
Vol.:(0123456789)

International Journal of Thermophysics           (2024) 45:73 
https://doi.org/10.1007/s10765-024-03367-7

1 3

Characteristic Curves of Polar Fluids: (II) The Two‑Center 
Lennard–Jones Plus Quadrupole Fluid

Hans Renneis1 · Simon Stephan1

Received: 16 March 2024 / Accepted: 31 March 2024 
© The Author(s) 2024

Abstract
A systematic study of Brown’s characteristic curves of the two center Lennard–
Jones plus point quadrupole (2CLJQ) fluid was carried out using molecular simula-
tion and molecular-based equation of state (EOS) modeling. The model parameters 
(elongation and quadrupole moment) were varied systematically covering the range 
relevant for real fluid models. In total, 36 model fluids were studied. The independ-
ent predictions from the EOS and the computer experiments are found to be in very 
good agreement. Based on these results, the influence of the quadrupole moment on 
the fluid behavior at extreme conditions is elucidated. The quadrupole interactions 
are found to have a surprisingly minor influence on the extreme state fluid behav-
ior. In particular, for the Amagat curve, the quadrupole moment is found to have 
an almost negligible influence in a wide temperature range. The results also pro-
vide new insights into the applicability of the corresponding states principle, which 
is compared to other molecular property features. Interestingly, for a wide range of 
quadrupole moments, the fluid behavior at extreme conditions is conform with the 
corresponding states principle—opposite to the influence of other molecular fea-
tures. This is attributed to the symmetry of the quadrupole interactions. Moreover, 
an empirical correlation for the characteristic curves was developed as a global func-
tion of the model parameters and tested on real substance models. Additionally, the 
applicability of Batschinski’s linearity law for the Zeno curve was assessed using the 
results for the 2CLJQ fluid.
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1  Introduction

Polarities play an important role for many real fluids, which can be favorably 
modeled using multipole expansions [1, 2], i.e. dipoles, quadrupoles, octopoles, 
etc. For molecular models, in particular dipoles and quadrupoles are frequently 
used. A quadrupole describes the electrostatic field of four point charges of the 
same magnitude. A linear point quadrupole describes the electrostatic field of 
three point charges with q, −  2q, q, which corresponds to two collinear point 
dipoles with the same magnitude, but opposite orientation. Hence, a point quad-
rupole describes a relatively complex charge distribution considering the fact 
that it is represented by a single interaction site. The two-center Lennard–Jones 
plus quadrupole fluid (2CLJQ) is an important model class that comprises a point 
quadrupole. This model class is often used for the description of real substances, 
e.g. halogens, simple gases, and refrigerants [3–10]. In the 2CLJQ model class, 
two identical Lennard–Jones interaction sites with the dispersion energy � , the 
size parameter � , and the mass M are placed at an elongation distance L. Addi-
tionally, a point quadrupole is positioned at the center of the two Lennard–Jones 
sites and its orientation is aligned with the molecule axis.

The 2CLJQ model fluid has been systematically studied in the literature for 
several thermophysical properties, e.g. vapor–liquid equilibria [11], interfa-
cial properties [12–14], and virial coefficients [15, 16]. Also, several Helmholtz 
energy models have been proposed for modeling the effect of quadrupole interac-
tions on thermodynamic properties [17–19]. Thereby, the influence of molecu-
lar interaction quadrupole moments on different macroscopic properties has been 
elucidated. Yet, homogeneous state properties of the 2CLJQ model fluid have not 
been addressed as systematically—especially at extreme conditions. The behavior 
of fluids at high pressure and temperature is relevant for several areas of science 
and technology, e.g. tribology [20–22], astronomy [23, 24], and geology [25, 26].

An interesting approach to study the properties of fluids at extreme condi-
tions are Brown’s characteristic curves, i.e. the Zeno, Amagat, Boyle, and Charles 
curve [27]. These characteristic curves span a wide range of thermodynamic 
states. A detailed discussion of the properties of the characteristic curves can be 
found in Refs. [27, 28, 30]. The four curves were postulated to have specific prop-
erties [27]. This has been used for testing the extrapolation behavior of equation 
of state (EOS) models and eventually uncovering artifacts [29–40]. In this work, 
the 2CLJQ model class is used to study the influence of quadrupole interactions 
on Brown’s characteristic curves using first principle molecular simulations and 
EOS modeling. Among the characteristic curves, the Charles curve, also known 
as the Joule–Thomson inversion curve, plays a particular important technical role 
as it defines the locus of state points defining the transition from a temperature 
increase or decrease upon isenthalpic throttling, which is particularly relevant for 
refrigerants. Since there is little experimental data for the Charles curve (and the 
other characteristic curves) available, often molecular-based methods are used for 
their modeling [28, 41–43]. Numerous studies have investigated the Charles curve 
for refrigerant substances using molecular simulation [44–50]. In this work, we 
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also apply the results from the 2CLJQ model class for the characteristic curves to 
real substances—in particular refrigerants.

