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Abstract
In the process of reaching consensus, it is necessary to coordinate different views 
to form a general group opinion. However, there are many uncertain factors in this 
process, which has brought different degrees of influence in group decision-mak-
ing. Besides, these uncertain elements bring the risk of loss to the whole process of 
consensus building. Currently available models not account for these two aspects. 
To deal with these issues, three different modeling methods for constructing the 
two-stage mean-risk stochastic minimum cost consensus models (MCCMs) with 
asymmetric adjustment cost are investigated. Due to the complexity of the resulting 
models, the L-shaped algorithm is applied to achieve an optimal solution. In addi-
tion, a numerical example of a peer-to-peer online lending platform demonstrated 
the utility of the proposed modeling approach. To verify the result obtained by the 
L-shaped algorithm, it is compared with the CPLEX solver. Moreover, the compari-
son results show the accuracy and efficiency of the given method. Sensitivity analy-
ses are undertaken to assess the impact of risk on results. And in the presence of 
asymmetric cost, the comparisons between the new proposed risk-averse MCCMs 
and the two-stage stochastic MCCMs and robust consensus models are also given.
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1 Introduction

Group decision-making (GDM) plays an important role in addressing the issue of 
decision-making problems. The main research content of GDM is making effec-
tive decisions when multiple decision-makers (DMs) make decisions simulta-
neously. The ultimate goal of GDM is to hope that eventually a consensus will 
be reached among the participants that reflects expert’s opinion on the subject. 
However, there is often a difference of opinions in determining unified opinion, 
which is caused by DMs thinking about issues from different positions. In gen-
eral, disagreements are resolved by discussion or consultation with other DMs. 
In addition, most decisions involve elements of risk and uncertainty. Thus, in the 
sense of the formation of consensus under uncertainty and risk preconditions is a 
well-researched field.

Recently, cost incurred in negotiations and discussions has become an impor-
tant subject attracting researchers’ attention. One major topic that has dominated 
the field for many years concerns cost consensus models. Consensus modeling 
of adjustment cost and adjustment deviations is valued in particular (see Dong 
et al. (2010); Ben-Arieh and Easton (2007); Ben-Arieh et al. (2009); Zhang et al. 
(2011)). Most studies on the cost of reaching a consensus have been mainly 
focused on unit cost without direction constraint. Such approaches, nevertheless, 
have failed to address modeling of cost consensus with asymmetric cost. As a 
result, the cost consensus models proposed by Cheng et  al Cheng et  al. (2018) 
then take into account not only adjustment direction but also limited compro-
mises and tolerant behaviors. Further, Zhang et al Zhang et al. (2020) systemati-
cally summarized the origin of feedback mechanism with minimum adjustment or 
cost. More than that, a number of studies of consensus in deterministic environ-
ment in recent years have been invested (see Zhang et al. (2020); Labella et  al. 
(2020); Wu et al. (2020)).

The knowledge reserves, historical data collection, and research environment 
for experts and moderator who take part in decision-making are always diverse. 
This illustrates that it is very necessary to provide theoretical support for solv-
ing uncertainty. To deal with the uncertainty, different methods and theories have 
been put forward for processing the consensus over the past few years. Related 
research on consensus issue is mainly divided into five categories, including 
interval analysis (see Li et al. (2017); Gong et al. (2018)), fuzzy sets (see Xu and 
Wu (2013); Li et al. (2021)), probability theory (see Xie et al. (2018); Tan et al. 
(2018); Wang et  al. (2021)), uncertainty theory (see Gong et  al. (2020, 2018)), 
and robust optimization method (see Lu et al. (2020); Han et al. (2019); Qu et al. 
(2020)). In particular, researchers may have trouble obtaining a precise proba-
bility for a specific decision problem. To handle these complex decision steps, 
uncertainty theory Liu (2007, 2009) which is proposed by Liu is a common treat-
ment. Except for the above ways for solving the uncertainty, the two-stage sto-
chastic programming is also essential technology. The importance of the rational-
ity of establishing two-stage stochastic programming is emphasized by Shapiro 
et al. (2014); Birge and Louveaux (2011). In order to cope with the uncertainty 
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in the GDM, stochastic programming theory is introduced into the MCCMs of 
asymmetric adjustment Li et  al. (2021). The stochastic programming modeling 
method is different from the previous methods to deal with the uncertain con-
sensus problem. This method applies two-stage stochastic programming for mod-
eling on the premise of knowing the probabilities of the scenarios, which can be 
used to deal with different scenarios. This paper will also draw on this method to 
deal with multiple scenarios in stochastic events. However, to reach a decision on 
specific research problems, this modeling method cannot meet practical needs. 
In addition to dealing with the uncertain factors in the decision-making problem, 
how to effectively prevent the risk caused by the uncertain factors in the process 
of group decision-making on the total consensus cost is also great important for 
the DMs. However, recent literature fails to take into account the risks involved in 
the consensus-building process.

According to experience, it is easy to understand that the uncertainty of some 
parameters usually brings some loss to the compensation cost of the expert’s adjust-
ment opinions. When dealing with uncertain decision-making problems, DMs usu-
ally actively look for reasonable ways to minimize the risk brought by uncertainty. 
Through this operation, the anti-risk ability of stochastic programming modeling is 
improved. Thus, with the exception of stochastic programming, potential risks posed 
by uncertain parameters should also be paid attention to. The past ten years have 
seen increasingly rapid advances in the field of risk-averse two-stage stochastic pro-
gramming Noya (2012); Tajeddini et  al. (2014); Mínguez et  al. (2021). However, 
there is no relevant research on the risk of compensation cost loss caused by uncer-
tainty in the process of consensus building in the existing optimization modeling of 
uncertain decision-making problems. In order to make up for the lack of loss risk 
in the consensus decision-making process, it is necessary to give a stochastic pro-
gramming models of risk averse to dealing with such problems. Through this way of 
modeling, we can effectively reduce the risk brought by the uncertainty of DMs in 
decision-making.

We have added a new context that highlights the motivation of this work by 
discussing the consensus in the lending platform under the influence of this epi-
demic situation. Novel coronavirus pneumonia has been known to impact on 
the income and cash flow turnover of some small and micro business, and has a 
short-term influence on the banking business. The weakening of business ability, 
cash flow and repayment ability may lead to the shortage of capital flow. At the 
same time, affected by the epidemic situation, banks are required to adjust the 
loan provision accordingly, which leads to the increase of bank loan interest rate. 
Therefore, online financial business has attracted a lot of approval, and online 
lending platform has become the focus of enterprises. Not only that, since the 
outbreak of novel coronavirus pneumonia, regulators stressed the strengthening 
of online business services, to guiding enterprises through the Internet, mobile 
phone APPs and other online means to handle lending business. Peer-to-peer 
lending (P2P) Zhang et al. (2019), often referred to as “private lending", is a very 
promising alternative to bank lending for many small companies. P2P platform 
directly connects investors and borrowers through the Internet Guo et al. (2016). 
In the mature market economy, P2P platform plays the role of financial services, 
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ensures the normal transaction, and plays the role of supervision and coordina-
tion in the whole transaction. P2P lending platform is established on the basis of 
the social circle, which allows entrepreneurs or enterprises with certain qualifi-
cations to provide potential individuals or small and medium-sized enterprises 
with the required amount of borrowing and charge interest. From the perspec-
tive of borrowers, they apply for loans from the platform and provide the cor-
responding expected interest rate. In Niu et  al. (2020), Niu et  al gave a perfor-
mance of lenders in the market in terms of credit risk management and portfolio 
building. However, the interest rate offered by the borrower may not be a definite 
value. Therefore, a perfect risk aversion model is needed to deal with P2P plat-
form transactions under uncertain environment. Based on this background, three 
two-stage stochastic MCCMs with risk aversion from the perspective of the bor-
rowers have been developed to deal with the uncertain consensus optimization 
problem and the risk brought by uncertainty, and demonstrated to be very helpful 
in addressing complex decision-making tasks.

This study set out to develop a risk-averse minimum cost model with asymmet-
ric adjustment cost for handling the uncertainty and risk issues in decision-mak-
ing. The main original contributions to this paper contain three aspects. There 
are several important areas where this study makes an original contribution to 
consensus optimization problems. 

