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Abstract

We introduce consideration of dispersive aspects of standard perfect fluid Friedmann
cosmology and study the new qualitative behaviours of cosmological solutions that
emerge as the fluid parameter changes and zero eigenvalues appear in the linear part of
the Friedmann equations. We find that due to their insufficient degeneracy, the Milne,
flat, Einstein-static, and de Sitter solutions cannot properly bifurcate. However, the
dispersive versions of Milne and flat universes contained in the versal unfolding of
the standard Friedmann equations possess novel long-term properties not met in their
standard counterparts. We apply these results to the horizon problem and show that
unlike their hyperbolic versions, the dispersive Milne and flat solutions completely
synchronize in the future, hence offering a solution to the homogeneity, isotropy, and
causal connectedness puzzles.
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1 Introduction
1.1 Dispersive dynamics and bifurcations

It is a mainstream assumption in cosmology that the history of the evolving universe
is made up of a number of different epochs such as the vacuum, inflationary, radiation,
matter, and other periods, coherently joined to produce the standard cosmological
scenario from some early phase to the future. This scenario usually assumes a cosmic
fluid with an equation of state given by p = (y — 1)p, relating the fluid density p
to its pressure through the fluid parameter y, specific values of which are associated
with special epochs of cosmological evolution, cf. e.g., [1-3].

An efficient way to understand and unify many of the dynamical aspects of a variety
of cosmological models is through the application of dynamical systems techniques,
cf. e.g., [4]. In this way, using only the simplest themes and ideas from a rich underline
dynamical theory, one arrives at a reliable picture of many of the possibilities available
in cosmological dynamics, which are difficult to unravel by other methods.

Inintroductory dynamical systems treatments (and also in virtually all cosmological
applications of the theory to date), one usually deals with a hyperbolic flow, namely,
one that has only hyperbolic fixed points, i.e., all eigenvalues of the linearized vector
field at each fixed point have nonzero real part (i.e., sinks, saddles, and sources).
Standard examples of hyperbolic systems are the structurally stable vector fields which
preserve their properties (for example their phase portraits) under small perturbations.
All structurally stable systems have hyperbolic fixed points because their linear flows
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are generic (they form an open and dense set in the space of all linear flows), cf. [5],
Sec. 16.3.

This is, however, a very strong restriction on a vector field. Systems that describe
physical phenomena, in particular cosmological dynamical systems, always depend
on parameters that are never known exactly, and, in addition, have fixed points that
are not hyperbolic, i.e., the linearized jacobian has some eigenvalues on the imaginary
axis. In this case, however, contrary to what happens in structurally stable systems,
radically new dynamical behaviour may arise.

Bifurcation theory is the broad framework that deals with this problem, where one
is interested not in the properties of an individual hyperbolic system but in a family
of dynamical systems that depend on one or more parameters, such that the fixed
points are non-hyperbolic for some values of the parameters. It comprises the study of
all sorts of topological changes and qualitative reorganizations of the dynamics that
result from a change of the parameters on which the system depends. In distinction
to structurally stable systems, no complete analysis exists of bifurcating or dispersive
systems. Instead, progress has been made in two fronts: local bifurcation theory which
studies the orbit structure near a non-hyperbolic fixed point of a parametrized vector
field, and global (non-local) bifurcation theory that examines dispersive phenomena
which cannot be explained by local bifurcations.

In this case, nearby vector fields can and do have very different orbit structure
than that of the individual vector field that corresponds to the value of the parameter
associated with the non-hyperbolic fixed point. In an important sense, bifurcation
theory is realized by a program of study initiated and emphasized by H. Poincaré to
describe changes in the behaviour of the solutions of an individual system (with non-
hyperbolic behaviour) that result from its suitable embedding in a parametric family
of dynamical systems, these changes being unavoidable and unremovable and occur
as the parameters vary.

Dispersive methods include bifurcation theory, but also singularity theory and its
applications, the latter are sometimes called ‘catastrophe theory’ [6]. Whereas the
theory of bifurcations describes qualitative changes in the phase portraits of dynamical
systems, singularity theory is concerned with such changes for more general objects
(such as mappings, manifolds, etc) as the parameters change, and because of this
it is very closely related to bifurcation theory. These methods are also ideal for the
description of the emerging behaviours in complex systems showing some type of
collective behaviour, resulting from interactions between their different parts. Such
behaviours are again due to the joint effect of two factors, namely, various degeneracies
because of the presence, in the linear part of the vector field, of eigenvalues on the
imaginary axis, and secondly because of the presence of parameters.

1.2 Dispersive problems in cosmology and nonlinear dynamics

There are various important situations where such dispersive behaviour may arise in
a cosmological context. In fact, a fluid parameter, a cosmological constant, the mass
of a scalar field, etc, can all be considered as separate parameters in the sense of
bifurcation theory. As such, their presence in the cosmological equations is enough
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to easily produce dynamical systems with an overwhelming dispersive behaviour,
leading to novel effects which are totally absent in the standard approach in which
these parameters are taken to be constants.

Like in general nonlinear dynamics problems, in cosmology one expects such phe-
nomena to arise when a change in a parameter of the system occurs, and will be always
accompanied by dynamical behaviour in which the linear part of the vector field has
eigenvalues on the imaginary axis corresponding to a ‘bifurcating value’ of the param-
eter. In such a case, the structure of the linear part of the system determines the degree
of ‘degeneracy’, or complexity, of the new equilibria, and leads to possibilities of
renewed significance: the vector field is then expected to ‘unfold’, and the problem
becomes one to capture its extended dynamics.

This approach has to our knowledge not been seriously applied before in a cosmo-
logical context, and in this paper we make a start by looking for dispersive behaviour
in the simplest, nontrivial cosmological model, a Robertson-Walker spacetime with a
perfect fluid with an equation of state p = (y — 1)p, where y is the fluid parameter.
This leads to a different situation than that which one is accustomed with in the con-
text of standard Friedmann cosmology, and below we explore the new possibilities to
their full extent. To compare our findings with the standard ‘hyperbolic’ approach to
cosmological dynamics, we have also chosen to apply our results to the problem of
synchronization, a problem that is closely linked the cosmological horizon problem.

Such ‘collective’ behaviour of dynamical synchronization (‘sync’ hereafter) is in
fact very common among different areas of nonlinear dynamics, and eventually wins
over possible inherent difficulties in communication [7-16]. From cyberspace security
and social networks, to biological and laser oscillators, to chaotically synchronized
behaviour, one witnesses an arbitrary number of identical, coupled subsystems gradu-
ally approaching a synced state to remain there forever. The almost magical common
property of sync in these systems is that it emerges spontaneously through self-
organization, in the sense that although the ‘receiver’ has received only part of the
information of the ‘transmitter’, it somehow manages to reconstruct the remaining
piece.

In this paper, we consider the evolution of a single Friedmannian domain defined by
a Robertson-Walker spacetime satisfying the standard cosmological evolution equa-
tions with a single perfect fluid with the equation of state p = (y — 1) p. This represents
a single completely homogeneous and isotropic spatial domain evolving in (proper)
time. However, the known causality properties of spacetime lead to it containing causal
subregions, i.e., parts of any spatial slice of it, that were never in causal contact with
each other, yet they now appear to an observer as being completely synchronized - the
horizon problem.

The horizon problem of having synchronized but causally disjoint subregions in
a homogeneous and isotropic Friedmannian domain, has been known for quite some
time, and our description of it completely adheres to the standard one as the following
quotations show: In [17], p. 815, we read:

. one concludes that the foundations for the homogeneity and isotropy of the

universe were laid long before the universe became approximately Friedmann,
for if statistical homogeneity and isotropy of the universe had not already been
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achieved at the longest wavelengths earlier, these horizon limitations would have
prevented any further synchronization of conditions over large scales while the
universe was in a nearly Friedmann state, and small amplitude (10%) deviations
from isotropy should be observed now. .., in [18], p. 506,

... By comparing radiation background intensities across the sky it is also found
that the temperature and expansion rate are precisely synchronized across the
visible universe. Even though the separate parts of the visible universe are not
visible to each other they are evolving in precise unison. . .

while in inflation one postulates that such regions were initially ‘unsynchronized’
but were brought to become causally connected very early, possibly around Planck
time, due to a rapid thermalization process, [19], p. 54:

expansion began practically simultaneously in different regions of the
observable part of the universe with a size / < 10~33¢m, since they all came into
being as a result of inflation of a region of the universe no bigger than 10~*sec
which started simultaneously to within Az ~ tp ~ 10~*sec. The exponential
expansion of the universe makes it causally connected at scales many orders of
magnitude greater than the horizon size in a hot universe, R, ~ ¢t ....

In addition, a lack of proper causal synchronization of spatial subdomains was gen-
erally believed to lead to inhomogeneities and anisotropies, as the following passage
from [20], pp. 525-6 shows:

... If the homogeneity of the universe is achieved by the physical transport of
energy and momentum . .. we should expect the universe . .. [at last scattering]
... to be inhomogeneous over distances larger than twice the ‘particle horizon’
... the microwave background ought to exhibit large anisotropies . . . However,
there is no sign of any appreciable anisotropy . .. on the contrary, the microwave
radiation appears to be highly isotropic [therefore] . . . itis difficult to understand
how such a high degree of isotropy could be produced by any physical process
occurring at any time since the initial singularity. . . .

In this paper, the possibility of explaining this problem by a non-instantaneous but
gradual, or dynamical, synchronization mechanism is proposed as a kind of temporal
analogue of phase transitions.! From the above quotations, we are naturally led to
ask the following two questions presently: Can a single Friedmann domain that has
initially become completely synchronized and homogenized by some process (e.g.,
inflation) maintain its synchronization property during its future evolution? Secondly:
can causally disconnected Friedmann subdomains of the single Friedmann domain
synchronize during their evolution even if they were not so initially (so that the single
Friedmann domain was also not synced initially)?

LA totally different kind of synchronization problem based on Mixmaster domains all chaotically oscillating
and interacting with weaker couplings and cooperating to sync on approach to the initial singularity, was
recently considered in [21, 22].
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Perhaps somewhat surprisingly, in this paper we show that the answer to both
questions is ‘no’, if one restricts to the simplest Friedmann-fluid models with hyper-
bolic equilibria. However, the examination of the dispersive analogues of the simplest
Robertson-Walker cosmologies reveals that the models synchronize completely. This
we believe provides a new approach to the horizon problem.

1.3 Outline of this paper

Our work develops bifurcation phenomena in cosmology, and also points to a possible
connection between bifurcations and sync in a cosmological context.

The structure of this paper is as follows. In the next Section, we provide a more
detailed guide to the main results of this paper. Section 3 contains basic background
material in bifurcation theory. This is used in an essential way throughout the remaining
of this work. Sections 4-7 contain results and developments about the dispersive nature
of Friedmann cosmologies. In Sect. 8, we formulate the sync problem in Friedmann
cosmology, and then apply our previous results on bifurcating Friedmann universes to
this problem. We discuss our findings in the last Section.

2 A more detailed guide to the main results

In this Section, we describe the most important results and developments of this work,
to guide the reader to the essential points of our arguments. We may tabulate some
essential points and results as follows:

1. We compute the center manifolds of all dispersive equilibria of the Friedmann-fluid
system.

2. We prove that the unfoldings of the dispersive Milne and flat states are versal.

3. Wediscuss the implications of the existence of a versal unfolding for the long-term
behaviour of the cosmological solutions.