In a previous work of our group, we studied Brown’s characteristic curves of the 
two center Lennard–Jones plus dipole (2CLJD) model class [51], which gave first 
time insights into the effect of polar interactions, namely dipoles on the topology of 
Brown’s characteristic curves. In this work, a systematic study of the characteristic 
curves of quadrupolar fluids is carried out. In the literature, Brown’s characteristic 
curves were also studied for other fluid classes such as Mie fluids [29], the Len-
nard–Jones fluid [28, 39], and selected real substances [28, 40, 52]. Important differ-
ences were reported for the influence of different molecular properties on the char-
acteristic curves, e.g. the repulsive and dispersive exponent of the Mie potential and 
the dipole moment [29, 51]. The results from this work for the 2CLJQ fluids are put 
in context with those results from the literature, which provides interesting insights 
in the differences of the influence of the molecular interaction mechanisms on the 
fluid behavior at extreme conditions.

A peculiarity of the characteristic curves—especially for the Zeno curve—is 
Batschinski’s linearity law [53]. It states that the Zeno curve exhibits a linear shape 
in the density-temperature plane ( � − T)—starting at the Boyle temperature in the 
zero-density limit. Batschinski derived this linear dependency solely from the van 
der Waals equation and thermodynamic principles. This linearity of the Zeno curve, 
often referred to as the ideal-gas curve, unit compressibility line, or orthometric line, 
has been studied for both real substance and model fluids [54–56]. As experimental 
data for the Zeno curve is practically not available, mostly EOS models are used for 
studying the linearity law for different types of fluids. In this work, we use the first 
principle molecular simulation results for the 2CLJQ fluid to assess the applicability 
of Batschinski’s linearity law for this model class.

Brown’s characteristic curves are, moreover, well-suited to investigate the corre-
sponding states law and its applicability at high temperature and pressure. The prin-
ciple of corresponding states, originally formulated by Pitzer [57] and Guggenheim 
[58], states that substances share identical reduced states with respect to their critical 
properties. Also for the corresponding states law derivation, originally, simple fluids 
were considered and it was early recognized that more complex molecular interac-
tions can cause deviations from the corresponding states law [58, 59]. However, the 
effects of different specific interaction types on these deviations have not been fully 
understood yet. In this work, we use the characteristic curves of the 2CLJQ fluids to 
assess the applicability of the corresponding states law at extreme conditions for this 
model class (and compare those to results for other molecular interaction features). 
The principle of corresponding states was tested for different thermophysical prop-
erties of the 2CLJQ fluid class previously. The corresponding states applicability 
has been studied for the second virial coefficient [58, 60], for vapor–liquid equilib-
rium properties [11, 58, 61, 62], and for interfacial properties [63–65]. However, the 
applicability of the corresponding states law to homogeneous state property behav-
ior at extreme conditions was not studied yet to the best of our knowledge.

This work is outlined as follows: First, the 2CLJQ model fluid class is briefly 
introduced. Then, the employed methods are introduced, namely the molecular 
simulation methodology and the EOS modeling. In the results section, first, the 
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zero-density limit data of the characteristic curves are presented and discussed. 
Then, the results for the entire characteristic curves as obtained from molecular 
simulation are compared to the EOS predictions for selected 2CLJQ fluids. Also, 
the results for the applicability of the corresponding states law and Batschinski’s 
linearity law are presented and discussed. Then, the atomistic structure of fluid 
state points along the characteristic curves is discussed. Finally, conclusions are 
drawn.

2 � Investigated Fluids

The intermolecular potential of the 2CLJQ fluid can be written as

with u2CLJ being the potential of the two-center Lennard–Jones model and uQ being 
the point quadrupole contribution. The expression for the interaction potential of the 
2CLJ model can be written as

where the parameters � and � are the size and the energy parameter of the Len-
nard–Jones potential [66], respectively. The distance between two interaction sites is 
denoted by r. The point quadrupole interaction potential can be written as

where �i and �j indicate the orientations of two molecules i and j and f (�) is a 
dimensionless expression depending on the angle between these two molecules [1].

In this work, we study symmetric 2CLJQ fluids, i.e. both Lennard–Jones sites 
have identical � , � , and mass M. The point quadrupole moment is aligned along the 
axis connecting the two LJ sites. Using the Lennard–Jones units system [67], the 
2CLJQ model class is a two-parameter system, namely the elongation L∕� and the 
(squared) quadrupole moment Q2∕(4��0��

5) , with �0 being the permittivity of vac-
uum. For simplicity, we adopted the convention 4��0 = 1 . Accordingly, the results 
for the 2CLJQ model fluids are presented using the Lennard–Jones units system.

Our study comprises a total of 36 2CLJQ fluids. These fluids cover a broad 
range of L and Q values relevant for real substance models available in the lit-
erature [3–8]. The 2CLJQ parameters were varied in this work in the range 
L∕� = 0, 0.2, 0.4, 0.505, 0.6, 0.8, 1 and Q2∕��5 = 1, 2, 3, 4, 5 . Figure  1 shows the 
studied parameter range of 2CLJQ fluids in comparison to real substance model 
parameters from the literature. The model fluids characterized by L∕� = 0 com-
prise two overlapping Lennard–Jones interaction sites.
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3 � Methods

The methodology follows that of the first part [51]: Brown’s characteristic curves 
were determined using  the molecular simulation method from Ref. [52] and a 
molecular-based EOS. Additionally, an empirical correlation of the molecular 
simulation results was developed. The simulations were carried out with the code 
ms2 [69, 70]. For the EOS, Helmholtz energy terms proposed by Lísal et al. [71] 
and Gross [17] were used.