(1) The stochastic parameters are introduced into the initial MCCMs with asym-
metric cost. Because of the influence of various uncertainties, these uncertain 
parameters often fluctuate, which are described in a variety of scenarios with 
a certain probability. Under the assumption of uncertain parameters, the CVaR 
(conditional value-at-risk) function is introduced into the two-stage stochastic 
models. By dividing the uncertain parameters into several situations, we propose 
a risk aversion optimization method-a two-stage mean-risk consensus system 
model, which can generate robust optimization solutions.

(2) The proposed optimization model is difficult to solve, then we develop a 
L-shaped algorithm that aims to solve this problem. In this study, the concepts 
of the expected value of perfect information (EVPI) and the value of the sto-
chastic solution (VSS) are redefined. The CVaR measure is used to evaluate the 
complete information value and random solution value of the proposed models. 
This shows that the proposed models are of great significance.

(3) The paper makes an attempt to consider the contexts of asymmetric cost for 
consensus, and two-stage stochastic mean-risk programming of consensus is 
developed and applied to peer-to-peer lending platform. Numerical experiments 
show that the proposed models can effectively solve the consensus optimization 
problem. Compared with the risk neutral stochastic models and robust models, 
the given models can provide better decision-making with risk aversion for DMs.

The remaining part of the paper proceeds as following. Section  2 first presents 
a brief overview of the recent preliminaries of traditional consensus cost mod-
els. Section  3 incorporates the CVaR and uncertain parameters into MCCMs. 
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Moreover, by discussing three different constraint limitations of experts, 3 main 
classes of risk-averse two-stage stochastic minimum cost consensus models are 
formulated. Section  4 is concerned with the L-shaped algorithm used for this 
study. Section  5 verifies the findings of the research through a practical appli-
cation example of investment on P2P lending platform between borrowers and 
platform. In addition, a comparison studies on the given method and CPLEX are 
given. Section 6 investigates the effects of risk parameters on the optimal solu-
tion. Moreover, comparative analysis between the proposed MCCMs with CVaR 
and other consensus models is presented. Finally, Sect. 7 summarized the conclu-
sions and ideas for future studies.

2  Preliminaries

In the paragraph that follows, we review the traditional MACM and MCCM. Since 
the symmetric adjustment cost cannot meet the need of DMs in the process of revis-
ing opinions, three different MCCMs with asymmetric adjustment cost are intro-
duced. These three consensus optimization models for asymmetric adjustment cost 
play a fundamental role for the models given in the next section.

2.1  The Original MACM and MCCM

Let E = {e1, e2,… , en} be the set of experts, where ei is the i-th expert. The term oi 
and o′

i
 are used here to refer to initial opinion and modified opinion. There is a uni-

fied opinion among all DMs has been reached, which is called consensus, can be 
represented in a weighting function o� = F�(o

�
1
,⋯ , o�

n
), where � = (�1,⋯�n) is a 

weighting vector, and it has �i ∈ [0, 1],
∑n

i=1
�i = 1.

At the same time, each expert needs to satisfy that the distance between the 
revised opinion and consensus is within a certain acceptable range. Dong et al Dong 
et al. (2010) took the lead in considering the factors mentioned above, and they pro-
posed the MACM for the first time, which can be expressed as

In the model development these opinions are combined with the ordered weighted 
averaging (OWA) operator, which is first put forward by Yager Yager (1998). It is 
defined as:

min � =

n∑
i=1

|oi − o�
i
|

s.t. o� = F�(o
�
1
,⋯ , o�

n
),

|o�
i
− o�| ≤ �, i ∈ N.

F�(o1,⋯ , on) =

n∑
i=1

�i ⋅ o(i),
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where o(i) represents the i-th largest elements in {o1,⋯ , on} of initial opinion set. The 
weighted averaging operator is another principal operator. It can be used to get the 
collective opinion, which is defined as:

To ensure a consensus is obtained after the revision of the opinion, minimum cost 
is a crucial factor to consider other than the minimal modifications. In fact, this 
approach can be described as minimizing a “linear cost function” Ben-Arieh and 
Easton (2007)

It is obvious that there is a positive correlation between the unit cost value and the 
degree of experts’ insistence on their own opinions. The larger the unit cost, the 
stronger non-cooperation psychology of experts. This means that the more stubborn 
the experts are, the more time and cost will be required to convince them to revise 
their opinions. Under the assumption of the above function, we know that the unit 
adjustment cost is equal in both upward and downward adjustment directions.

Furthermore, combining the above ideas, Zhang et  al Zhang et  al. (2011) 
extended the minimum cost consensus model, which is also an extension of the 
original minimum adjustment model

where o′
i
, o′ ≥ 0. Model (1) uses o∗ = (o�

1
,⋯ , o�

n
, o�) as the optimal solution.

The MCCM mentioned in this section is defined under the assumption that 
unit adjustment costs are non-directional. However, this situation usually does 
not exist in actual decision-making problems. For example, in the process of 
wastewater treatment standards development, there are some differences between 
these two adjustment strategies of the standard of sewage treatment. Normally, 
the unit cost will increase with the increase of sewage treatment demand, while 
the reduction of the standard will bring lower-cost or no-cost. In the next sec-
tion, we will give the MCCMs, which is built under the asymmetric adjustment 
cost. However, the uncertainty of parameters does not be considered into the 
above models. And it is important to reduce the risk of uncertainty. In order to 
address these concerns, this paper offer three new risk-averse consensus models 
in Sect. 3, which is based on the contexts of asymmetric adjustment cost.

F�(o1,⋯ , on) =

n∑
i=1

�i ⋅ oi.

f =

n∑
i=1

ci|oi − o�
i
|.

(1)

min

n∑
i=1

ci|oi − o�
i
|

s.t. o� = F�(o
�
1
,⋯ , o�

n
),

|o�
i
− o�| ≤ �, i ∈ N,
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2.2  The MCCMs in an Asymmetric Cost

This part reviews the consensus cost modeling in the context of asymmetric cost Cheng 
et al. (2018), which can be divided into three categories according to different constraints.

(1) The MCCM-DC with directional constraints
When experts modify their initial opinions, the unit cost will vary depending on the 
direction of adjustment. Therefore, it is particularly important to study the asymmetric 
adjustment cost in the modeling process of the minimum cost consensus problem.

We assume that o′ is the consensus, and cU
i

 and cD
i
 are the unit cost in different 

directions (increasing or decreasing the initial opinion value). Let �+
i
= (oi − o�)+ and 

�−
i
= (o� − oi)

+ mean the variations between collective opinion and initial opinion in 
different adjustment directions, where a+ = max{0, a}, �+

i
⋅ �−

i
= 0 . The representa-

tion of the MCCM-DC (see Cheng et al. (2018)) is

The optimal solution of the model (2) is (o�, �+
1
, �−

1
,⋯ , �+

i
, �−

i
,⋯ , �+

n
, �−

n
)T.

The adjustment route of opinion is determined into the advancement and bottom-
ward direction, however, the uncertainty of the parameter ( o′, cU

i
, cD

i
 ) and the risk func-

tion are not involved in the model (2). To make up for this gap, we will supply the two-
stage mean-risk stochastic MCCM-DC in Sect. 3.1.

(2) The �-MCCM-DC with compromise limit
Under normal circumstances, experts do not modify their opinions indefinitely to reach 
a consensus, which means that experts have a scope for their own adjustment opinions. 
If the scope is beyond this range, opinions modifications are not permitted. Here we 
denote the scope of ei as �i , which displays the most adjustment vary allowed through ei 
for the initial opinion. At the same time, the range of adjustment allowed for their own 
opinions is closely related to the stubborn degree of experts on the initial opinions, and 
shows a negative correlation trend. Furthermore, the expert behavior described above is 
represented by a �-MCCM-DC (see Cheng et al. (2018))

Finally, the optimal solution o∗ = (o�, �+
1
, �−

1
,⋯ , �+

i
, �−

i
,⋯ , �+

n
, �−

n
)T of (3) obtained.

(2)

min
o�,�+

i
�−
i

� =

n∑
i=1

cD
i
�+
i
+ cU

i
�−
i

s.t. o� + �+
i
− �−

i
= oi, i ∈ N,

o1 ≤ o� ≤ on,

�+
i
≥ 0, �−

i
≥ 0, i ∈ N,

(3)

min
o�,�+

i
�−
i

� =

n∑
i=1

cD
i
�+
i
+ cU

i
�−
i

s.t. o� + �+
i
− �−

i
= oi, i ∈ N,

o1 ≤ o� ≤ on,

0 ≤ �+
i
, �−

i
≤ �i, i ∈ N.



