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Abstract

We study the Planck scale effects on Jarlskog determiant in the four flavor framework. On
electroweak symmetry breaking, quantum gravitational effects lead to an effective SU(2)
x U(1) invariant dimension-5 Lagrangian including neutrino and Higgs forces, which per-
turbed the neutrino mass term and produce an extra terms in the neutrino mass matrix. We
consider that gravitational interaction is independent from flavor and compute the Jarlskog
determiant due to Planck scale effects. In the case of leptonic sector, the strentgh of CP
violation is measured by Jarlskog determiant. We applied our approach to study Jarlskog
determinant in the four flavor neutrino mixing above the GUT scale.

Keywords Jarlskog determinant - CP violaton - Planck scale

1 Introduction

The evidence of a deficit of detected solar neutrinos [1] indicates that electron neutrinos
must also participate in lepton mixing. Recently from the analysis of the Super-Kamiokande
data [2], the normal (inverted) neutrino mass squared differences with 90% CL were found
tobe 1.9(1.7) x 1073eV?2 < Az < 2.6(2.7) x 1073V 2. The parameters of sterile neu-
trino (mass squared difference A4y = mi — ml2 and the mixing angle (sin2 014)) are
excluded by the joint results of Day Bay, MINOS and Bugey-3 data [3]. The latest best
fit value of neutrino mass square difference and mixing angle from the analysis of global
neutrino oscillation data are found to be [2] A4y = 1.7¢VZand sin® 614 = 0.019. In
search of neutrino oscillation, three different scale of neutrino mass-squared differences
Amfun < Amgzm < Am% sy p Obtained by atmospheric and solar neutrino oscillation
experiments and LSND collabration ,which required four netrinos with definite mass to
explain these data. Super- Kamiokande Collaboration, Y. Fukuda et al. [4] experimenatal
data was in good agreement with two flavor oscillation i.e.v, — v and provided evi-
dence for neutrino oscillation. Another Liquid Scientillator Neutrino Detector (LSND) also
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confirmed atmospheric neutrino oscillation v, — v through muon neutrino flux from
H'g'decay in flight (DIF) which has completely different backgrounds from the v, — Ve
DAR oscillation search . LSND experiment provided that both effect was due to neutrino
oscillation by C. Athanassopoulos et al. [5]. All these neutrino oscillation data could be
explained successfully by four neutrinos with definite mass by S.M. Bilenky et al. [6] .Thus
four-neutrino models have been studied by many authors [10-13].

The assumption of the violation of CP and T symmetries are to be profound in the
four-neutrino mixing models. The modern long oscillation length accelerator neutrino
experiments are needed for the observation of leptonic side CP and T-violation. There are
many ways to incorporated the non trivial CP violating complex phases in 4x4 lepton flavor
mixing matrix. These relative phases and magnitude of the coupling consants are respon-
sible for maximal CP violation. For real mixing matrix there is no CP symmetry violation,
but in case of neutrino flavor mass mixing matrices some rephasing Jarlskog invariants are
assigned for CP and T violation by C. Jarlskog [7] . Within the framework of four-neutrino
mixing, the role of these Jarlskog invariants are very much crucial for the study of violation
inCPandT.

This paper is organized as follows. In Section 2, we briefly describe the Jarlskog invari-
ants which leads to an CP violation. In Section 3 we summarize the effect of planck scale
for four neutrino mixing angle. We also investigate the effect of these planck scale on Jarl-
skog determinant in Section 4. Results and Conclusions are briefly discussed in Sections 5
and 6 respectively.

2 Jarlskog Determinant in Four Flavor Framework

CP violation arise as three or more generation [8, 9]. CP violation in neutrino oscillation
is interesting because it relates directly to CP phase parameter in the mixing for n ; 3
degenerate neutrino. We can write down the compact formula for the difference of transition
probability between conjugate channel.