4. We show that the only systems that synchronize in the future are the dispersive
Milne and flat unfoldings (horizon problem).

A more detailed description of the results of this paper is given below.

Section 3 is devoted to a summary of various notions and results in basic bifurcation
theory. After an introductory discussion in Sect. 3.1, and the two preliminary forms
of the basic system (3.1), namely, the ‘linear-Jordan’ form, Eq. (3.2), and the ‘A-B-C’
form, Egs. (3.3)—(3.5) in Sect. 3.2, we present the two fundamental center manifold
theorems in Sects.3.3 and 3.4.

These theorems are valid for the non-parametric and parametric center manifolds
respectively, and reduce the dimensionality of the original system (3.1) to another
system of lower dimensionality holding on the center manifold. These theorems also
guide us to compute the center manifold efficiently using the so-called ‘tangency
condition’ (parametric or not).

In Sect. 3.5, we introduce the notions of bifurcation, codimension, and unfolding.
We also discuss the important case where one is able to find one unfolding that includes
them all, the versal unfolding.
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In Sect. 3.6, we develop these ideas in the simplest context of one-zero-eigenvalue,
codimension-1 bifurcations, which correspond to those found in in later Sections.

Sections 4-7 are the main body of this work. After a preliminary discussion and
motivation in Sect. 4.1 of how a bifurcation theory approach arises in cosmology for the
Friedmann system (4.1)—(4.2), we present the extra dispersive (i.e., non-hyperbolic)
equilibria for single-fluid Friedmann cosmology in Sect. 4.2. We call these fixed points,
type-I, Ila, IIb-1, and IIb-2, and show that they correspond to dispersive versions of
the Milne, flat, Einstein-static, and de Sitter universes respectively.

Then for each one of these basic solutions, we show that the dynamics is suitably
reduced to the corresponding parametric center manifold in each case, namely, Egs.
(5.12), (6.8), (7.5), and (7.22), respectively (the last case being the most difficult, but
perhaps the least interesting one). This results in a huge simplification of the original
dynamics given by the system (4.1)—(4.2).

We then show that the center-manifold-reduced systems violate the necessary condi-
tions (each one for different reasons) and therefore cannot properly bifurcate. However,
the first two, namely the dispersive Milne and flat equilibria, have versal unfoldings
given by Egs. (5.21), (6.11) respectively. This result implies that dispersive versions
of standard cosmology have novel cosmological solutions given respectively by Eqgs.
(5.27) for the Milne state, and (6.14) for the flat state, and we discuss their properties.

It is interesting that no such result can hold for the Einstein static and de Sitter
spaces in the present context, and we show that these represent non-generic solutions
in this sense (cf. Sect. 7).

In Sect. 8, we revisit the two sync questions stated in the Introduction. In Sect. 8.1,
we show that with respect to sync, the problem of a distribution of causally disjoint
domains is reduced to that of the dynamics of a single Friedmann domain.

In Sects. 8.2, 8.3, we introduce and discuss the sync function and mechanism in
general, and for our problem of Friedmann domains in particular. In the remaining
subsections, we show that although the original Friedmann equations cannot usefully
synchronize their solutions, their unfoldings where they exist do, and so we conclude
that sync in the present context is possible for the dispersive Milne and flat universes.

This then provides an alternative approach to the horizon problem for Friedmann
domains, without the need for an initial inflationary stage. In the process of showing the
impossibility of sync for the original Friedmann-fluid equations, we perform various
explicit flow calculations in Sects. 8.4—8.6, but these are possible because the equations
are simple in this context.

3 Center manifolds and bifurcation theory

In this Section, we describe basic results of bifurcation theory necessary for the devel-
opments in the following Sections. Bifurcation theory originated in fundamental work
by H. Poincaré, was subsequently developed by many mathematicians, and today
forms a central research area in modern dynamical systems. We refer to the basic
references [23] (abbreviated to [A83]), [24] (abbreviated to [GH83]), [25] (abbrevi-
ated to [W3]), and further references therein, for examples, proofs, and further details.
Other valuable works on bifurcations are [6, 26]. We assume that the reader has some
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background in flows, stability, invariant manifolds, and asymptotic sets, as the subject
is given in standard sources, e.g., [5, 27, 28]. We exclusively deal below with vector
fields, although everything we discuss is directly applicable to maps.

3.1 Generalities

We consider the family of dynamical systems, a ‘parametrized vector field’,
Y=G(Y,e), YeR" ecR’, (3.1

where G is a C" function on some open subset of R” x R”, and suppose that (3.1)
has a non-hyperbolic fixed point at (Y, €) = (¥p, €9). Then the linearized Jacobian
A = DyG(Yp, €9) (which satisfies the linear system £ = A&) has some eigenvalues
on the imaginary axis. The problem we address here is: What is the behaviour of the
solutions of (3.1) for € very close to €y?

Bifurcation theory studies all possible ways in which such eigenvalues can arise
in the structure of a dynamical system, as well as their dynamical implications. It
classifies the resulting behaviours in terms of the codimension of the bifurcation,
which is basically the smallest number of parameters that completely describes the
bifurcation. The resulting behaviours are described by the possible unfoldings of the
bifurcation, which are families of dynamical systems that contain the bifurcations.

The simplest way in which (Yy, €p) can be non-hyperbolic is when Dy G (Y, €0)
has a single zero eigenvalue and the remaining eigenvalues have nonzero real parts,
this belongs to the so-called ‘codimension-1 bifurcation theory’, and is the only case
we consider here. (Our treatment does not develop codimension-1 bifurcation theory
with a pure imaginary pair of eigenvalues, nor higher-codimension bifurcations, but
in fact also covers the case where Dy G (Yy, €g) has more than one but not all of its
eigenvalues equal to zero and the remaining ones having nonzero real parts.)

Another name for vector fields with some zero or purely imaginary eigenvalues is
dispersive, borrowing from similar usage in partial differential equations (cf. [29]).
Hence, we introduce ‘dispersive’ as another word for ‘structurally unstable’ vector
fields. In this case, a 0-eigenvector defines a dispersive direction, while for a nonzero
eigenvalue A, we call the A-eigendirection with A negative (resp. positive) a diffusive, or
stable (resp. anti-diffusive, or unstable) direction. The set of all bifurcating dynamical
systems is a subset of the dispersive ones; in fact, it is a proper subset: for example,
the equation X = u — x> does not bifurcate although it is dispersive. Other examples
include certain equations that appear in later Sections of the present paper. In general,
dispersive dynamical systems contain new degenerate (i.e., non-generic) behaviours
which can only be accounted for by studying families of systems, not individual ones,
cf. [A83], Sect. 29.

3.2 Normal form of the linearization

Given the system (3.1), there is some preliminary work that needs to be done in order
to bring it to a form suitable for subsequent treatment.
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We may assume without loss of generality that the fixed point in (3.1) is located at
(Yo, €0) = (0, 0), otherwise we can introduce a linear transformation and transfer it to
the origin in both the phase and parameter space by setting (v, u) = (Y — Yo, € — €p).
Then (3.1) becomes a system of the form v = H (v, ), H(v, u) = G(v+Yy, n+€p).
We can then split the system into a linear and a nonlinear part, v = DH (0)v+ Hv, ).
Using the eigenvector matrix 7 of D H (0), we can simplify the latter and write it in
Jordan canonical form J under the transformation v = T X, so that the full nonlinear
system will be written as

X=JX+FX,n), (3.2)

where J = T-'DH(0)T, and F (X, nw) = T-V"H (T X). This is a ‘normal form’ of the
system, in which only the linear part D H (0) has been simplified as much as possible.

We shall deal with the case where the Jordan form J that defines the linear part of
Eq. (3.2) is a block matrix of the form, J = diag(A, B, C), where A isa (¢ X ¢)-matrix,
having eigenvalues with zero real parts, B is a (s X s)-matrix, having eigenvalues with
negative real parts, and C is a (# x u)-matrix, having eigenvalues with positive real
parts (a basic example is obtained when A = 0, B = —1, C = 0, this is in fact a case
that often appears in the present work). Then the system (3.2) becomes,

X =Ax+ f(x,y,2, 1) (3.3)
y=By+gx, y 2z 1) (3.4)
:=Cz+h(x,y,z, ), (3.5)

with f, g, h denoting the nonlinear part of the vector field. Under our assumptions,
H,F, f, g, h are all C” functions of their respective coordinates.

Before we proceed further, we note an important fact about the way we deal with
parametric systems (cf. [A83, p.269], [W3, Sec. 18.2]). This is to regard the parameter
W as one of the dependent variables by adding the trivial equation,

=0, (3.6)

in the system (3.3)—(3.5) as an extra equation. This, however, increases the number
of dispersive (i.e., zero real part) eigenvalues from c to ¢ + p, where p is the number
of parameters (components of the vector ). In addition, we shall regard terms of the
form p;x;, i y;j, miz; (with the indices 7, j in their appropriate ranges each time) as
nonlinear terms, so that they will not be present in the linearized Jacobian.

The original system (3.1) is now in suitable form in order to examine how bifurcation
considerations enter in the study of parametrized systems.

3.3 The center manifold
Let us first consider the case where there are no unstable directions, thatisC =0, h =

01in Eq. (3.5), and also no parameters. In this case, the system (3.2) instead of having
the form (3.3)—(3.5), becomes,
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X =Ax+ f(x,y) (3.7
y=By+g.y (3.8)

where f, g are C” functions, and A, B as before. We assume that this system has a
fixed point,

£(0,0) =0, £(0,0)=0, (3.9)
which is dispersive (that is non-hyperbolic),
Df(0,0) =0, Dg(0,0)=0. (3.10)

We give the following definition.

Definition 1 (Center manifold) A center manifold is an invariant manifold for the
system (3.7)—(3.8) that can be locally represented as the graph,

W = [0r, ) € Ry = ho), Il < 8,h(0) =0, Dk =0}, (1)

for sufficiently small §.

We note that here x denotes the dispersive dimension, while y is the diffusive
(stable) dimension of the system. (We also use the letter / to denote the center manifold
function, without a danger of confusing it with the same letter we used before for the
nonlinear function associated with the unstable dimensions.)

The fundamental properties of (non-parametric) center manifolds are contained in
the following theorem.

Theorem 1 For the system (3.7)—(3.8) there exists a C" center manifold having the
following properties:

1. Reduction: The dynamics of the system on the center manifold is given by the
following c-dimensional ‘reduced’ system (c is the number of zero eigenvalues),

X =Ax + f(x, h(x)). (3.12)

2. Stability: The stability of the center manifold solution x(t) is the same as the
stability of the full solution x = x(t), y = h(x(t)) of the original system, and, for
sufficiently small x, the two solutions (that captured by the center manifold and
the original one) are identical up to exponentially small terms.

3. Approximation: The center manifold can be computed to any finite order of x for
small solutions by using the tangency condition, y — Dh(x)x = 0.

We refer to [30] for a proof.

