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Abstract

For every flat surface, almost every flat surface in its SL(2, R) orbit has the following property:
the sequence of its saddle connection lengths in non-decreasing order is uniformly distributed
in the unit interval.
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1 Introduction

Given a closed Riemann surface X of genus at least two, every non-zero holomorphic one-
form w on X has at least one zero. If X is the set of zeroes of such an @ then on X\ X there
is an induced atlas of charts to R? all of whose transition maps are translations. A saddle
connection of a holomorphic one-form w is any continuous map v : [0, 1] — X such that
v~1(Z) = {0, 1} and that v|(0, 1) is a geodesic segment in every chart of the induced atlas
on X \ X. Associated to each saddle connection v is its holonomy vector

h(v) = /Re(a)),/lm(a))

in R2. The group SL(2, R) is known to act on pairs (X, @) via composition with the charts
of the atlas. The action takes saddle connections to saddle connections, and is such that
h(gv) = gh(v) for all g € SL(2, R) and all saddle connections of w.

Enumerating the saddle connections of w as n — v, in such a way that n — |h(v,)|
is non-decreasing one can ask about the distribution of this sequence modulo one. In [1] it
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was proved for every SL(2, R) invariant and SL(2, R) ergodic probability measure x on any
stratum 7, that the sequence n — vy, is uniformly distributed modulo one for . almost every
flat surface. Here we prove the following refined result.

Theorem 1.1 Forevery flat surface wo of genus at least two and for almost everyg € SL(2, R),
the sequence n +— vy, of lengths of saddle connections of gwy listed in non-decreasing order
is uniformly distributed modulo one.

This is an improvement over [ 1, Theorem 1] in two ways. Firstly, the conclusion is stronger
as the result holds for Haar almost-every flat surface in every SL(2, R) orbit, not just for
almost every flat surface with respect to any ergodic SL(2, R) invariant probability measure
on a stratum. Secondly, the use of [6] and the reliance on spectral gap results for the action
of SL(2, R) on a stratum found in the proof of [1, Theorem 1] are replaced with a more
direct argument that only makes use of the following quadratic upper bound on the number
of saddle connections in a sector extending [2]. The notation is explained after the statement
of the theorem.

Theorem 1.2 Fix a stratum H of flat surfaces of genus at least two. There is a constant c4 with
the following property. For every € > 0 and every flat surface w € H there is C(w, €) > 0
such that

C(w, €
RZ%Z}IA(@ R) NSec(I)| < c4|I|R? (1.3)
for every arc I C S'. Moreover, for each € > 0 the constant C(w, €) depends continuously
on w.

The explicit description in (1.3) of how large R must be in terms of the arc length of I is
of independent interest. Theorem 1.2 will be proved in “Appendix A”.

We now introduce some notation that will be used throughout the article. Given an arc
I c S' write Sec(I) for the subset of R? that projects radially to /. Given « < B with
B —a < 2m write Sec(a, ) for the sector {u € R? : o < arg(u) < 8}. Given0 < A < B
write Ann(A, B) for the annulus {x € R* : A < |u| < B}. Fix a non-zero holomorphic
one-form w on a closed Riemann surface X of genus at least two. Write A (w) for the set of
saddle connections of w. For R > 0 write A (w; R) for the set of saddle connections of length
at most R on w. We enumerate A(w) by n — v, so that n — [|h(v,)| is non-decreasing and
v i~ arg(h(v)) € [0, 27) is non-decreasing on each level set of n — |h(v,)|. Given N € N
write E(w; N) for {v, : n < N} where n — vy, is the same enumeration as before. Lastly,
write £(w; N) = |h(vy)| for the length of the Nth saddle connection on w in terms of the
above ordering, and £(w) = £(w; 1) for the length of the shortest saddle connection on w.
By an abuse of notation, given B C R? we write A (w) N B for the set of saddle connections
of w whose holomony vectors belong to B. We will interpret A(w; R)N B and E(w; N)N B
similarly.

We thank Jon Chaika for suggesting this project and many useful conversations related to
it. We also thank the anonymous referee for a very thorough report. Donald Robertson was
supported by NSF grant DMS 1703597.

2 Beginning the proof of Theorem 1.1
Here we begin the proof of Theorem 1.1 by reducing it to Theorem 2.8 via the Wey] criterion

and a Borel-Cantelli argument. Fix throughout this section a unit-area flat surface wqy of
genus at least two. Masur’s work [4, 5] yields constants ¢y, ¢c; > 0 with
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R 2
(c1eR)* < |[A(w; R)| < (Cz;) 2.1)

for all R > 0. (The unorthodox expression is for later convenience.)
Write u for Haar measure on SL(2, R) and m for Lebesgue measure on R. For eachr € R

write
af — e’ 0 oo cos(t) —sin()
T 10 e | sin(¢) cos(?)
and define D(T) = {rfa’r¥ e SLQ,R): 0 <0,y <27, 0 <t < T}forall T > 0. We
scale  once and for all such that ©(D(2)) = 1. Write x,(x) = exp(2ripx) foreach p € Z
and all x € R.
Our first reduction is to the following uniform distribution criterion. Although we prove

the theorem for all T > 1, it suffices for the proof of Theorem 1.1 to do so for a sequence of
values T > 1 converging to 1.

Theorem 2.2 Fix p € Z and t > 1. One has

. 1
Jim > xp(h®h =0 (2.3)
veE(gwo: [t77)

Sor p almost-every g € D(1).

