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Abstract

In this short note we study unimodular gravity in Weyl-De Donder formalism. We find
corresponding Hamiltonian and study consequence of the unimodular constraint on
the conjugate covariant momenta. We also find covariant Hamiltonian for Henneaux-
Teitelboim unimodular action and study corresponding equations of motion.
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1 Introduction and summary

Unimodular gravity was firstly introduced by A. Einstein in his paper [1] published
in 1916. In this work the unimodular constraint .,/—g = 1 was used as gauge fixing
condition of general diffeomorphism in order to simplify calculations. Then it was
shown in [2, 3] that imposing this condition before the variation of Einstein-Hilbert
action leads to the traceless equations of motion. As we review below these equations
of motion are classically equivalent to the general relativity equations of motion with
crucial difference that the cosmological constant appears as integration constant rather
than true cosmological constant. This fact brings new hope how to solve cosmolog-
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ical constant problem which was however questioned in [4], | where it was argued
that quantum corrections make the cosmological constant ultraviolet sensitive in uni-
modular gravity as well. On the other hand it is important to stress that no definitive
conclusions have been reached yet regarding this problem and unimodular gravity is
still very intensively studied, for some works devoted to unimodular gravity, see for
example [7-24].

One of the most interesting aspects of unimodular gravity is the number of physical
degrees of freedom. Naively, unimodular constraint ./—g = 1 reduces the number
of independent components of metric to nine which could suggest that the number
of physical degrees of freedom is less than in general relativity. On the other hand
unimodular gravity is invariant under restricted diffeomorphism. Taking these two
aspects together we find that the number of local physical degrees of freedom is
the same as in ordinary general relativity. This fact was proved with the help of the
Hamiltonian analysis of unimodular gravity performed in [16—19, 25, 26]. On the other
hand as was shown in these papers standard analysis of unimodular gravity based on
D + 1 splitting of target space-time is rather non-trivial and shown complexity of the
canonical analysis of systems with constraints. 2

Then one could ask the question how unimodular gravity could be described in
covariant canonical formalism that is known as Weyl-De Donder theory [29, 30]. The
key point of this formulation is that we treat all partial derivatives as equivalent when
we define conjugate momenta. For example, if we have scalar field ¢ with Lagrangian
density in D + 1 dimensional space-time equal to £ = —%n“b 0,909 — V(9), we
define the conjugate momentum as >

oL
= g = b
a

Then covariant canonical Hamiltonian density is defined as

1
H=1"p — L = —Enan“bmp + V().

Clearly such a form of Hamiltonian density preserves diffeomorphism invariance of
the theory. This approach is known as multisymplectic field theory, see for example
[31-33], for review, see [34] and for recent interesting application of this formalism
in string theory, see [35, 36].

It is clear that such covariant canonical formalism is especially suitable for mani-
festly covariant theories as for example general relativity. In fact, covariant canonical
formalism of general relativity was found long time ago by P. Hotava [37]. This analy-

1 For review of unimodular gravity, see for example [5, 6].

2 There is an interesting question how degrees of freedom could be counted in covariant canonical formal-
ism. As far as we know this problem has not been analysed yet in covariant canonical formalism. We mean
that due to the manifest covariance of this formulation the number of degrees of freedom could be counted
as in the Lagrangian treatment that can be as powerful as covariant one, see for example [27, 28]. We hope
to study this problem in near future.

3 We define n,p = diag(—1,1,...,1),a,b=0,1,..., D.
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sis was recently generalized to the case of F'(R) gravity in [38] and further elaborated
in [39].

In this paper we apply this formalism for unimodular theory of gravity in D + 1
dimensions. This is non-trivial task due to the well known complexity of canonical
analysis of unimodular gravity in non-covariant formalism. Further, it is also very
interesting to study this system since it contains primary unimodular constraint and
it is non-trivial task how to deal with such systems in covariant canonical formalism.
In more details, we include this primary constraint to the action with corresponding
Lagrange multiplier. Then we derive corresponding equations of motion. Using these
equations of motion we find that the unimodular constraint implies another constraint
on the canonical conjugate momenta. Then we show that this constraint is equivalent to
the vanishing of the trace of the Christoffel symbols which is characteristic property of
unimodular theory of gravity [10]. This is nice and non-trivial result. On the other hand
the Lagrange multiplier corresponding to the primary constraint cannot be determined
as in non-covariant canonical formalism by imposing condition of the preservation
of the secondary constraint due to the fact that the equations of motion for conjugate
momenta are in the form of the divergence of these momenta. For that reason we
determine this constraint in the same way as in the Lagrangian formalism when we
calculate the trace of the equations of motion. As a result we obtain equations of
motion that are traceless and that do not depend on the cosmological constant which
is in agreement with the Lagrangian formulation of unimodular gravity.

