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Abstract

Relatively dominated representations give a common generalization of geometrically finite-
ness in rank one on the one hand, and the Anosov condition which serves as a higher-rank
analogue of convex cocompactness on the other. This note proves three results about these
representations. Firstly, we remove the quadratic gaps assumption involved in the original
definition. Secondly, we give a characterization using eigenvalue gaps, providing a relative
analogue of a result of Kassel and Potrie for Anosov representations. Thirdly, we formulate
characterizations in terms of singular value or eigenvalue gaps combined with limit maps, in
the spirit of Guéritaud et al. for Anosov representations, and use them to show that inclusion
representations of certain groups playing weak ping-pong are relatively dominated.

Keywords Discrete subgroups of Lie groups - Anosov representations - Relatively
hyperbolic groups
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1 Introduction

Anosov representations were introduced by Labourie [21], and further developed by Guichard
and Wienhard [14], as a generalization of convex cocompact representations into the isom-
etry group of real hyperbolic space. Informally speaking, an Anosov representation is a
representation of a word-hyperbolic group into a semisimple Lie group which still retains
a certain amount of hyperbolicity in the image, which can be seen for instance in the form
of an equivariant boundary map into a flag manifold with good dynamical properties. Since
their initial introduction, there have been a number of different interpretations due to, among
others, Kapovich et al. [17], Guéritaud et al. [9], Bochi et al. [2], and Kassel and Potrie [20].

These representations provide a rich class of discrete word-hyperbolic subgroups of
semisimple Lie groups which are stably quasi-isometrically embedded, and come with asso-
ciated geometric and dynamical structures which have features of negative curvature, see for
instance [5, 14, 18].
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It is natural to wonder if the theory of Anosov representations can be extended to relatively
hyperbolic groups. Such an extension would provide a common generalization of geometric
finiteness in rank-one semisimple Lie groups and the Anosov condition in more general
semisimple Lie groups.

In this direction, Kapovich and Leeb [16] developed relative versions of the characteriza-
tions in [17], and relatively dominated representations were introduced in [27] as relative
versions of the characterization in [2]. These representations furnish classes of discrete
relatively hyperbolic subgroups of semisimple Lie groups which are quasi-isometrically
embedded modulo controlled distortion along their peripheral subgroups.

One definition of these representations is given in terms of singular value gaps, which may
be interpreted in terms of the geometry of the associated symmetric spaces as distances from
singular flats of specified type. The corresponding characterization of Anosov representations
was given first by Kapovich et al. [17] under the name of URU subgroups, and subsequently
reformulated, in language more closely resembling that used here, by Bochi et al. [2].

The key defining condition for relatively dominated representations asserts that the singu-
lar value gap %(,o(y)) grows uniformly exponentially in a notion of word-length |y |. that
has been modified to take into account the distortion along the peripheral subgroups.

The definition also involves additional technical conditions to control the images of the
peripheral subgroups. In the first part of this note, we remove one of those technical conditions
(“‘quadratic gaps”), by showing that its relevant consequences also follow from other parts
of the definition. We refer the reader to Sect. 3, and specifically Proposition 3.7, for the full
statement; here we present it slightly summarised as follows:

Proposition A Let I' be a finitely-generated group which is hyperbolic relative to a collection
‘P of subgroups. Suppose we have a constant Co > 0 and a representation p: I' — SL(d, R)
such that forall y € T,

_ o1 o1
CyMlog —(p(¥)) — Co < lyle < Colog —(p(y)) + Co
(ep) (o)

where |y |, = dx(id, y) is distance from id in a cusped space X = X (I, P) (see Sect. 2.1).
Then, given constants v, U > 0, there exists constants C, ;v > 0 such that for any bi-
infinite sequence of elements (yn)nez C U satisfying

(i) yo =1id, and
(ii) vl — v < |yale < Oln| + © for all n,

and any k € Z,
d (Ui(p(Vi—=1-+Vi=n))> Ut(0(Vk—1 - Yk—n—1))) < Ce™""
foralln > 0.