The EOS used in this work is a perturbation type framework modeling the 
reduced Helmholtz energy per particle ã = a∕kBT  as a function of the density 
� and temperature T as well as of the model parameters L and Q. The model 
comprises a term for the dispersive and repulsive interactions of the two Len-
nard–Jones sites ã2CLJ that was adopted from Lísal et al. [71] and a term for the 
quadrupole interactions ãQ that was adopted from Gross [17]. The model can be 
written as

This EOS model was used for computing Brown’s characteristic curves and 
vapor–liquid equilibria of the studied 2CLJQ fluids.

The second virial coefficient B(T) was sampled using Monte-Carlo simu-
lations using 200 different steps for the center of mass distance between 
rij,min = 0.2 � and rij,max = 20 � . For each distance, 1  000 random orientations 
were evaluated. Ten replica MC simulations with different random seeds were 

(4)ã(T , 𝜌, L,Q) = ã2CLJ(T , 𝜌, L) + ãQ(T , 𝜌,Q).

Fig. 1   Parameters for the 2CLJQ model class: The model fluids investigated in this work are represented 
by circles. Filled circles indicate fluids focused on in the results section. Crosses represent real substance 
model parameters taken from the literature [3–9, 68]. Thick crosses indicate real substance molecular 
models discussed below
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carried out for determining the second virial coefficient at a given temperature 
for a given fluid. The results for B(T) were fitted using the empirical correlation 
proposed by Xu et al. [72].

For determining the characteristic curve state points by MD simulations, we 
follow the method proposed in Ref. [52] and used NVT simulations for deter-
mining state points for the Zeno, Boyle, and Charles curves, while NpT simu-
lations were used for the Amagat curve. State points on the Zeno curve were 
identified using the condition Z = 1 . For the Amagat  curve, the condition 
(�U∕�V)T = 0 was used; for the Boyle curve the condition (�Z∕�V)T = 0 ; and for 
the Charles curve the condition (�H∕�p)T = 0 . For a given fluid and characteris-
tic curve, 9.. 11 state points were studied. From the results from such a set, one 
characteristic curve state point was determined [52]. The statistical uncertainties 
of the determined characteristic curve state points was estimated from the statis-
tical uncertainties of the individual simulations using error propagation, cf. Ref. 
[52] for details. For determining a full set of thermodynamic properties at the 
characteristic curve state points, an additional MD simulation was carried out at 
each characteristic curve state point. For these simulations, the Lustig formalism 
[70, 73, 74] was applied, which yields the Helmholtz energy derivatives with 
respect to the density and the inverse temperature up to second order. Based on 
that data, a thermodynamic consistency test was applied  for checking the cor-
responding conditions for the characteristic curves [52]. The MD simulations 
were performed using 2  000 particles in a cubic box with periodic boundary 
conditions. Equilibration was carried out for 100,000 time steps for NVT and an 
additional 100,000 time steps for NpT equilibration for subsequent NpT produc-
tion simulations. The production run consisted of 750,000 time steps. A cut-
off radius of 5 � was employed using the center of mass method [70]. Classical 
long-range corrections were applied. The time step was Δ� = 0.0005 �

√
M∕� . 

Classical velocity scaling was used for the thermostat, while Andersen’s barostat 
was used to prescribe the pressure. The barostat piston mass was determined 
using the heuristic approach proposed in Ref. [52].

4 � Results

The results section is structured as follows: First, the results for the zero-density 
limit characteristic points are presented and discussed. Then, the characteristic 
curve results from molecular simulation and the EOS are presented and dis-
cussed for a selection of 2CLJQ fluids (cf. grey filled symbols in Fig. 1). Then, 
the results for applicability of the corresponding states law for all four charac-
teristic curves and for the linearity law for the Zeno curve are presented and 
discussed. Also, results for the application of a global empirical correlation of 
the molecular simulation results to real substances are presented. The numer-
ical data for all molecular simulation results for all studied 2CLJQ fluids are 
reported in the Supplementary Material.
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4.1 � Zero‑Density Limit Characteristic Points

Figure  2 shows the results for the zero-density limit characteristic point tempera-
tures Tchar,i as obtained from the Monte Carlo simulations. Results are shown for all 
36 studied 2CLJQ fluids. The results for all Tchar,i decrease with increasing L and 
increasing Q2 . The Boyle temperature Tchar,Boyle of the 2CLJQ fluid was also studied 
by Menduiña et al. [15]. Their results are in agreement with our results.

Important differences are observed for the influence of the two molecular parame-
ters, i.e. the elongation and the quadrupole moment. In the studied molecular param-
eter ranges, the characteristic point temperatures Tchar,i are significantly stronger 
affected by the elongation compared to the quadrupole moment. Interestingly, the 
dipole moment was found in a recent work of our group [51] to have a significantly 
stronger influence on the zero-density limit characteristic point temperature com-
pared to the quadrupole moment influence obtained here. This is in accordance with 
the underlying multipole expansion concept, where the point dipole represents the 
most significant perturbation of the unpolar molecule, whereas the point quadrupole 
(and higher order point multipoles) represent less significant perturbations.

