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Abstract

We study the geometric properties of certain Codazzi tensors for their own sake, and
for their appearance in the recent theory of Cotton gravity. We prove that a perfect-fluid
tensor is Codazzi if and only if the metric is a generalized Stephani universe. A trace
condition restricts it to a warped space-time, as proven by Merton and Derdzifiski. We
also give necessary and sufficient conditions for a space-time to host a current-flow
Codazzi tensor. In particular, we study the static and spherically symmetric cases,
which include the Nariai and Bertotti-Robinson metrics. The latter are a special case
of Yang Pure space-times, together with spatially flat FRW space-times with constant
curvature scalar. We apply these results to the recent Cotton gravity by Harada. We
show that the equation of Cotton gravity is Einstein’s equation modified by the presence
of a Codazzi tensor, which can be chosen freely and constrains the space-time where
the theory is staged. In doing so, the tensor (chosen in forms appropriate for physics)
implies the form of the Ricci tensor. The two tensors specify the energy-momentum
tensor, which is the source in the equation of Cotton gravity for the metric implied
by the Codazzi tensor. For example, we show that the Stephani, Nariai and Bertotti-
Robinson space-times are characterized by a “current flow” Codazzi tensor. Because
of it, they solve Cotton gravity with physically sensible energy-momentum tensors.
Finally, we discuss Cotton gravity in constant curvature space-times.
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1 Introduction

In Ref. [1] Junpei Harada proposed an extension named “Cotton gravity” of the Ein-
stein equations, where the geometric term (the Einstein tensor) is replaced by the
Cotton tensor, and the source (the energy-momentum tensor) is replaced by gradients
of the energy-momentum. In a space-time of dimension n:

g VT — g Vi T

Cixt =VjTy — Vi Tj —
jkl Jj Lkl kL jl n—1

ey

T is the trace 7%, and Newton’s constant is absorbed in Tjk. The Cotton tensor is
defined as

gkViR — gjiVikR

Citt =ViRy — ViR —
Jjkl Jj Rkl kXl 2n—1)

@)

It is related to the Weyl tensor, Cjy = —%Vm Cji™, and contains third-order
derivatives of the metric tensor.

Harada showed that his gravity Eq. (1) descend from a variational principle with
action,inn =4, S = [ d*x/=g(CximC/*™ — R 1, T/¥™). The variation is taken
in the connection. T/ is a curvature tensor built with the energy-momentum and the
metric tensors (Eq. 14 in [1]). Conformal gravity has the same action, but the variation
in the metric tensor gives the equations —4@Vvivm Cikim + Rj’”Cjklm) = Ty, that
are fourth-order in the derivatives of the metric tensor.

While solving (1) for a vacuum (7}; = 0) static spherically symmetric space-time,
Harada obtained a generalization of the Schwarzschild solution:

1
ds® = —b*(r)dt* + bz—(r)drz + r2d 3 3)
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with b2(r) = 1 —2M/r + yr — %Ar2. He remarked the similarity with a vacuum
solution of conformal gravity, where b2(r) is replaced by Ez(r) =[1-38y -2 —
3By)/r +yr — Kr?] (see [2, 3]).

In ref. [4], Harada applied his theory to describe the rotation curves of several
galaxies, where the effect of the possible dark-matter halo is supplanted by the modified
gravitational potential.

After its appearance, Harada’s paper was criticized by objecting that it adds nothing
to standard General Relativity [5, 6]. This paper shows that it is not the case: there is
arich structure in the theory, that includes the standard one.

The difference of Eqs. (1) and (2) shows that

G = Rut — T — g 2L 4
kil = Ry ki gklz(n_l)
is a Codazzi tensor:
ViGik = Vitix )

Equations (4) and (5) are equivalent to the Harada equation (1) for Cotton gravity.
In fact, with Ry; = G + Tu + g 2R(;—_21T) the Cotton tensor (2) is constructed, and the
Codazzi condition ensures that (1) is obtained.

The third order character of (1) is reduced to second order in (4), with the appear-
ance of a supplemental term, the Codazzi tensor. The latter may be thought of as a
modification of the Ricci tensor, or the energy-momentum tensor, or both.

The case % = 0 in (4) restores the Einstein equations, and Eq. (1) is identically
true. The “trivial” case ¢jx = Bgj«, adds a cosmological constant.

If 611 # 0, Eq. (4) can still be interpreted as the Einstein equation, with a modified
energy-momentum tensor:

R — 3 Rgir = Tit + G — g€’ (6)

Let us mention that Codazzi tensors appear in the geometry of hypersurfaces [7].
A Lorentzian hypersurface in a Minkowski space-time has Riemann tensor R ; j ikim =
Q1 Qm — 2jm 2y where 2 ji is a Codazzi tensor. The trivial case Q2 j; = n(n T &k
corresponds to a constant-curvature hypersurface, and the tensor has a single, constant
eigenvalue.

A non-trivial Codazzi tensor poses important limitations on the geometry of the
hosting space-time.

Among the possible tensors, we choose to investigate two simple and physically
relevant ones, that often appear in the expressions of the Ricci or of the energy-
momentum tensors. They involve the basic kinematic quantities u; and ;.

We begin with the “perfect fluid” tensor €jx = Aujui + Bg;jr with the Codazzi
property. Andrzej Derdzifiski [8] proved that if €% is a constant, then the space-time
is warped (GRW, generalized Robertson-Walker space-time), i.e. there are coordinates
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such that
ds* = —dt* + a*(t)g},, (x)dx"dx" 0

with Riemannian metric gl*w. The hypothesis was weakened by Gabe Merton [9],
who showed that a necessary and sufficient condition for the GRW space-time is
v/ Vv | €*« = Oforall vectors v/ u j = O (theresult was proven in Riemannian signature,
but it also holds in Lorentzian).