APyg = P(vy — vg) — P(vg — vy) (1)
Py = vp) = bap — Y [4Re(XUp) sin® Ayj = 20m(XJ) sin 245 @)
i<j

where,

(o, B) = (s,€), (7,5), (e, )
Xy = (ViU U3 U3

m2L 2 2
Ajj = 4E 8m._m'—mj ,

L is the oscillation distance and E is the neutrino energy. The quantity X [14] are related
to the Jarlskog invariant by [15]

Jaﬁ =~ Im (Xaﬁ) 3)

The goal of ongoing experiments are the determination of the upper bound on the parameters
of four neutrino mixing angles. In particularly, the observation of ¢ is quites interesting for
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the point of view that § related to the origin of the matter in the universe. The determination
of § is the important goal of the experiments.

As we know that sterile neutrino do not interact with the weak interaction, they might
be oscillate with active neutrinos. Once consider the sterile neutrino we are led to a more
general (n + n”) x (n + n”) lepton flavor mixing matrix [16], defined as U in the chosen
flavor basis. For the flavor mixing of one sterile neutrino (vs) and three active neutrinos
(Ve, vy, v¢), the explicit form of U [10] can be written as

Usl USZ Us3 Us4
Uet Uep Uez Uey
U= Upt Upo Upz Upg ’ )
Ur1 Uy Uz Uy
The matrix U contains six mixing angles and three phase angles for Dirac neutrinos and
for Majorana neutrinos, We required three additional phase angles for proper defining the
oscillation matrix U . The rephasing invariants Jarlskog [7] of CP or T violation for both
cases are as follows : y
15 = Im (U Up U U ©)
where, (o, B =s,e,u,t)and (i = 1,2, 3,4).
Since U is Unitary matrix, Thus we get,

wp = Jo = Jgp=Jp =0 (6)
and
ij jit_ i ji
Jop=—Tlg =Ty, =—T}, Q)

Hence we deals with four flavor framework by incorporating the sterile neutrino of eV
range and the mixing of this sterile neutrino with three neutrinos is light. By adding one
sterile neutrinos [11], there is an increment in mixing angles and CP violating phases in the
PMNS matrix Usx4 which is given by,

U = R3s R R14R3 R13R12, )]
where the matrices R;; are rotations in ij space,
cr2 s1pe 200 10 0 0
| —si2e®2 e 00 o1 0o o
Rz = 0 0 10 and  Rsi =100 ¢y sy

0 0 01 00 —s34 c34

where Sij = sin@ijei‘sff, Cij = COs 0,,-.
Note that there are in total six CP-violating phase §;;. The explicit form of U is

Us1 = (ci4c13€12),
Uso = (c1acizsine”'°12),
Uss = (crasize 1),

Usa = <S14€_i8‘4) ,

is —is is —is is
Uel = (—c24c23512€"°12 — cogs03e™ "B 513€" 31 — so4e™ 514 "4 C13012),
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—is i —is —is is —is
Uer = (c2ac23c12 — c24523€ "*P 5136 B 5126712 — s04e7 514" M 1351227 1012),
—is —is is —is
Uez = (c13c24523¢ "% — sp4e” 2 s14€' Ms13¢7'°13),

—is
Ues = (cras04e™ "),

is is is —is is is
Upt = (c3a523€"°P512€"°12 — c34003513€" P 012 + 53867 P504€' 2 235126012
5306 0504002 55307102 51361003 ¢

—s34e” % cpys146 M cp3e12),

is —is i —is is

Up = (—caas23e' P c1o — c34c3513¢ *B3s512e"°12 — 53427 P4 504€" 2 023012
+s34e*l53432461524”36*!523513615133126*1512
—s34e” 1% coy514M 0 35100 7012),

s s s s s s
Uus = (casc23c13 — s34€” P54 2 593" 013 — s34 P cogs14€"Ms13€7013)
—is
Upsa = (s33¢” "% co4c14),

is is is is
Uri = (534512523 + s34€" % c3s13€'crn + caasn4e'* cp3512€"12
+ezasaae’spze s e ey
i5
—c34cs14€' 4 C13012),

i is i is —is is
Urr = (s34€"c12523€"°P + 534€' P ep3513€" P 5107912 — c34504€" " c23¢12

