9), ((1,1),9,9), (4,1, 1),9),

On the one hand, the transition matrices of the canonical bases of Fgy[s;[{w)
are

1. (4, (2),9)
g 1 . (9,9, (1, 1)
qozg 1 i (2. (1), (1)

. 2,9, 2

Asw@=1 ¢ 601 (2),@(,5); and

> qq*q q1..]|(D.0.®1)
43¢0 0g°g1. | ((1,1),9,0)
049°¢°¢> 0401/ (9.0.(1,1)
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1 A\ 2,2.9)
- 1 | (2.9, 1)
0 l—cle 1 : ?a,( >,(1)))
_ -9 9 —q 1 . 3,0, (2)
AW @=1_,2 "9 0o o 1 | (@,9.9)
g2 0 0 —g'—g' 1 .. (DeO)
0 0 —g'qg? 0 —g'1.](1D,09)
0 0 0 0 g2 —-¢'o1) (»9.0,D)
On the other hand, the transition matrices of the canonical bases of F,[d;.5;]{w)
are
1. 9,9, (2)
g 1 . 9,0, (1,1))
9> q 1 . gw,( ),(1)>)
00g 1 . (), 9,9
+ —
BosW@= 15000 1...|(@n@.0 and
a*qq*q q1..] (D). ®1).0)
q*> 0 0qg*°gq1. ] ((1.1),9,9)
04*¢°¢* 0401/ (4,(1,1),0)
1 (9,9, (2))
- 1 (9,9, (1,1))
0 l—q—z1 1 o EVJ,( ),(1)))
_ A q- 1 2),9,9
Agrs (w)g) = —q7 1 0 0 0 1 (@, (2), @) '
g? 0 0 —gl—g7' 1 ..|(Mm.®1),0)
0 0 —g'qg?% 0 —¢g'1.] (11,09
0 0 0 0 q¢g2%—-'o1) (@an,9
in agreement with Theorem 4.4 (note that d(s;, 5;.s;) = 0 in this case). o

4.2 A sufficient condition for Theorem 4.4

Keep again Notation 4.1. We can apply Theorem 4.4 if w + &; is not a weight of
Fplsn]®. By [7, Prop. 3.6 (iv)], this condition holds if and only if é;.(|A;, s;)) =0 for
alld; € Hl(sl; w). We therefore have to check, for all A; € Hl(sl; w), whether A,, has
a removable i-node, where A, € I1" is related to A; by |A;, s7) = |Ap, s,)°. It is not
very convenient to make such tests in practice when the cardinality of IT/(s;; w) is
large. We shall therefore give a sufficient condition on s; and w that ensures, without
further computation, that w + ¢&; is not a weight of F,[s,]°.

Notation 4.6 Let s; € Zl(s), w € P(Fyls;]) and i € [[0;/ — 1]. By (32), the integer
M;(A;; s1; n) only depends on §; and w, butnoton A; € I1'(s;; w). From now on, this
number will be denoted by M; (w; s;7). <o
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Lemma 4.7 Keep Notation 4.1. Then for all 6 € W,0<i<n—1l,we PFylsiD,
we have

Mi(w+d(s;,6.81)8; 6.51) = M (w; 57).

Proof By (32) and the definition of the integers M (w + d(s;,0.81)8; <'7.s1) and
d(s;, 6.s;), we have

w—+d(s;,6.81)8
n—1
=wt(|0;,0.51)) — ZMj(w +d(s;,0.81)8; (T.S]) aj
j=0
n—1
=wt(|9;, 87)) +d(s;,0.851)8 — ZMj(w +d(s;,0.51)6; 6.sl)aj,
j=0

n—1

whence w = wt(|@;, s;)) — Z M; (w +d(s;,6.5)8; d.sl)ozj. The lemma follows.
Jj=0

O

Lemma 4.8 Keep Notation 4.1. Assume that
si — siy1 = n(Mo(w; s;) + 1)

(Where we put so :=n + s; if i =0). Then w + &; is not a weight of Fp[s,]°.