Proof of Theorem 1.1 assuming Theorem 2.2 Using Weyl’s criterion for uniform distribution
and [1, Lemma 5] it suffices for the proof of Theorem 1.1 to produce a sequence 71 > 75 >
-+ — 1 with the property that

1
lim > xp(h®h =0 (24)

J J
weofn] veE(goo; [/ 1)

holds for every i, p € N and u almost-every g € SL(2, R). Since the SL(2, R) orbit of wy is
countably covered by sets of the form D(1)guwy it suffices to work over D(1). O

Our next reduction will be via a Borel-Cantelli argument similar to the one in [1]. We give
full details as there are several salient changes; most notably we average over E(gwg; N)
and D(1) in place of A(w; N 2y and a large compact subset of a stratum. For each N € N
define

1
m@=~ 3 xlh®
veE(gwo; N)

for all g € SL(2, R).
Lemma 2.5 Forevery N € N, every 0 < S < 1 and every o > 0 the estimate

n({g € DA) : | fy(@)> = N77))?
—4 / w(DS)xN{g e D) : [fy(@I* = N7}
- 1(D(S/2))

dp () (2.6)
D(1)

holds.
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Proof Fix N e Nand0 < § < land o > 0. Write M = {g € D(1) : | fx(9)|*> = N~°}.
Consider the function 4 : SL(2, R) — [0, 1] defined by

hx) = n(D(S/2)x N M)
n(D(S/2))
for all x € SL(2, R).
. CuDSXNM)  w(M)
Claim. <{X eEM: (D(5/2) > > }) > thzu(M)hd'u
Proof If we have y € SL(2, R) with 4(y) > w(M)/2 and x € D(S/2)y then
nOExNM) (M)
u(@s/2) ~ 2
because in this case D(S)x N M D D(S/2)y N M. Thus
pOEXxNM) _ p(M) }
w(D@S/2)) — 2

J DG/2ynm< {x eM:
2h(y)= (M)

and, combined with

m lJ DG2ynm
2h(y)> (M)

_ / w|Ds/xn | DES/2ynM | du)

D(S/2
n(D(S/ ))SL(Z’R) 2h(y)= (M)

> 1
~ u(D(S/2)

> 1
~ u(D(5/2))

f pw|Ds/2xn ) Ds/2ynM | dux

2h=>pu(M) 2h(y)=pu(M)

f 1 (D(S/2)x N M) du(x)
2h>pu(M)

we have proved the claim. O

Since M C D(1) we have h = 0 outside D(2). Thus

(M)

hdu <
)

w(D(2))
2h<u(M)
and we deduce
nw(M) - (1 _ M(D(Z))>M(M) <u ({X cM: n(D(S)x N M) . M(M)})
2 2 1£(D(S/2)) 2

from the claim and our scaling of 1 because the integral of /1 is (M) by Fubini. An application
of Markov’s inequality then furnishes (2.6). O

Proposition 2.7 There is C1 > 0 such that for every N € N, every 0 < S < 1 and every
o > 0 we have

1
" (!g eD() : | (@I > W})
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o s 1/2

2 1
1 1 -
( a?/f?/ / Xp(lh(v)ll)Xp(llh(w)ll)dsd9d1d¢)
00

0 vmsu(afr"a’r‘Pwo N)

Proof Fix N e Nand0 < S < land o > 0. Write M = {g € D(1) : | fx(9)|?> > N~°}.
We have

Y < 4 / u(DS)x N M)

1
d =4 P 1 d d
oty =4 [ s [ (@0 dui@) duto
D(1) D(S)

from Lemma 2.5. The definition of M along with Markov’s inequality gives

1
w(M)* < 4N° / —_ / | fv (@) dpe(g) dpa(x)
u(D(s/2)) ) NI
D(1) D(S)
and the right-hand integral becomes
2 27 1 2
| / 1 // | | / 1
27 ) 2w w(D(S§/2)) 27 | 2w
0 0 0 0
2w S

//smh(r) sinh(s)| fy (r*a’r?1r%2a'v?) | ds dg 6, dt d6, d¢
0 0

upon writing  in terms of the Cartan decomposition of SL(2, R) as in [3, Proposition 5.28].
The rotation r¥ does not affect the sum and may be removed; the integrals over %1 and r?2
together form a convolution and may be combined into a single term; we may bound sinh(z)
by 2 and sinh(s) by sinh(S). For some constant C one has

sinh(S) ﬂ
w(D(S/2)) N

and, together with the above, we have an absolute constant C; > 0 with

) 2 1 ) 271]
M)? < C;N° — — | =
HM)” = €y 271//271/5
0
S
/ xp(Ih@)I) xp (Ih(w) ) ds do dt d¢
0 v, IUEH(aSrHalr¢(L)0 N)

as desired. O

From now on we fix the relationship

1
NS
between N € N and § > 0, where § > 0 is to be determined by future requirements.

(Ultimately 6§ = % will suffice.) We now reduce the proof of Theorem 1.1 to the following
statement.

S =
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Theorem 2.8 There is n > 0 and Ny € N and a constant C > 0 such that

27 1 2 S
1 1 1 1 _—
E//§/§/7 > xp(Ih@)D xp(Th(w)]) ds d dr dp
00 0 0 v,weE@rfa rfwy;N)
C
< (2.9)

holds for all N > Ny.