268 Y. Ji et al.

1 3

However, the model (3) does not simulate the uncertain parameters (such as: 
�i, c

U
i
, cD

i
 ) into multiple scenarios. In addition to this defect, the above model 

does not study the loss risk caused by uncertainty. In adjustment to accomplish 
up for this gap, a two-stage mean-risk academic �-MCCM-DC will be proposed 
in Sect. 3.2.

(3) The threshold-based (TB)-MCCM-DC
In addition to the consensus model of asymmetric adjustment cost described 
above, there is another situation, that is, there will be a free adjustment range in 
the process of experts’ opinion adjustment. In other words, the moderator does 
not need to provide additional compensation if the expert ei modifies the opinion 
within the adjustment deviation �i.

The initial opinion value is in different intervals, which are related to con-
sensus opinion, and the compensation cost is additionally different accordance 
to the amount of adjustment. Based on the compensation rules defined above, 
another model with no-cost adjustment intervals is built, which is called the 
TB-MCCM-DC Cheng et al. (2018)

Let’s u−
i
= (o� − �

i
− o

i
)+, u+

i
= (o

i
− o

� + �
i
)+, v−

i
= (o� + �

i
− o

i
)+, v+

i
= (o

i
− o

� − �
i
)+ , where 

u−
i
∈ [0, o� − �i], u

+
i
∈ [o� − �i, o

�], v−
i
∈ [o�, o� + �i], v

+
i
∈ [o� + �i,∞], u+

i
⋅ u−

i
= 0 

and v+
i
⋅ v−

i
= 0 . Given the equations associated with u−

i
, u+

i
, v−

i
, v+

i
 it is easy to 

transform the above model as follows Thus, the model (4) also can be expressed as 
follows

The optimal solution to model (5) denoted as o∗ = (o�, u−
1
, u+

1
, v−

1
, v+

1
,⋯ , u−

i
, u+

i
, 

v−
i
, v+

i
,⋯ , u−

n
, u+

n
, v−

n
, v+

n
)T.

When determining the minimum cost of negotiation, model (5) considers 
that the unit cost of experts is free within a certain acceptable range. Due to 
the model does not involve the uncertainty of parameters (such as: �i, cUi , c

D
i

 ), 
the model is flawed. In addition, since these uncertainties will bring loss risk to 
consensus cost, it is necessary for DMs to provide a risk aversion method. To 
enhance the model (5), we will comprise specific situations and CVaR measure 
into it, and the extended model will be given in Sect. 3.3.

(4)
min
o�

𝜑 =
∑

oi<o
�−𝜃i

cU
i
(o� − 𝜃i − oi) +

∑
oi>o

�+𝜃i

cD
i
(oi − 𝜃i − o�)

s.t. o� ∈ O

(5)

min
o�,u+

i
u−
i
,v+
i
v−
i

� =

n∑
i=1

cU
i
u−
i
+ cD

i
v+
i

s.t. u+
i
− u−

i
= oi − o� + �i, i ∈ N,

v+
i
− v−

i
= oi − o� − �i, i ∈ N,

o�, u+
i
, u−

i
, v+

i
, v−

i
≥ 0, i ∈ N.
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3  Two‑Stage Mean‑Risk Stochastic Consensus Models

In this part, we introduce the concept and equivalent form of risk-averse two-stage 
stochastic MCCMs. Specifically, after introducing the parameters used to describe 
stochastic events, the risk function CVaR is utilized to simulate the risk brought by 
stochastic parameters. Then, based on the theory of stochastic programming, the 
uncertain decisions caused by a variety of random scenarios are divided into two 
stages, in which the first-stage is the decision that needs to be given by the mod-
erator in advance, and the second-stage is the decisions that are made by the DMs 
in the subsequent adjustment stage. Finally, stochastic mean-risk consensus models 
can deal with the uncertainty consensus reaching process with risk.

Suppose that � is a random vector described on the same probability space 
(�,F,P) , where � is expressed as the sample space, F  is expressed as a �-alge-
bra on � , and P is expressed as a probability measure on � . Under the premise of 
asymmetric adjustment cost, a novel cost consensus modeling method is proposed, 
which takes into account not only previous research elements, but also includes sce-
narios that describe stochastic events and risk factors. The key point of the proposed 
modeling method is that considering the uncertainty of parameters, and the risk 
function is introduced into the objective function. The consensus facilitation pro-
cess is enhanced by a series of decisions based on stochastic scenarios, which are 
mainly classified into two categories: one is the final consensus and the other are the 
adjustment decisions of experts. Further, the following modeling process is based 
on the modeling idea of two-stage stochastic programming, and the decisions are 
divided into two stages. The decisions in different stages are determined by the deci-
sion time, and the reason for processing the decision in this way is caused by the 
uncertain factors in the decision process. In step with the different decision time, we 

Table 1  Additional Notation and Description of the resulting models

Notation Description

Determined parameters
�
i

The greatest compromise of e
i

�
i

The cost-free adjustment threshold of e
i

Uncertain parameters
(cD

i
)s Unit downward adjustment cost of e

i
 in scenario s

(cU
i
)s Unit upward adjustment cost of e

i
 in scenario s

(o
i
)s Initial opinion of e

i
 in scenario s

Decision variables
o
′ The expected consensus opinion of the moderator

(�+
i
)s The downward adjustment deviation

(�−
i
)s The upward adjustment deviation

(u−
i
)s The upward adjustment deviation

(u+
i
)s no need to adjust

(v−
i
)s No need to adjust

(v+
i
)s The downward adjustment deviation
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denote the predicted consensus o′ and the bottomward and advancement adjustment 
deviations �+

i
, �−

i
 or v+

i
, u−

i
 as the first-stage and the second-stage decisions. Some 

additional notations of the resulting models are presented in Table 1.
From now on, in the following discussion of three risk-averse consensus models, 

we suppose there exist N scenarios, for stochastic event �s(s = 1,⋯ ,N) with corre-
sponding probabilities ps , �s = {(cD

i
)s, (cU

i
)s, (oi)

s} denotes its realization. Here, (oi)s 
denotes the value of expert ei ’s initial opinion in the s-th scenario. We assume that 
different scenarios of unit cost with direction constraint are given by the moderator 
in advance, which is estimated according to the specific decision-making environ-
ment and historical experience. And the opinions are assigned by experts.

3.1  Two‑Stage Mean‑Risk Stochastic MCCM‑DC

The existing model (model (2)) focuses on the deterministic decision problem, 
which may not be enough to consider only the unit consensus cost with direction in 
the decision-making process. In addition, it may not be comprehensive to consider 
only the variable consensus cost and the variable initial opinions of experts. As far 
as we know, the risk problem brought about by the uncertainty of parameters is also 
a particularly noteworthy point. Therefore, the subsequent development of minimum 
cost consensus model with risk aversion is a novel approach to deal with the uncer-
tainty in the consensus process.

In particular, the variable and directional unit consensus cost is considered in the 
construction of the two-stage stochastic MCCM-DC (TSMCCM-DC), which can be 
described as:

where Q1(o
�, �(�)) is the optimal value for the following optimization model

where �s = ((cD
1
)s, (cU

1
)s,⋯ , (cD

n
)s, (cU

n
)s)T , � = ((o1)

s,⋯ , (on)
s)T , 

�� = (o�, o�,⋯ , o�)T , �s = ((�+
1
)s, (�−

1
)s,⋯ , (�+

n
)s, (�−

n
)s)T , and

In this study, the CVaR of consensus cost is a special form of CVaR. The CVaR of 
consensus cost is defined as follows.

(6)
min
o�

�(Q1(o
�, �(�)))

s.t. o1 ≤ o� ≤ on,

min
�

(�s)T�s

s.t. W�s = �s − ��, s = 1,⋯ ,N,

�s ≥ 0, s = 1,⋯ ,N,

W =

⎡
⎢⎢⎢⎢⎣

1 − 1 0 0 ⋯ 0 0 0 0

0 0 1 − 1 ⋯ 0 0 0 0

⋮ ⋮ ⋮ ⋯ ⋮ ⋮ ⋮ ⋮

0 0 0 0 ⋯ 1 − 1 0 0

0 0 0 0 ⋯ 0 0 1 − 1

⎤
⎥⎥⎥⎥⎦
n×2n.
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Definition 1 For a random variable Q1(o
�, �(�)) , the CVaR of consensus cost at the 

confidence level � ∈ (0, 1] is given by

where [a]+ = max{0, a}, a ∈ ℝ.