+c3a504€ 3450307108 513010135 57012
is —is
—c34c24514€' M c13s120012),

s s " s s
Urz = (—s34€' 423013 — c3a504€' " 523" 013 — c34¢04514€ 51367 713)

Urq = (c34c24C14),

We get the analytical expression for P(«, 8) using the usual form of the MNS matrix
parametrization given by U,

P(vy = vp) = 8up — [4{Re(X}3) sin® A1y + Re(X3) sin® Ajz + Re(X}p) sin® Ay
+Re(X3p) sin® Ags + Re(X25) sin® Agy + Re(Xgp) sin® Asy}
—2{J5 sin2A1 + Ju3 sin2A13 + Jg sin2A 4
U3 sin2A03 + J g5 sin 2804 + Jog sin 2A34}] )

We get nine independent [24] Jé{s , whose magnitudes depends only upon three of the
six CP-violating phases or their combinations in a specific parametrization of U. The nine
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jarlskog Jééand six mixing angles for four flavour mixing are define using the matrix U in

(4) are,
J13 = Im( ;1U63Us3 )
Jszg4 = ( Y2U64 )
I = (Ussuews4 5)
J5 = Im (UnUssUUY)
I = (UrlUs4Uf4 ")
I3 = Im (UnsUsUUS)
JZ = Im (UerlﬁUe;UMz)
12 = Im (UaUuUsUs)
I3 = Im (UalUaUL U )
And,

sin?

sin?

[Ue3l? (1 — [Uga|?) —

.2 2
sin” 614 = [Ug4|

Ual?
sin2 Oy = |874|2
1 - |Us4|
2
O34 = ‘Uu4|
1 — |Uaul* = [Ueal?
Ual?
sin? O3 = 7| s3] 3
1 — [Usq
U 2
012 — | 52|

1 — [Uul? — |Ug?

(IUsl? Ueal?)

sin? O3 =

\Us1Uet 4+ UpaUea|* (1 — |Usal?)

1 — |Ugl? — [Uea)?

(1 = 1Ussl* = 1Us31?) (1 = |Ugal?* =

(10)

an

12)

13)

(14)

5)

16)

Equation (10) is very much crucial to study the role of violation in CP and T within the
framework of four-neutrino mixing. B. S. Koranga et. al. [17-19, 22, 23] did some analysis
on CP and T violation within two or three flavor framework for different parameterization

and above GUT scale.

3 Four Neutrino Mixing Angles Above the GUT Scale

Neutrino mass square differences and mixing angles above the GUT scale are developed in
paper [21]. A neutrino mass matrix M is given by
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where, Uy; is the usual mixing matrix and M;, the neutrino masses is generated by Grand
unified theory. Most of the parameter related to neutrino oscillation are known, the major
expectation is given by the mixing elements U.

In term of the above mixing angles, the mixing matrix is

U = diag(e’!, "%, /3, eT*)R(034) R(O24) AR(O14) A* R(623) R(013) R (O12)diag (e™, e ¢! | 1). (18)

The matrix A = diag(e%, 1,1, e_T”S) contains the Dirac phase. This leads to CP viola-
tion in neutrino oscillation «, B and y are the so called Majorana phases, which effects the
neutrinoless double beta decay. f1, f2, f3and f4 are usually absorbed as a part of the defi-
nition of the charge lepton field. Planck scale effects will add other contribution to the mass
matrix that gives the new mixing matrix can be written as [20, 21]

U =U(+i806),
Usl Us2 Us3 Us4
Uet Uep Upz Uey
Upt Upo Upz Upg
Uri Ura Uz Ursa

> iUsi86i1 D ;U802 Y Usi86i3 D Usi86;4
D iUei86i1 D Uei86in Y ;Ueid0i3 Y ;Ui 8614
ZiUm(SQil Zi U.id0ir Zi U,.id60;3 Zi U,ié6i4
D iUzid6i1 D ;U802 Y ;Urid0i3 Y ;U864
Where §0 is a hermition matrix that is first order in u [20, 21]. The first order mass square
difference AMl.Zj = Ml.2 — sz., get modified [20, 21] as

i (19)

2
AM;; = AM[; + 2(M; Re(m;;) — M Re(m ;). (20)
and
m = puU'AU, (21)
where
2
L= —— =25x10%V.
My

The change in the elements of the mixing matrix, which we parametrized by §6 [20, 21],
is given by

iRe(mi;)(M; + M;) — Im(m;;)(M; — M)
72 :
AM;;
The above equation determine only the off diagonal elements of matrix 86;;. The
diagonal element of §6;; can be set to zero by phase invariance.