Proof Assume on the contrary that w + ¢&; is a weight of Fp[s,]°®. Let (A;,#;) €
M x Z!(s) be such that wt(|A;, ;) = 1 + &;. Write b =d8 + Y,_, b; A1 with
bi,....,bj,d € Z. Then by (2), we have w + & = (d + 6&.0)0 +
le=1 bj+ a,-,j,l)/\j,l, where (a;/, j)o<i’, j'<i—1 s the Cartan matrix of ;[1. Since
the vectors Ao, ..., A;_; and § are linearly independent, we get by (33) the following
relations:

—(A@, n) + Mo 5 n)) = —(A(sy, n) + Mo(w; s7)) + 850, (%)
4= 15 Sict, S+ 1, si01 — 1, si40, ..., s if i > 1,
= (51— 1,82, ....8-1,5+ 1) ifi =0.

(%)

For a € Z, denote temporarily by a € [[0; n — 1]] the residue of a modulo n. Using
(*x) and the fact that 5o — 59 = 1+ (57 — 57), we get

1 |
At n) = A(s;,n) + ;(Si —Si+1) + ;(SiJrl —5i) +3577.0 — 8i0- (3 * %)
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Moreover, by assumption we have My(w ; s;) — %(si — si4+1) < —1. This together
with (x) and ( * %) imply

| 1
Mo(As5 85 n) = _;(SiJrl —5) = 8&q.0 + Mo(w; sp) — ;(Si = Si+1)

1

< ——=Git1 —5) = 8557,0— 1 <0,
n

Sit1s

which is absurd since Mo(A;; ¢;; n) is the number of 0-nodes of the multi-partition
Al O

Remark 4.9 The lower bound s; — s;41 > n(Mo(w;s;) + 1) from Lemma 4.8 is

certainly not the best to ensure that w + &; ¢ P(F p[5,1%). We actually conjecture that
the latter statement holds if

si —Sit1 = Mo(w;sp)+---+My_1(w;s))

(this lower bound is in general better). <o

4.3 A graph containing multi-charges conjugated under the action of W

Definition 4.10 Fix r; € A;,(s) and M € N*. (Recall that the set A; ,(s) defined
by (38) is a fundamental domain for the action of Wl )For s; =(s1,...,81) € Wl r,

t € Wl.rl, 0<i<l—1,writes; BN t ift; =08 aljdsl —Sip1 =M (ifi =0, we
put so :=n + ;7). Let I'(M) be the graph containing W;.r; as set of vertices and the

arrows sl—l>t1 (sl,tleWg.rz,Ofifl—l). o

Remark 4.11 Note that I'(1) is connected. More generally, we claim that I"'(M)
has finitely many connected components. To see this, introduce the following no-
tation. For s; € Wl r;, let 6(s;) € Wl be the element of minimal length such that
s; = o (s7).r;, and let £(s;) denote the length of &(s;). Now, for each connected
component C in I'(M), choose s;(C) € C such that £(s;(C)) is minimal in the set
{€(t;) | t; € C}. (We think that this determines s;(C) in a unique way, but we do not
have the proof for this fact.) One can then show easily that s;(C) lies in the finite set

(1, ) €ZNS) IVO<i<l—1,tig1—t; <M — 1},

which proves the claim. 3

We now give a relation between (the connected components of) I'(M) and the
comparison of canonical bases. We shall give an important application of this result
in Section 5.