Thus, combined with the risk function in model (6) and Definition 1, the two-
stage mean-risk stochastic MCCM-DC (MRMCCM-DC) can be described as:

where

The optimal solution o∗ = (o�, �)T of the MRMCCM-DC can be obtained by solving 
the corresponding algorithm. According to the Definition 1, the following theorem 
is given.

Theorem 1 The MRMCCM-DC (7) is converted to a linear programming model:

Proof The realization of second stage function {Q1(o
�, �1),Q1(o

�, �2),⋯ ,Q1(o
�, �N)} 

is {(�1)T�1, (�2)T�2,⋯ , (�N)T�N} on account of there are finitely many realizations 
of �(�) . The function (7) can be calculated from the definition of CVaR as following:

Finally, we can get the linear programming model (8).   ◻

Compared with the general consensus model with adjustment direction, the 
natural fact is that the proposed risk-averse stochastic programming model (7) has 

CVaR�(Q1(o
�, �(�))) = inf

�∈ℝ
{� +

1

1 − �
𝔼([Q1(o

�, �(�)) − �]+)},

(7)min
o
′

{�(Q1(o
�, �(�))) + �CVaR�(Q1(o

�, �(�)))},

Q1(o
�, �(�)) = min

�s
{(�s)T�s ∶ �� +Ws�s = �s, �s ≥ 0}.

(8)

min
o�,�

� =

N∑
s=1

ps(�s)T�s + �

(
� +

1

1 − �

N∑
s=1

psvs

)

s.t. W�s = �s − ��, s = 1,⋯ ,N,

o1 ≤ o� ≤ on,

�s ≥ 0, s = 1,⋯ ,N,

vs ≥ (�s)T�s − �, s = 1,⋯ ,N,

� ∈ ℝ, vs ≥ 0, s = 1,⋯ ,N.

{𝔼(Q1(o
�, �(�))) + �CVaR�(Q1(o

�, �(�)))}

={𝔼(Q1(o
�, �(�))) + �

(
inf
�∈ℝ

{
� +

1

1 − �
𝔼([Q1(o

�, �(�)) − �])+

})

=

N∑
s=1

ps(�s)T�s + �

(
inf
�∈ℝ

{
� +

1

1 − �
𝔼([(�s)T�s − �])+

})



272 Y. Ji et al.

1 3

certain difficulty in solving, which makes the information value and random solution 
especially important. Thus, in order to prove whether the proposed model plays a 
certain role in the decision maker’s better planning, the values of the EVPI and VSS 
are very valuable.

Definition 2 Assuming that o�(�s) is the optimal solution of the objective function 
Q1(o

�, �s(�)) under the implementation of �s(s = 1, 2,⋯) . If o�(�s) can be obtained, 
then the objective function accordingly is Q1(o

�(�s), �s(�)) . The expected value of 
the objective function is called “wait-and-see" solution of model (8) ( WS1 ), where

Definition 3 The optimal solution obtained from the recourse problem (RP) is 
known as the “here and now" decision, and its optimal value is denoted by RP1:

The interpretation of EVPI is a perfect predictor of the future (see Raiffa and 
Schlaifer (1961)). Then the EVPI of model (8) which named MREVPI1 is the differ-
ence between the two values ( WS1 and RP1):

Since solving the optimal solution of WS1 is not just a single optimization model, 
but a model under all scenarios, the relativistic optimal solution is also a series of 
optimal solutions. This makes it tricky to obtain this value, so what follows is an 
introduction to a much simpler problem, known as VSS.

Definition 4 The expected value problem:

where �(�) = �(�(�)) is the optimal solution of expected value problem. o�(�) is 
known as the optimal solution to the expected value problem. The expected result of 
using the EV solution measures the performance of o�(�):

The VSS of model (7) can be defined as follows:

The significance of this value MRVSS1 is that it represents the cost loss caused by 
stochastic events in multiple situations.

This model has more innovations than the aforementioned consensus model 
(2). First of all, the original model is the modeling of a single particular scenario, 
while our model is designed to model multiple stochastic scenarios simultaneously. 

WS1 =�[min
o�

Q1(o
�, �(�))] + �CVaR�(min

o�
Q1(o

�, �(�)))

=�(Q1(o
�(�), �(�))) + �CVaR�(min

o�
Q1(o

�, �(�))).

RP1 = min
o�

{�(Q1(o
�, �(�))) + �CVaR�(Q1(o

�, �(�)))}.

MREVPI1 = RP1 −WS1.

EV1 = min
o�

{Q1(o
�, �(�)) + �CVaR�(f (o

�, �(�)))},

EEV1 = �(Q1(o
�(�), �(�))) + �CVaR�(Q1(o

�(�), �(�))).

MRVSS1 = EEV1 − RP1.
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Secondly, this model brings CVaR measure into the objective function, and has 
the role of risk resistance to a certain extent. Finally, two values (EVPI, VSS) are 
defined that are significant to the stochastic programming model.

3.2  Two‑Stage Mean‑Risk Stochastic �‑MCCM‑DC

In the environment of GDM, the opinions of each DM usually have some differ-
ences, so it is difficult to get a consensus result that everyone is satisfied with. How-
ever, in order to pursue the final solution of the decision-making problem, DMs need 
to adjust their own opinions appropriately. In this adjustment link, the adjustment of 
expert’s opinion is not only directional, but also limited by the scope of their own 
opinions. In other words, experts are only allowed to modify the initial opinions to 
the extent permitted, and experts are not willing to adjust beyond this range. In order 
to solve this problem in an uncertain decision-making environment, and consider-
ing the risk brought by uncertainty, a novel consensus cost model of risk aversion is 
proposed.

Let �i denote the maximum amount of modification allowed by the expert ei to his 
opinion. Similar to model (6), combined with limited constraints of compromise �i , 
we present the following two-stage stochastic �-MCCM-DC with the limited com-
promises ( �-TSMCCM-DC):

where Q2(o
�, �(�)) is the optimal value of the following problem

where �s = ((cD
1

)s, (cU
1

)s,⋯ , (cD
n
)s, (cU

n
)s)T , �s = ((o1)

s,⋯ , (on)
s)T , �� = (o�, o�,⋯ , o�)T , 

� = (�1,⋯ , �n)
T , �s = ((�+

1
)s, (�−

1
)s,⋯ , (�+

n
)s, (�−

n
)s)T , and

The model building is similar to that described previously, CVaR was combined 
with model (9), the two-stage mean-risk stochastic �-MCCM-DC ( �-MRMCCM-
DC) is constructed:

(9)
min
o�

�(Q2(o
�, �(�)))

s.t. o1 ≤ o� ≤ on,

min
�

(�s)T�s

s.t. W�s = �s − ��, s = 1,⋯ ,N,

0 ≤ �s ≤ �, s = 1,⋯ ,N,

W =

⎡
⎢⎢⎢⎢⎣

1 − 1 0 0 ⋯ 0 0 0 0

0 0 1 − 1 ⋯ 0 0 0 0

⋮ ⋮ ⋮ ⋯ ⋮ ⋮ ⋮ ⋮

0 0 0 0 ⋯ 1 − 1 0 0

0 0 0 0 ⋯ 0 0 1 − 1

⎤
⎥⎥⎥⎥⎦
n×2n.

(10)min
o�

{�(Q2(o
�, �(�))) + �CVaR�(Q2(o

�, �(�)))}.
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Theorem 2 The �-MRMCCM-DC (10) can be converted to the following linear pro-
gramming model:

Proof The function (10) can be calculated from the definition of CVaR as following:

Finally, we can get the linear programming model (11).   ◻

The innovation of the �-MRMCCM-DC built in this section is that the influence 
of stochastic events and the risk factors brought by uncertainty are incorporated 
on the basis of the model (3). The proposed model takes many factors into consid-
eration and improves the flexibility of its application. Similar to the definitions of 
MREVPI1 and MRVSS1 in Sect. 3.1, we give the concepts of MREVPI2 and MRVSS2 
that are defined for �-MRMCCM-DC.