As the second step in our analysis we find covariant canonical formulation of
Henneaux-Teitelboim formulation of unimodular gravity [25]. In this case we again
identify covariant Hamiltonian together with set of primary constraints. Then we con-
sider canonical form of the action and determine corresponding equations of motion.
Solving these equations of motion we find that Lagrange multiplier is integration con-
stant. In this case we reproduce results well known from Lagrangian analysis. However
we mean that this is nice and interesting application of the covariant canonical analysis
to the constraint systems.

Let us outline our results and suggest possible extension of this work. We found
covariant Hamiltonian formalism for unimodular gravity. First of all we determined
covariant Hamiltonian for general relativity action in D + 1 dimensions where we
again introduced variable f¢* = J—_gg“b. At this place we would like to stress an
importance of this result since it was not apriori known whether % is suitable for
formulation of gravity in space-time of dimension different from 4. Then we imposed
unimodular constraint using Lagrange multiplier method and then we studied corre-
sponding equations of motion. We found that the consistency of the theory demands
that the trace of conjugate momenta is zero. Then we showed that this is character-
istic property of unimodular gravity when we pass to Lagrangian formalism. Final
we found covariant Hamiltonian for Henneaux-Teltelboim formulation of unimodular
gravity. We identified primary constraints of the theory and then we studied equations
of motion that follow from canonical form of the action. We showed that they precisely
reproduce Lagrangian equations of motion that is nice consistency check of the covari-
ant canonical formalism. We mean that the analysis presented in this paper suggests
that covariant Hamiltonian formalism is very close to Lagrangian formalism and in
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some situations the covariant Hamiltonian formalism is more suitable than Lagrangian
one, as for example study of thermodynamics properties of horizon [40].

It is also clear that there are more systems that could be analysed with the help of
covariant canonical formalism. One possibility is to study Weyl invariant gravity in
this formalism. Another possibility would be to perform analysis of theories of gravity
with higher derivatives where the classical canonical analysis is very complicated, see
for example [41]. We hope to return to these problems in future.

This paper is organized as follows. In the next Sect. 2 we review properties of
unimodular gravity.Then in Sect. 3 we proceed to the covariant canonical formula-
tion of this theory. Finally in Sect. 4 we perform covariant canonical formulation of
Henneaux-Teltelboim unimodular gravity.

2 Brief review of unimodular gravity

In this section we review basic facts about unimodular gravity. For recent very nice
and more detailed review, see for example [5, 6]. Unimodular gravity is theory with
the constraint ./—g = 1. Clearly such a condition has a consequence on allowed
differomorphism transformation. In fact, let us consider general transformation of
coordinates

XM= xHEY ) (D

that implies inverse relation
X =x - R - E () + 06D 2
where a, b, c =0, 1, ..., D. Under these transformation the metric g, transform as

8ap ) = gab(X) — 3c8ap(X)E(X) — gac(X)BpE (x) — %k (X)gep(x)  (3)
that implies following variation of metric
88ab(x) = 8p(X) — 8ab(X) = —8acpx — 3aE geb — dcgavk”
so that the variation of the square root of the determinant of metric is equal to
8y/—detg = — (20,6 — dcgapg™*5)y/— det g . @

In case of unimodular gravity this variation should vanish and hence we obtain fol-
lowing condition on £¢ in the form

1
ViEY = 0,8 + Eg“cadgwsd =0. Q)
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The most straightforward way how to find an action for unimodular gravity is to
consider standard Einstein-Hilbert action with an unimodular constraint added

1

S = E/dD+].x[\/ _g(R - 2[_\) + A(\/ —8 — ])] + Smatt ) (6)

where A is Lagrange multiplier whose variation ensures unimodular condition and
where A is constant.

Performing variation of the action (6) with respect to g* we obtain following
equations of motion

1 1 _
——(Rap — 58ab(R —2A + A)) = Tup » (7
167 2

where T, is matter stress energy tensor defined as

_ 1 ) Smatl
SRVE P
The crucial point is that A is Lagrange multiplier that should be determined as a

consequence of the equations of motion. To do this we perform the trace of the equation
(7) to express A as

T, ®)

_(1—D)R 327
" 14D D+1

T+2A, T=g"Ty,. ©)

Inserting this result into (7) we obtain

1
gabR = 167 (Typ — D

n [8abT) - (10)

R —
“ D

These equations of motion are trace-free and also most importantly they do not contain
any information about cosmological constant A.