In Theorem 2.1 we prove that a perfect fluid tensor is Codazzi if and only if the
space-time is “doubly twisted”, i.e. there are coordinates such that

ds® = —b*(t,x)dt* + a*(t, x)g};, (X)dx"dx" (8)

with the special condition that (9; loga)/b only depends on time ¢. Remarkably, this
metric with the constraint happens to be a generalization of the well known Stephani
Universes.

We discuss special cases, including Merton’s result, and obtain the general form of
the Ricci tensor.

Next we study the “current flow” tensor ¢jx = A(u jiix + it juy) with the Codazzi
condition and closed vector field i ;. The field u; turns out to be vorticity-free but not
shear-free. This makes the metric more general than doubly-twisted, Eq. (28). If it is
constrained to be static, a useful form of the Ricci tensor is obtained. We list some of
the several examples that can be found in the literature.

Finally, we consider Yang Pure space-times. They are characterised by a Ricci
tensor that is a Codazzi tensor. Among the examples, we show that a Friedmann-
Robertson-Walker metric is Yang Pure if and only if V; R = 0.

This concludes Sect. 2 of the paper.

In Sect. 3 we show that these results are interesting for the Cotton gravity by Harada.
If nontrivial, the Codazzi tensor introduces geometric or unconventional matter content
in the Einstein equation, depending on the point of the view, in a way different than
other extended theories of gravity.

This suggests a solution to the Harada equations which goes as follows: given the
form of a Codazzi tensor, this determines a class of space-times that host the tensor.
The space-time in turn determines the Ricci tensor. Finally, the Codazzi and the Ricci
tensors in Eq. (4) determine the energy-momentum tensor of the Harada equation.

The two Codazzi tensors that are here studied, modify the energy-momentum in its
perfect-fluid component or in the current component.

We end with a discussion of constant curvature space-times, for which Ferus [10]
identified the general form of Codazzi tensors.

We employ the Lorentzian signature (— + ...+), latin letters for space-time com-
ponents and greek letters for space components. A dot on a quantity X is the operator
X = uFV; X. The symbols 7, € are the scalar functions 1 = it*it; and € = ¥ V.
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2 Codazzi tensors and their space-times

Inrefs. [11, 12] we showed that a Codazzi tensor always satisfies an algebraic identity
with the Riemann tensor (it is “Riemann compatible”):

CimRix" + CimRiit™ + CrmRiji™ = 0. )

This property implies that a Codazzi tensor is also Weyl compatible, with the Weyl
tensor Cjiy, replacing Rjip,. The contraction with the metric tensor gi ! gives
CimR™ = G R;™, i.e. a Codazzi tensor commutes with the Ricci tensor.

As anticipated, we investigate two forms of Codazzi tensor. We name them in
analogy with terms in an energy-momentum tensor: ¢ = Aujuy + Bgji (perfect
fluid) and €jx = A(u g + wjui) (current flow). A # 0, B, A are scalar fields. The
vector field u ; is time-like unit, wlu j = —1, and is named velocity. The vector field
nj = ukViu ; 18 spacelike, orthogonal to the velocity, and is named acceleration.

We show that the Codazzi property of such tensors strongly restricts the space-times
they live in.

2.1 Perfect fluid Codazzi tensors and Stephani universes.

Theorem 2.1 The perfect fluid tensor € = Aujuy + Bgjr with ujuj = —1is
Codazzi if and only if

Viuj = @(gij +uiuj) — uii (10)

where (n — 1) is the usual expansion parameter,

ViA=—ujA—i;A (11)
VB =—u;B (12)
¢ =—-B/A (13)
This relation is useful:
Vig = —ui¢ (14)
Proof See Appendix 1. O

Proposition 2.2 If €. is a perfect-fluid Codazzi tensor, the velocity u; is Riemann
compatible, u; R jrymu™ + u j Rjimu™ + ug Rijimu™ = 0, and it is an eigenvector of
the Ricci tensor, Rjkuk = yuj, with eigenvalue
_ . 2 -k
y=0—-D@+¢)— Viu (15)

The following identity for the acceleration holds:

(e + i )u; — wi(Qity + iiy) = Vi — Viiig. (16)
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Proof The first statement is an obvious consequence of (9) and of the first Bianchi
identity. For the eigenvalue we evaluate:

Rjklmum =V;Viu; — ViViu
=V;lo(gu + uxuy) — ugity] — Vilo(gji +ujuy) — ujiy]
=— (guuj — gjiur)9 + (Vjug — Viuj)(ou; — up)
+ur(pVjuy — Vi) — uj(@Viu; — Vi)
= — (guuj — gju) (@ + ¢*) — (i — wyit ;) (Quy — i) — weViiy + uj Vil
The contraction with gjl gives: Ryu™ = (n —_1)(<j)+<p2)uk + @ity —ugn — uijL't-/ +
u’/ Vit j. Since i/ u j = 0, the last term is: —it/ Viu j = —qug + ugn by Eq. (10), and

cancels three terms. The eigenvalue y is read.
The contraction with u#/ gives the symmetric tensor

w Rjjmt™ = (gt + i) (@ + @%) + tig(Quy — 1) — uiiy — Vil (17)

Subtraction with indices k, [ exchanged gives the identity for the acceleration. O

With the aid of the Weyl tensor, we obtain the expression of the Ricci tensor on a
space-time with a perfect fluid Codazzi tensor.