@ Springer



Dispersive Friedmann universes and synchronization Page 110f43 61

3.4 Center manifolds with parameters

The theory developed in the previous subsection has a simple but important extension
when we include the parameter 1 € RP. In this case, instead of the system (3.7)—(3.8)
we have the parametric system,

X =Ax+ f(x,y, n (3.13)
y=By+gxy n (3.14)
n=0. (3.15)

We assume that this system has a dispersive fixed point at the origin,
f(@0,0,0) =0, g(0,0,0)=0, Df(0,0,0)=0, Dg(0,0,0)=0, (3.16)

and that similar assumptions hold as before for A, B, f, g. Then Theorem 1 still holds
on the parametric center manifold,

Wee=1{0c, 1y y) € R¥ y=h(x, ), |x| <81, | < 82, h(0,0)=0, Dh(0,0)=0},

(3.17)

for the reduced vector field,
X =Ax+ f(x,h(x, n), 1) (3.18)
=0, (3.19)

that is, we have,

Theorem 2 For the system (3.13)—(3.15) there exists a C" parametric center manifold
given by (3.17), such that the reduced dynamics on Wy, . is given by (3.18). The stability
properties of the solutions of (3.13)—(3.15) are described by those of the reduced vector
field (3.18)—(3.19) up to exponentially small terms. The parametric center manifold
can be computed to any finite order of x for small solutions by using the tangency
condition, y — Dyh(x, u)x = 0.

We refer to [A83], [GH83], and [W3] for further comments and for the original
references.

We note that for the two center manifold theorems above, the inclusion of the
remaining unstable (anti-diffusive) dimensions for both the parametric and the non-
parametric cases, is direct, but of course the fixed point would then be unstable.
However, all this behaviour will again be captured (or, ‘realized’) on the center man-
ifold (cf. [A83], pp. 268-270, [W3], Sec. 18.3), and for this reason the full system
(3.3)—(3.5), (3.6) is sometimes called a suspension over the center manifold family
(3.18)—(3.19) (cf. [A83] for this terminology).

Although center manifolds of fixed points are non-unique, their Taylor expansions
agree to all orders (cf. [W3], p. 264). In addition, center manifolds are tangent to the
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center eigenspaces at the dispersive fixed points, and also depend smoothly on the
parameter . Therefore center manifolds present a huge simplification for studying
the behaviour of a dispersive system because the full dynamics (as described by the
suspension) gets constrained (when ‘projected’) on them and becomes independent of
the choice of the center manifold (for more details, see [A83], Sect. 32C).

3.5 Degeneracy, codimensions, and unfoldings

In this subsection we provide a general, intuitive discussion of basic notions of bifur-
cation theory.

We shall say that (the dynamics of) two (possibly parametric) vector fields f, g (or
simply their flows) are C k -equivalent (k =0, 1,2, ...)ifthereisa C k -map that takes
the orbits of the flow of f to the orbits of the flow of g preserving their orientation.
If in addition the map preserves parametrization by time, then we say that f, g are
C*conjugate. When the flows of f, g are C*-equivalent, the fixed points of f are
mapped to the fixed points of g and the same is true for their periodic orbits, but
their periods may not be equal. However, C¥-conjugate flows have the same mapped
eigenvalues and equal periods of their mapped periodic orbits. For instance, the famous
Hartman-Grobman theorem says that every hyperbolic flow is C%-conjugate to its
linearization (cf. e.g., [W3], p. 350).

We now give the following basic definition. We consider a system of the form
(3.18)—(3.18), namely,

%= F(x, 1) (3.20)
=0, (3.21)

that is a general system after center manifold reduction. We shall also assume that
(3.20) is one-dimensional.

Definition 2 (Bifurcation) We say that the fixed point at the origin, (x, u) = (0, 0),
of the system (3.20)—(3.21) undergoes a bifurcation at u = 0 if the flow of F(x, n)
for u near zero and x near zero is not C°-equivalent to the flow of F at u = 0 and x
near zero, that is of F'(x, 0). In this case we say that the point (xg, o) = (0,0) is a
bifurcation point of the system (3.20)—(3.21).

As we remarked above, the condition that the fixed point is non-hyperbolic is a
necessary but not a sufficient one for it to be a bifurcation point. Intuitively speaking,
the nature of a bifurcation of the system is such that when the parameter w is varied
through the bifurcation point, the system (i.e., the vector field) itself is ‘deformed’
and new dynamical phenomena occur, for example, fixed points can be created or
annihilated.

The most distinct characteristic of a bifurcation is the existence of one or more
bifurcation sets, that is smooth submanifolds of fixed points in the phase-parameter
space (x, u) of the form,

= p(x). (3.22)
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Bifurcation sets, in addition to the fixed point condition F (x, ;(x)) = 0 (as implied by
the implicit function theorem), also satisfy certain non-degeneracy and transversality
conditions.

The simplest example of such sets are the bifurcation curves in one-dimensional,
one-parameter (i.e., p = 1) systems. These curves are most easily pictured by
drawing them in a bifurcation diagram, which for a system of the form (3.20)—
(3.21) is represented in the (u — x)-plane. The system finds itself ‘moving’ on
these bifurcation curves, and their properties completely describe the nature and new
dynamics associated with the ensuing bifurcation as the parameters of the system are
changed.

More generally, the goal is to study how the solutions of the equation F(x, u) =0
change as the parameter is varied, e.g., for what p-values solutions appear or disappear?
Such questions are studied in detail in the sister fields of bifurcation theory, singularity
theory, and catastrophe theory, and their consideration becomes very essential for
bifurcation problems [6, 26, 31-33].

For a given parametric family of systems such as (3.20), as the parameter of the
system varies through its bifurcation value and the vector field changes, we say that
the system ‘bifurcates’, or ‘deforms’, or ‘unfolds’, and the problem becomes one
to classify all these different ‘unfoldings’, that is all those families which contain
the given bifurcation in a ‘persistent’ way (cf. [GH83], p. 123). As the parameter
changes, the unfoldings contain those behaviours of the system which are unremovable
and so should not be missed. This is so because the removal of some degeneracy at
one individual value of the parameter in one unfolding, appears anew at a nearby
value of another (one cannot remove all degeneracies simultaneously, e.g., [26], p.
16).

To study the unfoldings of a given family, we must perturb it in suitable ways. Not
all non-hyperbolic fixed points are equally degenerate, and their degree of degeneracy
is measured by the degree of instability they exhibit under such perturbations. The least
degenerate bifurcations are those that are stable, that is those families that retain their
bifurcation features when perturbed, whereas others have perturbations that result in
new bifurcations.

It turns out that the most useful invariant to classify the possible behaviour of
parametric systems under parameter changes is the codimension of the bifurcation.
This equals the smallest number of parameters present in the new system into which
we need to embed the family in order to capture all possible qualitative dynamics that
can occur near the bifurcation point. If this number equals to k, then we speak of a
codimension-k bifurcation. A complete study of systems with k > 2 is generally an
important open problem in modern mathematics.

In some cases, the study of all possible unfoldings of a system can be obtained
from a single one that yields all other possible bifurcations. This is called the versal
deformation, or the universal unfolding of the system, and was first studied by Poincaré
in his Thesis. Bifurcation theory provides general methods to compute the codimension
of a bifurcations and, in particular, to construct the versal unfolding (we use this term
collectively to describe both versal deformations and universal unfoldings (although
there are generally subtle differences between the two concepts, these are discussed
in [34, 35]).
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3.6 The simplest bifurcations with a single-zero eigenvalue

The remaining problem is to describe the dynamics of (3.1) in the special case of the
reduced family (3.18)—(3.19) on the center manifold. We shall assume that A = 0 (but
(B # 0), this way we have a 1-dimensional system with a single zero eigenvalue on
the center manifold and the remaining eigenvalues have nonzero real parts.”

The problem is therefore reduced to describing the dynamics of the 1-dimensional
system (similar to the general system (3.20)—(3.21)),

= f(x,n), xeR, pelkR?, (3.23)
near the origin, when,
f(0,0)=0, Df(,0) =0, (3.24)

so that it has a non-hyperbolic fixed point at the origin (in both phase and parameter
space) with a single-zero eigenvalue, and no terms linear in x (we note that a term of
the form px is nonlinear of order 2). We shall also assume that p = 1 (when more
than one parameters are present we regard all of them except one as fixed).

The simplest bifurcations of the system (3.23) are given below. In each case, we
give the name of the bifurcation and the ‘normal form’ of the vector field (the function

fx, w):

1. The normal form of the saddle-node bifurcation:

¥ =p— x> (3.25)
2. The normal form of the transcritical bifurcation:

X = ux — x2. (3.26)
3. The normal form of the pitchfork bifurcation:

X = ux — X, (3.27)

There are bifurcation conditions on f for the behaviour of the system (3.23) to be one
of these prototypical three types on the center manifold, but we shall not be repeated
them here (see, [A83], Sect. 32, [GHS83], p. 148, Thm. 3.4.1, [W3], Sect. 20.1). These
conditions ensure that in each type there are bifurcation curves that describe the nature
of the bifurcations.

An important property of the three bifurcations above is their distinctive behaviour
under perturbations. While the saddle-node bifurcation is stable under perturbations in

2 Here we do not discuss the Hopf bifurcation, the more complicated case where there is a pair of imaginary
eigenvalues instead of a single-zero eigenvalue. However, we note the interesting fact that dynamical
considerations restrict the codimension of the Hopf bifurcation (and also others) to a smaller value than that
found by using singularity theory considerations alone (1 instead of 2). This explains the word ‘simplest’
in the title of this subsection.
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the sense that the addition of perturbation terms does not introduce new phenomena,
the transcritical bifurcation is unstable and breaks into either a pair of curves of fixed
points without bifurcating, or into a pair of saddle-node bifurcations, and the same
is true for the pitchfork family (see [W3], Sect. 20.3). We say that in this case the
degeneracy of the fixed point increases from the saddle-node, to the transcritical, to
the pitchfork bifurcations.

The term ‘normal form of the saddle-node bifurcation’ introduced above means
that the dynamics of any system of the form (3.23) with f(x, u) = aou + axr +
arpx + azp? and having a saddle-node bifurcation is qualitatively the same as that
of the system ¥ = u =& x2. All O(3)-terms or higher could be neglected without
qualitatively affecting the dynamics.

In fact, one may show that the saddle-node and the transcritical are codimension-
1, but the pitchfork is a codimension-2 bifurcation. In terms of versal (unfolding)
families, one may better understand the significance, or typicality, of these bifurcations,
in particular that of the saddle-node’s: The system % = ax?, a : const, has the saddle-
node bifurcation ¥ = u + ax? as its versal unfolding, whereas the fixed point of
X = ax3, a : constis of codimension-2, with versal unfolding the pitchfork bifurcation
X =1+ puax + ax? (cf. [W3], Example 20.4.10, for a proof of these results). Thus
the saddle-node is the ‘generic’ codimension-1 bifurcation (cf. [A83], pp. 2678, for a
somewhat alternative description of this result in terms of the so-called ‘Sositaisvili’s
reduction’).

Finally, we note that besides the bifurcation diagram as an efficient way of depicting
the normal forms of the 1-dimensional bifurcations, there are two alternative but very
illuminating descriptions of the dynamics of these bifurcations:

1. The ‘metamorphoses’ of the phase portraits given by the (x, y)-planes for u <, =,
or > 0, and
2. The phase-parameter portraits given by the (x, y, i) 3-space.