Using (19), we can calculate neutrino mixing angle due to Planck scale effects [31],

86;; = (22)

2

sin? 0], = [UL,|", (23)
;2

sin oy, = el (24)
1= [U]
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U, ‘2
sin® 0}, = (25)
= (UL =
sin® 0], = & (26)
1= oyl
;12
sin® 0], = Vg 27)
L= [uf” - U
Ui (1=, ( Uil*)
oy, = 9l (1= 1UP) = (1P e
L= U]~ U]
UL UL+ URUL[ (1 - |Us/4}2>
(28)

+ / / ;12 VAN
<1_|Us4| _|Us3| )(l_|Us4| _|Ue4|)

where,

U(;l =Uqy + ZUai

i

—Re(m;))(M; + My) — ilm(m;))(M; — My)
M? — M} +2(M;Re(m;;) — MiRe(m1))

Uo/,z = Uy + Z Uyi

i

—Re(mi2) (M; + M) — ilm(min)(M; — M)
M? — M3 + 2(M;Re(m;;) — MsRe(m»n)

Upy = Uz + Y Udi

i

—Re(mi3)(M; + M3) — iIm(m;3)(M; — M3)
M} — M3 +2(M; Re(mi;) — MaRe(m33)

Re(mm)(M + My) — ilm(mjg) (M; — My)
U, = a4+ZUa1 5 ., a=s,e 1
—Mj + 2(MjRe(m;i) — M4Re(mys)

4 Jarlskog Above the GUT Scale

Normal order or inverted order neutrino mass spectrum crucially depends on the neutrino
mixing angles define in (23-28) and plank scale correction has very subtle effect on these
spectrums. Thus, we consider a degenerate neutrino spectrum and take the common neu-
trino mass to 2 eV, which is the upper limit from the tritium decay experiment [25]. Let us
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compute new nine Jarlskog determiant due to new mixing due to Planck scale effects. which
is simply given by replacing the matrix U by perturbed matrix U’,
1= 1 (U + 1) Usiotin) (Vs +0), Uaidtia) (U =i )2, U500) (U = i), 058071 ))
U+ Uadi) (Ve i Uadtia) (U2 — IZ Uso0s) (U — 1Y, Uz06%))
3 = i (U 1 Unid613) (Ues 0 Uaidtra) (U =iy U065 (U = i), U065
Uri iy Unidtn ) (Uss +i)_ Ueidtis ) (Uss IZ U6},

(
(
(
( )( ) (v
B =t (Ve 403 Uastn ) U+ Uastia) (Usy =13, U306,
( )( )(
(
(
((u

7 = Im ((Ues +iy Unidtis) (Uss +i)_ Uaidtia) (Ufs — i) U565 ) (Uss =iy U663
B = tm ((Ua+i Y Uadtin) (Ups +1 Upidtis . )

134’

) (v
)
)
)( ) (vis =i viseis) (Ui

U iy, Uad0i2) (Ups +i 3 Uuidtia) (U = i3, Uz003) (U
) (v )( ) (v

iy Uedtis) (Upa+ i) Unidtis) (Ul =iy U060}

Q
T
™

=3

QO
S

.
In term of mixing angle and Dirac phases, we can write Jarlskog determinant J (ZS above the
GUT scale are,
13/ _ 1 . / . ’ . ’ . / / / . / H
Joo = T sin 20|, sin 20| 5 sin 26|, sin 26,, cos 61, cos H55 sin |5 sin by,
T sin 26/, sin 26/ 5 sin 26, sin 2055 cos 6], cos> 65, sin 6,