Proposition 4.12 Let r; € A, (s) and w € P(Fy[r;]). Put M :=n(Mo(w ; ;) + 1).
Let s; and t; be two multi-charges in the same connected component of T'(M)
(in particular, s; and t; are in the Wl-orbit of ry). Then the canonical bases of
Fylsil{w +d(r;,s;)8) and Fylt;)(w + d(r;, t;)8) are similar in the sense of Def-
inition 3.2.
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Proof We may assume that s; —l> t; with i € [[0; [ — 1]]. With obvious notation, we
have by Lemma 4.7 : s; — ;41 > n(Mo(w; r;)+1) = n(Mo(w +d(r;,s1)8;8)+ 1).
We can therefore apply Lemma 4.8 and then Theorem 4.4 to conclude. U

With the notation above, Proposition 4.12 and Remark 4.11 show that there are
only finitely many 51m11ar1ty classes of canonical bases of Fy[s;[{w + d(r;, s;) §),
where s; ranges over the Wl orbit of r; and (r;, w) is fixed.

5 Comparison of canonical bases for dominant multi-charges

Definition 5.1 Let M € N. We say that (x,...,xy) € RY is M-dominant if for all
1<i <N —1, we have

Xi —Xiy1 =M. ©
Throughout Section 5, we keep the following notation.

5.1 Notation

* Recall that R!(s) = {(x1,...,x) € R' | x; + --- + x; = s}. The subset of R/(s)
formed by the M-dominant elements will be denoted by Cy,.

* The group W; = 61 is a semidirect product of the finite symmetric group &; and
an Abelian group Q which is free of rank / — 1. More precisely, Qis spanned by

T, ..., T—1, where ©; (1 <i <[ —1) acts on Zl(s) by
‘L:i.(S], RN Sl) = (Sla s Si—1, Si+n7 Si+1—N,8i42, ..., Sl) ((S17 ey Sl) € Zl(s))
, (59)
(since W; acts faithfully on 7! (s), this determines 7; completely).
* Fora; = (ay,...,a;) eZl,put
Ly :={(s1,...,8) € Zl(s) |[V1<i<l, si=a; (modn)}. (60)

Note that Q acts transitively on Ly, ; in particular, two elements of L, lie in a same
W;-orbit.

* Forsy, t) € Zl(s) and M € N, write
s; =t 61

if L5, = L4,, and there exist s( ). (’) € [,sl N Cypy such that s — s, sl(r) =1
and for all 1 <i <r, we have sl(’) € {rj .8 Il D | 1 < j <1 —1}. In other words,

put into a non-oriented graph all the elements of Z/(s) and draw an edge between
two vertices if they are W;-conjugated to each other by a generator of Q or its
inverse. Then s; = ¢; if and only if there exists a path in this graph connecting s;

and ¢; through M-dominant vertices (including s; and ¢;).
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* Letr;=(r1,...,1) € Ajp(s) and w € P(F4[r;]). Recall the definition of the in-
tegers d(ry, s;) (s; € Z!(s)) from (57) and M;(w; r;) (0 <i <n — 1) from Nota-
tion 4.6.

5.2 A third theorem of comparison

The goal of Section 5 is to prove the following theorem.

Theorem 5.2
Keep Notation 5.1. Then there exists N € N (which only depends on n, | and
Mo (w; ry)) such that for all N-dominant multi-charges s;, t; € W,.r; with Ls, =Ly,
the canonical bases of Fy[s;l{w +d(r;, s;) 8) and Fy[t;1{w +d(ry, t;) 8) are similar.
O

Remark 5.3 The proof of Theorem 5.1 will provide an integer N of the form
N =nMy(w; r;) +c,

where c is a constant that can be explicitly calculated. This c a priori depends on the
multi-charge r; € A; ,(s) that we have fixed in Notation 5.1. However, by taking a
maximum over the finite set A; ,(s), we can make ¢ independent of r; (see the proof
of Proposition 5.6). More precisely, by Remark 5.13 we can take ¢ > n(I> + [ + 3).
However, the corresponding value of N is probably not optimal. Indeed, according to
Remark 4.9 and explicit calculus of canonical bases, we conjecture that Theorem 5.2
holds if we replace this N by

