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Abstract

The reversibility, or Loschmidt paradox, is a thought experiment in which microscopic
reversibility is exploited to generate an apparently spontaneous trajectory in which en-
tropy decreases, thus violating the Second Law of Thermodynamics (SLT). To achieve
this, the system is allowed to evolve from a low-entropy to a high-entropy configuration,
at which point all velocities of its molecules are reversed, thus producing the desired ef-
fect. In this paper we focus on the velocity reversal step. Implementing this step requires
the measurement of velocities and positions, which must be stored in a memory. Even in
the case of a reversible measurement, the erasure of the stored information, necessary to
reset the measuring device to its original state, has an entropy cost that offsets the entropy
decrease during the reverse evolution of the system. This cost is sufficient to explain why
the described procedure does not violate the SLT.

Keywords Foundations of physics - History of science - Loschmidt paradox -
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1 Introduction

The purpose of this paper is to re-examine the reversibility paradox (RP), related to the
Second Law of Thermodynamics (SLT), using modern developments in the physics of mea-
surement and information. From this perspective we produce an account of the paradox that
is sufficient to explain it: a step in the procedure of the paradox requires a measurement with
an eventual entropy cost that offsets the entropy decrease one can achieve in a different step,
thus avoiding a violation of the SLT.

The RP was formulated in the 1860s in the context of the infancy of kinetic theory. A
complete, well-documented early history is presented in [1]. The initial formulation was
made during discussions between Maxwell, Tait and Thompson (Lord Kelvin). It states that,
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if a system starts in a highly ordered state and one allows it to approach equilibrium, one can
then simply at some point reverse the velocities of all its particles and thus produce a trajec-
tory for which the entropy decreases, and therefore violate the SLT. The argument was inde-
pendently formulated by Loschmidt in the 1870s and became known to Boltzmann. Brush
[1] credits Loschmidt with motivating Boltzmann into formulating his H-theorem in terms
of probabilities. It is precisely the velocity reversal step that this paper concentrates on.

In Sect. 2 we review some of the best-known resolutions of the RP. In Sect. 3 we look
in more detail at the velocity reversal step, introduce elements from the modern theory of
information and measurement, and recast the RP in such terms. All this results in a new
understanding of the paradox. We discuss the findings in Sect. 4.

2 Previous Explanations of the Paradox

The point of the paradox is that one can construct processes that violate the SLT using an
apparently simple reversal of velocities under the existence of reversible dynamics. This
section describes previous explanations or resolutions of the paradox.

In the late 1800s it was argued that, since most available states in equilibrium have
high entropy, encountering a configuration that evolved to a low-entropy state is statisti-
cally improbable [1]. More recent improbability argument address either the relatively small
number of low-entropy initial conditions [2, 3] or the rarity of trajectories in which entropy
decreases [4]. Note that such arguments do not explain the RP — they just make its imple-
mentation rather improbable. Similarly, we see sensitive dependence on initial conditions
arguments as moot, since one can at least conceptually reverse velocities exactly. Even if
not, a reversed trajectory in which entropy decreases should be feasible at least for short
times, thus still violating the SLT.

A different current of thought is that microscopic reversibility and macroscopic irre-
versibility are not incompatible. Swendsen [5] has studied the case of free expansion of
noninteracting particles, initially confined in a small volume, and with velocities following
a Maxwell-Boltzmann distribution, into a large container with perfectly reflecting walls. He
developed an exact solution for the 1D case, and showed that, while the dynamics is revers-
ible, it mimics the irreversible approach to equilibrium one expects as the particles spread
into the larger box. Lebowitz [6] has also stated that the paradox can be explained with
three ingredients: a large separation of scales, the role of initial conditions, and probabilistic
reasoning (not every state of a system evolves according to the SLT — only most of them).

Now, consider two scenarios. (1) A highly ordered macrostate is prepared (e.g., by non-
adiabatic compression) and allowed to relax to a higher entropy state. Then the velocities are
reversed, and the system comes back (close) to the initial microstate — not just macrostate.
The velocity reversal step requires gaining a lot of knowledge about the system that we
initially did not have. For the initial evolution we can at best offer a coarse-grained descrip-
tion, within which transitions from state to state are probabilistic. For the entire reversed
evolution, we know “everything” about the system — not just its coarse-grained macroscopic
configuration. (2) A highly ordered microstate is prepared, allowed to evolve to a state of
higher entropy (as specified above); the velocities are reversed, and the system traces back
its earlier evolution (close) to the initial microstate. This is allowed due to the reversibility
of the system; in this case there is no paradox whatsoever. In scenario (1), however, a poten-
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tial confusion arises due to the switch between the macro and a micro descriptions, which
can be at the root of a misunderstanding of the paradox, as was pointed out almost 50 years
ago [7]. In both cases I have included the specification “close to,” in order to accommodate
the earlier point about sensitive dependence.