It is important to stress that even equations of motion of general relativity without
unimodular constraint imposed split into 9 trace-free equations of motion and one
additional one. To see this consider general relativity equations of motion

1 -
Rap — Egab(R_zA) =167 Typ . (11)
Taking the trace of this equation we can express R as

2 )
R=—5(6xT — (D +DA). (12)

Note that with the help of this equation we can rewrite (11) into trace-free form

1 1
Rup — D—HRgab = 167 (Typ — D—_HTgab) . (13)
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However we should again stress that (12) determines R as function of trace of matter
stress energy tensor and true cosmological constant term in Einstein-Hilbert action
while in case of unimodular gravity we express A-which is Lagrange multiplier and
not constant, as function of R, T and A, as follows from equation (9).

In order to check equivalence between unimodular gravity and ordinary general
relativity we should be able to reproduce equation (12) in case of unimodular gravity
as well. We can do this by following procedure. Consider equations of motion (10)
and rewrite them into the form

1 1 1-D
Rup — = R =167 (T, — T . 14
ab 2gub 7T (Tap D+1gab )+2(D+1) 8ab (14)

Now we apply covariant derivative on both sides of the equations above and using the
fact that the covariant derivative of Einstein tensor G, = Rup — %gabR is zero we
get

V(167 T - R) = 167 VT, (15)
7T — ——R) = .
D+1 b 2 § ab

If we consider ordinary form of matter we obtain that divergence of stress energy
tensor is zero as a consequence of matter equations of motion. Then the right side of
the equation above is zero and the left side can be easily integrated with the result

2
R = 1_D(1671T—i-§2), (16)
where 2 now appears as true integration constant rather than the cosmological constant
that was imposed in the theory by hand. In other words (16) is the last equation
of motion of unimodular gravity and we fully recovered equivalence with general
relativity however keeping in mind that we should still have to impose the condition
/—g = 1 in the course of calculations.

Having performed basic review of unimodular gravity we proceed in the next section
to its formulation in the covariant Hamiltonian formalism.

3 Covariant Hamiltonian formalism For D + 1 dimensional
unimodular gravity

In this section we find covariant Hamiltonian formalism for unimodular gravity in
D + 1 formalism.

As usual in the covariant formalism we split the Einstein-Hilbert action into bulk
and boundary terms. Since this procedure is well known, see for example [37, 40] and
also recent generalization to the case of F'(R) gravity [38] we write immediately final
result

L= ['bulk + Esurf ’

Lpuik = —v g, F; Fkhggh]
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1 - 1
tr— AV + A= - D)
167 167

1 - 1
= Lyuad + EAV_g + EMV -g—D,
1 i py
Lour = 7—0j1V/=8(&"Tj} =" Tjp1, (17)

where I'j . are Christoffel symbols

1
Tpe = Eg‘“’(abgdc + 8c8db — Bc8ab) » (18)

and where A is cosmological constant. Note that the presence of the term with Lagrange
multiplier allows us to treat all components of metric as independent.

Now we are ready to proceed to the covariant Hamiltonian formulation of this the-
ory. The main idea of this formalism is to treat all derivatives of dynamical variables
on the equal footing [29, 31, 37] which is sharp contrast with the standard canonical
formalism where the time coordinate has exceptional meaning. This is very attractive
idea especially in the context of generally covariant theories since sometimes it is very
difficult to perform D + 1 splitting of targe-space time and corresponding dynam-
ical fields. In case of covariant canonical formalism of gravity we define conjugate
momenta M to g,,, in the following way

_ 0 Lpulk
00c8mn .

cmn

(19)

Note that the momenta are defined by bulk part of the Lagrangian density only as

follows from the fact that equations of motion are derived by variation of the action

when we fix metric and its derivative on the boundary, for careful discussion see [40].
Then from (17) we obtain

1
Memn — e \/__g[gmkl—wzdga’n + gnkrlidgdm
_gmnl—w(cg‘hggh . F:;:k(gkmgcn + gkngcm) + gm"ngF;»k] (20)
using
k
Sth
80c&mn

1 .
= (&8s + 878
+¢"0 8, (878 + 8787 ) — &85 (83 87 + 83871) 1)

Then we could formulate covariant Hamiltonian formalism using canonical variales
gab and M cab However it turns out that the situation is much simpler when we intro-
duce an alternative set of variables [37, 40] that are defined as

£ =y=gs". (22)
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Then it is easy to see that the conjugate momenta are defined by chain rule

¢ _aﬁquad _ 8Lquad 9(04&mn)

