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Abstract

We show that a three rank Lanczos type tensor field is an appropriate choice to describe
relativistic electromagnetic and gravitational effects. More precisely, we identify the
irreducible field-decompositions of this tensor as gravitational and electromagnetic
fields. A set of divergence equations are proposed as field equations for the unified
field.
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1 Introduction

In the early to mid 1900 a number of articles were published on the unification of
electromagnetism and gravitation. This program of unification has been put under the
umbrella term Unified Field Theories (UFTs)—see [4] for a comprehensive review.
But due to the remarkable achievement of Quantum Field theory in unifying the nuclear
and electromagnetic forces, the UFT program has been replaced by the pursuit of a
theory of Quantum Gravity. Since spinors are needed in the description of fermions
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[13], it is essential for a unified field theory to admit spinor structure in order to be a
viable theory for the description of e.g. electrons. Geroch has shown in [2] that it is
a necessary and sufficient condition for a non-compact space time to admit a spinor
structure if it carries a global field of orthonormal tetrads. The frame formalism also
reflect the role of observers in physics, and is thus a natural formalism both in classical
relativity and quantum field theory [12]. Furthermore, due to the nonlinearity of the
Einstein equations, a metric distributional solution describing a point particle is not
possible in general relativity [3]. We refer to [10] for a review of the use of distributions
in general relativity. On the other hand, the Maxwell equations do admit a solution
representing a charged point particle. In the present work we explore the possibility of
a theory which both admits a spinor structure—by employing a global tetrad field—
and whose field equations are linear with respect to the sources and field tensor, in
striking similarity with the Maxwell equations. We remark that we do not make use
of the spinor structure in the present article. A proper investigation of the spinorial
equations and detailed analysis of the spinor fields will be published elsewhere.

2 Geometric considerations

Let (M, g) denote a spacetime represented by a 4-dimensional manifold, M, with
a Lorentzian metric g. The motion of particles of some matter filling spacetime give
rise to a natural splitting by constructing frames comoving with the flow lines of the
particles. This has the further advantage that it does not require a foliation of M. We
shall denote the tangent vector to the flow lines as u satisfying

gu,u)y=—1.

At each point p € M the frame field {e,} is such that

g(eq, ep) = Nab,

where 1, are the frame components of the Minkowski metric. The frames {e,} give
rise to a co-frame, {w“} satisfying

(eq, (l)b> = (Sab~

In the following all indices will be given in terms of the frame and co-frame unless
otherwise stated. The metric tensor give rise to a natural connection V such that
Vg = 0, which is the metric compatibility condition. In terms of the frames, this
condition takes the form

Lo’ cnpa + Ta"anpe = 0, M

where the frame connection coefficients are defined by the directional derivative along
the direction of the frame indices

Vae, =Ty pec, Vo= (€4, V).
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Thus, for a two rank tensor € we have that the frame components of its derivative is
given by,

VaQbe = ec[Qcl = TabQuc — TaeQpa.
Furthermore, if the connection V is forsion-free, we have that
=0, @)
where the frame components of the torsion tensor are defined by
Topec = [eq, ep] + (Tas — T a) ec.

The commutation of the connection may be expressed in terms of the Riemann
curvature tensor and the torsion tensor

Via Ve v¢ = REgapv? + 4% Var©,
ViaVowe = =R capwa + o p Vawe.

The frame components of the Riemann curvature tensor is given by

RCuab = 3aTpa — 6T a + T a(Tr! o — Tul ) + T/ a0y
— T T p — 20 s 4% 3)

—see [11] for details. The Riemann tensor has all the usual symmetries, and it satisfies
the Bianchi identity for a general connection

R can) + ViaZp%er + Ziap T e = 0, @)
V[aRdIelbc] + E[abend]f =0. 5)

Furthermore, we recall that the Riemann tensor admits the irreducible decomposition
R 4ab = Cdab +2(8“1a Lpa — NdlaLp)%), (6)

with C€ 4,5 the components of the Weyl tensor and

1
Sab = Rap — anab @)

denotes the components of the Schouten tensor. The connection V is called the Levi-
Civita connection of g if it satisfies (1) and (2). In what follows we will assume the
connection to be Levi-Civita.
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A projection formalism

At each point in the spacetime manifold M the flow lines give rise to a tangent space
which can be split into parts in the direction of u and those orthogonal. This means
that without implying a foliation, we may decompose every tensor defined at each

point p € M into its orthogonal and timelike part. This may be done by contracting
with u and the projector defined as

he? = 0 +uau®, w=ue,.