N':=Mo(w;rp) + -+ My_1(w; r7)
(the latter lower bound is in general better). o

Example 5.4 Take n =3,/ =2, r; = (1,0) and w = wt(|9;, r;)) — (o + a1 + a2).
With notation from Theorem 5.2 and Remark 5.3, we can take N =30 and N’ = 3.
Note that all the multi-charges s[(k) := (3k + 1, —=3k) (k € Z) are in the W;-orbit of
r; and they have the same pair of residues modulo n. Put wy := w + d(ry, sl(k) )8
(k € Z). By Theorem 5.2, the canonical bases of F, [sl(k)](wk), k > 5 are pairwise
similar. By Remark 5.3, the canonical bases of F, [sl(k)] (wg), k > 1 should be pairwise
similar, which can be actually checked for 1 < k <5 by explicit calculus. Namely,

the transition matrices Ai(q) of the canonical bases of F, [sl(k)](wk) (k>1,e=%1)
are

1. ((3).9)
g 1 . (2, 1),9)
a*q 1. g<2),(1>) )

N 0gO01. 1,1,1),9
MA@D=10204q1 .. ((1), (1, 1)) and
00g001..[(2®)
00g°0qgq1.]|(®@D)

000gqg?0g1/) (4,(1,1,1))
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1 ((3).9)

| . (2, 1),9)

02 —q_i 1 . g(z),(l)) )

N B A L ) 1 . (1,1,1),9
Be@=1 "0 42 414t 1 (D, (1, b) -
- 'q? - 0 0 1 . 3)
g2 —q73 q2 ¢ —q7'—q7' 1 (2. 2. 1)
3 0 0 0 0 g¢g2?-—¢g'1)(©a1D)
One can check moreover that
1 . ((3),9)
01 . (2, 1),9)
0g 1. E(Z),(l))
01 .. (1,1,1), 9
Abgy=| 11 .

0@ 0g2q g 1...] (MW, a,0D)
00g?0g1..|(@2®)
>0 0 g 001.](2,20D)
000g%g0q1/) (4.(1,1,D)

Note that Af(q) has 22 nonzero entries, whereas A(J)r (g) has only 21 nonzero entries.

As a consequence, the canonical bases of Fy [sl(k)](wk) for k =0 and k = 1 are not
similar. <o

The proof of Theorem 5.2 relies on the two following propositions.

Proposition 5.5 Keep Notation 5.1. Let s; € Wy.r; be an M -dominant multi-charge
with M :=n(Mo(w; r;) +2). Let 1 <i <l — 1 and t; .= t;.s;. Then the canonical
bases of Fyqlsi{w +d(r, s1) 8) and Fy[t;){w + d(ry, t;) §) are similar.

Proof We give the proof for 2 <i </ —3 (the proof fori =1,i =/—2andi =1[—1
is similar). One easily checks that

Tj =0;_10; 2+ 010001 * - - 0i420i 41042 - - 0]_10001 - - - Gj.

Let 0 <k <2/ — 2. Denote by t;[k] the right factor of length k in this word (we thus
have 7;[0] =1id, 7;[1] = 6;, t;[2] = 6;_16; and so on). Put

(k)

k
sl()z(s1

s i= i [k].8.

For 1 <k <2l —2, let iy € [[0;] — 1]] be such that 7;[k] = 6;, T;[k — 1]. Let now

0 <k <2[ — 3. By computing the action of 7;[k] on s;, one can show the following:
. k k

1) Si(k-zbz)si(kil'i‘l e{st,..., f,i; si+n,si +n,si41 —n}.

(i) If Sigsy = Sa T €n and Sign

then a # a’ and ee’ = 0.

41 =58+ enwitha,a e[1;1], €, € €{-1,0,1},
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Note moreover that by assumption on s;, we have for all a, b € [1; [] such that a # b,
sy — sa| = M|b — a| > M. This together with (i), (i) imply that

(k) (k)
Siepr — lk+|+1| =M —n.