= = . 23
@90 9(Bagmn) (e fab) @y
From (22) we see that £ and g,,, are related by point transformations so that
Bagmn = 28y cab (24)
Then we have
a(adgmn) _ 8gmn (32 (25)
d(@cfaby  afab
and finally
0L guad
N¢, = —C (—guiBY, a1) 26
ab a(acgmn)( 8mk abglz) (26)
where
B, = 28 ot (8k6 +8u8y) — 5 [ 27)
ab — 8fab b b ab )
where we used the fact that
Dtl -1
—detf=—-f=(-8) 7 (-8 (28)
and consequently
. _1
Vg = NPT g = (=TT (29)
Then using previous form of M“"" we obtain
0L guad
NC — qua _ Bkl
ab —3(3cgmn)( gmk B’ 1, 81n)
1
= 5120, - .8 — 7,800 (30)

Note that this relation does not depend on the number of space-time dimensions. Then
in order to find corresponding Hamiltonian we should find inverse relation between
I';. and N;. . Let us presume that it has the form

IS, = ANS, +B(NS, 8¢ + Ni,8¢) . (31)
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Inserting (30) into (31) we obtain

oy = — 55 (QANG, + 2BNG, 55 + Njyso)

—(A +B(D + 2))N - (A+B(D+ 2))N 82) (32)

using A fa = = (A+B(D+2)N fa Comparing left and right side we obtain that A
and B are equal to

A
A=—16r, B=——. (33)
D

Then it is easy to find kinetic term of covariant Hamiltonian for D + 1 dimensional
unimodular gravity in the form

1
Hiin = 8¢ fPNEy — Lauaa = 167 [Ndf a> ~ 5 Nra f“”Nf;,} . (34

where we used the fact that

0" = Be/=88"" + V/=80c8" = TS = Tig f =T f*  (395)
together with the condition Vg% = 0 that implies

/=8 =T9/=8 . 08 = —(%g" + 10,8 . (36)

The final form of the covariant Hamiltonian for unimodular gravity contains terms with
the unimodular constraint and true cosmological constant A. Then the phase-space
form of the action has the form

D+1 c 1 R 1 L
d” " x(Nyy0c fab — Hiin — E(_f) D-TA — EM(_f) D-T — 1)),
37

where A is Lagrange multiplier corresponding to unimodular constraint. From the
action above we determine corresponding equations of motion by performing variation
with respect to f ab, N7, and A

88 = /dDHx((SNCbBcfab + N, 38 fab
SHyi SHi

g —
SN¢, Sf

Gt A= F)PTEFD fy — SA(—f)PT — 1) =0 (38)

5fab

C167n(D — 1)
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that implies following equations of motion

§H

ab _ 1
oc f =g, (=)D T —-1=0,
. 2 oy A prh
_acNab_ 5fab+ 167T(D—1)(_f) Sab + 167T(D—1)( ba) Sab, (39)

or explicitly

9 [ = 167 [N%, f9 4+ NP, fda — (fbdN 89 + fINS,80T

167 . .
—0cNy, = T(NfaNZd + NGNS

O N N ) fup b e pyoh
Ty, B VA R L Ty, py Jab
(—H)PT—1=0. (40)

Taking the trace of the second equation we can determine A as

_16n(D - 1)

. 167
DI (—0:NE, [0 — 16anaf“bN,§d+?N,’ FOONS) — A, (41)

where we have took into account the equation on the fourth line in (40). Then the
equations of motion for NJ, have the form

. 16w 4 . 16w .
— 8N = — (NN, + N& Nud)— —N/,

1 167 .
(D — 1)( 9 Nkf’k - 167rNCdif’kN,fd + 7N,’,.f'kN;k)fab. (42)

Clearly this equation is traceless and all dependence on the cosmological constant A
disappears which is an essence of unimodular gravity.
On the other hand one let us try to calculate the trace of the first equation that gives

1
0 [ fab = 16T ING [ + Neg 4 = S (FP N8 + f*ING8O foa - (43)
that can be simplified into the form

3 f_32n[ ]NY .

Now taking into account unimodular constraint we immediately get the condition
NS =0 (44)
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that can be interpreted as secondary constraint. On the other hand the condition (44)
seems to be too strong so that we should discuss it in more details.