Thus, a tensor Ty, may be split into its time-like, mixed and space-like parts given,
respectively, by

Too = uulTup, T4 = uh® Ty, T.y = h®hPaTap,
where ’ denotes that the free indices left are spatial—e.g. T/ju“ = 0. Decomposing

Vu we obtain
Vo’ = xa” — uqa”, (8)

where Xab and a? are the components of the Weingarten tensor and 4-acceleration,
respectively, defined by

xa? = ha Ve, a® = uveul.

We split x,p into its symmetric, tracefree part and antisymmetric part—i.e we have,

1
X(ab) — ghabx = Oub, X[ab] = Dab-

In the literature (e.g. see [12, p. 217]) x, o4p» and wy, is called, respectively, the expan-
sion, shear and the twist of the congruence with four velocity u. The decomposition
(8) now takes the form,

1
Vaub = oab + ghabx + a)ab — uaab. )
The decomposition of the four volume is

€abed = —2 (u[aeb]cd - Eab[cud]) s €bed = fabcdua'

Given a tensor T, Which is antisymmetric in its two last indices, we may construct
the electric and magnetic parts with respect to u. In frame indices this is, respectively,
defined by

Ecqq = Tabehcahdbues Bea = T*abehcahdbuey
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where the Hodge dual operator, denoted by *, is defined by
T*abe = — _Emnbe Tamn,
and has the property that

T**abc = —1Labc-

Depending on the symmetries and rank of the tensor, the above definition for electric
and magnetic decomposition may vary slightly. Central for our discussion is that £,
and B, are spatial and symmetric.

3 The field tensor

We consider the rank three tensor Z (hereafter called the Z-tensor) with the following
symmetries,

Z[abc] = 07 Zabc = Za[bc]~
It can be readily shown that the first symmetry property implies that
anb = 2Z[ba]c- (10)

The Hodge dual of the Z-tensor Z* is defined in the customary way by,
* 1 de
Z7 gpe = _Eebc Zade-

The frame fields e, provide a natural 1 4+ 3 decomposition of Z and Z* into parts in
the direction of and orthogonal to the flow u. This is obtained by using the projector
h as described in Sect. 2.The decomposition read,

Zape = _277(1[ch] + 6bcdq)aa' + 2’/‘[b"I’c]a - 6dbcua Q4 + 26da[cub] Q4, (11a)
Z*amn = €mnbUa Pb - zeab[mun]Pb + 2q>a[mun] + Emnb\yab + 2’7&[11 Qm], (11b)

where we have defined,
Vap = Zwpyo, Pab = sza/b/)(y Py =Za0, Qo= Z;ko(y

The tensors W,;, and @, are by definition symmetric tensors defined on the orthogonal
space of u—i.e. one has that

Y,eu® =0, dyu’ =0.
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Furthermore, since €45, W, and @,y are spatial fields, it is readily shown that
Py= Qo9 =0.
The traces of the Z-tensor and its dual are,

Z%a =3Py + Yu,, Z%7 =0, (12)
Z*he =3Qp — dup, 20 =0, (13)

where,
v =y, &=,
The first trace in (12) implies that
Z%q = =V, (14)
and the first trace in (13) together with the first symmetry property implies that

Z*, = @ = 0. (15)

Lemma 1 Let Z be a tensor of rank 3 with antisymmetry about two neighbouring
indices. Then Z has the symmetry property Ziapes] = 0 and the dual field szu/b’)() has
vanishing trace.

We make the further assumption that ¥ = 0—i.e we have that

Za()a = Z*aOa = 0.