For the phase portrait metamorphoses of all three bifurcations discussed above (in
the case of one diffusive dimension), we refer the reader to the [36], p. 340-1; also
in [GH8&3], p. 126, there is the phase-parameter portrait of the (full suspension of)
the pitchfork bifurcation. It is an instructive exercise to draw the corresponding two-
and three-dimensional portraits for all remaining cases of possible suspensions for the
three basic codimension-1 bifurcations.

4 Dispersive Friedmann domains

In this Section, after some remarks mainly for motivating the idea of cosmological
bifurcations, we discuss the dispersive fixed points of the Friedmann fluid system.

4.1 A bifurcation approach to Friedmannian evolution
As discussed in the Introduction, we consider a single Friedmannian causal domain

A, that is a spatial region with all ‘points’ (or subregions inside it) ‘homogenized’.
(For the moment we shall restrict our attention only to this case, leaving to Sect. 8.1
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the more general situation where we also allow for subdomains of A4 to be causally
disconnected with respect to others.)

The evolution of A is governed by the usual dynamical equations (cf. [4], Sec. 2.3),
for the Hubble parameter H = a/a, defined using the scale factor a as a function
of the proper time ¢ (a dot is derivative with respect to ), and the density parameter
Q = p/(3H?), with the fluid density p related to the pressure by p = (y — 1)p,
y being the fluid parameter. Then using a dimensionless time variable T defined by
dt/dt = 1/H, the evolution equations for A are given by,

dS2

— = —uQ+ puQ? 4.1)
dt

af _ H ! QH 4.2)
dr 2“ ’ ’

Here g = u$2/2 denotes the deceleration parameter, and we have set u = 3y — 2.

Below we shall be interested in the question of whether or not the system (4.1)—
(4.2) is dispersive, and, in particular, whether or not it admits a bifurcation set of
the form (3.22). However, keeping p constant, as is the case in the usual approach
to cosmological dynamics described by (4.1)—(4.2), cannot provide a suitable frame-
work to address this question, because in this way one would restrict the evolution of
Friedmann domain A to a particular era in its evolution.

We shall assume instead that the (4.1)—(4.2) defines a family of differential equations
parametrized by p which is now promoted to be a true continuous parameter of the
problem?. This is a crucial point that plays an important role below, and we shall be
interested in the properties of the solutions of the system (4.1)—(4.2) as u is varied.
This leads us to consider issues that lie beyond the ‘hyperbolic’ behaviour met in the
usual approach to cosmological dynamics, and only necessarily emerge as we enter
the realm of bifurcation theory.

But what is the physical significance of adopting u as a continuous varying param-
eter rather than a constant as is usually the case in cosmology? We shall now provide
some extra motivation and examples that illustrate this important distinction, with the
hope to make this point clearer. This is also particularly timely, especially for gravi-
tational studies, where it is not unusual for various such ‘constants’ to appear in the
governing systems of equations.

In order to understand the various possibilities, it is useful to distinguish between
two broad categories of dynamical systems: generic and degenerate. For the former,
it was shown by Poincaré that the only behaviour of the phase curves that occur in a
neighborhood of an equilibrium is either a focus, or a node, or a saddle. This behaviour

3 In the standard model of cosmology, evolutionary properties of A are really taken to always depend only
on some given fixed value(s) of u, in other words, the ratio ‘w = p/p’ is constant. This allows us for
instance, to consider ‘mixtures’ of different, non-interacting fluids, and calculate the present pressure, and
other quantities of interest in this case, cf. [3], Sect. 1.5. Here, instead, the emphasis is different, we allow
for passages through different eras corresponding to different values of w, such that radiation, cold dark
matter, baryonic matter, etc., to play a role. This is similar to studying the dynamics of a pendulum when
the properties of the system are allowed to depend on two continuous parameters, its length and the strength
of gravity; this problem never arises when taking a ‘mixture’ of different pendula of given unequal lengths
and gravity strengths.
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associated with generic systems is also called hyperbolic, to distinguish it from more
complicated ones, like say a (non-hyperbolic) center, or periodic orbit, as in the case
of the simple harmonic oscillator, (y, —a)gx) for each frequency, at the origin. This
degenerate behaviour as is well-known is, however, unstable with respect to small
generic perturbations of the vector field, such as (y, —a)%x — €Yy), for € constant: the
center is altered into a (hyperbolic) sink or a source and is consequently destroyed
into stable (for € > 0) or unstable (for ¢ < 0) foci. That is, more complicated cases
turn into generic ones under small generic perturbations of the system.

However, this situation changes dramatically if we are interested not in an individual
system but in a family of systems that depend on one or more varying parameters.
For concreteness, let us consider the space of all dynamical systems, S, and imagine
it divided into regions of generic ones separated by dividing walls of degenerate
systems. Under a small change of the parameters, a degenerate system belonging to
one of the walls, becomes generic. For instance, let us suppose that a curve in §
representing a 1-parameter family of systems intersects a wall at a non-zero angle
(i.e., transversally). The point of that intersection corresponds to a particular value
of the parameter defining the family of systems (represented here by a curve). We
now consider a small perturbation of this curve which intersects the wall at some
different nearly point. Now the intersection point of the original curve with the wall
has move to another point on the new curve off that wall, and so has become non-
degenerate because it now belongs to the domain of generic systems (off that wall).
However - and this is the crucial point here - the new curve still intersects the wall at
a new point, that is for a different value of the parameter, so a new degeneracy arises
there. Hence, the degeneracy that appeared for some parameter value and eliminated
by a small perturbation, now appears anew at another value of the parameter. We
conclude that when a family of systems with a continuous varying parameter rather
than an individual system is considered, degenerate cases are not removable. This
situation becomes more pronounced when the number of parameters is increased,
for 1-parameter systems only the simplest, the codimension-1, degeneracies appear.
Hence, if we artificially restrict the parameters of a dynamical system to be constants
instead of true, continuously varying objects, all degenerate cases are essentially lost,
because they are removed from consideration when the system is generically perturbed.
Thus we can be hugely misled in our study of dynamical systems in this way. We now
give two examples that illustrate this situation.

Let us first consider the example of the Duffing’s equation, ¥ + 8% — fx + x> =
y coswt, a nonlinear oscillator exhibiting spectacular phenomena. This has, for
y = 0,8 > 0, and B assumed a fixed constant, a sink for 8 < 0, and two sinks
and a saddle for 8 > 0, cf. [GH83], pp. 84-5. Should one stop the analysis at this
point, and conclude that the system can exhibit only these hyperbolic equilibria? Is
this a complete analysis of the possible behaviours of the system? Certainly not! Keep-
ing y = 0, the system undergoes a pitchfork bifurcation as S passes through zero if
considered as a continuous parameter, the linear part of the system evaluated at the
origin has eigenvalues 0 and —4§, cf. [GH83], pp. 134. In this case the stability of the
system is altered completely, and depends on its reduction to the center manifold and
the associated bifurcation diagram (cf. [GH83], pp. 136). Further, when we consider
the parameter y # 0, period doubling phenomena, attractors, and braided structures
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appear, with the braids repeating on finer and finer scales as the attractor folds indef-
initely, as is common also with other systems having chaotic attracting sets. As the
parameter y increases, the attractor disappears and the story given by the bifurcation
diagram becomes more complicated. All this novel behaviours are completely absent
if we restrict our analysis only to the hyperbolic case.

Let us give one last example to illustrate the distinction between constants vs. con-
tinuous varying parameters. This is a Lorenz dynamical system, a simplified model for
fluid convection in a 2-dimensional layer heated from below. This system is described
by the vector field (o (y — x), px +x —y —xz, —Bz+xy), with (x, y, 2) € R3, o, B
positive constants, and p a parameter (usually it is typical to put p = r — 1 in the
standard version of the Lorenz equations). Below we shall consider only the possibility
where two of the parameters are fixed and only one remains a true varying parameter
(the p). If for the moment we consider p also as a positive constant, then it is easy to
see that the system has a hyperbolic fixed point at the origin, a saddle (when p > 0),
and further hyperbolic equilibria which are kinds of spiral saddles (one positive and
two complex eigenvalues with nonzero real parts). For p < 0, the origin is a hyperbolic
sink, and becomes the unique attractor of the system. This is the overall hyperbolic
behaviour of the Lorenz system. However, as is well known, the Lorenz system con-
tains much more structure than the simplified hyperbolic analysis suggests, even in the
simple case we consider, with only one of the parameters as varying (¢ = 0). Indeed,
for p = 0, a pitchfork bifurcation occurs like in the unforced Duffing oscillator, and
further bifurcations happen for higher values, denoted here by p;,, of p (cf. [GH83],
chap. 3, and refs. therein). These include a subcritical Hopf bifurcation which shows
that the standard solutions become unstable and are replaced by new large amplitude
motions as the parameter p passes through py. In fact, the Lorenz attractor exists
for a wide range of parameter values p, while when p is sufficiently high, a strange
attractor has been rigorously shown to exist as a result of the ensuing period doubling
bifurcations.

Other examples of such behaviour abound, and can be found by consulting the
references quoted in the reference list at the end of this paper.

We now return to our problem. Our approach in this paper is to search for possible
bifurcation properties of the dynamical solutions for (€2, H, ) with respect to the
varying parameter 4. In fact, in its most standard version, bifurcation theory employs
variation of parameters without any further dependence of the parameters on the time
or on any other of the variables.* This is also what is followed below: we assume that
1 is a new variable of the problem that satisfies the equation du/dt = 0, eventually
added to the system (4.1)—(4.2) as a separate equation.

4.2 Dispersive Friedmann equilibria

In sharp contrast to the usual approach to cosmological dynamics but in line with what
has been discussed above, we shall take the system (4.1)—(4.2) to play the same role

4 Although something like that could be done, it would hugely complicate matters, which are already far
remote from any usual situation met in the hyperbolic case.
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as that which the primary system (3.1) played for subsequent developments in Sect. 3,
and look for the possible existence of dispersive fixed points.

Hence, weset Y = (Q, H), G(Y, n) = (—uQ+uQ?, —H — uQH),and e = p,
presently. Then the Jacobian Jy G for (4.1)-(4.2) is,

e+ 2u8 0
J(QJ-[)G—( _%MH _1_%,“9 . “4.3)
There are five types of equilibria (Y, ) = (Yo, (o), solutions of the equation,
G(Q, H,n)=(0,0), 4.4)

for the system (4.1)—(4.2):

EQ-H1: Hyperbolic Milne states: (2, H, 1) = (0, 0, o), for any constant j(.
EQ-H2: Hyperbolic flat states: (2, H, n) = (1, 0, o), for any constant pig.
EQ-I: Dispersive type I states: The Q-axis, (2, H, n) = (2,0, 0).

EQ-IIa: Dispersive type Ila states: The flat state (2, H, u) = (1,0, 0).
EQ-IIb: Dispersive type IIb states: The H-axis (2, H, u) = (1, H, —2).

Al

EQ-H1, EQ-H2 are hyperbolic for any po and are well understood.

For each of the remaining fixed points in the list, namely, EQ-I, EQ-IIa, EQ-IIb,
the corresponding Jacobian (4.3) has a zero eigenvalue. These fixed points only come
about provided we regard p not a constant but as a continuous varying parameter. This
important distinction, although perhaps new to cosmology, is in fact very common and
in full compliance with the principles of bifurcation theory as discussed earlier. It is
also a standard procedure followed in dynamics in other parts of physics as discussed
in the previous subsection, so that the ‘constant vs. parameter’ distinction for w in this
paper becomes completely analogous to that distinction in those examples.