4.2 � Brown’s Characteristic Curves

Figures  3 and 4 show the results for the characteristic curves of the 2CLJQ fluid 
for varying quadrupole and elongation, respectively. Figure 3 shows the results for 
the fluids with different quadrupole moment and constant elongation L∕� = 0.505 , 
cf. vertically aligned grey filled symbols in Fig.  1. Figure 4 shows the results for 
the 2CLJQ fluids with different elongation and constant quadrupole moment 
Q2∕��5 = 2 , cf. horizontally aligned grey filled symbols in Fig. 1. The characteristic 

Fig. 2   Temperature of the zero-density limit characteristic points of the 2CLJQ fluids. Diamonds indicate 
to the zero-density limit characteristic point for the Amagat curve, bullets for the Charles curve, and the 
squares for the Boyle and Zeno curve. Error bars are only shown if they exceed the symbol size
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curve results are presented in the p − T  and the � − T  projection. The molecular 
simulation results are shown in comparison to the EOS results in Figs. 3 and 4.

The results from the two independent predictions (molecular simulation and 
EOS) are in astonishing good agreement considering the fact that the EOS model 
was built from two model terms that were fitted to data for moderate conditions [17, 
71]. This demonstrates the capabilities of physically-based EOS models for carry-
ing out reliable extrapolations to conditions and properties that were not considered 
in the model development. The influence of the quadrupole moment (at constant 

Fig. 3   Characteristic curves of 2CLJQ fluids with L∕� = 0.505 and different Q2∕��5 : (a) and (b) Zeno 
curve; (c) and (d) Amagat curve; (e) and (f) Boyle curve; (g) and (h) Charles curve. For all curves: Top 
plot is p − T  projection and bottom plot is � − T  projection. Results from the MD simulations are indi-
cated as bullets. Statistical uncertainties lie within the symbol size. Lines indicate EOS results. The 50 % 
transparent lines and symbols indicate the vapor–liquid equilibrium (solid lines indicate binodal, dashed 
lines indicate spinodal, star indicates the critical point)
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elongation L∕� = 0.505 ) is captured very well by the Helmholtz energy model of 
Gross [17]. Some deviations between the molecular simulation and EOS results are 
observed for the zero-density limit temperatures at high quadrupole moments and 
in the vicinity of the vapor–liquid equilibrium, cf. Fig. 3. At the lowest temperature 
studied for the Amagat curve, the molecular simulation results deviate significantly 
from the EOS results, cf. Fig. 3c). This is due to the fact that these state points lie in 
the solid phase region (see Supplementary Material). The influence of the elongation 
(at constant Q2∕��5 = 2 ) is essentially captured perfectly by the Helmholtz energy 
model of Lísal et al. [71], cf. Fig. 4. Some minor deviations are only observed for 

Fig. 4   Characteristic curves of 2CLJQ fluids with Q2∕��5 = 2 and different L∕� : (a) and (b) Zeno curve; 
(c) and (d) Amagat curve; (e) and (f) Boyle curve; (g) and (h) Charles curve. For all curves: Top plot is 
p − T  projection and bottom plot is � − T  projection. Results from the MD simulations are indicated by 
bullets. Statistical uncertainties lie within the symbol size. Lines indicate EOS results. The 50 % trans-
parent lines and symbols indicate the vapor–liquid equilibrium (solid lines indicate binodal, dashed lines 
indicate spinodal, star indicates the critical point)
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the Amagat curve at L = 0 and in the vicinity of the pressure maximum of the Boyle 
curve. The results also indicate that the split of the Helmholtz energy terms in the 
ansatz (4) works very well and, accordingly, the effects of different molecular prop-
erties (interactions and architecture) can be modeled independently. The compari-
son to the performance of the quadrupole term (cf. Fig. 3) with the performance of 
the dipole term (cf. Ref. [51]) shows that the quadrupole term is significantly more 
accurate at extreme conditions. Since the two models are built using the same math-
ematical form [17, 75], the differences in the performance are possibly a result of 
differences in the parametrization or the applicability of the model assumptions for 
the first order term in the multipole expansion, i.e. the point dipole. 

The influence of the molecular properties Q and L on the characteristic curves 
provides interesting insights. The quadrupole has only small effects on the charac-
teristic curves (cf. Fig. 3), whereas the elongation strongly affects them (cf. Fig. 4). 
Moreover, the comparison of the results for the influence of the dipole moment � (cf. 
Ref. [51]) with the results for the influence of the quadrupole moment Q (cf. Fig. 3) 
yields new insights in the effect of the different multipoles on the fluid behavior 
at extreme conditions: The dipole has a strong influence on the four characteristic 
curves, whereas the quadrupole has only a small influence. The is surprising con-
sidering the fact that the quadrupole describes a more complex electrostatic field. 
The fact that the quadrupole has only a relatively small effect on the fluid behavior 
at extreme conditions is possibly related to the symmetry of the quadrupole interac-
tion potential caused by the q, −2q , q charge distribution compared to +q , −q charge 
distribution of the dipole.