Remark 1 The assumption that ¥ = 0 is motivated by the fact that we want to relate
the fields ¥ and @ to the electric and magnetic part of the Weyl tensor. Observe that
our assumption is a weaker constraint than the Lanczos algebraic gauge—e.g see [5,
91,

Z%a = 0.
In fact, the Lanczos gauge violate our assumption that the fields P and ¥ represents
pure electric and gravitational fields, respectively, and can thus not be related in such

a way as this gauge implies—see Eq. (12).

Remark 2 Observe that the absence of electric and magnetic fields is a necessary
condition for the Z-tensor to be a a Cotton tensor.
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4 Finding the field equations for the Z-tensor

In the theory we propose, both gravity and electromagnetism is represented in terms
of a field on space time. The geometry of M will be given by the frame components,
rather than the metric, and the connection coefficients as outlined in the introduction.
Equations for the frame and the connection is given by the choice of propagation—
e.g. Fermi propagation—and the definition of the Riemann and the torsion tensor. For
more details on the geometric equations, the reader is referred to [1, 7, 8]. In what
follows we shall focus the discussion on the fields presented in the previous section—
ie. U, & P and Q. These will be taken as the fundamental fields, from which we
may construct the unified field tensor Z. We thus seek a set of equations for Z which
will reduce to the relativistic Maxwell equations in the limit of no gravitational field,
and the Bianchi equations in the limit of no electromagnetic fields. We begin with the
Maxwell equations.

We observe that due to the symmetry of Z and Z*, it is natural to define the two
rank anti-symmetric tensors F and F* as follows,

1
Fap = uZgpe, F*ab = Eeabmnan = uaz*abc-

Using the decomposition of the Z-tensor, it is readily shown that
Fap = upPy — uq Py + €apc O°,

which is the right form of the Faraday tensor with P, and Q, as the electric and
magnetic fields respectively. The Maxwell equations are then given by

VbFab = Jc (16a)
VPF* =0, (16b)

which may be formulated as evolution and constraint equations for the electric and
magnetic fields—i.e.

uahmbvaEb - emabvbBa = _aaémath + J g + EaXam - meaa- (17a)

V.E® = a"Ey + u®J, — €ape BY, (17b)
ubhdavhBa — abEaEdba + Bbxbd _ debb _ EdbaVaEbXbC,

(17¢)

VyBY = a’By, + Elepaex . (17d)

We now turn to consider equations for the gravitational field. It is customary to here
study solutions to the Einstein field equations—i.e

1
Rap — ERgah = Tab- (18)
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But as we are seeking a theory where the geometry is given by the frame components
and the gravitational field is represented by the irreducible components of the Weyl
tensor, we will use the Bianchi identity (5) as field equations. In this formalism the
Einstein equations takes on the form of constraint equations—see Eq. (20). Thus, the
unknowns for the gravitational field will be the electric E,;, and magnetic B, part of
the Weyl tensor—i.e we consider the equations

U hmhn?VaEea + €machn®V* Ba® = —2a" Bn€mac — 2Emnx“a — Eachmnx“
+2Enax“m + Emaxn® — 3uhwhy?VaSea
+ AUy hy 'V Sac (192)
VoEd® = a"Egq + Eqcttax®™ — €acy B’ x*

— €acf Ba x“— %uaucvcsda + %uaucvdsam
(19b)

Mahlchndvchd - Edc(nhl)avdEac = 2aaE(ncel)ac - 2BlnXaa - BachlnXac

+2X“aBnya + Baxn® + Secawhn®V9Sa¢,
(19¢)

hy*VeBo© = a“Byg — Ecdenadxac + 2Ead6nchac
+ Lencau V45, (19d)

where S, is the Schouten tensor and defined in the customary way—see Eq. (7).
If the Einstein equations are assumed, then the Schouten tensor is related to the
Energy-momentum tensor t,; according to

Sab = Tab — 3T gab- (20)

Thus, a solution (E,p, Bap) of the evolution Egs. (19a) and (19¢), satisfying the con-
straint Egs. (19b) and (19d), together with equation (20) is equivalent to a metric
solution of the Einstein equations (18) for a given energy momentum tensor t,,—again
the reader is referred to [6] for more details.