Proposition 2.3 (The Ricci tensor)

R — -V
Ry = ugu; + 8k1 + T
n—1 n—1
My =5 — 2)[ug(piyy — iiy) + wi(pitg — iix) — (Vi + Viiig)]
.. n—2 .
— (n = 2)[ugu; + Ex] + p— (g1 + ugup)Vpu? (18)
where y is the eigenvalue (15), Ty is symmetric traceless with Myu' = 0, and

Ey =u’ u™ C jrim is the electric tensor. It is symmetric, traceless, with Ejkuk =0.

Proof The general expression of the Weyl tensor is:

8imRii — 8kmRj1 + gkiRjm — &j1Rim &im8&kl — 8km&jl
Citim = Rjiim + —R
Jitm = T kim n—2 (n—1)(n—2)

The contraction with u/u™ and (17) give:

Ex =(gu + wiu) (9 + ¢*) + it (puy — i) — uiiy — Vil

R+ 2yugu;+ygu 4 RS + uruy
n—2 n—Dn—-2)
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The Ricci tensor is obtained:

R—ny + (n—2)Vyil R—y+(n—2)V,uP
Ry =[ £ upuy + pa— 4 8ki

n—1

— (n — 2)[ugi; — pugu; + ugii; + Vit + Exg].

The expression is symmetrized with the identity (16) and the correction to the perfect
fluid part is made traceless by subtraction. O

We discuss the geometric restrictions posed by a perfect-fluid Codazzi tensor. The
presence of a shear-free and vorticity-free velocity field, Eq. (10), classifies the space-
time as doubly-twisted [13], i.e. there is a coordinate frame such that the metric has
the form (8).

In this frame, with the Christoffel symbols

orb 3yub dia da
0o _ O 0o _ 9 0 _ %4 L
oo =" Two =737 T = (a8 Tow= "%

Eq. (10) foru; and 11 ; = ukauj give: ug = —b(t,x), u, =0, and

B 0,b(t, x)_ 1 0d;a(t,x)

o =0, uy = b(t,x) ’ v= b(t,x) a(t,x) "

By Eq. (14), the doubly twisted metric has the constraint that ¢ only depends on time.
With a = 1/V(x, t), the metric (8) with the constraint becomes:

1 9V * (xX)dxHdxY
d52:_|:_’_:| dr? M (20)

@) V V2(x, 1)

This metric generalizes the well known Stephani metrics, presented in the following
example.

Example 2.4 Remarkably, Egs. (10)—(13) in n = 4 coincide with eqs. 37.32-37.34 in
the book by Stephani et al. [15]. They were derived for a Riemann tensor of the form
Rikim = €j1%km — €jmC1, wWith €. = Augu; + Bg ji (note that if €'y is invertible
then the Bianchi identity implies that it is a Codazzi tensor [14]). Such space-times
are conformally flat and are named Stephani universes [15, 16]. They are solutions of
the Einstein equations with a perfect fluid source Tjy.

The Stephani metric is

o[ LV 2dt2 dx® +dy? +dz?
o) V V2(x,1)

: _ BX(0)—=¢*(®) ||y _ 2 :
with V(x,1) = Vo(t) + Vo) Ix — xo(t) ||, where Vp, ¢ and X( are arbitrary
functions of time.

We now consider some special conditions of the perfect fluid Codazzi tensor.
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Lemma 2.5 Ifthe acceleration is closed, V jity = Vit j, then b(t, X) = l;(t)b(x), and
i = nuk — @ii.
Proof The condition that matters is Vo, = Vg i.e. 01, — rgﬂuv = —F;Ouv. By
the symmetry of the Christoffel symbols, we remain with O = 9,1, i.e. it,, = 9, logb
is independent of ¢. Then b(t, X) = b1 (¢)b2(X).

Equation(16) now is: (@it + iix)u; — ug (@i + i) = 0. Contraction with ! is:
iy = —@ix — uk(uliil). The identity uli; =0 gives uliiy = —iliy = —1. O

o If VA = —ukA i.e. uyp = 0, then b(t, x) is only a function of time. Itis b = 1
after a rescaling of time. The equations d,¢ = 0 show that a only depends on time.
Therefore, the space-time is a generalised Robertson Walker (GRW) space-time, Eq.
(7) [17, 18].
This agrees with Theorem 1.2 in [9], stating that (in a Riemannian setting) a perfect
fluid Codazzi tensor such that h/¥V;€7; = 0 implies a warped metric.

With € = (n — 1)(¢ + ¢2), the Ricci tensor now is:

R —né& R—E&
Rjr = 1 Mjuk—i-mgjk—(n—Z)Ejk. 21

oIf B =0,ie. €Cjx = Aujuy, then V;u; = —u;i; and A solves (11). The equation
¢ = 0 gives that a(z, x) is independent of time, and can be absorbed in the space
metric to give

ds* = —b*(t,x)dt* + g}, (X)dx" dx"

Its conformally flat and spherically symmetric version generalises the Schwarzschild
interior solution, Eq. 37.39 in [15]. If moreover ; is closed, then the metric is static
([15], page 283):

ds> = —b*(x)dt* + g (X)dx"dx". (22)

o In General Relativity the vanishing of the Cotton tensor Cj;; = 0 means that Ry —
guﬁ is a Codazzi tensor. The Einstein equations then imply that also %3, =

T — n—fl gkl 1s a Codazzi tensor.

2.2 Current-flow Codazzi tensors

We investigate Codazzi tensors with the form of a current-flow tensor €jx = A(u jiiy +
1 jug), with closed ;.