3 Measurement, Erasure, Information, and Entropy

The SLT is formulated for closed systems; it is time to look at the only step in the RP where
the system is open to its environment: the velocity reversal step.

In order to determine the velocities and positions of the particle components of the sys-
tem, measurements have to been made by some agent so that, for example, mirror-like bar-
riers can be placed at the appropriate positions and angles so that the particles can indeed
reverse their velocities. This has already been noticed by Zurek [8]. We will call this agent
generically a “Laplace demon.” As part of the measurement process, a record is written in
its memory.

The all-knowing demon (“une vaste intelligence”) proposed by Laplace in a different
context [9] shares some features with the better-known Maxwell’s demon [10]. They both
collect information about a system, store it in their memory, take subsequent actions that
can presumably violate the SLT, and will either affect their environment during the measure-
ment process, or need to have their memory reset at some point.

The Maxwell’s demon operates a trap between two containers so that it concentrates the
faster particles in one of the containers. This creates a lower-entropy state that violates the
SLT at no apparent cost. After 150 years of discussion in the literature, Bennett [11] pro-
posed a solution for why the SLT is not violated after all. It invokes Landauer’s principle
[12], which states that during irreversible operations such as memory erasure the entropy in
non-information bearing degrees of freedom in the demon or its environment must increase.
Landauer’s principle has been recently verified experimentally [13—15] in a variety of phys-
ical systems. This principle is an extension of an earlier discovery by Szilard [16, 17] that
erasing a measurement has a thermodynamic cost, but which now has been extended to
apply to irreversible measurements.

To elaborate on the above: following [11], a Maxwell’s demon can potentially perform
either irreversible or reversible measurements. In the first case, the measurement of each
bit of information will require the generation of at least £ In 2 of entropy, thus avoiding a
violation of the SLT. A reversible measurement requires a standard state for the bits where
the measurement will be recorded, so that no previous information is overwritten. Then, the
irreversible step is not the measurement, but instead the erasure, or resetting of the memory
to the standard state. This is where Landauer’s principle comes in.

Thus, in order to restore the demon (Maxwell’s or Laplace’s) to its original state after a
reversible measurement, there is an entropy cost, which offsets the decrease in entropy in
the system as it follows its reverse path. In the RP scenario, the SLT therefore, still holds.
As an example, for N monatomic particles and 20 bits per coordinate, the required entropy
increase is /20Nk In 2. The decrease of entropy in the reverse trajectory is bounded from
above by this number, and will usually be less, depending on the level of coarse-graining of
the system used to calculate the entropy.
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4 Discussion and Conclusions

The SLT is valid for closed systems. In this paper we have shown that in the standard for-
mulation of the Reversibility Paradox, the system in question must interact, even if for a
brief time, with a measuring device. There is an ensuing transfer of information that, either
is irreversible, or in order to satisfy the constraints of the SLT of no changes in the environ-
ment, needs to be reset. The last step has an entropy cost that offsets the decrease of entropy
resulting from the reversed trajectory. Thus, the SLT is not violated. The resolution of the
paradox presented here closely mirrors that of the Maxwell’s demon offered by Bennett.
While this explanation does not challenge the vast effort in going from microscopic to mac-
roscopic descriptions of physical systems, it simply suggests that this machinery is not the
way to explain the reversibility paradox.

To reinforce the argument, consider any ideal gas process in which the entropy of the gas
decreases — for example, an isothermal compression. This decrease is legitimate, as long
as there is an equal, or greater increase of entropy somewhere else (e.g., one, or multiple
thermal reservoirs) so that the overall entropy of the closed system (gas+reservoir) does
not decrease. The set-up of the RP is no different, although it contains an illusion. Our sight
is directed to the forward and backwards “closed” evolution, while misdirecting us from
the crucial interaction with the environment that protects the integrity of the SLT through
a sequence of measurement, information storage, and erasure with an entropy increase
through Landauer’s principle, if needed. None of this was known in the 1800s, but as was
done with Maxwell’s demon 40 years ago, the complete story can now be told. The other
two paradoxes from that time, Gibbs’ and the recurrence paradox, never involve opening the
system to an external agent and hence their resolutions are totally different.

The final remark comes in the context that I have written this paper thinking about clas-
sical gases, which were familiar to scientists in the 1800s. By now, a real-life Maxwell’s
demon has been implemented in a laser cooling experiment [18], in which ultracold atoms
confined by magnetic traps are isolated with the use of carefully tuned laser beams. In
this set-up, scattered photons, one per atom, carry information about the turning point and
energy of each atom, thus constituting the memory. As these photons are absorbed far away
from the set-up with possible re-emission of other photons uncorrelated with the original
process, this information is lost and the entropy of the demon - contained in the radiation
field - increases [19]. The demon here is an inert, physical device — but the point is that it is
real — not just an idle object of speculation.
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