Proof of Theorem 1.1 assuming Theorem 2.8 Fix p € Z and t > 0. By Theorem 2.2 it suffices
to verify (2.3) for u almost-every g € D(1). Let n > 0 and Ngp € N and C > 0 be as in the
hypothesis. Fix 0 < o < 1. Whenever [t/] > Ny and ¢ > 0 we have
2
1/2
1 1 [c/1°
eD): |—= h > —— <|{CC
nlq9ebm: |7 > xUbh@Db| = (] = ( 1C e

veE(gwo:[t/])

by applying Proposition 2.7 and then (2.9). The right-hand side is summable over J € N and
the Borel-Cantelli lemma finishes the proof. O

There are two major steps in the proof of Theorem 2.8. We outline them here and carry out

the details in Sects. 3 and 4 respectively. The steps will be combined to prove Theorem 1.1
in Sect. 5.
Step 1: Annular estimate. We wish to move the action a* inside the summation appearing
in (2.9). This is not straightforward because Z(a*r’a’r?wo; N) and a® E(r’a’rfwg; N) need
not agree. Indeed, if for r?a’r® wy one knows vy is close to the horizontal and vy +1 1s close
to the vertical then it may be that a®vy 1 is shorter than a*vy. To get around this issue it
would suffice to find ¢ > 0 such that

E@ra'rwy; N)Aa E(a P wg; N)| < N6

holds for all s, 8, t, ¢. One can prove such an estimate using the effective count [6] for the
number of saddle connections of length at most R as R — oo but our goal is to avoid the use
of spectral gap results. As a replacement we will find constants ¢ > 0 and A > 0 such that

<{0<t<1 B G@"r"al rPa; N>Aa‘fa(r9a'r¢wo;zv)|>N“f}> 1
H <tr<1:

<L =
for some (s, 0) € [0, S] x [0, 27) N

holds for all 0 < ¢ < 2w. We will do so in Sect. 3 using Theorem 1.2.

Although E (r?a’rwy; N)andr? E(@'r?wp; N) may also disagree as sets of saddle connec-
tions (because we have decided to order saddle connections of the same length by increasing
angle) in this case the summations over the two sets agree because the summands only depend
on the lengths of the saddle connections. It is therefore no problem, upon moving a* inside
in (2.9), to move the action r? inside as well.

The purpose of the annular estimate is to reduce the verification of (2.9) to the production
of some 1 > 0 such that

1
[ [5[3 ¥ x02¢hwxGarhidsod
0 0 0

v,weZ@rfwy;N)

L — (2.10)
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forevery 0 < ¢ < 2m.
Step 2: Controlling pairs. To produce > 0 such that (2.10) holds, we apply a linearization
to arrive at the quantity

1 S
1 1 1 I TRy
/E/E/m E Xp(sa(rgh(v))) xp(sa(rfh(w))) ds do dr
0 0

0 v,weB@rfwy;N)

which we need to control for every 0 < ¢ < 2. From the proof of [1, Lemma 12] it suffice
to bound

Ih()] sin(26,w)]

from below by a power of N. Here 6, ,, is the angle between the holonomy vectors of the
saddle connections v and w. This issue will be dealt with in Sect. 4.

3 Annular estimate

In this section we will establish the following theorem.

Theorem 3.1 There are A > 0 and ¢ > 0 and N| > O such that

2@ %' P wy; N)ra* (P’ rPwy; N)| > N'¢ 1
m 0<r<l: <L —
for some (s, 0) € [0, S] x [0, 27)

holds for all N > Ny and all 0 < ¢ < 2m.

The proof of Theorem 3.1 will take up the remainder of this section. Recall that § > 0
defines S = N~%. Below, all requirements that N be large enough depend only on wg and
not on w. Throughout this section fix 0 < ¢ < 27 and write ® = r®wy.

We begin with two lemmas that will be used to relate

2@ r"a'w; N)Aa*B(Pa'w; N)| > N'7¢
with counts for saddle connections in certain annuli.
Lemma 3.2 For every g € SL(2, R) one has
E(@'gw; N) C a'A(gw; e £(gw; N))
for every s > 0 and every N € N.

Proof 1If a saddle connection v of gw has a length of more than ¢2*¢(gw; N) then a*v has
a length of more than e*£(gw; N). The saddle connection a®v therefore cannot be amongst
the first N saddle connections of a’gw since a® E(gw; N) has cardinality exactly N and all
of its members are saddle connections of a*gw of length at most ¢*£(gw; N). O

Lemma 3.3 Forevery g € SL(2, R) one has
E@'gw; N) D a’ A(gw; e > ¢(gw; N))

for every s > 0 and every N € N.
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Proof Every saddle connection in a* A (gw; e~ >*£(gw; N)) is a saddle connection of a’gw
with length at most e™*¢(gw; N). Moreover, no saddle connection of gw with length
greater than £(gw; N) will, under the image of a*, be shorter than any saddle connection of
a* A(gqw; e‘zsﬁ(gw; N)). So all saddle connections in a* A (gw; e_QSK(ga); N)) are amongst
the first N saddle connections of a*gw. O

If the set
0<t<1:|E@"Paw; N)Aa*E(’a'w; N)| > N'7¢ for some (s, 0) € [0, ] x [0, 27)}
(3.4)

is empty for some N € N then there is nothing to prove for that N. Suppose that ¢ belongs
to (3.4) for some N € N. We get 0 < s < Sand 0 < 6 < 27 depending on ¢ such that

|2@'?a' r w; N)ra*B(Pa'r w; N)| = N'¢ (3.5)
holds. Given (3.5) we estimate
2@ Pa'w; N)ra*E(a w; N)|
< @' A("a w; ¥ 0(¥a'w; N)) \ @' E(ta’w; N)|
+ |2 B(r"a'w; N) \ a* A(¥a' w; e 2 £ (r¥a' w; N))|
< ‘A(rea’w) NARn(e 2500 et w; N), e250(Pa w; N))‘

from Lemmas 3.2 and 3.3, where we have used s < § in deducing the last inequality. Thus,
whenever ¢ belongs to (3.4) for some N € N, we have