In our problem, the equilibria EQ-I, EQ-IIa, EQ-IIb have the following characters:

EQ-I is dispersive: Setting © = 0, we need H = 0 in (4.4) in order to have an
equilibrium solution; in particular, in this case we have a line of fixed points of the
form (2, 0, 0), for any €2. Then the Jacobian (4.3) becomes Jgq.1 = diag(0, —1) in
this case. We shall consider the origin (0, 0, 0), and we may call this a ‘dispersive
Milne’ state.

EQ-IIa is a dispersive version of the flat state: For Q@ = 1, if we set © = 0, we
can have the fixed point solution (1, 0, 0) from Eq. (4.4). The Jacobian from Eq. (4.3)
is then, Jgg-ma = diag(0, —1). (We consider this case separately from EQ-I because
cosmologically it corresponds to a different solution of the Friedmann equations,
namely the flat rather than the Milne solution, although as we shall see the dynamical
treatments of both are very similar.)

EQ-IIbis another dispersive choice: setting again Q2 = 1, if werequire u = —2 then
we have an equilibrium for any H, the line of fixed points (1, H, —2). The Jacobian
then becomes, Jgg-m = diag(—2, 0). This case, as we shall see later, contains the
dispersive versions of the Einstein static universe and of de Sitter space.

The behaviour of the corresponding solutions near the equilibria EQ-I, EQ-IIa,
EQ-IIb is analyzed qualitatively below, as orbits in the corresponding phase spaces.

@ Springer



61 Page200f43 S. Cotsakis

We shall refer to them as Type-I, Ila, and IIb solutions. We emphasize that these
solutions correspond to non-hyperbolic (i.e., dispersive) behaviour, and consequently
their properties cannot be deduced from the linearized parts of the systems, the same
way as in hyperbolic problems.

The main tool for a complete analysis of these issues is bifurcation theory, and in
this work we shall use this tool to obtain a detailed picture of the dynamics. Once this
is done, we shall see that the system (4.1)—(4.2), albeit being non-hyperbolic, cannot
properly bifurcate.

In our ensuing investigations to explain this remarkable conclusion for the Fried-
mann system (4.1)—(4.2), we shall discover two novel situations: Firstly, that the failure
to bifurcate lies in a deeper effect, that of violation of the fundamental bifurcating
conditions. Secondly, we shall be led to the existence and construction of a unique
perturbation of the Friedmann equations (4.1)—(4.2) that has the sought for bifurca-
tion property. This in turn will have interesting implications for the structure of the
universe.

5 Dispersive type-l states
5.1 The center manifold
5.1.1 Preparation of the equations

Near EQ-I, we can write the system (4.1)—(4.2) in the form (3.2), namely, X’ =
JX + F(X, n), where X = (2, H)T, and,

QY _ (00 Q —u2+ nQ?
9 R [ O i

with <’ standing for ‘d /dz’. This is of the form (3.13)—(3.15), with A = 0, B = —1,
namely,

Q = —uQ+ pQ? (5.2)
1

H =—-H - SHQH (5.3)

' =0, 5.4

the nonlinear part of the vector field being,

1
F(Q.H,p)=(f(Q, H, 1), g, H, ) = (—MQ + uQ?, _EMQH) -(3.5)

In the form (5.2)—(5.4), the original system (4.1)—(4.2) is a parametric system with
parameter p in the sense of Sect. 3.
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Using Eq. (5.5), the Milne state EQ-I is dispersive: since,

1
Df =(=pn+2uR,0), Dg= _EM(H’ Q), (5.6)
the conditions (3.16) are satisfied, namely,
f(0,0,0)=0, g(0,0,00=0, Df(0,0,0)=0, Dg(0,0,0)=0. (5.7

As we saw earlier, the Jacobian of the system (5.2)—(5.4) at (2, H; ) = (0, 0; 0) is,

00
Jo.0) = (0 _1> . (5.8)

with eigenvalues 0, —1. The center eigenspace is then the set H = 0, that is the Q-
dimension, while the diffusive eigenspace (i.e., that corresponding to the eigenvalue
—1) is the set 2 = 0, that is the H-axis. Both sets 2 = 0, H = 0 are invariant.

5.1.2 Center manifold reduction

It follows from the parametric center manifold theorem (Theorem 2 of Sect.3.4) that
for the system (5.2)—(5.4) a center manifold exists for u sufficiently close to u = 0,
given by,

Wi ={(Q.n, H) e R H = h(Q, ), |9
<81, |l < 82, h(0,0) = 0, Dh(0, 0) = 0}, (5.9)

with 81, 8, sufficiently small. This represents a graph over the €2, u variables, H =
h(S2, ), while all solutions of the system (5.2)—(5.4) satisfy the conditions of the
center manifold reduction.

The next thing is to explicitly find the dynamics on the center manifold. An efficient
way to do this is to compute the function h(€2, u) by direct calculation using the
tangency condition of Sect.3.4. Taking the time derivative of the center manifold
function H = h(Q2, 1), H = Dgh €, using (4.1)~(4.2), and substituting,

h(2, 1) =a® +buQ +cu’+ 003), (5.10)
the tangency condition reads,
1
Doh (—uS2+ uS2%) +h + 1 =0, (5.11)

Using the parametric center manifold theorem, we can find an approximate solution to
any desired degree of accuracy. Equating terms of like powers, and neglecting terms
of orders O (Q2%u), O(13), ..., wefindthata =b =c = 0.
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Fig.1 Evolution of Friedmannian domain 4 according to the system (5.2)—(5.4) at and near the parameter
value u = 0, showing the behaviour near the fixed point EQ-I

The result is that the center manifold qu . from Eq. (5.9) is the Q-axis, and the
reduced dynamics is governed by,

Q = —uQ+ pQ? (5.12)
W =0. (5.13)

We note the important fact that in Eq. (5.12), quadratic terms include the Q2 term.
The significance of this will be seen more clearly later. Since the other eigenvalue is
negative, it follows from the center manifold theorem that the unstable manifold Wl’j) .
is empty, and hence, all solutions of the full system are stably attracted by the center
manifold (i.e., rapidly decay to it).

5.2 Do dispersive Friedmann type-l models bifurcate?

In Fig. 1, we see three examples of phase portraits for the family of systems in (5.2)-
(5.4), for © = 0 and two values of p near zero. Since the diagrams for ;& # 0 have
no zero eigenvalue, they are qualitative different than that at © = 0, and one may
conclude that the system apparently satisfies the general conditions of a bifurcation
in the Definition 2 of Sect.3.5.

In practice, however, we need the existence of a curve of fixed points for any
system to undergo a bifurcation at the bifurcating value & = 0. We can use the center
manifold reduction theorem of Sect. 3.4 and focus on the reduced vector field (5.12) to
examine more carefully the question of whether the field bifurcates and, in particular,
how this relates to the codimension-1 bifurcations (3.25)—(3.27).

We can see the behaviour of (€2, ;) more clearly, if we draw the phase-parameter
diagram for the vector field (5.12), as in Fig. 2.

The global evolution of the system is characterized by the different signs of the
u-parameter: when o < 0, the equilibrium (0, 0) is unstable and (1, 0) is stable, when

5 As we shall see below, this will illustrate the somewhat subtle property that the non-hyperbolicity of a
fixed point is a necessary but not a sufficient condition to warrant a proper bifurcation.
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Fig.2 Phase-parameter diagram
of the system (5.12)—(5.13). The Q
red lines show instability and the w 1 *
horizontal black ones signify
stability. The € phase lines are |
the lines orthogonal to the
JL-axis *
2.0 2.0 20
1.5 /Z 1.5 4/2 1.5 M /%«
/
b7 B IS
N J& N2 = \
0.0 | 0.0 ) 0.0
0.0 05 1.0 15 20 0.0 0.5 1.0 1.5 2.0 0.0 05 1.5 2.0

() (b) (©)

Fig.3 (21, 2p)-phase portraits for 11, uy in the cases of: a vacuum—vacuum, b radiation—radiation, and
¢ dust-radiation

w > 0, (0,0) is stable and (1, 0) is unstable, while at © = 0 we have the fixed point
EQ-L

However, apart from the appearance of the hyperbolic fixed points EQ1 and EQ2
for  # 0, there is no relation of the form pu = w(2) that could lead to a bifurcation
curve, that is no new curve of fixed points passing through the origin to create some
kind of bifurcating behaviour.

This conclusion is also clearly seen in the corresponding phase diagrams, for dif-
ferent p-values for the system (4.1)—(4.2) in Fig. 1. We only see saddle and nodes
throughout the evolution for ;1 # 0, but no ‘saddle-node’ exists created at the origin,
as one would expect by drawing the corresponding phase portraits of the normal forms
of the codimension-1 bifurcations (3.25)—(3.27).

The same conclusion can be observed from the center manifold reductions of dif-
ferent p-values. In Figs. 3, 4, 5, we have plotted the 1, €2, reduced phase lines, for
a number of different pairs of values w1, o, which satisfy equations of the form
(5.12). We again only observe saddle and nodes, but no ‘connecting’, or bifurcating,
behaviour.

However, using the definition of the reduced vector field and Eq. (5.12) that
describes the dynamics on the center manifold, we can prove rigorously that the
equations (5.2)—(5.4) do not bifurcate. We know that f (€2, ) given by (5.12) has
a dispersive fixed point at the origin because,

_o 9 _
£(0,0) =0, 89(0, 0) =0. (5.14)
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IS RS - (12
-NZ -NEZE =[RS

Fig.4 (Q1, Q,)-phase portraits for 1, (o in the cases of: a vacuum-scalar field, b vacuum-radiation, and
¢ vacuum-(y = —1)

W :

2.0
5 | - 1//%/
0.0 0.0 g 0.0
00 05 10 15 20 00 05 10 15 20 00 05 10 15 20
@ pr (v = —1/2) - por (b) iz (v = =5/3) - pr (@ pr (v = —2/3) - pa
(y=-1). (vy=-1). (v=-5/3).

Fig. 5 (21, ©22)-phase portraits for @1, o in the cases of: a (y = —1/2)~(y = —1),b (y = =5/3)-
(y =—D,and e (y = =2/3)~(y = —5/3)

However, since f (€2, u) violates the transversality condition, namely, it satisfies,

ﬁ(o, 0) =0, (5.15)
o

it follows that f (€2, n) does not satisfy the conditions for a saddle-node bifurcation.
Also because it violates the nondegeneracy condition, that is it satisfies,

82
8?J;(o, 0) =0, (5.16)

it follows that it cannot bifurcate transcritically. Finally, because it satisfies the condi-
tion,

83
*Loo=o (5.17)

it follows that f (€2, ) cannot satisfy the conditions of the pitchfork bifurcation either.
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The conclusion from these results is that because of the lack of bifurcations curves,
and the consequent violation of the transversality and the nondegeneracy conditions,
the Friedmann system (5.2)—(5.4) cannot properly bifurcate.

5.3 The versal unfolding

We now show that there is a uniquely defined perturbation of the system (5.12)—(5.13)
(and so of the original Friedmann equations (5.2)—(5.4)) that satisfies the conditions
of the typical saddle-node bifurcation. We reiterate the fact that in this paper we do
not consider perturbations of the Friedmann metric, but instead study the issue of
structural instability of the Friedmann equations.