We begin with the recapitulation that unimodular gravity in the covariant Hamil-
tonian formalism is described by canonical conjugate variables f¢’, N ©p that are
restricted by unimodular condition together with (44). In order to find proper interpre-
tation of the constraint (44) it is instructive to derive general relativity variables from
fab, N¢,. As the first step let us consider linear combination of N/, that we denote as
"¢, and which is given by following prescription

167
re, = —16x NS, + ?(Njqu, + NS . (45)

This can be always done and we should again stress that I'’, is not related to f ab at
all. Clearly I';, = I';, . Then we define covariant derivative where I';,, are coefficients

of connection. Let us further define g% and its inverse g, in the following way
& = fUTP . gab = far(— )7 (46)
Let us then define covariant derivative of g as
Vg™ = 9.8 +1%,8% + T, g% (47)
that, using (45), takes the form

Veg™ = (— )P x

16
X[3c % — 16w N%, £ — 167 NP, fda 4 T

D

167
PN 89+ TNQ, flasti=o0,

(48)
where we used the first equation in (40) that also implies d. f™" fin = 327 251 NS,

Now thanks to the equation V.g*” = 0 we can express I'p.. in the form of Christoffel
symbols

1
Fhe = 58" (98de + dcgap — dagve) (49)

On the other hand let us return to the relation between F,‘jc and N gc that takes the
form

s 327 f
Ffa - —ija (50)
so that condition that N, = 0 implies
ry,=0. (51
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On the other hand from (49) we obtain

1
rﬁ:zﬁ%£#=aﬂmg=0 (52)

so that condition N¥. = 0 is equivalent to unimodular condition . It is important to
stress that the fact that unimodular constraint implies I'{, = 0 has not been appreciated
too much with exception of recent interesting paper [ 10] where it was stressed that the
equivalence between general relativity and unimodular gravity is non-trivial. Rather, it
was argued there that the natural geometry for unimodular relativity is equiprojective
geometry [42]. We also see that the condition NJ, = O emerges naturally in the
covariant canonical formalism of unimodular gravity.

4 Covariant form of unimodular gravity

In this section we perform covariant canonical formalism for Henneaux-Teitelboim
formulation of unimodular gravity that has the form

1

S = E / D'Hxv —g[R + )\.(4/ —8 — aafa)] ’ (53)

where t¢ is vector density and X is Lagrange multiplier. Now the equations of motion
for A implies

V=g —9,7°=0 (54)

while equation of motion for ¢ leads to
dh=0. (55)
It is clear that the covariant Hamiltonian formulation of this theory is almost the same

as in previous case with difference that there is momentum conjugate to 7¢. Writting
0,74 = 0p 1”82 we obtain momentum conjugate to ¢ to be equal to

8L 1
b b
= =——A$ 56
Pa = Sopra = 1670 0)
however this can be interpreted as primary constraints of the theory
b b L
G, =p,+ A, . (57)

167

4 At first sight there is a discrepancy between number of constraints N, = 0 where we have n these
constraints and the single constraint det g = 1. As we argued above on-shell the condition Nj, = 0 is
equivalent to the condition I'y,, = 9, det g = 0. We see that we need exactly n such equations in order to
ensure that det g = const.
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In fact, the bare Hamiltonian is defined as
Hp = pbopt® + 3. f*° NS, — L
1
= 167[N?, f4NE, — —N’ NS~ Fk(—f)ﬁ (58)
T

and we see that the dependence on momenta p,, is missing. For that reason we should
consider Hamiltonian with primary constraints included

1
Hy = 167 [N2, f4NE, — — NI, fN?,]

. r“(pb sl (59)
167 T

and consider corresponding equations of motion that arise from the variation of the
canonical form of the action

. 1
S = /dD“x(aCf“bN;b + pidat? — 167 [NE, f94NE, — >N JSONS

L )T T+ ——asP)) (60)
167 b Pa T T

so that the equations of motion have the form

1
0“0 = 16TINE [T + Neg 4 = — (fPING8¢ + f“dNi,a’?n,

167 167
—0cNgp, = > —— (N, Ny + NGNG) — —— D —— N/ Ng, +

(D ( f)D'fah,

1
(—f)PT+T9=0, 8" +T¢=0, 8,pf =0, +F’\5b 0.

(61)
If we combine the first and the second equation on the third line we find
(= )P = Bt (62)

that has exactly the same form as equation (54). We further perform partial derivative
of the fourth equation on the third line and we obtain

b 1
hp, = _Fa A (63)

that using the third equation on the same line implies that
9 h=0. (64)
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This equation also shows that A is constant and it can be interpreted as integration con-
stant. Then it can be argued in the same way as in the previous section that the equations
(61) are equivalent to the Lagrangian equations of Henneaux-Teitelboim gravity. In
other words, covariant Hamiltonian description of Henneaux-Teiltelboim gravity is
equivalent to corresponding Lagrangian description which is nice consistency check.
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