NI < ‘A(rea’w) N Ann(e= 252 a' w: N, e250(%a w; N))(
- ‘A(a’w) N Ann(e25e@ w: N), 250(@ o N))‘

because A (ra’w) = r? A(a’w) and r? does not change the length of the N'th saddle connec-
tion. We are led to consider the quantity

Evoin) — [1 a'v € Ann(e=25¢(a’w: N), e*S¢(a’ w: N)) G6)

0 otherwise

defined forall 0 <t < 1 and all v € A(w) and all N € N. By its definition we therefore
have

N'=E < ‘A(a’w)ﬂAnn(e_zsﬁ(atw; NY, 250(at w; N))‘ < 3 Exwin
veA(w)

whenever ¢ belongs to (3.4). Thus

B4 cio<r=<l: Y Ey@wnz=N'""*
veA(w)
which, together with Markov’s inequality, gives
1 2

Z Ex(v;t)| dm(r) (3.7)

0 |veA@)

1
m((3.4)) < N2-0)
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so our focus now is to bound
1

Y. 2 En@nEywindm() (3.8)

0 VEA(w) weA(w)

for N large. We begin with the following lemmas, which will allow us to restrict the sums in
(3.8) to thin annuli.

Lemma 3.9 There are constants cy, co > 0 such that for all 0 <t < 1 we have

1 NO.S

t 1 0.5
— <f@w;N)<—N"
cy log N C1

forall N > 2.
Proof First, note that
|A@'w) NB(0, R)| = |a’ A(w) NB(0, R)| = |A(w) Na~'B(0, R)|

andB(0, LR) C a~'B(0, R) C B(0, ¢R) give from (2.1) the bounds (c1 R)? < |A(a'w; R)| <
(c2R)?forall 0 <t < 1andall R > 0. Taking R = N3 /¢y gives N < |A(a'w; N°? /cy)|
whence £(a’w; N) < N%3/c. Taking R = N3 /c; log N gives N%3 /ey log N < £(a’w; N).

O

Lemma3.10 If N® > 2 and v € A(w) is outside the annulus

1 N 2
Ann ( €N°-5> G.11)

2ecy log N’ ¢y
then Ey(v;t) =0forall0 <t < 1.

Proof Fix N € Nwith N® > 2 and suppose Ey (v; ) = 1 forsome0 < ¢ < 1.By Lemma3.9
we have

1 0.5 €2S
_— < e 2¢@w; N) < e*t@w; Ny < — N
e?Scy log N 1

1 NO.S 2
a'veAnn| — , = NOS
262 lOg N C1

whence

because ¢25 < 2. Therefore

1 N% 2 s
veAnn| — ,—N"™
2ecy log N ¢y

as a’ can lengthen vectors by a facor of at most e and shorten them by a facor of at most 1/e.
O

Thus, for N® > 2, only saddle connections of @ with holonomy inside (3.11) contribute
to the summations in (3.8). We continue by partitioning the annulus (3.11) into sectors as
follows. First define

Z = Sec(—y, y) USec(% — . & + ) USec(m — . + ) USec(3E — v, 3 + )

@ Springer



65 Page 100f 22 Geometriae Dedicata (2023) 217:65

Sl IS

W ff

Fig. 1 The annular sectors W (1) and W (k) for some 1 < k < « are in white. The set V (k) consists of twelve
annular sectors: the eleven light grey sectors together with W (k). The set Z is shown in dark grey. Note that
V(1) only consists of eight regions as Z is not considered adjacent to any of our regions

and

— 2
Z=7ZNA (a); —eNO-f")
ci

where Y = 2N 7 for some y > 0 yet to be determined. (In fac y = 3% will suffice.) Put
K= [(F —2¢)t(w; N)*| (3.12)

for some o > 0 yet to be determined. (In fac ¢ = ﬁ will suffice.) Decompose

1 NO 2 s
W =A() NAnn | — ,—N" |\ Z
2ecr log N ¢y

into 4« subsets W(1),..., W(4k) each obtained by intersecting W with annular arcs
W), ..., W(4k) of size (5 —2v) /. Given 1 <k < 4« let V (k) be the union of W (k), its
reflections in the other quadrants, and any W (i) that are adjacent to any of these reflections.
(See Fig. 1 for a schematic.) Lastly, put V (k) = V(k) N A(w).

By Lemma 3.10 the right-hand side of (3.8) is bounded by the sum of the following
expressions.

4, 1
o D Xvewt) Lwevi Jo ENWsDEN (w; 1) dt
1 1
® D ez X werw) Jo En(u; DEN (w; 1) dt + D veA(w) wez Jo En(iDEN(w;t)dt
1
o Y Yvewio X wew o En (i) Ey(wi1)dr
weV (k)
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and our goal now is to obtain power bounds for each of them. This is carried out in the next
two subsections: the first two expressions will be bounded via sectorial counts and the third
via a separation argument. Both make use of Theorem 1.2.

3.1 Sectorial count

Our goal here is to bound the sums

4 1
¢ DS D vew leev(k) Jo En(us )En (w3 1) dr
® D ez X werw) Jo Ex(:D)En(w; 1) dr

by powers of N.

Let C(w, €) be as in Theorem 1.2. The parameter € > 0 will be determined later. (In fac
€= Wlo suffices.) Fix 1 < k < 4«. With I the appropriate sector of length 3(% —2Y)/k we
have

3(Z -2 2 2
[A(w) NV (k)| < 4|A(w; f—fNO-S) NSec(l)| <4-cy- 3G -2 (—ENO'S)
K C1l

whenever

2+e
2 N05 > Clw. ) <L> (3.13)
o 35 - 29)

holds.

A priori, the occurrence of w in (3.13) means all subsequent statements requiring N to be
large enough will depend on w. However, since € > 0 will be fixed and w — C(w, €) is then
continuous, the relation @ = r¥ g implies that the apparent dependence on w is in fac only
a dependence on wy.