Instead of the one-dimensional field f (€2, u) = uQ (2 — 1) considered above, we
now introduce the following perturbation of it,

Q= uQ(Q—1)+o, (5.18)

where ¢ is a new parameter in a Taylor expansion of the field. We call o the unfolding
parameter of (5.2)—(5.4). Although it looks as if (5.18) has two parameters, we can
eliminate u by defining a new time,

T = ur, (5.19)

to combine the two parameters ;7 0 and o into one, which we call the unfolding-fluid
parameter,

v =, (5.20)
to get

d2
— =Q(Q -1 . 5.21
a7 ( )+v (5.21)

This is a perturbation of Eq. (5.12) by adding lower-order terms about the dispersive
fixed point at the origin, namely, EQ-IL. Then for the new field f (2, v) given by the
right-hand-side of Eq. (5.21), the defining conditions of the saddle-node bifurcation
are met: the dispersive fixed point condition (5.14), the transversality condition,

af
5(0, 0)=1#0, (5.22)

and the nondegeneracy condition,

I f
2200 =2#0. (5.23)
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Fig.6 Bifurcation diagram of 7 *
the system (5.25) for the

evolution of the Friedmannian

domain A (possibly containing '/
causally connected subregions). A A
The stable orbit is in the first

quadrant. Phase lines are shown
for two different ji-values A

These conditions make the addition of O (3) terms in Eq. (5.18) redundant because the
field is now determined by the O(2) terms or lower. So the only possible remaining
perturbing term now allowed is the o term, thus making the new vector field (5.21),
or (5.18), uniquely defined.

Therefore if we could also show that (5.21) is also a generic family, it would follow
that (5.18) is a versal unfolding. The proof proceeds in two steps. The first step is
to show that (5.21) can be written as the versal deformation of the generic quadratic
family. The second step, which is completed at the end of Sect. 6, is to suitably shift
(5.12) to show that it matches with the generic quadratic family.

We introduce the new variable,

1
Z=-—-Q, 5.24
3 (5.24)
so that the system (5.21) becomes,
dzZ 1
Z=p-2Z> a=--v. (5.25)

daT 4

This is the normal form of the saddle-node bifurcation with parameter i, and bifurca-
tion point at (Z, 1) = (0, 0). Since it includes the effects coming from perturbation
terms of all other orders in the Taylor series, and the saddle-node bifurcation is the
versal unfolding of the generic quadratic family, Step one of the proof follows.

There is a very great difference in the implications of the two laws, (5.12) and
(5.25), for the structure and evolution of the universe. These become apparent in form
of the two bifurcation diagrams in Figs.2, 6, and this has direct implications for the
long term behaviour of the cosmological solutions as we now discuss.

In the case of the standard system (5.12)—(5.13), Fig.2 shows that for all nonzero
values of u there are always the two equilibria at 2 = 0, 1. In particular, the equilib-
rium corresponding to 2 = 1 implies the presence of an all-encompassing big bang
singularity in the past, that exists for all models.
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On the other hand, the bifurcation diagram for the system (5.25) is the standard
one for the normal form of the saddle-node bifurcation, cf. Figure 6.° When n >0,
or v < 1/4, there are two new fixed points for the versal unfolding (5.25) at,

Z. =+/k, (5.26)

that is when,

Qi=%<liM), V< (5.27)

1
R
(so that in this definition, 2+ 2 1/2), but no fixed points for st < 0 (or, v > 1/4).

This means that when the system (5.12)—(5.13) unfolds to become (5.25), the two
new equilibria for &t > O - the stable node and the saddle - ‘merge’ at t = 0 to
become the saddle-node equilibrium (not shown in this figure), only to be annihilated
for ft < 0O (alternatively, the two new fixed point solutions are ‘created’ for ;& > 0
from the saddle-node point at i = 0).

Therefore when the system (5.25) is near the bifurcation curve, all solutions either
always approach the stable branch, first quadrant, or always recede from the negative
branch, fourth quadrant, as 7 — +o00. This conclusions are revered in the past time
direction.

From Eq. (5.26) it follows that the distance between the two equilibria is of the
order of /1, and so as ji — 0 and we approach the the moment of birth (or ‘death’)
of the equilibria (5.26), both of these states approach motion with an infinite speed
(cf. e.g., [26], p. 16).

The case of standard cosmology evolution corresponds to zero unfolding-fluid
parameter (or 0 = 0), so that & = 1/4. In this case, from Eq. (5.27) we have the
standard fixed point solutions 2 = 0, 1. For all Friedmann models, the flat equilib-
rium 2 corresponds to the past (big bang) singularity, cf. [4], p. 59.

Using the unfolding model (5.25), however, we can say more: In this picture, both
the big bang and the big crunch (when it exists) are created at the moment (in t-time)
when @ = 1/4, and are at a distance of the order of 1/2 (in Z-units). However, these
equilibria are absent when &t # 1/4. All other equilibrium pairs (5.26), lie in Q2-values
in neighborhoods of the point Q2 = 1/2 of the form (£2_, €2 ), with endpoints given
by (5.27). Consequently they experience no big bang or big crunch singularities as the
asymptotic limits of the endpoints of their neighborhoods are approached.

In Fig.6, each vertical line is the phase space of one particular ‘universe’, for
instance the standard Friedmann evolution given by (5.12)—(5.13) in general relativity
is on the ;t = 1/4-phase line. When the parameter jt passes through its bifurcation
value zero, the parabola is created or disappears (if zero is approached by going the
other way). In this sense, all vertical phase lines suddenly appear together with their
‘prescribed’ distances between their fixed points (one stable, one unstable) depending

6 Itis important at this point that the reader understands the notion of ‘elementary fixed points’, in particular,
the ‘saddle-node’ phase point, cf. e.g., [37], p. 81, and its role in the phase portraits of the saddle-node
bifurcation (not shown here).
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smoothly on [z, or the other way, they disappear because the equilibria combine with
one another.

6 Dispersive type-lla states

We now turn to the study of the flat equilibrium solution EQ-IIa of the system
(4.1)—(4.2), and examine the center manifold, and the possibilities of bifurcations
and unfoldings. Because the analysis is completely analogous to that in Sect.5, we
shall be brief. To write the system in normal form, we first transfer the equilibrium
(1, 0) to the origin by the linear transformation to new variables,

(v,H):=(Q—1,H), 6.1)
leading to the new system for the (v, H) variables,

v = pv + po? (6.2)

1
H = —(1+ %)H ~ SuHv. 6.3)

At the origin of the (v, H, ) phase-parameter space, the jacobian of the linearized
system is again (5.8). This leads to the (3.2)-form of the equations (6.2)—(6.3),

U/ _ 00 v H«U+MU2
(H/>_(0—1><H>+<_H_%MH_%MH>, 6.4)

and so to the form (3.13)—(3.15) with A = 0, B = —1, C = 0, namely,

v = pv 4 po? (6.5)
1 1

H = —H— ~puH — ~uvH 6.6
oM SHY (6.6)

W =0. 6.7)

Proceeding as before, we find that the center manifold is the v-line, that is the horizontal
line 2 = 1, with the evolution equation on it given by the reduced vector field on W ,

v = pv + po? (6.8)
w =0. (6.9)
From the dynamics on the center manifold it then follows that when 1 < 0 we have
v/ < 0, whereas when > 0 we have v' > 0, and we arrive at the phase diagram

given in Fig.7. This shows that the flat state F is a past attractor of all models in the
sense that,

lim v=1. (6.10)

T—>—00
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Fig.7 The v-phase space
describing the evolution of all
models near the flat equilibrium
F

T e

The remaining bifurcation analysis for the vector field (6.8) on the center manifold
is analogous to that in Sect.5.2 and will not be repeated here. We find that Eq. (6.8)
does not bifurcate.

However, passing on to the unfolding,

d
%=v+v2+v, (6.11)

with the unfolding-fluid parameter v given again by (5.20), and defining

1
W=t (6.12)

we find the saddle-node bifurcation,
— =a4+W: a=--—v. (6.13)

Specifically, the unfolding (6.11) is versal. Same comments apply here as those at the
end of Sect. 5.3, in particular, for the motion of the system near the stable orbit of the
parabola,

Wy = +/—7, (6.14)

that is near W = —./—ji. We also note that the previous discussion about the long
term behaviour and singularities in the type-I unfolding of the previous Section apply
here as well.

We end this Section by completing the proof of the second step that (5.18) and also
(6.11) are generic families, by reducing (5.12) and (6.2) to purely quadratic vector
fields. Both (5.12) and (6.2) are of the form,

fx) =x +ax?, (6.15)
with a a constant which covers the sign difference in their reductions (5.25) and (6.13)
respectively. For any constant ¢, we can perform the coordinate shift, y = x + ¢,
which, after substituting in (6.15) and rearranging the terms in powers of y, implies

that we can get rid of the term proportional to y if we choose ¢ = 1/(2a). This leads
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to the form

1
fm=- + ay?, (6.16)
a
which after another shift becomes,

g(y) = ay’. 6.17)

It is well known that the ‘deformation’ y = ay? + € is the versal unfolding of the
vector field y = ayz, [A83], p. 167, [W3], pp. 409-10, from which the result follows.
(The proof of versality relies on showing that it is a generic family: the map y® + € is
transversal to the f(y)-axis (considered as a submanifold of the plane), and then by
an application of Thom’s transversality theorem that ‘transversal k-jet extensions are
generic’, versality follows).

What we have shown in the Sects. 5, 6 is that the deformations (5.25), (6.13) unfold
versally the Milne and flat states of standard cosmology respectively.

7 Dispersive type-llb states

In this Section we study the equilibrium solution EQ-IIb of the system (4.1)—(4.2).
There are two different subcases:

1. EQ-IIb-1: Dispersive Einstein static universe, (1,0, —2): We set H = 0 in the
EQ-IIb line of equilibria (1, H, —2).

2. EQ-IIb-2: Dispersive de Sitter universe, (1, 1, —2): We set H = 1 in the EQ-IIb
line of equilibria (1, H, —2). Without loss of generality, this is analogous to the
remaining equilibria H # 0, the treatment is basically the same.

However, the dynamical treatments of the subcases b1, b2 are different and must be
done separately.

7.1 The equilibrium (1, 0, —2)
The transformation,

(w,H,pu) =(QR—=1,H, u+2), (7.1)
transfers the dispersive Einstein static universe (1, 0, —2) to the origin, and leads to

the form (3.13)—(3.15) with A = 0, B = —1, C = 0, (after the time-scaling T — 271),
namely,

1 1
H =—-wH—- - H 7.2
e JHiHY (7.2)
1 1
v = —v? + v+ —pgv? (7.3)

2 2
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wh =0. (7.4)

We note that here, in distinction to the previous analyses in Sects. 5, 6, the dispersive
dimension is H. Proceeding as before, we find that the reduced dynamics on the center
manifold is given by,

H =—uH (7.5)
wy = 0. (7.6)

When 1 > 0 (or, u < —2),and H > 0, we have H' < 0, and we have stability of the
fixed point, whereas when H < 0 we have H’ > 0, and the solution is unstable. These
results describe the stability properties of the dispersive Einstein static universe.