3.3  Two‑Stage Mean‑Risk TB‑MCCM‑DC

Because individual unit costs directly determine the total negotiation cost of reaching 
a consensus, the tolerance of each expert on opinion adjustment is very important for 
effective consensus results. The tolerance range includes that experts are allowed to 
modify their own opinions without charging additional fees in a certain range, which 
is the threshold for cost-free modification of opinions. If the threshold is exceeded, the 

(11)

min
o�,�

� =

N∑
s=1

ps(�s)T�s + �

(
� +

1

1 − �

N∑
s=1

psvs

)

s.t. W�s = �s − ��, s = 1,⋯ ,N,

o1 ≤ o� ≤ on,

0 ≤ �s ≤ �, s = 1,⋯ ,N,

vs ≥ (�s)T�s − �, s = 1,⋯ ,N,

� ∈ ℝ, vs ≥ 0, s = 1,⋯ ,N.

{𝔼(Q2(o
�, �(�))) + �CVaR�(Q2(o

�, �(�)))}

={𝔼(Q2(o
�, �(�))) + �

(
inf
�∈ℝ

{
� +

1

1 − �
𝔼([Q2(o

�, �(�)) − �])+

})

=

N∑
s=1

ps(�s)T�s + �

(
inf
�∈ℝ

{
� +

1

1 − �
𝔼([(�s)T�s − �])+

})

RP2 = min
o�

{�(Q2(o
�, �(�))) + �CVaR�(Q2(o

�, �(�)))}

WS2 = �(min
o�

Q2(o
�, �(�))) + �CVaR�(min

o�
Q2(o

�, �(�)))

MREVPI2 = RP2 −WS2

EEV2 = �(Q1(o
�(�), �(�))) + �CVaR�(Q2(o

�(�), �(�)))

MRVSS2 = EEV2 − RP2.
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DM will be charged according to the amount of excess adjusted by the opinion. On the 
contrary, the moderator will pay for the additional opinion adjustment. In this section, 
we study the two-stage stochastic TB-MCCM-DC with risk aversion and free thresh-
old. The model has variable unit cost and initial opinions, and its goal is to reach con-
sensus with the minimum total cost. In addition, the risk of parameters of variability is 
also considered in the model.

We assume that �i denotes the interval of expert’s revision opinion, which means the 
expert adjusts his opinion with no-cost. Let

where

and ((u+
i
)s ⋅ (u−

i
)s = 0, (v+

i
)s ⋅ (v−

i
)s = 0. See Table 1 for detailed description of rel-

evant variables and symbols.
The two-stage stochastic TB-MCCM-DC with cost-free threshold (TB-TSMCCM-

DC) is described as following:

where Q3(o
�, �(�)) is the optimal value of the following problem

where

(u+
i
)s = ((oi)

s − o� + �i)
+, (u−

i
)s = (o� − �i − (oi)

s)+,

(v+
i
)s = ((oi)

s − o� − �i)
+, (v−

i
)s = (o� + �i − (oi)

s)+,

(u−
i
)s ∈ [0,−�i], (u

+
i
)s ∈ [o� − �i, o

�], s = 1,⋯ ,N,

(v−
i
)s ∈ [o�, o� + �i], (v

+
i
)s ∈ [o� + �i,∞], s = 1,⋯ ,N,

(12)
min
o�

�(Q3(o
�, �(�)))

s.t. o1 ≤ o� ≤ on,

min
�

(�s)T�s

s.t. W�s = �s + � − ��, s = 1,⋯ ,N,

�s ≥ 0, s = 1,⋯ ,N,

�s =(0, (cD
1
)s, (cU

1
)s, 0,⋯ , 0, (cD

i
)s, (cU

i
)s, 0,⋯ 0, (cD

n
)s, (cU

n
)s, 0)T ,

� =((o1)
s, (o1)

s,⋯ , (oi)
s, (oi)

s,⋯ , (on)
s, (on)

s)T ,

�� =(o�, o�,⋯ , o�, o�,⋯ , o�, o�)T ,� = (�1, �1,⋯ , �i, �i,⋯ , �n, �n)
T ,

�s =((u+
1
)s, (u−

1
)s, (v+

1
)s, (v−

1
)s,⋯ , (u+

i
)s, (u−

i
)s, (v+

i
)s, (v−

i
)s,⋯ ,

(u+
n
)s, (u−

n
)s, (v+

n
)s, (v−

n
)s, )T .
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and

Thus, add risk factors (CVaR) to the model (12) during the process, then the two-
stage mean-risk stochastic MCCM-DC with tolerance behaviors (TB-MRMCCM-
DC) can be described as:

Theorem  3 The TB-MRMCCM-DC (13) is equal to the afterward linear 
programming:

Proof The proof is similar to the Theorem 3.1-3.2, so here we omit the proofs.   ◻

The initial opinions can be divided into three interval segments, which are deter-
mined according to the final consensus opinions and the value of �i . The initial 
opinion falls into three different segments and the compensation that the moderator 
has to pay the expert is different. When the initial opinion falls within the range of 
[o� − �i, o

� + �i] , the expert keeps his initial opinion unchanged and the moderator 
does not need to pay compensation expenses. Otherwise, when the initial opinion 
falls within the range of [0, o� − �i] or [o� + �i,+∞] , the expert needs to adjust his 
initial opinion accordingly, with the amount of (u−

i
)s or (v+

i
)s respectively. Mean-

while, the moderator also needs to come up with a certain amount of money to com-
pensate the expert for exceeding the no-cost adjustment threshold condition.

As can be seen from the model (5), the model built in this section takes into account 
the addition of various restrictions under the goal of minimum cost. In addition to the 
initial asymmetric direction of adjustment and the threshold at which an expert can 
adjust without cost, these limitations also include random events and risk aversion. In 
addition to the initial asymmetrical direction of adjustment and the threshold at which 
experts can adjust with no-cost, the initial TB-MCCM-DC lacks some limitations, 
including stochastic events in a variety of scenarios and risks arising from randomness. 

W =

⎡
⎢⎢⎢⎢⎣

1 − 1 0 0 ⋯ 0 0 0 0

0 0 1 − 1 ⋯ 0 0 0 0

⋮ ⋮ ⋮ ⋯ ⋮ ⋮ ⋮ ⋮

0 0 0 0 ⋯ 1 − 1 0 0

0 0 0 0 ⋯ 0 0 1 − 1

⎤
⎥⎥⎥⎥⎦
2n×4n.

(13)min
o�

{�(Q3(o
�, �(�))) + �CVaR�(Q3(o

�, �(�)))}.

(14)

min
o�,�

� =

N∑
s=1

ps(�s)T�s + �

(
� +

1

1 − �

N∑
s=1

psvs

)

s.t. W�s = �s + � − ��, s = 1,⋯ ,N,

o1 ≤ o� ≤ on,

�s ≥ 0, s = 1,⋯ ,N,

vs ≥ (�s)T�s − �, s = 1,⋯ ,N,

� ∈ ℝ, vs ≥ 0, s = 1,⋯ ,N.
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Although the model is more complicated than the original determined model, it can 
better cope with the complex and changeable decision-making environment, and can 
also reduce the risk cost in subsequent decisions. Moreover, this model is based on 
conditional-value-at-risk function, which is more robustness.

In order to better demonstrate the superiority of the model (14) constructed in this 
section, the presented model is compared with the deterministic model, and two indi-
cators ( MREVPI3 and MRVSS3 ) were used for evaluation. Under this model, they are 
defined as:

4  L‑Shaped Algorithm for Solving Risk‑Averse Two‑Stage Stochastic 
Consensus Models

For the models (8,11,14) with special structures, we can use the cutting plane technique 
to solve it, which is called the L-shaped algorithm (see Birge and Louveaux (2011)). 
In this section, we give the following method to solve the proposed risk-averse models. 
For simplicity, the three types of models built are expressed in the following form

where �s = �s in the MRMCCM-DC, and �s = (�s, �) in the �-MRMCCM-DC, and 
�s = �s + � in the TB-MRMCCM-DC. Then the model (15) is further transformed

RP3 = min
o�

{�(Q3(o
�, �(�))) + �CVaR�(Q3(o

�, �(�)))}

WS3 = �(min
o�

Q3(o
�, �(�))) + �CVaR�(min

o�
Q3(o

�, �(�)))

MREVPI3 = RP3 −WS3

EEV3 = �(Q3(o
�(�), �(�))) + �CVaR�(Q3(o

�(�), �(�)))

MRVSS3 = EEV3 − RP3.