The quality of the molecular simulation results can be assessed based on the scat-
tering of the data, the agreement with the zero-density limit, and the Helmholtz 
energy consistency test. This consistency test is described in detail in Ref. [52]. The 
molecular simulation results show a smooth trend in practically all cases (see Figs. 3 
and 4 and also Supplementary Material) and converge well to the zero-density limit 
temperatures. The results for the Helmholtz energy consistency test are presented 
in Fig. 5. The Helmholtz energy criteria for the characteristic curves is fulfilled by 
54 % of the data points for the Zeno curve, 61 % for the Amagat curve, 67 % for the 
Boyle curve, and 59 % for the Charles curve. These values are slightly better com-
pared to the results for the 2CLJD study, cf. Ref. [51]. This is probably due to the 
fact that the EOS for the 2CLJQ fluid yields better initial guess values compared to 
the EOS used in the 2CLJD study. Overall, the molecular simulation results for the 
studied 2CLJQ fluid are reasonably well conform with the Helmholtz energy test, cf. 
Fig. 5. Yet, some systematic deviations are observed in the case of the Charles curve, 
cf. Fig. 5. At low temperatures, the Helmholtz energy test indicates that the obtained 
characteristic curve state points sightly overestimate the true values. These devia-
tions are possible due to the fact that the simulations were carried out in the direct 
vicinity of the vapor–liquid equilibrium binodal. Furthermore, at low temperatures, 
some data points show large deviations from the Helmholtz energy criterion for the 
Amagat curve. For most of these state points, crystallization occurred in the simula-
tions (cf. Supplementary Material).

Figure 6 shows the results for the 2CLJQ fluid with L∕� = 0.505 and Q2∕��5 = 2 
in the double logarithmic p, T-diagram. The results are fully conform with Brown’s 
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Fig. 5   Results  of thermodynamic consistency test of the Helmholtz  energy criteria. Molecular simula-
tions results for all 36 studied 2CLJQ fluids

Fig. 6   Visualization of the MD simulations for the characteristic curves for the 2CLJQ fluid with 
L∕� = 0.505 and Q2∕��5 = 2 . Left side: Lines indicate EOS results (Zeno: red, Amagat: orange, Boyle: 
blue, and Charles: pink). Bullets indicate characteristic curve state points obtained from molecular sim-
ulation. For the colored bullets, the visualization of the atomistic configuration is shown (right side). 
In the visualization, Lennard–Jones sites are represented as blue spheres; the quadrupole is indicated as 
grey sphere. The visualization is presented for the time step 750,000 of the production run (Color figure 
online)
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postulates regarding the topology of the characteristic curves. This also holds for 
all other studied 2CLJQ fluids (see Supplementary Material). This is interesting 
considering the fact Brown originally considered simple fluids (spherical with only 
dispersive and repulsive interactions). The findings for the 2CLJQ fluids are in line 
with what was found for dipolar fluids [51]. Additionally, for selected state points, 
simulation screenshots obtained from the production phase of the final simulations 
at the characteristic curve state points are given. This illustrates the structure of the 
fluid phases and the change along a characteristic curve. Starting in the zero-density 
limit, the Monte Carlo simulation results indicate structures with two molecules, i.e. 
dimers. Moving along the characteristic curves, the density increases and a given 
particle interacts with multiple neighboring particles, cf. Fig. 6.

4.3 � Corresponding States Principle

The principle of corresponding states formulates that substances share identical 
reduced states with respect to their critical properties [57, 58]. The corresponding 
states principle is frequently applied to model fluid properties [76–78]. The corre-
sponding states principle was originally derived for simple fluids, i.e. spherical mol-
ecules with repulsive and dispersive interactions such as argon. It is, accordingly, 
often used to study the perturbation effect of complex interaction features on the 
corresponding states principle. Hence, it is used to quantify the deviations from the 
’ideal fluid behavior’ caused by different molecular architectures and interactions. 
The applicability of the corresponding states principle has been extensively studied 
in the literature for different molecular properties such as the Mie potential param-
eters [29, 65, 79, 80], the cut-off distances [81, 82], the shape and elongation of 
the molecules [83–87], and mixtures [39, 88–90]. The deviations from the corre-
sponding states law caused by these molecular properties were for example studied 
for virial coefficients [15, 86], vapor–liquid equilibrium properties [89, 91–93], and 
interfacial properties [39, 65, 82]. However, the influence of quadrupolar interac-
tions on deviations from an ’ideal fluid behavior’ characterized by the correspond-
ing states principle for homogeneous state properties at extreme conditions have not 
been investigated yet. For fluids that follow the corresponding states law, results for 
a given characteristic curve should collapse to a common master curve if plotted in 
reduced units with respect to the critical parameters.