Applying Lemma 3.9 and %x < |x] <xon[l,oo)to (3.12), we bound k by

T N2 1 /m 1 NOS\® T I os)” T«
= (T 2w (- sc= (5 -20) (V0] = N
8ch (log N)* — 2\2 ¢y log N 2 c1 2c¢
whenever NV > 16/7. Thus there is an absolute constant ¢ > 0 such that

37 8¢5 (log N)*  4e?

2

el —N < c6N1_%(10gN)°‘ <cgN'"%
7 I

[A(w) NV (k)| < 4cq

whenever

a 2+
NOS > c1 2\ b4 N2 ‘ c )
. —_— — . — — . a), 6
~ 2 \37 8co (log N)*

holds, which will be the case for N large enough provided
a24+¢€) <1 (R)

is in place. We can therefore say, using Lemma 3.10 and (2.1) to bound the first two sums,
and bounding the integral by 1, that

4 ! 4k |
Y X Y [eavwnevwing <8 Y [ Evwindme

k=1 veW (k) weV (k) k=1veW (k)

< N*°% (3.14)
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holds whenever N is large enough.
For the second sum we again apply Theorem 1.2, this time with €’ > 0 to be determined
(e = ﬁ suffices) and I an appropriate arc of size 21 giving a constant C(w, €’) such that

2 2
[IA(@)NZ| <4dcy-4NT7 - (jN()j)

1
whenever
2¢ 305 5 <Ny>2+6/ Clw, €)
cl 4
holds. Thus
IA(@)NZ| < N7
holds provided
1 /
5> v2+e) R)

is the case. Using Lemma 3.10 and (2.1) to bound the second sum, we can say that

1
>3 | EnwinEywindt < N7V (3.15)
veZ welA(w) 0

holds for N large enough.

3.2 Separation

In this subsection we control the sum

4k 1
Z Z Z /EN(v;t)EN(w;t)dz

k=1 veW (k) wt{é%%{) 0
by a power of N.

Fix 1 < k < 4« and fix saddle connections v, w of w with v € W (k) and w € W\V (k).
Since En(u; t) is unchanged when u is reflected in either the horizontal or the vertical axis,
we may assume that v and w are in the first quadrant. Write 6, = arg(u«). We assume
that 6, > 6,, as the alternative involves identical arguments. The following properties are
immediate consequences of that assumption, v € W (k) and w € W\V (k).

03 2e 0.5
— < vl Jwl = —N*
2ecy log N cl
2

Indeed S1 follows from Lemma 3.10, S2 follows from the definitions of i and W, and S3
follows from (3.12) and N being large enough.
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With these properties to hand, our goal in this subsection is bounding the Lebesgue measure
of the set

(0<t<1:Enx;t)En(w;t) =1} (3.16)

by a negative power of N.
Lemma3.17 Forallt > 0 the angle between a'v and a'w is at least %(QU — Oy).
e

Proof The Cauchy mean value theorem gives

1 v 1 wy 1 v w2
arctan v B arctan =T > > arctan | — ) — arctan | —
€2t ) 2w e o wi

E(GU - ew)

as desired. O

We frequently use the estimates

1
O

1
N S
el = latul = ellul Oau = ¢

which hold for all s > 0 and all u in the first quadrant.

If Ex(v;t)En(w;t) = 0forall 0 < ¢ < 1 there is no need for a bound as (3.16) will
have zero measure. We therefore assume also that there is a time 0 < r < 1 at which
En(v; r)En(w; r) = 1. The definition of Ey and Lemma 3.9 give

8
la"v| — " w]|| < 2¢(a’w; N)sinh(2§) < — N3¢ (3.18)
c1
as sinh(S) ~ S as N — oo. Also S3 and Lemmas 3.9, 3.17 give
1 C(lx _a
Qa’v - ea’w > 7(91) - ew) = 7N 2 (319)
e e

and our first goal is to deduce from these that there is horizontal and vertical separation of
a"v from a" w. Write x for the angular separation 07, — 037y, and Q = [|@"v| — [a"w]|]| for
the difference in length.

Lemma 3.20 There are constants K > 0 and € > 0 such that (3" w); — (@' v); > KN~
and (@' v), — @ w)2 > KN®¢ for all N large enough.

Proof The coordinate (a”"w); cannot (cf. Fig. 2) be smaller than (|a"v] — Q) cos(Bary — X)
so from

Qa’ v

2

2
c0s(Byy — x) — c08(Byry) = sin(Bary) sin(x) — (1 — cos(x)) cos(@ary) > — X?

=

we have by (3.18), (3.19) and Lemma 3.10 that

Bary
@w) — @), = ||a’v||§ ( - x) ~-0

0.5 o o
o L N" o e (L Gy B yoss
T 2e%2crlog N 2e2 e? 2 c1
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Fig.2 If a"w is separated in
angle from a’ v as in (3.19) but
[la"v|| — [a" w]] is not too large
as in (3.18) (so that a" w belongs
to the grey region) then we can
say something about the
horizontal and vertical separation
ofa’vanda w

because
BOary 1 11 cf 1
2 XZaaM T gy T ang 70
for N large. The above is contingent on the inequalities
y+oa<d y < %

but provided they are satisfied we conclude there is a constant K| > 0 such that

@w) —@v) > ﬁNO‘S_(V*’“)
~ logN

for all N large enough.
Similarly, the largest (a”w)> can be is (|a"v| + Q) sin(Bar — x) so from