(15)

min
o�,�

� =

N∑
s=1

ps(�s)T�s + �

(
� +

1

1 − �

N∑
s=1

psvs

)

s.t. W�s = �s − ��, s = 1,⋯ ,N,

o1 ≤ o� ≤ on,

�s ≥ 0, s = 1,⋯ ,N,

vs ≥ (�s)T�s − �, s = 1,⋯ ,N,

� ∈ ℝ, vs ≥ 0, s = 1,⋯ ,N.

min
o�,�

� = �� +

N∑
s=1

ps[(�s)T�s +
�

1 − �
vs]

s.t. Ws�s = �s − T�, s = 1,⋯ ,N,

o1 ≤ o� ≤ on, � ∈ ℝ,

�s ≥ 0, s = 1,⋯ ,N
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where

where �s and � have the same dimension.
In Noya (2012), the author takes � as the first stage variable and vs(s = 1,⋯ ,N) 

as the second stage variables. Here we adopt the same treatment for this proposed 
modeling method.

Now, the specific implementation steps of the algorithm and the important rel-
evant procedures (including various cuts that need to be added) are described in 
detail. There are two different types of cutting that need to be emphasized in the 
presented algorithm: feasibility cuts and optimality cuts.

Find optimality cuts by optimizing the linear program

and we get the dual solutions �v , where v denotes the number of iterations of opti-
mality cuts. we calculate the quantities

Our solution x is optimal if this inequality satisfied, and will call that “optimality cuts".
If � ∈ K2,

∑N

s=1
ps[(�s)T�s +

�

1−�
vs] ≥ +∞ , a “feasibility cut" is identical to

where r denotes the number of iterations of feasibility cuts. Finding the simplex 
multiplier �r that results from the problem

where eT = (1,⋯ , 1).
Solve the linear programming problem (called the “master problem") given by

Ws =

[
W 0 0

(cs)T − 1 1

]
, gs =

[
�s

0

]
, T =

[
�

−1

]
,

min
�

(�s)T�s +
�

1 − �
vs

s.t. W�s = �s − T�,

�s ≥ 0.

(16)� ≥ �[(�v)T (�s − T�)].

(17)(�r)TT� − (�r)T�s ≥ 0

(18)
min w� = eT�+ + eT�−

s.t. W� + I�+ − I�− = �s − T�v,

� ≥ 0, �+ ≥ 0, �− ≥ 0,

(19)

min �� + �

s.t. o1 ≤ o� ≤ on, � ∈ ℝ

(�r)TT� − (�r)T�s ≥ 0,

� ≥

N∑
s=1

[(�v)T (�s − T�)],

� ∈ ℝ.
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By studying the iterative steps of the algorithm, we can know that the time com-
plexity of the algorithm is O(n2) . Moreover, we can know that the algorithm can 
converge in a finite number of iterative steps, and can converge to the optimal solu-
tion. Proofs of converges are omitted for brevity, and see Birge and Louveaux (2011) 
for a more general proof.

5  The Applications of the Proposed Models

This section will verify the effectiveness of the proposed novel consensus modeling 
methods for solving consensus application of loan platform. All numerical experi-
ments in this section are carried out on the MATLAB 2018a software of notebook 
computer (Intel i5 CPU and 8GB RAM). The solving time of the Algorithm 1 and 
solver CPLEX is compared, and the comparison of experimental results verifies that 
the given method is more effective.

At present, the impact of the new coronavirus pneumonia has had a greater 
impact on many industries, such as wholesale, retail, accommodation, catering, 
logistics and transportation, and cultural tourism. In this special case, these enter-
prises have to use loans to alleviate the capital problem. But the interest rate of 
banks and traditional financial institutions is usually higher than the cost of cap-
ital, which makes these small and medium-sized enterprises difficult to accept 
in this environment. Different from traditional financial institutions, P2P loans 
reduce the number of intermediaries, which make borrowers get loans at a lower 
satisfactory interest rate. In the P2P lending process, the borrowers submit loan 
applications on this platform, and then the lenders decide whether or not to lend 
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the loan to these applicants. In this transaction process, the P2P lending platform 
plays the role of the moderator and supervises the entire transaction link.

In the Zhang et al. (2019), the P2P lending scenario is described as a consen-
sus reaching process, but it does not take into consideration the uncertainty of 
some parameters and the risk brought by uncertainty. However, these two points 
are also essential for this consensus application. This paper describes this issue 
from the perspective of borrowers. Similarly, the borrower is regarded as the 
expert who gives the expected interest rate, while the P2P platform is regarded 
as the moderator. His existence is to offer certain compensation for the experts to 
adjust the interest rate, so as to ensure the consensus. Although the interest rates 
given by several borrowers may not be the same, in order to obtain loans, and 
under the compensation of the platform, they can achieve a consensus, that is, to 
give a mutually satisfactory interest rate.

The following three examples provide an explanation for the three pro-
posed stochastic risk-averse consensus models, all of which think about three 
unique scenarios. In particular, stochastic events described below are all 
� = {oi(�), c

U
i
(�), cD

i
(�)} . In order to better conform to the actual decision-mak-

ing environment, we take the data in reference Zhang et al. (2019) as the average 
data of the three groups of data in this experiment, while the other two scenarios 
are an increase or a decrease of 20% based on the average data. In the following 
experiments, the values of the risk parameters � and � are set to 0.1 and 0.9.

Example 1 (Example of the MRMCCM-DC)
Suppose that the lenders put a sum of 100,000 RMB on the P2P platform, and 

what they want is to charge borrowers high interest rates. Here, we assume that there 
are four borrowers, namely e1, e2, e3, e4 , and the average value of expected interest 
rates are given by oi = (11, 16, 22, 28)(%).

Borrowers are required to adjust interest rates up or down until agreement is 
reached. To facilitate consensus, the platform offered a compensation to all borrow-
ers who made adjustments to interest rate. The interest rates are provided by the bor-
rowers may be higher or lower than expected consensus. Therefore, the adjustment 
is directional, and the cost of adjustment is different in direction. It is frequently the 
case that a higher interest rate will make the platform less compensated, and vice 
versa.

We hypothesized that when the borrower adjusts the interest rate by 1% in the up 
direction, the platform will provide the average value of compensation the borrower 
by cU

i
= (1.5, 1, 2.5, 2)(10RMB) . On the contrary, it will compensate the average 

value of the borrower with cD
i
= (1, 0.5, 1.5, 1)(10RMB) . Some of the data shown 

above are averages of all the scenarios and are referred to as the first scenario. 
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The other two scenarios respectively increase and decrease by 20% on the basis of 
the uncertain parameters given in this scenario. In this numerical experiment, we 
assume that the probabilities of the three scenarios used are equal, i.e., 1/3. We 
model this problem as follows:

The model is solved by the Algorithm 1. The consensus interest rate is o� = 17.6% 
and the minimum total cost is 346.12 RMB. Table 5 illustrates some of the main 
characteristics of results solved by Algorithm 1 and CPLEX. As can be observed 
in the table, no differences of outcomes in between 2 methods for solving this prob-
lem. The comparison results further confirm the accuracy of the proposed method. 
Moreover, it is observed that it saves time to use Algorithm 1 to solve the problem. 
By contrast, our proposed approach is significantly more efficient.

To present the MREVP1 and MRVSS1 of MRMCCM-DC, the optimal solutions of 
three scenarios are presented in Table 2. Subsequently, we can obtain the mean cost 
is 321.86 RMB. Finally, Table 6 presents the experimental data of stochastic meas-
ures on MRMCCM-DC. It can be seen from the table that model generalization in 
terms of risk and randomness have great value.

Example 2 (Example of the �-MRMCCM-DC) On the basis of Example 1, we add 
corresponding constraints, assuming that each borrower has an allowable adjustment 
interval of �i = (12, 10, 11, 20)(%) respectively. Other parameters and probability 
settings are same as in the previous example. Based on Model (11), we modeled this 
example as a �-MRMCCM-DC, which is denoted as:

min
o�,�+

i
,�−
i
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+ (cU

i
)s�−
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) − �, s = 1, 2, 3,

8.8 ≤ o� ≤ 33.6,

�+
i
≥ 0, �−

i
≥ 0, i = 1, 2, 3, 4,

� ∈ ℝ, vs ≥ 0, s = 1, 2, 3, 4

Table 2  Optimization solutions based on 3 scenarios of MRMCCM-DC

Culture Scenario 1 Scenario 2 Scenario 3

Consensus opinion 3.5 4.2 2.8
Down-adjustment (0, 0, 1, 2.5, 5.5) (0, 0, 1.2, 3, 6.6) (0, 0, 0.8, 2, 4.4)
Up-adjustment (1.5, 0, 0, 0, 0) (1.8, 0, 0, 0, 0) (1.2, 0, 0, 0, 0)
Minimum total consensus cost: 32 42.24 23.04
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This model is addressed numerically with Algorithm 1 and CPLEX solver. Four bor-
rowers reached uniform interest rate o� = 17.6 % and the compensation paid by the 
platform is 346.12 RMB. The experimental results between Algorithm 1 and solver 
are compared, as showed in Table 5. Since the calculation time required by the Algo-
rithm 1 is significantly lower than required by the optimization solver CPLEX, then 
the results indicate that the algorithm can solve this problem faster. We contrasted 
these results with the results from the last example, it could be found that results for 
the Example 5.1 and Example 5.2 are identical. The most likely causes of this phe-
nomenon are that the borrowers are well-tolerated for their adjustment of opinions. 
Therefore, attempts are made to reduce the tolerance range of each borrower. Sub-
sequently, the second group of data is given below, which the corresponding limited 
compromise take as �i = (10, 6, 8, 16)(%) . Table 5 presents the experimental results.