We have applied the corresponding states principle to the molecular simula-
tion results for the 2CLJQ characteristic curve results. For the critical point of the 
2CLJQ fluids, the empirical correlation from Stoll et  al. [11] was used. Figure  7 
shows the results obtained for all studied 2CLJQ fluids in comparison to results 
from other model fluid classes. Thereby, the deviations from the ideal correspond-
ing states principle caused by quadrupole interactions (cf. Fig. 7a) are compared to 
those caused by dipole interactions (cf. Fig. 7b), the elongation of the molecule (cf. 
Fig. 7c), and the shape of the Mie potential, i.e. the repulsive exponent (cf. Fig. 7d) 
and the attractive exponent (cf. Fig. 7e). The data for the 2CLJD and Mie fluids were 
taken from Refs.  [29, 51]. For all shown model fluid classes, the Lennard–Jones 
fluid can be considered the ’ideal’ reference fluid.
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Fig. 7   Characteristic curves 
in terms of reduced units with 
respect to the correspond-
ing critical parameters in the 
double-logarithmic pressure-
temperature projection for: (a) 
2CLJQ fluids, (b) 2CLJD fluids, 
(c) 2CLJ fluids, (d) Mie n,6 
fluids, and (e) Mie 12,m fluids. 
The data for the 2CLJD and Mie 
fluids are taken from Refs. [29, 
51]. The color code represents 
the different variable for each 
fluid class (Color figure online)
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The characteristic curves of the 2CLJQ fluids with different quadrupole moment 
(at constant L) satisfy the principle of corresponding states very well (cf. Fig. 7a). 
For the fluids with different dipole moment (cf. Fig. 7b), on the other hand, signifi-
cant deviations from the corresponding states principle are observed—especially for 
the Zeno, Boyle, and Charles curve. These differences for the quadrupolar and dipo-
lar fluids are in line with the observations discussed above for the absolute influ-
ence of Q and μ on the characteristic curves and is probably related to the stronger 
symmetry of the quadrupole potential compared to dipole potential. Interestingly, 
the quadrupole moment Q of the 2CLJQ fluids and the elongation L of 2CLJ fluids 
are found to cause an overall similar deviation of the corresponding states law, cf. 
Fig. 7a and c.

Similarly, also the attractive Mie interaction parameter m causes only moderate 
deviations from the corresponding states law (cf. Fig. 7e). Surprisingly, the repul-
sive Mie exponent n is found to cause significant deviations from the corresponding 
states law (cf. Fig. 7d)—especially compared to the polar interactions (cf. Fig. 7a, 
b). This is interesting considering the fact that 2CLJQ and 2CLJD fluids exhibit evi-
dently important deviations from a spherical molecule, which is a central argument 
in the corresponding states principle. Hence, for the 2CLJQ and 2CLJD fluids, mean 
field effects of the interactions probably compensate the anisotropy of the interac-
tion potential.

Table 1 presents the results for the characteristic points in reduced units for a sub-
set of 2CLJQ fluids. The results for the reduced temperature T∗ = T∕Tc and reduced 
pressure p∗ = p∕pc of the pressure maxima for the different curves are reported. The 

Table 1   Pressure maximum p
max

 and zero-density limit characteristic points for the characteristic curves 
of the 2CLJQ fluids

A subset of studied fluids with different elongation L∕� and quadrupole moment Q2∕��5 = 2 and fluids 
L∕� = 0.505 with different quadrupole moment is shown (results for the other fluids are presented in 
the Supplementary Material). Results are presented as reduced temperature T∗ = T∕T

c
 and p∗ = p∕p

c
 . 

Critical point properties were computed from the correlation of Stoll et al. [11]

Zeno Amagat Boyle Charles

p
max

lim�→0
p
max

lim�→0
p
max

lim�→0
p
max

lim�→0

L∕� Q2∕��5 T∗ p∗ T∗
char

T∗ p∗ T∗
char

T∗ p∗ T∗
char

T∗ p∗ T∗
char

0 2 1.25 8.00 2.46 2.45 114.25 18.50 1.57 3.49 2.46 2.11 11.90 4.55
0.2 2 1.26 7.58 2.50 2.33 113.63 17.40 1.56 3.31 2.50 2.09 11.28 4.67
0.4 2 1.23 7.70 2.42 2.22 128.75 19.33 1.54 3.33 2.42 2.04 11.78 4.54
0.6 2 1.19 7.59 2.33 2.20 148.76 19.26 1.49 3.22 2.33 1.97 11.78 4.38
0.8 2 1.16 7.82 2.25 1.96 173.13 19.00 1.47 3.27 2.25 1.88 12.55 4.23
0.505 0 1.24 7.50 2.41 2.88 134.36 20.00 1.54 3.26 2.41 2.08 11.54 4.54
0.505 1 1.22 7.52 2.40 2.72 134.71 19.87 1.53 3.27 2.40 2.05 11.61 4.52
0.505 2 1.21 7.56 2.36 2.26 137.80 19.44 1.52 3.24 2.36 1.99 11.66 4.43
0.505 3 1.19 7.52 2.31 2.05 143.81 18.69 1.47 3.20 2.31 1.94 11.68 4.32
0.505 4 1.14 7.58 2.25 1.90 153.13 17.94 1.46 3.17 2.25 1.85 11.88 4.19
0.505 5 1.15 7.94 2.19 1.79 176.26 17.12 1.45 3.38 2.19 1.85 12.10 4.07
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values are obtained by using spline interpolation of the simulation data in the vicin-
ity of the respective point. The results for the reduced zero-density limit character-
istic point T∗

char
 are presented as well. The numeric results support the qualitative 

findings from Fig. 7, i.e. the different 2CLJQ fluids follow the corresponding states 
law well.