L. s /s / 2 g/ ! owGinAl
+§ sin 2615 sin 261, sin 205, cos” 6}, cos 6}, sin 635 sin (6, — 6) (30)

24/ L. /s /A ’ ’ ’ /A
J) = 3 sin 260, sin 20| sin 26,, cos 6|5 cos 04 cos 6,5 sin Oy
1 . / . / -2/ / : / 3 / o
+Z sin 2615 sin 26, sin” 0], cos 0, sin 0 sin 63 sin (6, — 6) 31
1
J34 3 sin 26} sin 261, sin 265, cos 01, sin 655 sin (6, — 6-) (32)

/ 1. . . .
JI¥ = g sin 26}, sin 261, sin 263, cos> 0], cos 8], cos 63 cos 03, sin Oy
1. . . . .
+g sin 26}, sin 261 5 sin 26} , sin 26}, cos 8], cos 633 cos> 0, sin by

1 . . . . . .
+3 (cos2 04, sin” 05, — sin’ 9§4> sin 20/, sin 26} 5 sin 2655 cos 0}5 cos> ], sin 6,

1. . . . .
—gsin 201, sin 2], sin 265, cos 6], cos? 014 cos? 05 sin 05, sin (6x — 6y)

1
T sin 261, sin 2615 sin 261, sin 2603, cos 01, cos B3, sin 6} 5 sin B35 sin (Ox + 6;)
+3 sin 2615 sin 261, sin 26}, cos> 6, cos 0], cos” 04, sin 035 sin (6, — 6;)

1
-3 sin 26}, sin 26/ 5 sin 26}, cos 8, cos 8] 5 sin® 8} sin 6, sin (6 — 6y + 6) (33)
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/ 1. . , .
VAN g sin 26}, sin 264, sin 26}, cos® 6}, cos A1, cos B35 cos 05, sin O,
1. I ! ! 2y ! 29/ o
—g sin 201, sin 205 sin 26,, cos” 61, cos 0,5 cos” 3, sin by,
L. . . . .
—gsin 201, sin 201, sin 265, cos 0} cos 01, cos 63, sin O35 sin (O + 6;)

1
—g sin 261, sin 26} 5 sin 265, cos® 8, cos B, cos® 0}, sin B35 sin (8, — 6;) (34)

N . . .
J3¥ = —sin26, sin 26}, sin 26}, cos 6], cos 855 cos 65, sin b,

8
L. /s /A / / 20! o /o
+3 8in 2615 sin 261, sin 263, cos 6] cos” 034 sin 63 sin 6y —06,) (35
/ 1
Jezlf =-2 (cos? 0] cos? 045 sin 0, — cos? 0], cos? 04 sin 0}y + sin® 6, sin” 0}, sin® 05