The results in Table  3 are the optimal values under the three scenarios, which 
were calculated separately. Here, calculations are carried out for the three sets of 
data. The mean total consensus cost is 321.86 RMB, which means the total consen-
sus cost that experts expect to pay. The results of MREVP2 and MRVSS2 are shown in 
Table 6, which indicated the significance of model building. Because it considered 
the value of information from the perspective of the borrowers and the platform.

Example 3 (Example of the TB-MRMCCM-DC) Suppose that each borrower needs 
adjustment according to the opinion of platform, and everyone in the GDM has a 
cost-free threshold. The corresponding values of no-cost thresholds are denoted 
as �i = (5, 3, 4, 5)(%) . The data for other uncertain parameters � = {cU

i
, cD

i
, oi} are 

min
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≤ �i, i = 1, 2, 3, 4,

8.8 ≤ o� ≤ 33.6,

�+
i
≥ 0, �−

i
≥ 0, i = 1, 2, 3, 4

� ∈ ℝ, vs ≥ 0, i = 1, 2, 3, 4, s = 1, 2, 3.

Table 3  Optimization solutions based on 3 scenarios of �-MRMCCM-DC

Culture Scenario 1 Scenario 2 Scenario 3

Consensus opinion 16 12.8 19.2
Down-adjustment (0, 0, 6, 12) (0, 0, 4.8, 9.6) (0, 0, 7.2, 14.4)
Up-adjustment (12, 5, 0, 0) (4, 0, 0, 0) (6, 0, 0, 0)
Minimum total consensus cost: 31.35 20.06 45.14
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identical to those presented in Example 5.1. The probabilities of three scenarios are 
both 1/3. Hence, this problem can be written as a TB-MRMCCM-DC with cost-free 
threshold:

Table 4  Optimization solutions based on 3 scenarios of TB-MRMCCM-DC

Culture Scenario 1 Scenario 2 Scenario 3

consensus opinion 18 13.8 22.4
u
+ (0, 1, 8, 15) (0, 2, 7.8, 13.6) (0, 0, 8, 16.2)
u
− (2, 0, 0, 0) (0, 0, 0, 0) (4.2, 0.2, 0, 0)
v
+ (0, 0, 0, 5) (0, 0, 0, 3.6) (0, 0, 0, 6.2)
v
− (12, 5, 0, 8) (10, 4, 0.2, 0) (14.2, 6.2, 0, 0)

Minimum total consensus cost: 8.80 3.17 16.76

Table 5  Comparison results associated with the solving approach

*In the numerical results of �-MRMCCM-DC, the first value represents the results under the first set of 
data, and the second value represents the experimental results under the second set of data

Model Method o
′ � Time(sec.)

MRMCCM-DC Algorithm 1 17.6000 34.6120 1.387493
CPLEX 17.6000 34.6120 2.318212

�-MRMCCM-DC Algorithm 1 17.6000/18.4000 34.6120/34.8413 2.844308/0.634963
CPLEX 17.6000/18.4000 34.6120/34.8413 5.878211/8.286689

TB-MRMCCM-DC Algorithm 1 18.2000 13.7840 1.644642
CPLEX 18.2000 13.7840 2.173885

Table 6  Stochastic measures associated with the modeling approach

Measures MRMCCM-DC �-MRMCCM-DC TB-MRMCCM-DC

RP 34.6120 34.6120 13.7840
WS 32.1860 32.1860 9.5773
EEV 42.2570 40.1300 16.8270
EVPI = RP-WS 2.4260 2.4260 4.2067
VSS = EEV-RP 7.6450 5.5180 3.0430
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After calculation, the optimal solution of the above problem is o� = 13.59% , and 
the optimal value is � = 182 RMB. Similar to the previous two problems, the Algo-
rithm 1 for solving this problem is compared with the solver, the results in Table 5 
showed that the given method is faster and effective. Taking each scenario as a deter-
ministic problem to solve, the optimal solution under three random scenarios can be 
obtained, and the results are presented in Table 4. Two important values ( MREVP3 
and MRVSS3 ) are provided in Table 6, which can be obtained to evaluate whether the 
TB-MCCM-DC is meaningful or not. Through these results, it can be found that it is 
of constructive significance to use the established model to solve this problem.

6  Sensitivity and Comparative Analysis

In this section, the sensitivity analysis is performed to analyze the effect of param-
eters ( �, � ) related to CVaR measurement on the total consensus cost. The data are 
from Examples 5.1-5.3. We suppose that the parameters in all scenarios change 
together. In order to better illustrate the importance of risk management in dealing 
with uncertain factors in decision-making, this section also compares the two-stage 
stochastic models with the corresponding risk-aversion models. The same compari-
son process also occurs in the robust models and the proposals.

6.1  Sensitivity Analysis

In this part, we analyze the sensitivity of the risk coefficient of the two-stage sto-
chastic consensus models with risk aversion under the background of asymmetric 
cost.

(1) Sensitivity analysis of MRMCCM-DC
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The impact of relevant test parameters ( �, � ) on the total consensus costs is 
important. The risk-averse consensus models require that its risk parameters be 
met at a certain level. The measure taken is to increase the � (or � ) while the � (or 
� ) is kept unchanged. To this end, let us further analyze the impact of risk param-
eters on the total consensus cost. When � = 0.5 , the minimum costs at the � of 
0.1, 0.2, ..., 0.8, 0.9 are calculated. Similarly, when � is 0.6 or 0.7, the change trend 
of total cost with respect to � is also obtained. The results of change in the total 
consensus cost caused by varying � and � are given in Fig. 1. As shown in Fig. 1, 
it is found that total consensus cost is sensitive to the risk parameters �, � . There 
is a clear trend of increasing in minimum consensus cost as � or � increase. And 
when the value of � (or � ) is the same, the larger the value of � (or � ) is, the more 
significant the increase of minimum cost consensus is. This means that increasing 
the value of risk factors within a certain range, which are defined by � and � , can 
strongly affect the minimum consensus cost. It also translates that it is more difficult 
to reach a consensus.

(2) Sensitivity analysis of �-MRMCCM-DC

In the sensitivity analysis about changing the CVaR measurement parameters of 
the �-MRMCCM-DC, it is assumed that one parameter ( � or � ) keeps unchanged 
when another parameter ( � or � ) varies. The conclusion of minimum consensus cost 
that can be drawn from the Fig. 2. Left and right figures in Fig. 2 are the graphs of 
the first and second set of data, respectively. Since the results of the first set of data 
are the same as � change in Fig. 1, and are therefore not shown in detail here. From 
these results, we observed the following features of the second set of data. It can be 
seen from Fig. 2 that the minimum cost changes and increases as the level of risk 
parameter ( � or � ) increases. In turn, � decreases as � or � decreases. This shows 
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Fig. 1  Effects of � and � on the total consensus cost of MRMCCM-DC
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that the risk parameters have a significant influence on the consensus cost of group 
decision-making. Increasing the degree of risk within a certain limit makes it more 
difficult to reach a consensus. Therefore, this conclusion can provide guidance value 
for the moderator in determining the risk parameters.