2
. . . . Oar
sin(0ary) — sin(@ary — x) = (1 — cos(x)) sin(Bary) + cos(Bary) sin(x) > % 32”
we have
2 0.
(@) = @w) = 2" v G- — 0
05 2
> 1 L.iN—“.iN—V_EN(U—S
2e2cy log N 8e?t e? 1
as above. Provided
y+a<d

we conclude that there is a constant K> > 0 such that

(arv)2 _ (arw)z > LNOS—(V—FO{)
~ logN
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for all N large enough.
To conclude take K = min{K;, K2} and § = y + 2« and N, > max{M;, M,} large
enough. O

Define f, ., () = [a’v| — |a’w]| for ¢ € R. Certainly f, , is continuous. Controlling
the size of the set of those 0 < t < 1 where | f;,,,(f)| is small will be enough to bound
the Lebesgue measure of (3.16). From Lemma 3.20 and Facts B.4, B.5 in “Appendix B”
we conclude that f; ,, is decreasing and has a unique zero. Since f, , is continuous and

decreasing, (3.18) furnishes 0 < ro < 1 minimal with | £, , (ro)| < %NO-H )

Lemma 3.21 We have

_ 8 _
| fo.w(ro + N~7)| = — N33

(]
for some w > 0 to be determined. (In fac, one can take w = 11W' )
Proof Suppose that the contrary holds. Then
8
[l ol = " wl| = 1 fow (o + 01 < N7

forall 0 <t < N~%. We also have
| c08(204r+1,,) — €0S(20,4r9+1,) |
|29ar0+tu — 203r0+1w|

for some Org+1,, < & < B4+, For N large enough r + ¢ is at most 2. Therefore both angles

are at least 5 N~7 and at most Z — 2 N 7. This implies
e 2 e

= sin(2§) > min{sin(2049+1,,), Sin(20,9+1,,)}

2 _ 2 _ ZC? _a
|€08(20,r0+1,) — €O8(20r0+1,)| = N7V - 2Bty — Ogrotry) = N7V - —EN72
e e e
after an application of Lemma 3.17, S3, Lemma 3.9, and the fac that ro 4+ ¢ < 2 for N large
enough.
In combination, forall 0 < ¢t < N™% we get

< 8 058

‘||ar0+’v|| c08(20,r9+1,) — @ w] cos(20,r0+1,)
Cl

and by S1 together with dilation control

1 NOS 4 «
ro+t - AN
Ja’ wll‘ c08(20,r+1,) cos(293r0+zw)‘ = 2¢3clogN €8 N 2

so that (B.2) gives
| £} (o + )] > NSV
forall0 <t < N~? provided
y+a<$ (R)
holds. But then the mean value theorem implies
| fow(ro+ N™7) = fyu(ro)| > N0V o™
which, if one has

05—y —a—o@>05-§ R)
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implies | £, (ro + N~7)| > %N 05=3 for N large enough, giving the desired contradiction.
o

Since fy. is strictly decreasing the containment
0<r<1:Eyw;nEyw:it) =1} C {0 <t <1:|fow®] < N°5 5}

Clro,r0o+ N~ 7]

allows us to conclude that

4k 1
Z Z Z /EN(v;t)EN(w;z)dt &« N @ (3.22)

k=1 veW(k) weW
¢V(k)

by trivially bounding the sums using (2.1).

3.3 Proof of Theorem 3.1

If—as they may be—the parameters o, y, §, €, €/, ¢, @ are chosen such that all of the require-
ments (R) above are satisfied then there is N; so large that (3.7), (3.14), (3.15), (3.22) together
give

1 2
1 . 2-¢% 2— 2—
0 |veA()
andall0 < ¢ < 2m.forall N > Ny. If
¢ < min {éa, %y, %w} R)

is satisfied then we can find A > 0 satistying the hypothesis.

4 Controlling pairs

In this section we wish to establish (2.10) for all 0 < ¢ < 2m. Throughout this section, fix
0 < ¢ < 27 and write @ = rwy. For the quantity

/ — / / » K12 P h@) ) gy (e Ph(D dsdodr (4.1)
v, weu(a’w N)
we wish to produce n > 0 such that
1
@D < o 42)
for all N large enough.
Writing
2 _ 2
= 12 gy = 20
floe] fleel

for any non-zero u € R?, we begin by applying the following linearization.
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Lemma 4.3 Whenever |u| < N% we have

< N0.5—28

lull + ac(u)s — | u]

forall0 <s < S.

Proof Using (B.1) the bound

1
%sz < 425%|u| « NO3=2

gives the desired result via the Lagrange form of the remainder in Taylor’s theorem. O
The requirement
3 >0.25 (R)

is needed for Lemma 4.3 to be useful. When § > 0.25 it suffices for (4.2) to produce n > 0
such that the quantity

XpUI'h@)] + sa("h@))) 1, (IPh()] + sa(Ph(w))) ds d6 di (4.4)

v,weEZ@ w;N)

satisfies
1
44 K N7 4.5)

for all N large enough.
The reduction to (4.5) follows from Lipshitz continuity of x,. Indeed, that gives

1
Lxp (I @) + st h(v))) — x, (12’ h) )] < 03

for all N large enough, whence

[(4.1) — (44| K (4.6)

N25-05
for all N large enough.

We now work towards (4.5). Fixing 0 < ¢ < 1 and fixing a parameter v > 0 to be chosen
later (v = ﬁ suffices) we may restrict the summation to those saddle connections v, w for
which [h()], [h(w)| = N>~ both hold.