+sin® 01, sin® 6}3) sin 205 sin 26}, sin 0], cos 65 cos 05, sin Oy
1 . . . . .
+Z (cos? 013 cos? 044 sin® 045 — cos? 043 cos? 9 sin? 015+ sin® 015 sin? 014 sin® 0%
— sin? 0}, sin® 05) sin 26/, sin 264, sin 8, cos 6, cos B4 cos 05, sin 6.
34 23 12 24 14 13 23 24 'y
1 . . . .
+§ (cos? 0 cos? 0%y — cos? 034 sin? 014 sin? 04 — cos? 0%y sin? 014 sin? 054
+ sin” 0 sin? 65, sin® 0},) sin 20], sin 20]5 sin 2655 cos B} 5 cos 04, sin 6,
L/, . . .
+7 (sm2 044 c0s? 0] — cos? 05 sin 9,/3) sin 26}, sin 263,
cos? 0)3 sin 6} 5 sin? 61, sin 63, sin (6, — 6y)
1
2/ 2/ 2/ 20 «in2p! 2200 a2l an2 gl
+Z(COS 053 — sin” 0y, cos” 03 — cos™ b, sin” 05 + sin” 05 sin” 0}, sin” 0,,)
sin 261, sin 263, cos 0} cos 63, sin 655 sin (O + 6;)
1 . .
-2 (cos? 01, cos? 033 cos? 04 — cos? 01, cos? 033 sin? 0%y — cos? 033 cos? 9 sin? 01,
+sin 0/, sin” @], sin” 64, — sin’ 6], sin® 6}, sin® 6},) sin 26/ sin 264, sin 6/, sin 645 sin 6y —8,)
=6y 14 ST 034 12 SIN™ 673 SN 034) SIN 20 3 24 14 S10033 y — bz
1 . . . .
+7 (cos? 0], cos? 0] cos? 0, — cos? 0] cos? 05, sin® 0]5 sin” B}, — cos® 0}5 cos® B}, sin® 6], sin” 6],
cos sin sin sin sin sin sin sin (6 — 6, .
+cos” 0y, sin” B, sin” 615 sin® 6],) sin 2655 sin 263, sin 635 sin (6 — 6, + 6
1
2/ 20/ «in2p! 20" win2n! inl2 ! «inl 20 «in2n ainl2a! an2p!
_Z(COS 013 €08~ 6,4 SIn~ 03 — cOs” B3 sin” B,3 sin” 6, sin” 01, — cos” B, sin” H,3 sin” 615 sin” 0}4)
sin 26}, sin 263, sin 65 sin 63 sin (6 — 6y + 26)

1
T sin 26}, sin 26} sin 263, sin 26}, cos 6} cos B3, sin* 0], sin (6 + 6,)

1
+E sin 261, sin 2615 sin 2055 sin 26}, sin 6} cos 0}, sin O}, sin (Ox — 6,)

1

+3 (c052 65, — sin? 9§4) sin 263, sin 265 sin 2603, sin 65 cos 6], sin 63, sin ], sin 6 sin (fy — 26.)
1

-3 (cos2 6}, — sin’ 9{2) sin 26} 5 sin 26}, sin 26}, sin” 65, cos 83, sin 8], sin 635 sin (6x — 26, + 26,)

1
3 sin 26}, sin 26 sin 263, cos 6], cos 633 sin By, cos 63 sin 6}, sin 63, sin (6 — 26, + 6;)

1
+3 sin 20], sin 26} 5 sin 264, sin 26}, sin 0] sin 6}, sin” 645 sin 63, sin (6, — 26, + 30;) (36)
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Table 1 Some value of Jarlskog Determinant above GUT scale for various value of Majorana phases. Input

value of mixing angles 013 = 107, 63 = 45, 012 = 34°, 634 = 18.57, 604 = 47,014 = 3.6°

o B % J!, x 1074 7, x 1074 Jlx 1074
00 450 o0 16.3268 -16.3216 0.1575
00 450 450 11.1673 -12.0438 -0.7514
00 450 900 15.9772 -16.226 0.1293
00 450 1359 21.1395 -20.5047 1.0385
00 450 180° 16.3268 -16.3216 0.1575
0° 1350 o0 -16.3268 16.3216 -0.1575
00 1350 90° -15.9772 16.226 -0.1293
0° 1350 180° -16.3268 16.3216 -0.1575
450 450 o0 4.9008 -4.2205 0.8779
450 450 450 -0.0007 -0.0056 -0.0036
450 450 900 4.9861 -4.2947 0.8925
450 450 1350 9.8869 -8.5091 1.7739
450 450 180° 4.9008 -4.2205 0.8779
450 90° o° -11.4116 12.1015 0.7409
450 90° 900 -10.9707 11.928 0.7845
450 90° 180° -11.4116 12.1015 0.7409
450 1359 o0 -26.7413 27.5152 0.5718
450 1359 450 -31.3015 31.6378 -0.2819
450 1359 900 -25.9765 27.2563 0.6412
450 1350 1359 -21.4225 23.1361 1.4944
450 1350 180° -26.7413 27.5152 0.5718
450 1800 o0 -10.4681 11.2299 0.7096
450 180° 900 -10.0577 11.0699 0.7503
450 180° 180° -10.4681 11.2299 0.7096
900 450 o0 15.341 -15.4407 0.1486
900 450 900 15.0103 -15.3514 0.1219
900 450 180° 15.341 -15.4407 0.1486
900 1359 o0 -15.341 15.4407 -0.1486
900 1359 900 -15.0103 153514 -0.1219
90° 1350 180° -15.341 15.4407 -0.1486
1359 450 o0 26.7413 -27.5152 -0.5718
1359 450 450 21.4225 -23.1361 -1.4944
1350 450 900 25.9765 -27.2563 -0.6412
1350 450 1359 31.3015 -31.6378 -0.2819
1350 450 180° 26.7413 -27.5152 -0.5718
1359 90° o0 11.4116 -12.1015 -0.7409
1359 900 900 10.9707 -11.928 -0.7845
1359 90° 180° 11.4116 -12.1015 -0.7409
1359 1350 o0 -4.9008 4.2205 -0.8779
1359 1350 450 -9.8868 8.5091 -1.7739
1359 1359 900 -4.9861 4.2947 -0.8925
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Table1 (continued)