(3)  Sensitivity analysis of TB-MRMCCM-DC

Similar to the described before, the experimental results in the Example 6.3 are 
similar as Example 6.1-6.2. Figure 3 provides a more intuitive view on the results of 
total consensus cost. This is to observe how the performance of total consensus cost 
vary with the increase of the value of � (or � ). On the one hand, for a fixed value � , 
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Fig. 2  Effects of � and � on the total consensus cost of �-MRMCCM-DC
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Fig. 3  Effects of � and � on the total consensus cost of TB-MRMCCM-DC
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it is easy to see that the cost values increase with respect to the risk coefficient � . 
On the other hand, for a fixed value � , we can observe that a larger � value leads to 
higher cost value. Figure 3 shows that the total consensus cost increases when the 
established risk parameter � moves up from 0.1 to 0.9. It proves that increasing � 
leads to more risk aversion. This means that the risk measure defined by CVaR has 
an important impact on the minimum cost consensus. Considering the relationship 
between the value of risk and consensus cost, the higher the value of risk, the more 
negotiation cost the moderator needs to pay to the DMs. With the increase of risk 
coefficients, it will be more difficult to reach a consensus.

6.2  Comparative Analysis

(1) Comparison between two-stage consensus models and mean-risk consensus 
models

  
There are a number of important differences of two-stage stochastic consensus 

models between with and without CVaR. For comparison, we performed the analy-
sis comparing with or without risk, and results are given in Table 7, where model 
(8), (11), (14) are two-stage mean-risk stochastic minimum cost consensus models 
and model (6), (9), (12) are the stochastic consensus programming without CVaR 
function. In the following part, the values of the risk parameters � and � are set to 
0.4 and 0.9 uniformly. By comparing the results, we retrieve following main results.

Indeed, on the one side, it can be observed that when the risk function is added 
to the two-stage stochastic consensus models, the consensus value increases, which 
implies that consensus is sensitive to risk factors. On the other hand, the total con-
sensus cost of stochastic programming with CVaR is higher than that without the 
risk function. In other words, compared with the total consensus cost without risk, 
when the risk function is added, the total cost of stochastic programming that needs 
to be paid by the platform is increased. This also indicates that with the addition of 
risk function, it becomes more difficult to achieve a consensus. This is a common 
situation, because when the risk of uncertainty parameters is taken into account in 
the consensus optimization model of stochastic programming, the total cost must be 
increased. The two-stage mean-risk stochastic minimum cost consensus models take 
CVaR into account, which is more comprehensive than the stochastic consensus pro-
gramming without risk function, so the result is a little worse.

Table 7  Comparison results of two-stage stochastic MCCMs and risk-averse MCCMs

Models Model (6) Model (8) Model (9) Model (11) Model (12) Model (14)

o
′ 17.60 19.20 17.60/18.40 19.20/18.80 18.20 19.00

� 30.22 47.38 30.22/30.59 47.38/47.48 11.78 19.76
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(2) Comparison between robust consensus models and mean-risk consensus models

In decision-making activities, due to the existence of various uncertain factors 
such as subjects and objects, decision-making activities cannot achieve the desired 
purpose, which is also known as risk of decision. Reducing the risks of decision-
making and reducing the mistakes of decision-making are the issues that people pay 
attention to and discuss. DMs usually design a large number of subjective factors 
such as personal feelings and value judgment, which makes their decisions often 
subjective. However, most experts have a tendency to avoid risks and give a rela-
tively conserved decision. In order to avoid risk, the consensus models of robust-
ness are also proposed in Qu et al. (2020) to help DMs make decisions. Therefore, 
we will compare our proposed risk-averse two-stage stochastic MCCMs with robust 
MCCMs.

For robust consensus models, they are based on four different uncertain sets. For 
upward and downward unit costs, cU

h
 and cD

h
 take the negative and positive deviations 

of cU
0

 and cD
0
 respectively, where

and

These above-mentioned settings are the same as in the Qu et al. (2021). The results 
of three robust consensus models are given in Table 8. Comparing the results with 
the consensus models of risk aversion in Table 7, we can observe and summarize the 
following conclusions. 

cU
h
=

⎛⎜⎜⎜⎝

−0.2 − 0.2 − 0.2 − 0.2

−0.05 − 0.05 − 0.05 − 0.05

−0.03 − 0.03 − 0.03 − 0.03

−0.1 − 0.1 − 0.1 − 0.1

⎞⎟⎟⎟⎠
,

cD
h
=

⎛⎜⎜⎜⎝

0.1 0.1 0.2 0.1

0.2 0.2 0.2 0.2

0.4 0.4 0.4 0.4

0.05 0.05 0.05 0.05

⎞⎟⎟⎟⎠
.

Table 8  Comparison results of different robust MCCMs under the same uncertainty set

Uncertainty Sets Box Ellipsoid Polyhedron Interval-polyhedron

RO-MCCM-DC
o
′ 22 21.79 21.38 22

� 41.38 35.83 33.35 33.19
�-RO-MCCM-DC
o
′ 22/21 21.79/21 21.38/21 22/21

� 41.38/42.30 35.83/36.07 33.35/34.00 33.19/33.45
TB-RO-MCCM-DC
o
′ 18.33 19 19 19

� 13.39 11.82 11.52 10.66
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 (i) By comparing the results of three robust consensus models in four uncertain 
sets, it is found that the minimum total cost is the largest in the box set and the 
smallest in the interval polyhedron set.

 (ii) The total consensus cost of solving the MCCMs of risk aversion is 
47.38, 47.38/47.48 and 19.76 respectively. Under the box set, the total con-
sensus cost obtained by solving the robust consensus optimization models is 
41.38, 41.38/42.3 and 13.39 respectively. They are the largest total consensus 
costs under different uncertain sets, that is, the most conservative results. 
Comparing the results of the two different types of uncertainty models, it is 
easy to find that the total cost of the proposed consensus optimization models 
is more conservative than the worst robust optimal values.

 (iii) The results show that robust models are too optimistic compared with the pro-
posed models. This is mainly because the proposed models not only consider 
a variety of uncertain scenarios, but also include risk factors, which improve 
the anti-risk ability of the models. Although the result of total consensus cost 
is too large, it considers the influence of risk factors. If the result is too opti-
mistic, it will usually cause the DMs to spend more cost to resist the risk in 
the process of implementation. Despite the fact that the cost of risk aversion 
models increases, it can help DMs effectively reduce the risk in the process 
of decision-making.

7  Conclusion and Future Work

The purpose of this current study is to determine how to better reach a consensus 
under risky and uncertain environment. This work contributes to existing knowl-
edge of GDM by combing with the related development of two-stage stochastic 
programming and risk measurement. We have conducted related explorations on 
consensus optimization problems that have been hot in the decision-making field. 
Therefore, the modeling method of two-stage mean-risk stochastic minimum cost 
consensus is proposed. Those models are constructed under the background of 
some uncertain parameters. Not only that, they take into account the impact of 
different adjustment directions on costs.

In the proposed risk-averse stochastic consensus models, the set of decisions 
is divided into two groups. Moreover, we apply a case of peer-to-peer loans to 
the proposed consensus models, the Algorithm 1 can effectively solve this kind 
of problem. To verify the accuracy and effectiveness of numerical experiment 
results of the Algorithm 1, we compared it with the results obtained by CPLEX. 
The comparison results confirmed these two points. Besides, we present the sen-
sitivity analysis of the risk parameters ( � and � ) for the proposed models on the 
total consensus cost, and a comparison of whether to consider the risk function is 
also given.

At last, four interesting research directions are pointed out.
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1. Many decisions are made in the face of uncertainty about the GDM environment. 
Considering the influence of uncertain factors, the result of stochastic program-
ming modeling is still a little optimistic, so it is necessary to study the worst 
consequence. As an effective uncertainty optimization tool, robust optimization 
focuses on achieving optimal results in worst-case situations. In the context of 
sequential auction, Ma et al. (2021) provided a robust optimization method to find 
the maximum revenue under different uncertainty sets. Therefore, inspired by this 
kind of robust modeling techniques, future research on the robust and two-stage 
mean-risk stochastic consensus problem is a very meaningful research direction.

2. In this paper, the unit cost of the expert is determined by the coordinator accord-
ing to different specific scenarios, rather than given corresponding criteria. There-
fore, how to determine the uncertainty unit adjustment cost in a mean-risk two-
stage stochastic consensus model will also be an interesting research direction.

3. In this paper, we build a consensus optimization model with risk in uncertain 
environments. Similarly, the two-stage stochastic consensus optimization model 
that considers risk aversion given by the preference relationship also has sig-
nificant research value. Moreover, cost metric is a useful criterion Labella et al. 
(2020) for GDM. Thus, it is also necessary to incorporate the distance to global 
opinion and consensus degree into the risk-averse consensus models.
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