The eigenvalues are 0 and %i)./7, the latter being non-degenerate with com-
plex eigenvectors VkjE = . /u + itg, g/* Vj+ V- = 0. Since the Codazzi tensor
commutes with the Ricci tensor, Vki are also eigenvectors of the Ricci tensor. From
0 = V;"R/*V,” one obtains

zijjkzlk = —nujRjkuk (23)
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Theorem 2.6 The tensor € = M(u jiy + it juy) with closed acceleration is Codazzi
if and only if:

)l I/'tjuk .
Vjiup = Y —ujuy (24
. . ufVvpn
Vik=—ujl— i |2+ Py (25)
. A . .. uPVyn
Vg = —nujug — x(ujuk +ujug) +ujug P (26)
Proof See Appendix 2. O

A useful relation found in the proof is

A . uPVpn
Vin = —2xr)uk + uy _— 27

We discuss the geometric restrictions posed by a current-flow Codazzi tensor with
closed acceleration.
Since the velocity has non-zero shear tensor

A gjk—i—ujuk I/'tjl/'tk
Gk=S n—1 - n

A

there are coordinates such that the metric has the structure [19]:

2 2 2
ds® = —b"(t,x)dt” + G/*“(t, x)dx"dx" (28)
. . 5 9, G7,
with Christoffel symbols I'), = %, Fgo = a‘sz, Iy = G**'ba,b, ng = =

I‘gv = %G*W’ 9,G}, and Fgg = I‘;’;. The equations for u, u give:

dub(t,x
M()=_b(t9x)7 MM:O, l:iO=0, ﬂu:_‘;(t( X))
In this frame, the equations V,u, = _% U and Voity = _%uodﬂ e
1, 0Gly _ A0ubdb Bty luUG*W’% — 2pi (29)
2 ot A n ’ Jat 2 ot A "

We now specialize to static space-times.
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2.2.1 Static space-times

If i = 0, Eq. (29) shows that G* b is independent of time ¢, as well as i,,. Then
b(t,x) = B(t)b(x). The product 8 2(1)dt? in ds? redefines the time, and the metric is
static, Eq. (22).

Theorem 2.6 becomes: the current-flow tensor with A = 0 and closed acceleration
is Codazzi if and only if:

Viug = —ujiy (30)
. ufVpn
Vih=—Mij (2 o ) 31
= e g YN 3
Vi = —nujug + it jig G (32)

Eq. (30) and closedness of i; covariantly confirm the space-time as static.

Proposition 2.7 In a static space-time with Eqs.(30)—(32) with closed u;, the vectors
u; and u; are eigenvectors of the Ricci tensor with the same eigenvalue.

Proof (1) For brevity, put € = u” Vpn
Equation(27) withi = 0is: V; n = 2euj Nowitis Vi V; 17 =2u;Vie+2e Vi,
Antisimmetrization, with the property that Vit ; = Vi gives: it jVie = i Ve i.e.

. uPVpe
VjE =Uuj
n

Q) Rjpimu™ = VjViu; — ViiVjup = =V j(ugiy) + Vi (ujig) = (ujlg — ughj)ig —
ui Vi + uijul (g — wg ) (1 + 6/27}2) Contraction with g/

€
Rimu™ = —(n + 2—)uk (33)
n

@) Rjuimt™ = V;Viiy — ViVjiy = Vj(—nugus + it 55) — Vi(=nujur +
b'tjiu;?) = —(uVin —u;Vimu 4 nQujig — i jug)u; + (g Vi — ﬂjvkﬂl);? +
(Vv 267 —1j Vg ﬁ)l;tl The last parenthesis is zero because V; 26? is proportional to
ij. Then: R jgmu™ = (u i k—ujuk)ul(iﬁ- )+ @ Vi — L'thkm);?.Contraction
with g/!:

Rimtt™ = (77 + 277) e (34)

The Ricci tensor is now obtained.
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In Prop.2.7 we evaluated Rjxmu™ = (ujix — ugtj)ug(1 + €/2n?). Contraction
with u/ is u/ R jymu™ = —ugu (1 + €/2n%). The contraction of the Weyl tensor and
(33) give

.. € Ry — + 2uiu +€/2 + uru
En = —iigiig (14 5 ) — ki — (gul k) +e/2m) | 8kt ukt
2n n—2 (n—1)n—2)

We then find:

1 1
—(n—-2) |:Ek1 + Uiy (l + 2L772>:| . 35)

In particular, by Eq. (34), one has the eigenvalue equation

(n — 2)Eii = [i (-4 (n + i)} i
n—1 2n

Eq. (32) with € = 0 (then 1 is a constant) was obtained by Rao and Rao [20] in a static
metric to characterize the relativistic generalisation of the uniform Newton force at a
spatial hypersurface.
2.2.2. We restrict the static space-time to be spherically symmetric, and give some
examples in the end:

R € R
Ry =|——+2n+ — [ wu; + 7+7)+ 8kl
n— n 2n

ds> = —b*(r)di* + fL(rdr? + fF(r)dQ2_, (36)

In spherical symmetry u is radial and &z, = b'(r)/b(r) (a prime is a derivative in r).
The definition n = %y gives:

0y = PO (37)
fr) B2(r)
In such coordinates the solution of Eq. (31) is
_ . h)
M= e o9

with a constant k.

Since u is a radial vector, the angular components of Eq. (32) are V41, = 0 (where
a,a’ =1, ...,n — 2 enumerate the angles). It implies r; i, =0ie. I ,=0.With
the expression in [21] Appendix 9.6, one gets the condltlon on the metrlc

ah
dr

=0.
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In conclusion, a static spherically symmetric space-time with Codazzi tensor % =
A(u jutg 4 1 juy) with closed acceleration has the form:

ds® = —b*(r)di® + fE(r)dr?® + L2923, 39

where L is a positive constant.
The electric tensor and the scalar curvature of the space manifold are obtained from
Eq. (33)in [21] witha = 1, f>» = L, and the relations (37) and (38):

=31 (fF VYN Tajix Ry
Epy =" (L Bh b [M—i} (40)
n—2f\L b fi b n n—1

1
R* = ﬁ(n—Z)(n—3) (41)

where hj; = gjx + uru;.