Observe that Z,;. contains all the fields necessary for a description of both gravity
and electromagnetism. That is, the spatial fields (P, Qq, Wap, Pap) has the correct
rank, trace and symmetry to represent (E,, By, Eqp, Bap), respectively. The strategy
to find the correct field equations for the unified field tensor Z,p. is to compare
the proposed equations so that they reduce to the Maxwell equations and Bianchi
equations in the case of no gravity and electromagnetism, respectively. That is, we
must construct the equations such that ¥ and ® will be a solution of Egs. (19a)-(19d)
when P, = Q, = 0. Similarly, P,, Q, is required to be a solution of Egs. (17a)—(17d)
in the limit of ¥, = &, = 0.

Due to the form of the decomposition of Z, we propose field equations on the form,

thabc = Tye, (21a)
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Vbz*abc = Age- (21b)

Note that as a consequence of the antisymmetry in the Z-tensor and the symmetry of
the Ricci tensor, it follows that

VéTye = VA, = 0. (22)

Remark 3 For generality we shall not impose symmetry about the indices {a, c}, so
as to make T and A symmetric tensors. But strictly speaking such an assumption
should be made in order to study the equations on the form that most resembles the
Bianchi equations and the relativistic Maxwell equations. Furthermore, this will make
the tensors A and T divergence free.

In what follows, we will show that there exists tensors A, and T, such that the
proposed field equations encompass the relativistic Maxwell equations as well as the
Bianchi equations. Recall that any tensor 7' may be decomposed in parts orthogonal
and parallel to the four velocity u according to,

Tab = Ta’b’ + Ta/oub + TOb’Ma + TOO”aub~

We consider first the spatial components of the field equations—i.e

hmahncvbzabc = Tww (233)
B 1 VP ZE = A (23b)

Using the decomposition of Z,p. and Z* ;5. (23a) and (23b) are equivalent to,

U hy Vo Whe + €mpehn® VE®e” = —ay Py + a“€napy @m” + a®€map Pu’”
— 2Wn X% — B Wap X + 2Wa X
+ €mna O xb — €nab QX2 m + €man Q" %"
+ Woa xn® — B PN ghpye — hyun Vo P°
+ emnbttVa O — S "1y Vo Spe
+ hn® P Viha"
+ hinahnp VP P + S0 hy 1y Ve S, (24a)
U PV @pe — €mpehn® VoW = —2a%mapWn® + an Om — 2®mnxa
— hn @ap x“? + 2®maxn + €mna P %"
— nab P X + €man PO xPn 4 Praxm”
+ hin”hn Q“Vahipe + €mnptt* Vo PP
+ €mnp Va ¥V + hunVa O = hy® Q Viha"
— hmahny V" Q% — Sempchn®VESs" (24b)
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where we have defined,

hmchnaTaC = aaenacq)mc - \I"mnXaa - hmn\yachc + \I/naXam

+ \pmaXna - %Mahmchndvascd + %uahmchndvdsac (25a)
A%hpchpg = a®€pacVn© + q)mnXaa + hmnq)achC + q)naXam - 2q>maXan
= @y Y™ — €mncVa ¥ + %Emcdhnavdsac (25b)

Thus the spatial components of T' and A are determined by the assumption that in
the absence of electromagnetic fields, Egs. (23a) and (23b) reduce to Egs. (19a) and
(19d), respectively, under the identifications W,, = E,p and ®,, = — Bgp. Next we
consider mixed components. 7,/ and A, are obtained by comparing with the Bianchi
constraint equations. We consider the equations

hequVZupe = h quT,e, (26a)
RO queVP 2, = h quC Age. (26b)

Again, using the decomposition of the Z tensor and its dual, (26a) and (26b) are
equivalent to

hnavb\yab = a”\[lna + enbcq)acxab + 6abccl)nc)(ab - PaXna

— YU uPhy Vi Sac + e,wabQ“ + 2u"u 1y Ve Sap, (27a)
hnaquDab =a q)na — 2€ppc Vo X + Gnac\pbc ab + QaXna (27b)
+ €nap VP P? — Leupcu VS, (27¢)
where we have defined
WP qu® Tyq = €qer ®a’ X — U U VeSaq + SuuVaSac, (28a)
hbduaAnu = 2€ncd\padxac - enad‘pc X e — eacd‘ll d ac
+ %encdu“VdSac. (28b)