As a consequence, I'(M — n) contains the arrow sl(k) LN sl(k'H) or sl(k'H) LN sl(k).
It follows that s; and #; are in the same connected component of I'(M — n) =
r (n(Mo(w; ry) + l)). We can therefore apply Proposition 4.12 to conclude. (]

Proposition 5.6 Keep Notation 5.1. Let M € N. Then there exists ¢ € Z (which only
depends on | and. n, but not on M nor ry) such that for all (M + c)-dominant multi-
charges s;, t; € Wy.r; with Lg, = Ly,, we have s; - t.

Proof We shall prove this proposition in Section 5.3. O

Proof of Theorem 5.2 from Propositions 5.5 and 5.6. Let M := n(Mo(w; r;) + 2).
Let ¢ € Z be the integer given by Proposition 5.6 and put N := M +c. Let s;, t; €
W;.r; be two N-dominant multi-charges such that Ly, = Ly,. Put £ := L, = L;,. By

Proposition 5.6, there exist s( A sl(r) € £ N Cy such that sl( =g, sl(r) =t¢; and

for all 1 <i < r, we have s” (#5sf "V 1<j<i—1} Let 1 <i <r. Since

L gin = L s = L, we have sl( 1) (i) € W,.r;. By Proposition 5.5, the canonical

bases of Fq[ = 1)](w + d(ry, sll ]))8) and Fy[s (l)](w + d(ry, sl’))S) are similar.
Theorem 5.2 follows O

5.3 Proof of Proposition 5.6

The idea of the proof is the following. Let s; and ¢, be two multi-charges as in Propo-
sition 5.6 and put £ := Ly, = L. First, we introduce a suitable change of coordinates
¢ that maps L to Z!=1 and such that a; - b; if and only if ¢(a;) is Z-connected to

¢ (by), that is there exists a piecewise affine path connecting ¢ (a;) to ¢ (b;) with edges
parallel to the axes of coordinates of Z'~! (see Lemma 5.8). Roughly speaking, the
aim is to replace the lattice £ by Z/~! and the action of Q by the obvious action of
7!~ by translations. Doing this, we replace the set of M-dominance Cy by a cer-
tain cone (that is, an intersection of half-spaces), temporarily denoted by Cjs. Note
that two arbitrary points in Cj; N Z!~! are not necessarily Z-connected in Cy;. How-
ever, and this is the second step of the proof, we shall construct an integer ¢ such
that Cps4. C Cpr and any two points in Cpy4. N 7!~ are Z-connected in Cyy (see
Proposition 5.12).

Notation 5.7 In addition to Notation 5.1, we shall use for the proof the following
notation.

* For x = (x1,...,xy) € RN (N e N*), put
lx] == (lxi], ... lxn ) e ZY (62)
and define [x] in a similar way.
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* Let
2 -10...0
-1 2 —1"-.
o—-1 2 —1
0 ...0—-12

denote the Cartan matrix of sl;. In particular, A has [ — 1 rows and [ — 1
columns.

* Forl<j<l-1,1lete;:= (8 j)1<i<i—1 be the j-th vector of the natural basis of
RI-1 Putalsol:=¢; + -+ + €.

* Define a partial ordering on the set of matrices (or vectors) of a given size with
entries in R by writing x = (x;)ie; <y = (3i)ies if x; < y; foralli € I. By defini-
tion, the maximum of x and y is max(x, y) := (max(x;, y;));es. One may similarly
define the maximum of a greater number of matrices (or vectors) of a given size
provided the max in the right hand-side above still exists. Now, for b € R/~! define
the cones

Cp={xeR"|Ax>b}) and Cp:={xeR'|Ax<b). (64

The unique vector ® = w(b) € R~ such that A.@ = b is called the vertex of Cj,
(or Cp).