The Ricci tensor (35) in spherical coordinates is sum of three tensors, proportional
toujug, gjk and lljlftk.

We list some examples of the metric (39). They share the same form of Ricci
tensor (35), with electric tensor (40). Moreover, they are endowed with a current-
flow Codazzi tensor with non-zero components 6y, = %0 = « f1(r)/b(r) in the
coordinates of each below-listed metric.

Example 2.8 Nariai space-times solve Einstein’s equations in vacuo [22-25]:
a5 = [ —acoston (2 a2 + 92+ as?
s°=—|—-a — — .
A & ) r2 2

where A is the cosmological constant. A coordinate change (see [22]) brings the
metric to the direct product of de Sitter (dS), with the sphere S> of radius +/3/A:
ds* = —bdt*> + b~ 'dp® + (3/A)dQ23, with b(p) = 1 — 3 Ap>.

Example 2.9 Bertotti-Robinson space-times are conformally flat solutions of the

source-free Einstein-Maxwell equations with non-null e.m. field [26-28]:

2
ds? = :—g [—dﬂ Fdr?+ rdeﬁ_z] . 42)

The Ricci tensor is (35) with R =0, =0,n = riz A= —K’;—;:
0 0

1 .
Ry = r—2(2uku1 + gk1) — 2ukuy. (43)
0
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Egs. (30) and (32), that reads Vi, = rizujuk, imply V;Rjr = V;R;i. Therefore,
0

Bertotti-Robinson space-times have two Codazzi tensors: the Ricci tensor and

2
r . .
Cik = K (ujux + ujug)
0

A coordinate change [29] brings the metric to: ds> = —bdt> 4+ b~ 'dp* + rngﬁ_2
with b(p) = 1 + p?/r§. It is the direct product of (AdS), with the sphere S,_2(ro).

Example 2.10 In [30] black holes are studied in string-corrected Einstein-Maxwell
theory coupled to a dilaton field. The solution displayed in Eq. 35 is

2

ds®> = —(ar* + br + ¢)dt* + + L2dQ3.

ar? +br +c¢
Depending on the constants, it may reduce to (AdS); x S2(L) or (dS), x S2(L).

Example 2.11 In [31] the Bertotti-Robinson-type black hole solutions of string theory
are obtained, by CFT methods. This one (Eq. 38) is an example:

dr?

2

2
[543 -]

[S]

ds2=—[r—+f—§—M]dr2+

2 2
‘ + L2

where M is the mass, J is the angular momentum, ¢? is proportional to the cosmo-
logical constant.

Example 2.12 In [32] spherical black hole solutions of the Einstein-Maxwell-scalar
equations are found, where the scalar field is non-minimally coupled to the Maxwell
invariant. Among others the following metric is given (Eq. 4.11), where a is a constant:

1
ds’> =a <—r2dt2 + —2er> + L?dQ3.
r
The examples describe “near horizon geometries of extremal black-holes” [33].

They are direct products of a Lorentzian 2D spacetime with the 2-sphere, whose
general properties were investigated by Ficken [34].

2.3 Yang Pure space-times
A Yang Pure space-time is defined by a Ricci tensor that is a Codazzi tensor:

V;iRu = ViR (44)
equivalent to V" R ji;,, = 0. Contraction with gﬂ gives ViR = 0. They were intro-

duced by Chen Ning Yang in 1974 in the geometry of Yang-Mills theories [35, 36].
These are examples of solutions of Yang’s equation (44):
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e Vacuum solutions of Einstein’s equations: Ry = Agy;.
e Wei-Tou Ni obtained the conformally-flat non-static solution [37]

ds? = [c Ll sty t)} (—di® +dr? +r2dS23)

r r

where C is a constant, f and g are arbitrary functions, and also the solution:
-1
ds* = —dt* + [1 + 4 +br2] dr® + rde%
,

e In 1975 A. H. Thompson [38] found geometrically degenerate solutions of Yang’s
gravitational equations. In particular, he showed that the Bertotti-Robinson metric
Eq. (42) is Yang Pure.

e Friedmann-Robertson-Walker (FRW) space-times

dr?
1 —kr?

ds> = —dt* + a*(1) [ + rzdszg} (45)

may be also characterized by a “perfect fluid” Ricci tensor
Rjk = 3(R = 45)ujur + 3(R = §)gjk (46)

and zero Weyl tensor. Here (see [39]): wFuy = —1, .Viuj = H(u;u; + gij) where
H = @/a is Hubble’s parameter and & = 3(H? + H) = 3i/a. The Cotton tensor
being zero, a FRW space-time is Yang Pure if and only if V;R = 0.

The flatcase k = 0 was solved by the authors [39]. While the two geometric constraints
fix the Ricci tensor, the Einstein equations provide a source which is a perfect fluid
with equation of state p = w(#)u that evolves from w = 1/3 (pure radiation) to
w = —1 (accelerated expansion, without a cosmological constant A).

3 Harada-Cotton gravity

The results of the previous section are interesting for Harada’s Cotton gravity. The
symmetries of the Weyl tensor imply two important facts [1]:

(1) g"'Cjx = 0, then (1) mantains the law 0 = V, T/%.