o

B y JI, x 1074 I % 1074 JLox 107

1359
1359
1359
1359
1350

1350 1350 0.0007 0.0056 0.0036

1350 180° -4.9008 42205 -0.8779
180° 00 10.4681 -11.2299 -0.7096
180° 90° 10.0577 -11.699 -0.7503
180° 180° 10.4681 -11.2299 -0.7096

20 _
Joi =

34
Jon

where,

1 . / H ’ B ’ H ’ ’ / . A . / :
16 sin 265 sin 260} sin 26, sin 263, cos |4 cos 6,3 sin O} 4 sin 6, sin O
L 26, sin 20, sin 26 01 o1 03, sin® 0}, sin 0
+g §in 265 sin 201 sin 26), cos 63 cos 01, cos B3 sin” O3, sin by
L. . . . .
- sin 20/, sin 263, cos” 8, cos> B} cos B, cos B, sin 8 5 sin B, sin (6x — )
+g Sin 261, sin 26}, sin 26, sin 26034 cos 0[5 sin 635 sin 3, sin (6x + 6y)
—gsin 20|5 sin 20], sin 204, cos 8], sin® 8, sin 6} sin” B}, sin (6, — 6;)

1
+g sin 201, 5in 265 sin 263, cos 85 cos’ 81 sin® B3, sin 64, sin (6 — 6, + 26;)

1
-2 (cos? 0], — sin® 0}, sin” 0]3) sin 2045 sin 265, cos” 6], cos B3 cos 05 sin O3 sin (6x =6y +6:) (37

1. . /e /o / ’ I I
= T sin 26,5 sin 26, sin 260,, sin 203, cos 64 c0s 65 sin B, sin O

1
+g sin 2015 sin 26}, sin 26}, cos B}, sin B} sin? 63, sin (6, — 6;)

1. /o / 2/ 2/ / [ |
+7 8in 2635 sin 263, cos” 013 cos™ 61, cos By, cos 034 sin B3, sin (0x — 6y +6.) (38)

Oy = 814 — 813 — 834
= 814 — 612 — 824
0, = 813 — 812 — 823 (39)

)
<
|

The values of six CP-violating phases §;; are between 0 and 2.

5 Numerical Results

Since, the role of Jarkslog invariant that is apear in the oscillation probability (see (2)) seems
to be in additive manner as given in (9). Hence, we are numerically calculated the collective
role of Jarlskog invariant of a particular oscillation is given by

@ Springer

ro_ 13 24/ 34/
Jse - ]se + ‘Ise + ‘Ise

ro_ q13 14 34/
Jrs - J‘L’S + Jm + Jrs

T, =00+ 1+ I (40)
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Fig.1 Fora = 0°, the variation of J/, , J/ and J}, with 8 and y. Input values are A3} = 2.0 x 1073¢V?,
Ay = 8.0 x 1079eV2, Ay; = 1.7eV? and mixing angles 83 = 10°, 63 = 45°, 01 = 34° 034 =