The other mixed components Ty, and Agy are determined by comparing with the
relativistic Maxwell equations in the limit of no gravitational fields:

hequN? Zape = h qu Tye, (29a)
REqui VP ZE, = h€ qul Age. (29b)

The decomposed equations are given by

uahmean - emahvan = Jahma —a Wy, — aaemabe + PaXam
- mX at Emacq)bc ab (30a)
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uahmbva Qb + 6mabvbPa = aaemabe + a“(‘bma + QaXam - meaa

+ Emac\IchXabv (30b)

where,
uahmbTab =—J%ma + aaemabe - PaXam + PmXaa» (31a)
APuph?y = —a" ey P = Q" " + Q74" (31b)

Finally, we find Tyo and Agp by using the electromagnetic divergence equations. Thus,
we consider the equations,

uu NVl Zope = uu’ T, (32a)
uuvP e = uutAge. (32b)

Again, by the decomposition of the Z-tensor and its dual, these are equivalent to the
divergence equations

u’ Jo + a’ P, — \I,abXab - 'EachaXbcs (33a)
a® Qu + Papx“ + €arc P X" (33b)

V. P
VaQ*

As before, we have in the above equations defined,

u U’ Tap = —uJy + €ape Q“ x> (34a)
AP uy, = —epae PP x4C. (34b)

We have thereby shown that if A and T are given by,

Top = —uqup” Jyy — g J " Wy + a™ €amn ®p" + a”" €pntta Q"
+ Womxa" — uaP" Xmb + Wamx"'b + ua Pox" m — Wab X" m
+ €anctp P xX™ = hapWan x™ + €mncttatty Q" X" + Supt™u" ha Ve Spn
— 3" ha" By Vi Sne — 3upt™ " ha Vi Sme + Su"hd" hp VySme,  (352)
Agp = —a" €pmntta P" + a" €pmn V" — Pam xp™ — a Q" Xmbp
= 2@ " 0 + Pam X" b+ Papx" m + ua Qo x™m
+ hab Pmn x™" — €mncttsWa x™" + 2€ancttpy WY X" — €amcttpr Wn

— €mncttatty P" X" + %Eancubumvcsmn + %Gbnchamvcsmn + €abn Vi W™,
(35b)

c.,mn
X

then there exists a solution of the field Egs. (21a) and (21b), which are also solutions to
the Bianchi equations and the relativistic Maxwell equations under appropriate limits.
Then, they will also be a solution of the Einstein equations if the constraint Eq. (20)
is imposed. Observe that the divergence of ¥ in Eq. (35b) will vanish if symmetry of
A and T is assumed. Since the tensors T and A act as sources for the field tensor, it is
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worth mentioning that it is perturbations of the four velocity and the Schouten tensor
which is responsible for a non-vanishing source. That is, a solution (e,, I') to the
geometric equations, determines a solution to the field Egs. (21a) and (21b). Wee see
in this formalism that the Einstein equation is only a particular solution for a specific
choice of geometry—i.e. the Ricci tensor and scalar takes a specific form according to
the matter distribution. In the theory proposed here, the perturbations of the Schouten
tensor and frame components creates a matter distribution in space time which in turn
produces gravitational and electromagnetic fields.

5 Discussion

It has been shown that it is possible to interpret ¥, ®, P and Q as the gravitational
and electromagnetic fields, respectively. Although there remains work to be done on
the interpretations of these equations as well as the relation to the Einstein—-Maxwell
equations, we have shown that the tensor Z can be considered a viable candidate for
a unified field theory where the tensors T and A are the sources—see Egs. (21a)
and (21b)—and the field equations are first order divergence equations, in striking
similarity to the Maxwell equations. Due to the existence of a global tetrad field it
is natural to consider the spinorial formulation of the equations. This would be of
interest for a possible quantum description as well as a more lucid interpretation of
the equations. Another interesting further study would be the existence of solutions
representing a charged point particle. The similarity of the equations with the Maxwell
equations may suggest that such a solution exists and makes sense. But observe that
although the field equations resembles the form of the Maxwell equations, there are
derivatives in the sources which may create complications.
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