It is also easily checked that due to the violations of the transversality and nonde-
generacy conditions, the system (7.5) cannot bifurcate.

We shall comment on the question of unfolding (7.5) at the end of this Section.

7.2 The equilibrium (1, 1, —2)

We now come to the stability of the dispersive de Sitter space (1, 1, —2). The linear
change of variables,

w,w, ) =Q—-1,H—-1,u+2), (7.1

brings the fixed point (1, 1, —2) of the system (4.1)—(4.2) to the origin, where the
system assumes the form,

1
w’:—%+v—%—%v+wv—§mwv (7.8)
v = =20 — 207 + uv + pv. (7.9)

For this system, we are interested in the behaviour of solutions near the origin (where
also u1 = 0). We note that the dispersive direction (i.e., the 0-eigenspace) is the
w-axis, while the (—2)-eigenspace is the line v = —2w in the (w, v) phase space.

However, the general conditions on the derivatives that appear in Eq. (3.16) are
incompatible with the presence of the term —u1/2 in Eq. (7.8) which is linear in
the parameter 1. This would then be incompatible with the possible existence of a
saddle-node bifurcation at its bifurcation point. So the theory discussed in Sect. 3.4 is
not applicable in the present case, and we have to proceed differently in order to check
for the existence of a saddle-node bifurcation at ;; = 0.

We write the system (7.8)—(7.9) in the form,

(lg>:(8—12> (f)+(3%)m+(§;), (7.10)
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where,
1
G =—%—“Tw+wv—§mwv, (7.11)
Gy = —2v% + v + puv’. (7.12)

Introducing the notation, z = (w, v)T, and F(z, w1) = (F1, F»), for the right-hand-
sides of the Egs. (7.8), (7.9) respectively, the system (7.8), (7.9) is written as 7/ =
F(z, t1), and so (7.10) is of the general form,

7' =D.F(0,0)z+ Dy, F(0,0)u1 + G(z, 1), (7.13)
where G = (G1, G2) ". What we have gained presently is that the term D, F (0, 0) 4
that appears here, was zero previously, that is under the assumptions (3.16) for the
system (7.8), (7.9).

In this new formulation, we can bring the system (7.10) to having its linear part
in canonical form as follows. The eigenvector matrix for the linearized Jacobian of

(7.8)~(7.9) is,
T — ((1) _21> (7.14)

and so introducing the new variables,

X
z_T<y>, (7.15)

we find that the system (7.10) takes the form,

X 0-1/2 0 x f
wyl={0 0 0 mr | +101], (7.16)
y 0 0 -2 y g
where,
f:—w+wv—l wv—v2+m—v2 (7.17)
) 2/’«1 5 :
g =—v 4+ v+ vt (7.18)

Eq. (7.16) is a block diagonal system for its linear part, with the zero eigenvalues
coming first and the non zero eigenvalue after the zero ones. Therefore we can now
proceed with the calculation of the parametric center manifold and set,

y = h(x, u1) = ax® + bxpy 4+ cut + 0(3). (7.19)
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After some algebra, we find that the dynamics on the center manifold is described by,

— ! (7.20)
X'=—=u; — X, .
SH1 = S

or, using the definition (7.15), and the fact that on the center manifold, v = 0, we find

! ! ! (7.21)
w=—=—u — —§HW, .
SH1 = S
or using (7.7),
, 1
H = —EMH. (7.22)

This equation is to be compared with Eq. (7.5), the corresponding one for the other
type II-b state, they are the same, and so similar stability conclusions apply presently.

We end this Section with a comment about the two families (7.5), (7.22). The
vector field f (w1, H) = w1 H is an unfolding of the zero vector field (0, H) = 0,
for any H. However, it is not a versal unfolding of f (0, H), for instance the unfolding
g(u1, H) = p1 does not have a fixed point for 1 # 0, and therefore is not conjugate
to f(u1, H) which has an equilibrium at zero. This argument shows that unlike the
type I and Ila cases, the type II-b solutions are rather special because they cannot be
versally deformed to give generic unfoldings.

8 Applications to synchronization

We now return to the problem stated in the Introduction, namely,

1. Question I: Does a single Friedmann domain that is initially synced and homog-
enized remain so during its evolution?

2. Question 2: Do two causally disconnected Friedmann domains sync during their
evolution if they were not so synced initially?

For both of these questions, we shall assume that the standard theorems on local

existence and uniqueness, extension to a compact set containing the initial condition,

and differentiability of solutions with respect to parameters (cf. e.g., [W3], pp. 90-91)

hold for each one of the systems we consider for sync.

In Sect. 8.1, we derive the evolution law of a set of causally disjoint subdomains
after manifold reduction. A description of dynamical synchronization in presented in
Sect. 8.2 (for more details and generality, the reader may consult [22] and refs. therein).
In Sects. 8.3-8.6, we examine for synchronization evolving Friedmann domains cor-
responding to dispersive solutions and their unfoldings.

8.1 Common evolution of a pair of uncorrelated subdomains

We imagine that the Friedmannian domain A is the union of an arbitrary number of
Friedmannian subdomains A;, that is A = U;¢;.A;. We shall now show that we can
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take without loss of generality the single common set of equations (5.12)—(5.13) to
be the set of equations that govern the evolving Friedmann distribution of causally
disjoint domains after center manifold reduction. That is, the distribution of the evolv-
ing causally disjoint domains satisfies the common system (5.2)—(5.4), with phase
space the space of states (2, H, i), where different phase points denote different
subdomains A;.

Let us first suppose that we have two causally disjoint spatial domains A;, A, that
evolve according to different dynamical laws given by:

Domain A;:
dH,
— =—+q)H (8.1)
dT
a2
— = —u (1 = Q) (8.2)
drt;
1
q1 = 5#191, (8.3)
Domain A,:
dH;
— =—(+q)H (8.4)
dm
a2
— = —pa(l — Q)€ (8.5)
dn
1
Q= §M292, (8.6)

where we have set u; = 3y; — 2,i = 1, 2. Here the two causally disjoint fluid-filled
domains have Hubble parameters H;, density parameters 2; = p;/(3H;), equations
of state p; = w; p;,i = 1,2, w; = y; — 1, and we use the dimensionless times T;
instead of the proper time ¢, given by,

dt 1
_— =, 8.7
dt; H; (8.7)
defined through the scale factors by
a; = ajpe". (8.8)

We consider only the case y; # y» in the two domains, because y; = y» implies that,
Hy = Hy & Q1 = Q02, (8.9)

and we are back to the single domain problem.
To examine the two domains for sync (see also below for the general case of an

arbitrary number of domains), we assume that the spatial domains Aj, A, transmit
through light signals part of the information of their states to the common future point
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G, and take the transmitting parts of the signals from .4; and A; to G to be Hy, H;
respectively.

This choice is in line with our previous results on center manifold reduction of the
Milne and flat dispersive states, where we basically showed that one may ignore the
H-equation for the local dynamics, and restrict attention to the reduced dynamics on
the center manifold, the system is (5.12), (5.13).

We then simply set H» = H; in Eq. (8.4), and examine the behaviour of the
remaining part of the solution (2, H), namely, the Q-part. Dividing Eqgs. (8.2), (8.5),
and integrating, we find that either 21 = Q», or, Q1 = 2 — Q5. It then follows by
a simple calculation that if Eq. (8.5) holds in the domain A3, then Eq. (8.2) must
also hold on the same domain A;, and vice-versa. Hence, the common system of
equations (5.2)—(5.4) holds throughout both of the Friedmann domains Ay, A, with
the understanding that in the two subdomains the density parameters €2;,i = 1, 2 may
be translations of the function 2 = Q.

8.2 General synchronization

The problem of Question 2 for a distribution of an arbitrary number of causally dis-
connected domains A;,i € I, is likewise reduced to that of examining whether a
single domain .4 governed by the equations (5.2)—(5.4), in line with center manifold
reduction.

Let us consider an arbitrary number of transmitters, x; = (2;, H;, i), i € I, the
causally disjoint distribution of subdomains A;,7 € I inside the single Friedmann
domain A, each sending light signals eventually arriving at the common ‘receiver’
sitting at the spacetime point G in their future overlooking them (this is analogous to
the situation arising in the horizon problem).

We start with the system (4.1)—(4.2), and the vector variable x = (2, H) € R?,
and consider the ‘transmitter’:

X = f(x), (8.10)

with the - = d/dt, and f(x) = (—uQ2 4+ uQ2, —H — nHQ/2).

To examine the distribution of domains A4;,i € I for sync, we proceed as in the
next four steps:
STEP 1: Split the transmitter in two subsystems a, b, with the indexing set written as
I = a U b, by setting x; = (uq4, vp), with u, = 4, v, = Hp, the a-variables are
denoted by u, and the b-variables by v. Then (8.10) becomes,

g = fa(ui, vi), 8.11)
vp = fp(ui, vi), . (8.12)

Here we are assuming a common time for all subsystems.
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STEP 2: The receiver at G receives only the ‘v-part’ of the signals from the transmitter,
and at G we set,

vp =v, (or, H,=H). (8.13)

STEP 3: Using the remaining equations, the ‘u-part’ of the system (8.11), (8.12),
namely, i, = f,(u,v), the receiver then checks the difference in the flows of the
remaining a-variables, namely, the sync function,

w=|uai—uaj|, aj,aj €a, i #j. (8.14)

STEP 4: The single domain A is said to sync in the future (resp. past) provided the
orbits of the system (8.11) satisfy,

o — 0, as T — oo (resp. — 00). (8.15)

In this case, A evolves keeping its causally disjoint subdomains in perfect unison.

In the presence of parameters, the above procedure extends analogously to
parameter-dependent flows.

The almost magical property of dynamical systems that have the ability to sync
with each other is that although the receiver has received only part of the information
of the transmitters (the ‘v-part’), it somehow manages to reconstruct the remaining
‘u-part’.

8.3 Friedmann synchronization

As we already discussed earlier, the above procedure complies perfectly with our
center manifold reduction, through which we arrived at the reduced equation (5.12)
holding on the center manifold. To introduce a suitable sync function for our problem,
we therefore proceed as follows.

Let us start with the general system (3.20)—(3.21) and set x = €2, and ¢, (€2, ) for
the flow of the reduced system (this covers subsequent cases like the system (5.12)—
(5.13), or the various unfoldings on the center manifold). We define the sync function
(2, ) to be,

(2, 1) = ¢ (24, py) — P (-, )|, (8.16)

where Q4, n+ denote any pair of states of 2 and any two values of u respectively.
Usually, in bifurcation problems, w4+ denote values of the bifurcation parameter on
either side of its bifurcation value, and similarly for the states $24.. The sync function
checks for traces of any overall difference in the density function solutions as functions
of 1 during the evolution of the domain, usually as u passes through its bifurcation
value u = 0.

We now have the following definition.
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Definition 3 (Sync for Friedmann domains) We say that the domain A is dynamically
synchronized, or remains synced during future evolution, provided that for all u €
R, Q > 0, we have:

lim w(Q, n) = 0. (8.17)
T—>00

According to this definition, the domain .4 desynchronizes during evolution (in
the past or future) either when the limit in (8.17) does not exist, or, if there are two
values .+ and/or phase points 24 for which the sync condition (8.17) is violated. This
definition is stated in future terms, but sync in the past evolution simply corresponds
to instead taking the T — —oo limit in the above definitions.