18.5%, 6r4 = 47,014 = 3.6°
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Fig.2 Foro = 457, the variation of J/, , J}, and J}, with B and y.TInput values are A3 = 2.0x 1073¢V?2,
Ay = 8.0 x 1075eV2, Ay; = 1.7eV? and mixing angles 83 = 10°, 653 = 45°, 01 = 34° 034 =

18.59, 604 = 47,014 = 3.6°

@ Springer



International Journal of Theoretical Physics (2021) 60:3548-3565 3561

g
R S Ir
el

Eeornra

Fig.3 For o = 90°, the variation of J/, , J}, and J}, with 8 and y.Input values are A3} = 2.0x 1073¢V?,
Az = 8.0 x 1073eV2, Ag; = 1.7¢V? and mixing angles 813 = 10°, 6,3 = 45°,0;, = 34° 034 =

18.5%, 004 = 4%, 6014 = 3.6°
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Fig. 4 For o = 135°, the variation of J},, J/, and J, with B and y. Input values are Az} = 2.0 x
1073eV2, Ay = 8.0 x 1079eV2, Ag; = 1.7¢V? and mixing angles ;3 = 10°,6p3 = 45°, 6;, = 34°

034 = 18.5%,0p4 = 47,014 = 3.6°
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Fig. 5 For @ = 180°, the variation of J},, J/, and J, with 8 and y. Input values are Az} = 2.0 x
1073eV2, Ay = 8.0 x 1079eV2, Ag; = 1.7¢V? and mixing angles ;3 = 10°, 63 = 45°, 61, = 34°

034 = 18.5%,0p4 = 47,014 = 3.6°
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We know that the neutrino are almost degenerate just above the electroweak break-
ing scale. Therefore, we take a common neutrino mass to be 2 eV, which is upper limit
of tritium beta decay spectrum [25]. The contribution of the term in beyond the GUT
scale, € = 2(M;Re(m;;) — MjRe(m;), can be additive or subtractive depending on the
values of the phase «, B,y and phase f;. We have taken A3 = 0.002¢V2 26, 27],
Az = 0.00008¢V2 [28] and Ay = 1.7¢V?2 [29] . For simplicity, we have set the charge
lepton phases fi = f> = f3 = f4 = Oand §;; = 0 . The active sterile neutrino mixing
angle are 614, 624 and 634. In this work, we consider following value for sterile neutrino
mixing angles [30], 614 = 3.67, 6rg = 49, 034 = 18.5°.1In Table 1, we list combine
value of Jarlskog Determinant above GUT scale for various value of Majorana phases «,
and y. In Figs. 1, 2, 3,4 and 5, we plot the Jarlskog Determinant with 8 and y for different
a values. As you can see from figures, the trend of graph is nearly same for different values
of « but with different magnitudes of Jarlskog determinant which is in vertical axis.

6 Conclusions

The understanding of Jarlskog determinant is important for flavor physics. In both the
quark and lepton sectors, this Jarlskog invariant provides the ability to control the mag-
nitude of CP violation. We studied the Jarlskog determinant in four flavor framework
above the GUT scale. We calculated the Jarlskog determinant by new MNS matrix in the
form of 4x4 matrices, (19), by using four flavor mixing angle above the GUT scale, (23—
28) with current neutrino mixing angles. The values of Jarlskog determinant shows some
phase inversion for some combinations of Majorana phases «, § and y .. Since, the mag-
nitude of Jarlskog determinant above the GUT scale is of the order of ~ 10723 Hence,
we tabulated the Jarlskog determinant which has much larger magnitude for some par-
ticular combination of Majorana phases «, 8 and y.. In the lepton sector above the GUT
scale, we can constraint the Jarlskog determinant for normal mass order which is given as
—31.3015x 107* < J/, <31.3015x 10™*,-31.6378 x 10~* < J/, < 31.6378 x 10~* and
—1.7739 x 1074 < J!, < 1.7739 x 1074
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