We may also discard those w for which the angle between v and w is at most N -3 by an
application of Theorem 1.2 similar to the one in Sect. 5; if C”(w, €”) is the attendant constant
(" = llm suffices) then the requirement

1 o ,

will allow us to discard as desired.
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Fixing v, w satisfying both of these criterion, the quantity

2 S

1 1

o / ¢ / K (IR + s (®h @) x, (IPh() ] + sa(Fh(w))) ds d
0 0

in absolute value is equal to

N
%/é/x,,(sa(r@h(v)))mdsd@
0 0

because rotations do not change the lengths of holonomy vectors.
Define A(v, w) > 0 by A(v, w)? = (a(h(v)) — [h(w)])? + B(h(v))2. To proceed we
quote the following estimate from [1].

Lemma 4.7 We have

2 S
1l B ; n
E/E/Xp(sa(r hw)) xp PR ds do| < 5+ s (log ¥ +1og 7)
0 0

forall N large enough.

Proof The estimate follows by duplicating (with R = N%° and € = 1) the proof of [1,
Lemma 12] up to [1, Equation (24)] and the estimates immediately after [1, Equation (24)].
That much of the proof does not use the hypothesis. O

Our assumptions on [[h(v)]], [[h(w)| and the angle between v and w give
A, w) > [h@)]Isin2(B, — ,))] = N7 fN~3

so that overall
1 [1 - .
— | = | x,sa(Ph®))) xp(sa(Ph(w))) ds do| <« N~ 4 NOH" 305100 N
S P P
v g

for our vectors v, w. This is satisfacory provided
o
S+v+ 5 < 0.5 (R)

holds, as we may then take n =6 + v + % — 0.5 to establish (4.5).

5 Proof of main theorem

In Sect. 2 we reduced (via Theorem 2.8) the proof of Theorem 1.1 to the statement that

2
-/
2w
0

for some n > 0. We finish here the proof of Theorem 1.1 by establishing (5.1).

2

1 S
1 1 1 _— 1
|5 [5] xp IR X RGDI s 48 dr < 45,1
0 0 0

v,weB (@ r9a’r¢w0 N)
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Lemma 5.2 In order to prove (5.1) it suffices to prove
2

1 S
1 1 1 _ 1
/E/E/ﬁ Yo xpUh@ VD xp(IhEPw)) dsdo dr < o (5.3)
0 0 0 v,weE(afw;N)

for some n > 0.

Proof Let 2 be the set (3.4). The conclusion of Theorem 3.1 is that m(2) <« N ~*. When ¢
does not belong to 2 we have

2@ Pa'w; N)ra*E(a'w; N)| < N4

forall0 < s < Sand all 0 < 6 < 2. It follows that N—¢ + N—* controls the difference
between (5.1) and (5.3). ]

To apply the material of Sect. 3—which establishes Theorem 3.1—and the material of
Sect. 4—which establishes (5.3)—we need to ensure that the requirements (R) above can be
satisfied simultaneously. The choices

N S S SRV !
= o0 =€ =€ =€ =V=w = Y = =
3 100 300 1000

show that this is possible, concluding the proof of Theorem 1.1.
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permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix A: Proof of Theorem 1.2 on counting in sectors by Benjamin
Dozier

Theorem 1.2 is a more explicit version of [2, Theorem 1.8]. Getting the explicit version is a
matter of keeping careful track of the constants in various proofs in that paper. The first step
is to give explicit constants in [2, Proposition 2.1, p. 94].

Proposition A.1 Fix H and 0 < § < 1/2. Define a : H — R by a(w) = 1/8(w)'?. There
is a constant b such that for any interval I C S! there is a constant c; = O IIII%M) such
that for any w € H

1 (1—
[t 0 < e a@) + b1

forallT > 0.

The proof of Proposition A.1 is at the end of the appendix. We first prove Theorem 1.2
assuming Proposition A.1.
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Proof of Theorem 1.2 assuming Proposition A.1 From Proposition A.1, we getthatc; = ¢; =
o (II\‘%ZS)’ where the implied constant depends on only on genus of the surface. We will

also use a(X) = I/Z(X)H‘S‘ For our lower bound on R, we can then take

1 1
Ro=0 <|1|(2—25)/(1—25) ’ Z(X)(H“)/(l—z‘”) :

Since we can choose § as small as we wish (in particular, we can take § = €/(2 + 2¢)), we
get for every € > 0,

C(X,e€)
Ro = |I|2+e ’

where

1
CX,e)=0 <g(X)(1+(6/(2+2€))/(1—26/(2+26))) :

We claim that we can take C(X, €) to depend continuously on X. It suffices to show that
£(X), the length of the shortest saddle connection, depends continuously on X. We claim
that £ equals the “flat systole function” f, which is defined as the length of the shortest curve
or arc (starting/ending at zeros) that is not homotopic to a point (relative to zeros, in the case
of an arc). Clearly f < ¢, since any saddle connection is such an arc. To see that £ < f, note
that any such curve/arc can be tightened to either (i) a union of saddle connections, or (ii) a
closed geodesic, parallel copies of which form a cylinder. In case (i), picking any one of the
saddle connections in the union gives a saddle connection that has length at most that of the
original curve/arc. In case (ii), there is a saddle connection on the boundary of the cylinder
that has length at most that of the original curve/arc. Finally, the flat systole function clearly
varies continuously, hence so does ¢. O

Proof of Proposition A.1 The result follows from the following modifications to [2].

e Explicit constants in [2, Proposition 5.5, p.111]: We can take ¢; = cgk) = O (IIP%Z‘J

e Addendum to [2, Proof of Proposition 2.1 assuming Proposition 5.5, p. 111]: Note that
by the definition of «;, we have a1 (X) > «; (X), for each i and every X (this is because
«;(X) is defined in terms of the saddle connections on the boundary of a complex of
complexity i; any such saddle connection forms a complex of complexity 1, and thus is
included in the definition of «1.) Thus we can replace the sum ek O (X) that we get
from [2, Proposition 5.5] with M - o1 (X) = M /£(X)'+?, where M is the complexity of
X (and then we can absorb the constant M into the constant cj).

e Explicit constants in [2, Lemma 5.8, p. 114]: We can take 7o ~ t + log %‘

e Addendum to [2, Proof of Proposition 5.5, pp. 116-118]:

— We can take m =~ ty(t, |I])/1 ~ %log ﬁ

— We can take wik; = cgk_H)Czwr.