8.4 Sync and proper-time sync

Before we proceed further with the sync problem, it is interesting to compare the sync
definition for subdomains introduced here to the more common notion of proper-time
synchronization in general relativity. We shall show now that the two are different,
and that two proper time synchronizable subdomains governed by the Egs. (8.2), (8.5),
cannot be dynamically synced to each other during their evolution.

Let us assume that the two domains Ay, A are proper-time synchronizable, that is
there is a common proper time function ¢ for both. Using Eq. (8.7), we can introduce
the common dimensionless time T = 71 = 17, and from Egs. (8.1), (8.4), we then get
q1 = q2-.

This assumption i.e., common proper time for all uncorrelated domains - subdo-
mains of A), is a rather strong one because in this way any observer field U on A
(that is any timelike, future-pointing unit vector field, parametrized by proper time t),
becomes geodesic and irrotational, and such that U = —grad ¢, across all subdomains
of A. This assumption thus implies a fine-tuning of all observer fields across A, and
so it is rather special.

However, this problem can be easily rectified by defining # to be not the proper time
but a kind of average time over all observers in A, so that there exists a smooth function
p > 0on A with U = —p gradt. In this way, the elapsed proper time between two
spacelike hypersurfaces normal to U will be different in different .4;’s (that is different
U observers). In this case, U is just called ‘synchronizable’, rather than proper time
synchronizable (cf. [38], p. 54 for this terminology where our ‘average time’ is called
a ‘compromise time’).

Dynamical sync as defined earlier requires the validity of the further condition
(8.17) that appears in the sync definition above, and so is more subtle than the standard
proper time sync. The former refers to a property of the flow of the Einstein equations
(4.1), (4.2), whereas the latter to the flow of the 9, vector field being geodesic and
irrotational.

In the remaining of this Section, we shall examine how dynamical sync applies to
the dispersive states of Type L, II.
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8.5 Do dispersive type-I states sync?

Looking back at the diagram in Fig.2 having the above definition of Friedmann
domains in mind, it becomes almost obvious to expect that the sync condition 8.17
would be violated in this case, and so the model (5.12)—(5.13) is expected to desync,7.
We can show this rigorously as follows.

From (5.12), it follows that for any u© = u_ < 0, the dynamics will be qualitatively
the same as that of the system,

¥ =x —x2, (8.18)

and for any © = p4 > 0the dynamics of (5.12) will be equivalent to that of the vector
field,

x =x%—x. (8.19)

(We note however, that the two vector fields in each pair will not be CX-conjugate,
k > 1, to each other except when i+ = =£1.) Here, we used the same symbol x to
denote €2 in these ranges of u (cf. the diagram in Fig.2).

If we denote the flows of (8.18) and (8.19) by ¢, ¥, respectively, then an easy
calculation gives,

T

xe X

¢ (x) = (8.20)
X

v —ar1 TR

S
—xet + et

with ¢;(0) =0, ¢ (1) = 1, and ¥ (0) = 0, ¥ (1) = 1, at the fixed points. Then the
corresponding velocity fields of the flows are given by,

c&ﬁ o xe'(1—x) dyr,  xe'(x—1)

= , = . 8.21
dt (xet —x+ D2 drt (x — xe? 4 e7)?2 ®:21)
For those states that satisfy x < 1, the velocity fields satisfy,
d d
P o, ad T o, (8.22)
dt dt
or,
d d
O _ Ve 0, (8.23)
dt dt
that is the function,
G (x) — Y (x), (8.24)

7 1tis interesting to note that he same expectation obviously applies to the dynamics near the hyperbolic
equilibria EQ1 EQ2.
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is increasing for x < 1.

This result implies that there are states for which the sync function w(u—, ()
cannot satisfy the sync definition (8.17), and therefore the Friedmann domain A desyn-
chronizes during its future evolution in this case.

8.6 Sync for unfoldings of the dispersive type-I states

Let us now examine the versal unfolding (5.25) for sync. Since the system bifurcates
at o = 0, we need to examine each of the two branches of the bifurcation curve in
Fig. 6 separately.

In the unstable branch, the flows on each phase line for each u have the property
of moving all nearby phase points away from the branch, and so the difference of any
two such flows may not tend to a well-defined limit during evolution. Therefore the
sync function will not tend to a definite limit, and so the system will desync in this
case.

However, let us consider the stable orbit of the bifurcation curve in Fig. 6. Intro-
ducing the variable,

w=——, (8.25)

we find after some calculation that the flow ¢7 (w) of Eq. (5.25) is given by,

(I +we’ — (1 —w)

= , 8.26
T = e + (= w) (8:20
so that the velocity of the flow is,
9 2(1 — w?)eT
9y _ (1~ we (8.27)

AT (1 +w)eT + (1 —w))?’

This implies that {7 is increasing (decreasing) on |w| < 1(w > 1), a result to be
intuitively expected because if i < Z2, then dZ/dT < 0, as it follows from the
bifurcation diagram in Fig. 6.

We therefore find that w (i1, 1) satisfies the definition (8.17),

[r(wy) — ¢r(w2)| — 0, T — +o0, (8.28)

for any fi1, 2 > 0, and for any pair of states w1, wy on the same phase line and near
any point on the stable branch on either side of the fixed point w = 1.

Therefore the Friedmann domain A governed by the unfolding (5.25), or, what
is equivalent, (5.21), synchronizes as T — +-o00. From Eq. (5.19), this direction is
attained when the sign(ut) > 0, and it can happen either in the past or in the future
in T-time. Since the system bifurcates at i = 0, it will either follow the stable or the
unstable branch depending on whether the system finds itself near the one or the other
of its two fixed points.
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8.7 Sync and dispersive type-lla states

Using a similar approach like in the previous subsection, it is evident how to proceed
in order to examine the reduced vector field (6.8) as well as for its unfolding (6.13) for
sync, and so we shall be brief. The results are similar to those achieved for the type-I
states sync problem.

The original vector field (6.8) does not sync and the proof is completely analogous
to that given in Sect. 8.3, but now we are interested in the behaviour of states near to
the 2 = 1 line, instead of those on the 2 = 0 line. For © > 0, the vector field is
qualitatively equivalent to X = x + x2, with flow given by the form,

X

P (x) = m, (8.29)
while for u < 0, we find
Yelx) = ————. (8.30)
(1 +x)et —x

These results imply that the function ¢, — v, is increasing for states with x > 0. We
conclude that the limit condition (8.17) is violated and therefore Friedmann domains
cannot sync during evolution in this case.

It is not difficult to see using the method of the previous subsection that for the
unfolding (6.13), sync is achieved during evolution near the stable branch of the orbit
which is now located at the third quadrant of the (W, [1)-plane.

8.8 Sync and dispersive type-llb states

For reasons completely analogous to those discussed in previous subsections of this
Section, we conclude that in the case of the type-1Ib solutions the model cannot sync.
Also for reasons described in Sect. 7, they cannot unfold to describe synced states.
Therefore we may regard type II-b solutions as non-generic manifestations that cannot
unfold the degenerate solution H = 0. The main reason is the absence of quadratic
terms of the form H? in the center manifold reduced vector fields.

9 Discussion

In this paper we introduced and studied two new factors that affect the dynamics
of cosmological models. These are the consideration of parameters - as opposed to
constants - in the basic equations that govern the evolution of the universe, and the
appearance of zero eigenvalues in the linear part of the vector field that defines these
equations. These factors challenge basic aspects of standard cosmology, and prove
that restricting attention to only hyperbolic fixed points is inadequate for the complete
treatment of cosmology.
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Consequently, we are lead by necessity to the wider consideration of dispersive
methods in cosmological dynamics, where the newer fields of bifurcation theory,
singularity theory, and their applications come into play and need to be taken seriously.
At amost basic level, this view requires the consideration of not the usual ‘individual’
system of Friedmann equations, but a whole family of such systems parametrized by
the fluid parameter.

We have shown how dispersive methods can be used to study a Friedmann uni-
verse with a perfect fluid, where the fluid parameter plays the role of a continuous
parameter that may vary. Our results provide the first example of the new possibilities
that may arise in this respect. We have shown how the phase portraits as well as the
Friedmann equations themselves qualitatively change when the fluid parameter varies
continuously and smoothly. These changes are not random or artificially inflicted by
hand, but are governed and dramatically constrained by the form of the linear part of
the vector field that defines the equations.

The first question to be addressed in this program is whether the solutions of the
Friedmann equations have any bifurcation properties. We have shown that although
we are led to the presence of new dispersive (i.e., non-hyperbolic) equilibria, namely,
the dispersive versions of the Milne, flat, Einstein static, and de Sitter spacetimes, the
field cannot properly bifurcate. This is due to the absence of a genuine bifurcation set
in the Friedmann equations, as can be most clearly seen in the ‘bifurcation diagram’
of the Friedmann cosmological equations.

A further necessary technical advance is the computation of the resulting center
manifolds corresponding to the new dispersive equilibria. We calculated center man-
ifolds for all such fixed points, and showed how the overall dynamics of the systems
is usefully reduced on them. From the stability properties of the solutions that lie
nearby the dispersive equilibria and on the center manifolds, the (lack of) bifurcation
properties of the associated systems could then be readily deduced.

The next question was whether there is some unfolding of the vector fields having the
dispersive equilibria, and if yes, whether those could properly bifurcate. We showed the
existence of a versal unfolding for the dispersive Milne and flat cases, and computed
its properties. We proved that these two vectors fields unfold versally like in the
normal form of the saddle-node bifurcation. Consequently, we predicted the existence
of new cosmological solutions for the positive range of the bifurcation parameter for
the Milne and flat solutions. On the other hand, the Einstein static universe as well
as the de Sitter equilibria cannot unfold this particular system because they are not
sufficiently degenerate.

These results have interesting applications for the long term behaviour of the solu-
tions and the question of singularities, as well as in the horizon problem. Contrary to
the situation in standard Friedmann fluid cosmology where there is a big bang singu-
larity in the past for all models, the case of the versal unfoldings reveals novel and
intriguing possibilities for the past and future evolution of the universe. These were
discussed in Sects. 5, 6.

The question of synchronization required for a resolution of the horizon problem
was discussed in Sect.8. We showed that there is a synchronization function which
asymptotically vanishes in the future for the versal unfoldings of the Milne and the flat
equilibria. Therefore in these two cases, Friedmann universes completely synchronize
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in the future. This constitutes a new approach to the horizon problem independently
of any consideration of an initial inflationary phase.

There are various directions towards which this work may be usefully extended.
Throughout this work we have neglected the possible effects of a cosmological constant
as it leads to a drastic change in the complexity of the problem because of the presence
of a second parameter (besides the fluid parameter) in the dynamical equations (the A).
Keeping the fluid parameter fixed, a cosmological constant would dramatically change
the structure of the Jordan canonical form of the linear part of the vector field, thus
probably extending the present results to the next level of degeneracy. Of course other
cosmological problems would similarly lead to more degenerate dynamical systems
by increasing the codimension of the bifurcation.

An further interesting question related to the present results is about the nature of
the underlined gravity theory that contains a perfect fluid as matter source and leads
directly to the unfolding (5.18). An answer to this question is required in order to
understand the physical meaning of the unfolding parameter o, or its dimensionless
version v.
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