4.4 � Linearity Law

The linearity law for the Zeno curve, first described by Batschinski in 1906 [53], 
postulates that the Zeno curve in the � − T  projection follows a straight line. We 
tested Batschinski’s linearity law for the 2CLJQ fluids studied in this work. There-
fore, a linear fit was computed for the Zeno curve molecular simulation data for each 
2CLJQ fluid. For this fit, the zero-density limit, i.e. Boyle temperature, obtained 
from the MC simulations was prescribed as fix-point. The results for the 2CLJQ 
fluid with L∕� = 0.505 and Q2∕��5 = 2 are exemplarily shown in Fig. 8. For com-
parison, also the independent predictions from the EOS are shown. The molecular 
simulation Zeno curve results follow the linearity law reasonably well, but devia-
tions are observed between the MD simulations and the linear fit. Notably, these 
deviations exceed the uncertainties of the simulation results. The simulation results 
show a faint concave curvature in the entire temperature range.

Figure  9 shows the deviation plot for all investigated 2CLJQ fluids in reduced 
units in terms of T∗ = T∕Tc and �∗

res
= �res∕�c , where Tc and �c indicate the critical 

values of a given fluid. Critical point values were computed from the correlation of 
Ref. [11]. The deviations from Batschinski’s linearity law are qualitatively similar 
for all studied 2CLJQ fluids, cf. Figure  9. In all cases, the deviations exceed the 
statistical uncertainties of the molecular simulation results. The deviations increase 
with increasing elongation L. The quadrupole moment has only a minor influence on 
the deviations from the linearity law (see Supplementary Material for details). Only 

Fig. 8   Test of the linearity-law for the Zeno curve for the 2CLJQ fluid with L∕� = 0.505 and 
Q2∕��5 = 2 . (a) Results in the � − T  projection; (b) deviation plot with the linear fit as baseline. Red bul-
lets indicate MD simulation results; red triangle the MC Boyle temperature result. Red dashed line indi-
cates the linear fit for the MD simulation results. Black lines and symbols indicate EOS results: binodal: 
thin solid line; spinodal: thin dashed line; Zeno curve: solid line; critical point: star; Boyle temperature: 
triangle. Error bars are only shown if they exceed the symbol size
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for the fluids with L = 0 , the MD results show a special behavior as they yield the 
largest deviations and do not converge as smoothly to the Boyle temperature values.

To quantify the deviations from Batschinski’s linearity law, the absolute average 
deviation (AAD) between the linear fit and the molecular simulation results was cal-
culated as

where N indicates the number of characteristic curve state points obtained from 
MD simulations. For the 2CLJQ fluids, the AAD value is calculated to be 1.2 %. 
We have compared the applicability of the linearity law for the 2CLJD and 2CLJQ 
fluid class. The results are presented in the  Supplementary Material. The 2CLJQ 
fluid  results are in better agreement with the linearity law than the 2CLJD fluids. 
For the latter, we obtained an AAD = 2.2 %, cf. Eq. 5. Hence, the deviations from 
the ’ideal’ Zeno curve behavior are for dipole interactions almost twice as large as 
for quadrupolar interactions. This is in line with the findings for the corresponding 
states law, cf. Fig. 7.

4.5 � Application of 2CLJQ Characteristic Curve Model to Real Substances

Global empirical correlations were developed for describing the characteristic 
curves of the 2CLJQ fluid class and applied to real substances. They are formulated 
for each characteristic curve individually as the reduced pressure p∗ = p∕pc as a 
function of the reduced temperature T∗ = T∕Tc as well as the model parameters Q 
and L. The mathematical form and the parameters are given in the Supplementary 
Material. The parameters of the empirical model were fitted to the molecular simu-
lation data.

(5)AAD =
1

N

N∑

i=1

||||
�MD
i

− �fit
i

�MD
i

||||
⋅ 100%,

Fig. 9   Deviation plot for the assessment of the linearity law for the Zeno curve in terms of reduced resid-
ual density �∗

res
 and reduced temperature T∗ . Results are presented for all 36 studied 2CLJQ fluids
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The empirical model was applied for modeling the characteristic curves of real 
substances. Three real substances were considered, namely: carbon dioxide (CO2) 
and the refrigerants R116 ( C2F6 ) and R1270 ( C3H6 ). The model parameters were 
taken from the MolMod database [9]. The models were developed by Vrabec et al. 
[4]. The model parameters are given in Table 2. The elongation parameter value for 
the R116 and R1270 model are very similar—only the quadrupole moment differs 
by a factor of approximately two, cf. Table 2.

The results are show in Fig. 10. The vapor–liquid equilibrium binodal depicted in 
Fig. 10 was computed using the empirical correlation proposed by Stoll et al. [11]. 
For all three investigated substances, the characteristic curves are conform with the 
expected behavior in the fluid region. At very low temperatures (where solidifica-
tion occurs), the empirical models are not valid and yield unrealistic results. Espe-
cially for refrigerants and classical gases, the empirical correlation can be straight-
forwardly used for estimating for example the Charles curve (which corresponds to 
the Joule–Thomson inversion).