* ForM e N,letb(M)=b(M;n,l,r;) = (biM), e, bl(f/ll)) € R/~ denote the vector
defined by

b = (M +rip1—r)/n (1<i<l—1). (65)
* Define a map ¢ : (s1,...,51) € RI(s) > (x1,....x1-1) = @(s1,...,5) € RI~!
by
1d
xji= ;Z(sj —r))  (I<i<l—1). (66)
j=l1
Conversely, let ¥ : (x1,...,x-1) € R (S15...,8) = Y(x1,...,x1—1) €

R!(s) be the map defined by
sit=n(x; —xi—)+r (1<i<l), (67)

where we put xg = x; := 0. (Note that ¢ and ¥ depend on the multi-charge
r; € A; »(s) that we have fixed in Notation 5.1.) o

Lemma 5.8 Keep Notation 5.7. Then we have the following.
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(i) The maps ¢ : Rl(s) — RI7! and ¢ : RI=1 — Rl(s) are bijections inverse to
each other.

(i1) We have W(Zl’l) =Ly, andfor1 <i <l—1,(x1,...,x1-1) € 711 we have
Y, .o xi+ 1 o) =t . X)),
(iii) For M € N, we have ¢(Cpr) = Cp(pr).

Proof The proof of (i) and (ii) is straightforward. With obvious notation, we have the
equivalence

Si—Sit1>2M &&= —x; 1 +2x; —xip1 =M +rig1 —ri)/n;
Statement (iii) follows. 1

Definition 5.9 Let D c R/=1. We say that x, y € D are Z-connected in D if there

exist vectors x©@, ..., x™ e DN 7! such that x©@ = x, x™) = y and for all
0<i<N—1,wehave x(tD — x® ¢ {£e€; |1 < j <I—1}; in particular, we have
x, y € Z'=1. In this case, write LfDﬁy. 3

In order to prove Proposition 5.6, we have to deal with Z-connected points in cones
Cp (b € RI~1). Note that two points in Cp N Z!=1 are not necessary Z-connected in
Cp. For example, take / =3 (so [ — 1 =2) and b = (0,0). Then x := (1,1) and
y := (0, 0) are two points in Cp which are not Z-connected in Cp, because none of
the points (0, 1) and (£1, 0) lies in Cp. However, given b € R'~!, one can construct
¢ < b such that any two points in Cp with integer coordinates are Z-connected in C.
This leads to the introduction of the following set. For b € RI~!, put

Ab):={ceR ™ |c<bandVx,yeCy, x,E,y}. (68)

Proposition 5.10 Let b= (by,...,bj—1) € R!=L. Then we have the following.

(1) The set A(b) is nonempty.
(ii) Forall ¢ € A(b), we have ¢’ < ¢ = ¢’ € A(b).
(iii) The map b+ A(b) is increasing.
(iv) Forall b’ € R~ such that A='.(b — b') € Z'~", we have A(b) = A(b') + (b —
b).

Proof We prove (i) and leave the other statements to the reader. Let @ =

(w1, ...,w;—1) be the vertex of Cp, b’ := b + 2.1 and @' be the vertex of Cy .
Let " = (o}, ...,/ ;) be equal to max(®’, [@]) and let wj = ;" := 0. Now let

c=(c1,...,c1—1) € R/~ be the vector defined by
cii=—w]_| +2w; — o (I<i<l-—1).

We shall show that ¢ € A(b). It is well-known that A~!'>0, whence x € Ch=>x>w
and y € C;, = y<w.Since b <b', we get w € CI/;’ and therefore w < w’ < @”.
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Consider the set
P=xeR ' w<x<o"}.