(2) V!Cji = 0 implies that R jx and T}, commute:
0= Vi(V; T =ViT})) = [Vi, VAT = [V1, Vil T + V(T = V(Wi T =
RijimT™ + RjmTe™ — RigjmT™ — Rim T;™.
The first term cancels the third one by the first Bianchi identity: 0 = (Rjjxm +
Rjkim + Ry jm)T”’l (the second term vanishes).

As stated in the introduction, Eq. (1) naturally provides the Codazzi tensor in Eq. (4).
Depending on its form, there are different levels of Cotton gravity, that are extensions
of the Einstein gravity.
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The choice of the Codazzi tensor restricts the space-time which, in turn, provides
the structure of the Ricci tensor. Together, the Ricci and the Codazzi tensors determine
the energy-momentum tensor:

1 4
T = Ry — zngl — G + gue’ 47)

By construction, the metric of the space-time solves the Cotton-gravity equation (1)
with the energy-momentum tensor (47). This approach reverses the standard one,
where the matter tensor is the input. Of course it is simpler, but not alternative, than
solving high order differential equations for the metric. Here a form of the metric is
given a priori through the Codazzi tensor.

Equation (47) is Einstein’s equation corrected by a Codazzi tensor, Eq. (6), in
analogy with other theories of extended gravity (the H-term of Eq. 26 in [40]).

3.1 Yang Pure spaces.

Since the Ricci tensor is Codazzi, the definition (2) of Cotton tensor shows that Yang
Pure spaces are solutions of the vacuum Harada equations Cj; = 0.

Harada’s vacuum solution (3) is not a Yang Pure space.

Now we present the simplest Codazzi tensors, with examples that only aim at illus-
trating the procedure.

3.2 The trivial Codazzi tensors ¢j; = 0 and €y = Bgjx (with B constant by
the Codazzi condition) give the Einstein equations without or with a cosmological
constant.

3.3 Case Gjx= Aujuy + Bgjy, uku, = -1

The generalized Stephani Universes are solutions of the Harada equation with energy-
momentum tensor (47) built with the Ricci tensor (18) and the Codazzi tensor.
Such inhomogeneous cosmological models may provide an explanation of the
observed accelerated expansion of the universe and bypass the dark energy problem
(see for example [41, 42] and references therein).

We here give the Ricci tensor for the simpler Stephani Universe in n = 4:

Ri = 2AB ugu; + gu(3B> — AB) (48)

Its perfect fluid form implies a perfect fluid source in the Einstein equations, as well
as in the Harada equations (with different density and pressure).

3.4 Case Gjy = Aujuy, uuk = —1, i closed
The Codazzi condition is equivalent to V;u; = —u;iu; and (11). The space-time is
static and the velocity is eigenvector of the Ricci tensor: R jkuk =—u; (V5.
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This example in n = 4 is static and spherically symmetric:
ds® = —b>(r)dt® + f(r)2dr* + r*d 23 (49)

The function A(r) solves (11), where the time component is an identity and A’ =
—Ab' /b (a prime is a derivative in r). The equation is solved by

k
AO=50

where k is a constant. The covariant form of the Ricci tensor on static isotropic space-
times was obtained in [21] (Eq. 49 with ¢ = 0):

R + 4V ,u? R+ V,u?f
Rj = ujuy P+ gk £ Tk
3 3
wjng  hjg . L'tiV,'n
M = [ - T} [vpul’ -3 <n + 5, ) 2E® (50)

where n = it/ =" 2/(b% ). E(r) is the amplitude of the electric tensor

L rfE o vd b’
E<”>—z—z[r—z‘rz‘ﬁﬁd—r“’g(f’)‘ﬂ

_2 (AN A2 e Y
R‘r_2<1 f2)+rf3 bf2<b bf+2r)

D __ 1 "o /L/ b_/
Vpup—ﬁ<b bf+2r) (51)

The traceless tensor IT j; modifies the perfect fluid term. Itis ITjxu* = 0and IT ji* o
uj.

The Ricci tensor has three eigenvalues and builds a Cotton tensor Cj; that, by
construction, solves Harada’s equation (1) for the following energy-momentum tensor:

- R +4V,iP N R+ V,u? N T R
C—wu . r_ K
jk =Ujui 3 8jk 3 8k13 gk16
h: 'iv.
G+ | L T g e 3 (g ) 2B |
n 3 2n

A simplification is done with the expression of the trace 7', and with the following
identity (Lemma 3.4 in [21]):

iV, 2 [0 b d
V,,up—3<n+” ’”):_ [

2 7 ————rlog(rf)]
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The result is:

R 4_ ., k R 1_ ., &k
Tjr =ujug §+§Vpu 3 + gjk —€+5Vpu 3

i hp] 1 b b (1 f2—-1 f
PTG )

The tensor specifies the parameters of an anisotropic fluid

Wi hi
Tjx = (P + ujur + Pgji + 'n -5

] (pr — p1)

with P = % pr+ % p.1 (effective pressure), density w, radial pressure p,, transverse
pressure p |, constructed with the free parameters b(r), f(r), k. Note the pressure
anisotropy despite the spherical symmetry of the metric.

3.5 Case Gj= A(ujuy + ujuy) with closed u;

The metrics in examples 2.8—2.12 are static spherically symmetric solutions of equa-
tions of various gravity theories, Einstein, Einstein-Maxwell, low energy string, with
their own matter or radiation content. However, since they all contain a current-flow
Codazzi tensor, they all solve the Harada equation (1) with a proper energy-momentum
tensor that is obtained below, characterized by a current-flow term.