_ (e—r(l—ZB))_m'H k) _

T, —
cawy. For the maximal possible k, there are no terms from higher complexity,
i.e. all the higher ¢; are 0, so, for this k, we get

*) —r(1—28)\ "t 7(1-28) L log & 1
CT,I _ Ok <<€ 7( )) > — Ok (e \”) = Ok |I|l—26 .
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Then inducting down by complexity, we get the same result for all £ (with different
implied constant in the O).

Appendix B: Length function

In this appendix we collect various simple results about the function f, () = |a’v| defined
on R for any vector v € R? with positive entries, and its relative Jow = fo — fw. We have

f@) = 32tU12 +€_2'U§ = fary(0)
and define
ho(t) = v} — e 72103 = hyr (0)

for convenience. First note that

hy (1)
") = -2 (1) =2F,@1)>
fo @) 7.0 »(®) So@®)
from which
2fo(0)* =y (1)? 4vivs
f”(t):—:f(t)+ (B.1)
v fo(0)? ’ fo(0)?
follows.
Writing V = a’v and 6y for its argument we can write
V2 _ y2
fo0) = W = VI ((COS9V)2 — (sin 9v)2) = | V] cos 26y (B.2)
and
20VE4+ VHZ —(V2—VHE  |V|*+4VEVE 4V2v2
l:/(t) — 1 2 1 2 — 1 2 — "V”+ 1 2

IVIE IVIE
IVI(1+ (sin26v)%)

i3

forallt € R from2V;V, = |V|? sin 20y . These calculations show f, is concave everywhere
with a global minimum at

where 6y = 7.
We now turn to f, , assuming v # w. We assume without loss of generality that v and
w are in the first quadrant. If f;, ,, has a zero it must be at

1 v% - w%
r(v,w) = 1 log R (B.3)
1Y

giving the following fac.

FactB.4 e I[fw; > vi and vy > wy the function f, ,, has a unique zero.
e Ifv; > wy and wy > vy the function f, 4, has a unique zero.
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e In no other case does f, ., have a zero.

FactB.5 If f, w has a zero it is either strictly increasing or strictly decreasing. In other
words, if fy w has a zero then flﬁ,w does not.

Proof Switching the roles of v and w if necessary, we many assume w; > vy and v, > wj.
We then have

and on the interval (m(w), m(v)] the function f,, is strictly increasing while on [m(w), m(v))
the function f,, is strictly decreasing. Thus f; 4, is strictly decreasing on [m(w), m(v)].
Next, note that since vy > wz we have f, ,(f) > Ofort < r(v, w) and f, ,(t) < O for
t>r(v,w).
Consider the case that m(w) < r(v, w). Thus we have |W| < |[V| and 6y > Oy > %
for all + < m(w). Accordingly

fo@®) = VIcos(20v) < [W]cos(20w) = f,,(t)

and f,j’w is negative on (—oo, m(w)] whence f; ,, is strictly decreasing on (—oo, m(v)].

In the case that 7 (v, w) < m(w) then the above argument shows only that f; , is negative

on (—oo, r(v, w)]. On the interval (r (v, w), m(w)) we have [W| > | V| and Oy > Oy > %

giving f,' < f, thereon. Thus we may extend negativity of f; , to (—oo, m(w)] and f, y
is again strictly decreasing on all of (—oo, m(v)].

The cases r (v, w) < m(v) and m(v) < r(v, w) are similar to the above, and altogether
fuv.w 1s strictly decreasing on all of R. O

References

1. Chaika, J., Robertson, D.: Uniform distribution of saddle connection lengths. J. Mod. Dyn. 15 (2019). With
an appendix by Daniel El-Baz and Bingrong Huang, pp. 329-343. ISSN: 1930-t5311

2. Dozier, B.: Equidistribution of saddle connections on translation surfaces. J. Mod. Dyn 14, 87-120 (2019)

3. Knapp, A.W.: Representation theory of semisimple groups: an overview based on examples. In: Princeton
Landmarks in Mathematics. Reprint of the 1986 original. Princeton University Press, Princeton, NJ, pp.
xx+773. ISBN: 0-691-09089-0 (2001)

4. Masur, H.: Lower bounds for the number of saddle connections and closed trajectories of a quadratic
differential. In: Holomorphic Functions and Moduli, vol. I (Berkeley, CA, 1986). vol. 10. Mathematical
Sciences Research Institute Publication, pp. 215-228. Springer, New York (1988)

5. Masur, H.: The growth rate of trajectories of a quadratic differential. Ergod. Theory Dyn. Syst. 10(1),
151-176 (1990)

6. Nevo, A., Riihr, R., Weiss, B.: Effective counting on translation surfaces. Adv. Math. 360, 106890 (2020)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Uniform distribution of saddle connection lengths in all SL(2,mathbbR-.4) orbits
	Abstract
	1 Introduction
	2 Beginning the proof of Theorem 1.1
	3 Annular estimate
	3.1 Sectorial count
	3.2 Separation
	3.3 Proof of Theorem 3.1

	4 Controlling pairs
	5 Proof of main theorem
	Appendix A: Proof of Theorem 1.2 on counting in sectors by Benjamin Dozier
	Appendix B: Length function
	References