5 � Conclusion

We carried out a systematic study of Brown’s characteristic curves for the 2CLJQ 
model class. This provides new insights in the influence of quadrupole interac-
tions on the fluid behavior at extreme temperature and pressure conditions. The 

Table 2   Substance model parameters of carbon dioxide (CO2), R116 ( C
2
F
6
 ), and R1270 ( C

3
H

6
)

Model parameters in SI units and reduced model parameters L∕� and Q2∕��5 in the reduced LJ unit sys-
tem used for evaluating the characteristic curve correlations

�∕Å �∕k
B
K

−1 L/Å Q/DÅ L∕� Q2∕��5 References

CO2 2.9847 133.22 2.4176 3.7938 0.80999 3.30364 [4]
R116 4.1282 110.19 2.7246 8.4943 0.65999 3.95572 [4]
R1270 3.8169 150.78 2.5014 5.9387 0.65535 2.09123 [4]

Fig. 10   Characteristic curves in the p − T  projection of CO2 (left), R116 (middle), and R1270 (right). 
Results from the empirical correlation evaluated for the molecular models given in Table 2. Results for 
the Zeno (red), Amagat (orange), Boyle (blue), and Charles  (pink) curve. Binodal (black) and critical 
point (star) were computed from the empirical correlation from Ref. [11] (Color figure online)
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quadrupole interactions have a surprisingly small influence on the macroscopic 
property fluid behavior described by the characteristic curves. The point quad-
rupole describes a relatively complex charge distribution and yields a significant 
anisotropy of the overall interaction potential. Yet, the Zeno, Amagat, Boyle, and 
Charles curve show only a moderate sensitivity to quadrupole interactions. More-
over, it is interesting to note that the lower-order and less complex charge distri-
bution, i.e. the point dipole has a significantly stronger influence on the character-
istic curves compared to the point quadrupole. Especially for the Amagat curve, 
the quadrupole is found to have only a minor influence. For future work, it would 
be interesting to study the different effects of dipole and quadrupole interactions 
at extreme conditions also for other characteristic properties such as the self-dif-
fusion coefficient and distribution functions.

The differences for the dipole and quadrupole interactions are supported by 
the results for the corresponding states law and Batschinski’s linearity law. The 
deviations of the fluid behavior from these laws can be taken as a measure for the 
non-ideality of the molecular interactions, where ideal means spherical particles 
with simple repulsive and dispersive interactions. For the corresponding states 
law, point dipole interactions yield stronger deviations from the ideal behavior 
compared to quadrupole interactions. Similar findings are obtained for Batschin-
ski’s linearity law, i.e. point dipole interactions yield a stronger deviation from 
the ideal behavior compared to quadrupole interactions.

Interesting insights are obtained from the comparison of different model fluid 
classes regarding their characteristic curves. By comparing results for the 2CLJQ, 
2CLJD, and Mie fluid class, we elucidated the relation of different of molecu-
lar features on the fluid behavior at extreme conditions. Surprisingly, the polar 
interactions cause only minor perturbations of the ’ideal’ fluid behavior described 
by the corresponding states principle and a simple reference fluid. Similarly, the 
molecule elongation of the 2CLJ model class as well as the attractive Mie poten-
tial parameter have only a minor influence on the fluid behavior expressed by the 
characteristic curves. The Mie potential repulsive parameter, on the other hand, is 
found to cause important perturbations of the ’ideal’ fluid behavior.

Moreover, the comparison of the predictions from the molecular-based EOS 
and the first principle molecular simulation results for the case of the 2CLJQ and 
2CLJD  fluids yields novel insights in the extrapolation capabilities of the EOS 
model terms: The 2CLJ model of Lísal et al. [71] yields and excellent description 
over a wide elongation parameter range for all four characteristic curves. Also the 
quadrupole term proposed by Gross [17] shows an excellent performance. The 
dipole term of Gross and Vrabec [75], on the other hand, yields some deviations 
to the computer experiment reference data. Since both, the dipole and the quad-
rupole term, are built using a similar mathematical form, the differences in the 
performance are likely either due to the respective parametrization and/or prob-
lems regarding the applicability of the model assumptions in the dipole term. 
Nevertheless, all molecular-based EOS models yield qualitatively accurate results 
and in some cases—especially the 2CLJQ case—astonishing quantitative accu-
racy. This is attributed to the strong physical backbone of the models that provide 
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an excellent extrapolation behavior well beyond the property and thermodynamic 
condition range considered for the model development.

Furthermore, we have established an empirical correlation of the computer 
experiment data as a global function of the model parameters for the 2CLJQ fluid 
characteristic curves using critical point data obtained by the correlation from 
Stoll et al. [11] and the zero-density limit values. This provides a practical tool 
for estimating the characteristic curves—especially the Joule–Thomson inver-
sion—for real substance fluids.

Polar interactions are important for many real substances. The 2CLJD and 
2CLJQ model classes provide valuable tools for investigating the role and effects 
of polar interactions for macroscopic properties. Also, these model classes estab-
lish a direct link to real substance models that are relevant for many technical 
applications. The behavior of polar interactions at extreme conditions studied in 
this work yields some surprising insights, e.g. in the differences observed for the 
dipole and quadrupole interactions. These effects are not yet fully understood on 
the atomistic level and require further investigations.
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