The metrics determine the Ricci tensor (35) with radial symmetry. The energy-
momentum tensor is (47) with R = R* — 2 — €/ and R* =2/L?:

R* R*  2n €
Tu =tk — + hi | ——+ — +

6 3 3p
U h €

—Gu—2| L -2+ =+ E0)
" 3 2n

11 2 b f! b’
E(r)=5— f—12+—ﬁ—— .
2 ff\L b fi b
It is the energy-momentum tensor of a fluid with velocity u ;, acceleration # ;, energy
density u = %R*, pressure anisotropy p, — p1 = —2n — €/n — 2E(r) and effective
pressure 3P = p, +2p, = —RT* +2n+ %
Example 3.1 Consider the Bertotti-Robinson metric in 2.9: b(r) = fi(r) = ro/r,
L=ryltisn= l/rg, e =0and A = —«r?%/ro.
The Ricci tensor for this metric is: Ry = %(2uk u;+ gr) — 2ugu; and R = 0. The
g

metric (42) solves the Harada equation with the traceless energy-momentum tensor

1 .. K . )
Ty = r—2(2uku1 + gri) — iy + %Vz(ukuz + wpup).
0
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3.6 Cotton gravity in constant curvature space-times

Harada made the remark that a de Sitter metric is a vacuum solution (7 = 0) of the
Cotton gravity equation (1). We extend his remark.
Constant curvature space-times are defined by the Riemann tensor

Rjkim = (8j18km — 8jm&Kkl)

R
nn—1)
They are conformally flat (C jz;,, = 0) and Einstein (R jx = g, R/n).Inthe Lorentzian
signature there are exactly three cases: Minkowski (R = 0), de Sitter (R > 0) and
anti-de Sitter (R < 0) (see [43], pages 124, 131).

Ferus [10] proved that the only non-trivial Codazzi tensor in a constant curvature
space-time has the form

R¢
Cir = ViV, — g 52
Jjk J k¢+n(n_1)gjk (52)
where ¢ is a smooth scalar field (see also [44] p.436). Then
R R :

T =— 8k = > 8k~ + 8ut” j

: 1 n—2
=gk | V;V/p + ;R¢ - R|—ViVig (53)

is the most general energy-momentum tensor for Cotton gravity in constant curvature
space-times. Therefore, Minkowski, de Sitter, anti-de Sitter space-times solve the
Cotton gravity equation. The Codazzi tensor introduces a coupling of gravity with a
scalar field.

4 Conclusion

Codazzi tensors have an intrinsic geometric importance. They also naturally enter in
the recently proposed Cotton gravity by Harada. The specific form of a Codazzi tensor
restricts the space-time it lives in.

We presented a strategy to find solutions of Cotton gravity. In essence, we showed
that the equation for Cotton gravity is the Einstein equation modified by the presence
of a Codazzi tensor. We investigated two specific forms of Codazzi tensors: the perfect
fluid and the current flow.

In the first case the hosting metric turns out to be a generalization of Stephani Uni-
verses. Stephani Universes are conformally flat cosmological solutions of the Einstein
equations with perfect fluid source.

In the second case, a static current flow Codazzi tensor generates metrics that
embrace Nariai and Bertotti-Robinson space-times, and extensions. In the literature
they are solutions of various gravity theories, such as Einstein, low energy string,
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Einstein-Maxwell and so on. By construction, all these metrics solve the Harada-
Cotton gravity in geometries selected by the Codazzi tensor, with stress-energy tensors
different from the original theory.

An interesting question is whether other forms of Codazzi tensors may give rise to
new solutions of Cotton gravity of physical interest, using the same strategy.

Acknowledgements We wish to thank the Referees for their accurate work and useful suggestions. They
helped us to improve the paper in clarity and with interesting comments.

Funding Open access funding provided by Universitd degli Studi di Milano within the CRUI-CARE Agree-
ment.

Data availability Data sharing not applicable to this article as no datasets were generated or analysed during
the current study.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix 1: Proof of theorem 2.1

Proof For a perfect fluid tensor, the Codazzi condition 0 = V;€jx — V% is:

0 =ur(u;ViA —u;V;A)+ (gjxViB — gixV;B)
+ Aup(Viuj — Vju;) + A(ujViug — u; Vjug) 54)

Contraction with ¥, and uijuk =0give: 0 = —u;Vi(A— B) +u;Vj(A — B) —
A(Viuj — Vju;). Another contraction with u/

0=V;(A—B)+ui(A—B)+ Ai; (55)

simplifies the previous equation to: 0 = A(ujit; —u;ij — Viu;+Vju;). Since A # 0:
0 =wju; —ujitj — Viuj + Vju;. By inserting the standard decomposition

Viuj = @(gij +uiuj) + oij + wij — uju

where ¢ is the expansion parameter, o;; is the shear and w;; is the vorticity, the result
is: w;j = 0 (the perfect fluid velocity is vorticity-free).
The contraction of (54) with g/ kis:

0=—V;A—u;iA+ 0 —1)V;B — Ait; — Au; Viu* (56)
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Contraction with u’: (n — I)B + AViuX = 0. Then the equation becomes:
0=—V;[A— (n—1)B] —u;[A — (n — 1)B] — Au;
Together with (55) the equations give:
0=—V;[A—(n—1)B]—u;[A—(n—1)Bl+ Vi(A—B)+u;(A— B)

i.e. V;B = —u; B. Then Eq. (55) gives: V;A = —u; A — Ail;. .

Contraction with u’ of (56) gives (n — 1)B + AViuf = 0ie. o = —£.