The argument above shows that Cp, N C ;, C P, and by construction we also have
[@] € P. By definition of ¢, we have ® € P C C,, whence ¢ < b. Let us now show that
any x € Cp N 7!~V is Z-connected to [w] in C.. Note that for x = (x1,...,x,_1) €
Cp NZ'~!, we have x > w (because x € Cp) and therefore x > [@]. We can thus
argue by induction on

-1
N@) =) (i —[oi]) €N.
i=1

If N(x) =0, then we have x = [w] € P C C, and we are done. Assume now that
x € C,NZ"1, N(x) > 0, and consider two cases. Assume first that x € C’,. Then

we have x € Cp N C;/ C P; moreover, we have [w] € P, so x___[w] because any
P

two points in PN 71 are Z-connected. Since P C C., we can conclude in this case.
Assume now that x ¢ C;,. Let1 <i <[—1besuchthat —x;_1 +2x; —xj4+1 > b; +2
(where we put xg = x; := 0). Consider the vector

Y=t Vi) 1= (1u e, X1, X — LXigt, oo xyp) € 271
and put yp = y; := 0. Note that for 1 < j <[ — 1, we have
—YVj-1+ 2y = Vit = =Xj-1 +2X) = Xjp1 = 26 5.

Using this fact together with the definition of i and the assumption x € Cp, we get
y € Cyp. Moreover, since N(y) = N(x) — 1, we have by induction y_a__ [@]. Note

also that x

y because ¢ < b, hence xfgf [@]. O

c c

Keep Notation 5.7. We now construct an integer ¢ such that for all M € N, we
have b(M) € A(b(M + ¢)). Let b € R'~!. By Proposition 5.10, we can define

my =mpy(n,l,r;):=max min (¢;) €Z, (69)
¢ lI<i<i-1
where ¢ = (ci, ..., ¢;—1) ranges over the set A(b(M;n, 1, r))) NZ'7L.

Lemma 5.11 The sequence (m ) peN defined by (69) is increasing. Moreover, we
have my;p =1IM + mo for all M € N.

Proof The first statement follows from the fact that the maps M — b(M) and b —
A(b) are increasing (the latter by Proposition 5.10). Let M € N, b := b(nlM) and
b’ := b(0). Since det(A) = I, the Cramer formula shows that A~L.(b — b') € Z!~1.
Applying Proposition 5.10 (iv) to the pair (b, b') yields A(b(nIM)) = A(b(0)) +
(IM, ... ,IM). The second statement follows. O

Put m(()mi“) = nf}in( )mo(n, I, a;) € R. This is well-defined because A7 ,(s) is a
aj€A] (s

finite set.
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Proposition 5.12 With the notation above, put
c:=n+ (—m(()min)ﬂ +nleZ.

Then ¢ does not depend onr; € A; ,(s) andforall M € N, we have b(M) € A(b(M +
c)).

Proof The first statement is clear. Let ¢ = (c1, ..., c—1) € ABM +¢)) NZ~1 be
such that minj<;<;—1(c;) = mp+.. By proposition 5.10 (ii), it is enough to show that
b(M) < c. We have

M+n— M+n— M i1)y—m
M+cznz(M+l>znl(7+"l mo'ﬂ:n, Gt ) mm
n n

By Lemma 5.11, we get

M) M )=
. M g M +m04%,

Let1 <i <[ —1.Sincer; € A; ,(s), we have r, ;| —r; <0, whence

M

M rig1—r
Ci = Mpge > {——‘ > L D)
n

n n

The result follows. O

Remark 5.13 The author proved in [21, Lemma 4.43] that m(()min) > —[2, which gives
an explicit upper bound for the smallest ¢ € Z satisfying the conclusions of Proposi-
tions 5.12 and 5.6. 3

Proof of Proposition 5.6 Let ¢ € Z be the integer defined in Proposition 5.12. Let s;,
t; € Wi.r N Car4c be such that L5, = L;,. By Lemma 5.8, we have ¢(s;), ¢(¢;) €
CoM+c) N V/an Proposition 5.12 now implies that b(M) is in A(b(M + c)), whence

O

o(s;) —— @(t;). Applying again Lemma 5.8 yields §; = ¢;.
Chmy M
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