Let us introduce the expansion of V;u ; with w;; = 01in (54). Several terms simplify
to give: u jojx = u;oji i.e.ojx = 0. Therefore: Viu; = ¢(g;ij +u;u;)—u;u;. Finally,
we evaluate the gradient of the expansion parameter:

1 . V;A

( uiA —i; A)

1
=V (U5 Vi B) + — o

The first term contains (V;u*)ViB + u*V; VB = [(p(Sk —|— uiu®y — uak (- ukB) +

Vi (—u;B) = —i;; B — u; B. Then: V¢ = — (A A) = —u;¢.
The opposite statement holds: if a perfect fluid tensor solves eqs.(10)-(13) then it
is Codazzi. The right hand side of Eq. (54) is evaluated with the conditions:

up(ujViA —uiVjA)+ (gjkViB — gikVB)
+ Aup(Viuj — Viu;) + A(ujViug — u;Vjug)
= —Auy(uji; — uiti;) — B(gjkui — gixitj)
— Aug(ujtn; — uji;) + Aluj(pgic — uittg) — ui(pgjx — ujig)]
= —(B + ¢A)(gjrui — giruj) =0

with use of the expression (13) for ¢. O

Appendix 2: Proof of theorem 2.6

Proof Suppose that the tensor V;%jx — V; ‘K,k =0is Coda221 with Vi = Vi
(1) Since ukuk =0,itis ukV Up = —U V i = —U Vku] = —iij.
(2) Since ikuy = 0, it is iikuy, = —ikuy = —n.
(3) Contraction of the Codazzi condition with g/* gives:

0 =VF[A(ujtig + tiup)]
=u; (4P V p + AVitb) + i o+ AVu®) + iip + i Vi,
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Contraction with 7t/ and contraction with u’, with properties (1), (2) give:
AHAVat =0

WPVph + AViik 44 =0

What remains of the equation is 0 = —nu; + ii; + it* Viu;.
(4) Contraction of the Codazzi condition with uk is:

0= Vi Gjp) — € Viu" — V;(w Gi) + GV jut
= Vi (—Adh;) — A i Viu V(=) — hujig Vju
= —Vi(Mitj) + Aujii; + Vj(hiy) — hugii j
= —(ViMuj + Aujii; + (VMg — Aujii &7

Contraction with u’ is: 0 = —izlj + )\ujuiiii + Aiij ie.
il j = Anuj + kit
Using this in Eq. (57) gives: 0 = —(V; A + iui)dj + (VA + iuj)di with solution

. . uPVy
Vih = —Au; + u;

(58)

(5) Let us rewrite in full the Codazzi condition, using the results found so far.
To manage it, begin with:

WPV i

V,‘Cg,'k = [—Xu,- + u; ](ujlftk+I/'tjuk)+)»vi(ujb'tk+lftjuk)

Now subtract the expression with first two indices exchanged, and use closedness:

WPV A

OZ(lliuj —uiﬂj)(iuk+ uk)+A(Vl~uj —Vju,')l/'tk
+)»(ujviﬂk—uiVjI/'tk)-i-)»(l;th,‘uk—ﬂiVjuk) 59)

(6) Contraction with u' and elimination of i k-

iV

0 =it ; Chug + ) + 20t jig + Aujiig + Vi)
PV

=i ; (A + k) + 20 i + Anujug + A i + AV i

We then obtain:

. o . L. uP v,
AV = —Anujug — M@ jug + wjig) — ujug | 20 + (60)
’ n
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and the contraction with i*: %wm = —jnuj — it j(2An + iPV,1). In particular,

wv; uPva
J’7+ p

20+ A
* 2n? n

=0 61)

This relation in (58) and in (60) respectively gives Egs. (25) and (26).
(7) Contraction of (59) with i* is:

0= (I/'l,'uj - uil;tj)(l.tpvp)\) +An(Viuj - Vjui)
+ 5 Vin — uiVjn) — MG jii; — i ;)
Now specity iy and Vin: 0 = (u;it; —uji;) + (Viu; — Vju;). This statement means

that the velocity is vorticity-free.
(8) Contraction of (59) with #*:

0 =uj(inuk + L'tklftpvp)n) + A.I/.ti(viuj — Vjui)iy
+ )»(ujb'tivilftk + ﬁjdiviuk —nVjuy)
=uj(inuk + kP VpA) + Anujiig
+ )L(ujlftivilftk + Lljbliviuk —nVjug)

Note that & V;iiy = i Viit; = 2V = — G/ nqug — i[2n + @GP V) /4],
Next, a result in (3) is: it/ Viug = —iig + nug = —(i/k)zlk. We then obtain:

ANV jug =uj(b'tkb'tpvp)\ + Anug) — ujug(2ni + M’V,,A)

— Mijlg = —Anujig — At jiig

Then: Vjuy = —%u":k — Ujlig.
Now we prove the statement the way back. Let’s evaluate with conditions (24)—(26)
and closed u;:

ViCik — ViCixk = (ujug + ujur)Vih — (g + ijup) Vi
+ ALVi(ujiug + v jup) — Vj(uiig + ijug)].

In the first line we use (25):

. . uPVpn . . : . uPVpn
— A+ A |2+ G (ujueg +tejug) + |ujd + |2+ 52

n
(wing + wjug)

. . . . . ’;‘pvpﬂ
= —(ujuj —uju;) | ugh — Ay | 2 + Aug pY .
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In the second line, we use closedness, (24) and (26):

MNViuj — Viup)ig + i jViug —u; Viug +ujViage — u; V]

. L. . . . . . . : . ﬁpvprl
=AM (—ujuj +ujudug —vjuing + wiujug] + i —wiug) | Ay — Mg

2n?
= (Wit — ;i) | =20 + & A 4N
= (Ujuj —uju; Uk Uk Uk w2 |
The addends cancel and V;€jx — V% = 0. |
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