Here U;(B), where defined, denotes the image of the 1-dimensional subspace of R? most
expanded by B. When p is P;- dominated relative to P, it admits continuous equivariant
limit maps &,: 3(I, ) — P(RY) and £}: 3(I", P) — P(R?*). Moreover, if (g,) C T is
(the image of) a metric quasigeodesic path in (I', P) converging to x € d(I", P), then

£(0) = 1im_U1(p(gn) and £5(x) = lim Us—1(p(g2)

(see the proof of [27, Th. 7.2]), and Proposition A allows us to obtain uniform convergence
of the U1 (p(gn)) (or Ug—1(p(gn)), respectively) towards the limit points &, (x) (respectively
& ; (x), via the dual representation, see [27, Sect. 4.1]). The exponential convergence seen
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here is reminiscent of phenomena from hyperbolic dynamics, and is straightforward to obtain
in the non-relative case.

In the proof of Proposition 3.7 we will find it useful to adopt elements of the point of view
of Kapovich et al., which emphasizes the geometry of the symmetric space and the related
geometry of its boundary and associated flag spaces.

More recently, Kassel and Potrie [20] have given a characterization of Anosov represen-
tations in terms of eigenvalue gaps %, which may be interpreted as asymptotic versions of
singular value gaps %, i.e. distance to the Weyl chamber walls at infinity. In the second part
of this note, we give an analogous characterization of relatively dominated representations:

Theorem B (Corollary 5.3) Let T be finitely-generated and hyperbolic relative to P. A
semisimple representation p: I' — SL(d, R) is Pi-dominated relative to P if and only if the
following four conditions hold:

— (D* ) there exist constants C, n>0 such that

A
= (p(y)) = CeltVleos
A2

forally €T, ;
—( Dj“_ ) there exist constants C, i > 0 such that

A o
(o)) = Celtlrleos
Ad

forally €T,

— (unique limits) for each P € P, there exists £,(P) € P(R?) and E;(P) € Gryg_1 (RY)
such that for every sequence (n,) C P with n, — 00, we have lim,_,oc U1(p(1,)) =
&p(P) and limy .00 Ug—1(p (1)) = &, (P).

— (uniform transversality) for every P, P’ € Pandy € T', P # y P'y ! implies &,(P) #
Ep(y P'y~—Y. Moreover;, for every v, U > 0, there exists 8y > 0 such that for all P, P’ €
P and g, h € I such that there exists a bi-infinite (v, U)-metric quasigeodesic path (see
Definition 2.8) nghn’ where n' is in P' and n is in P, we have

sin Z(g ', (P), h&5(P')) > b.

Here |y|c,00 18 a stable version of the modified word-length |y|. (see Sect. 2.4). By
Proposition 2.11 the eigenvalue gap conditions below may be equivalently formulated in
terms of the translation length £x ().

We remark that the fact that we are looking specifically at the first singular value gap or
eigenvalue gap gives rise to the Pj in “Pj-dominated” below. More precisely, P; refers to
the parabolic subgroup of SL(d, R) corresponding to the first simple root; this subgroup is
the stabilizer of a line.

Note there is an additional semisimplicity assumption in Theorem B: there are additional
subtleties that arise in the relative case which make it tricky to remove this assumption. We
recall that a representation into SL(d, R) is called semisimple if the Zariski closure of its
image is a reductive group. Equivalently, semisimple representations may be written as direct
sums of irreducible representations. The semisimplicity assumption helps us relate singu-
lar values and eigenvalues of p(y), using [26, Th.2.6]. More generally, without additional
assumptions such as semisimplicity, it is not possible to use only eigenvalue data, which
is a sort of data “at infinity”, to make desired conclusions about the representation, which
requires “interior data” such as information about singular values.
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The proof of Theorem B uses a recent result of Tsouvalas [26, Th.5.3] stating that groups
admitting non-trivial Floyd boundaries have property U: this property, roughly speaking,
allows us to control stable translation lengths in terms of word-length. Relatively hyperbolic
groups admit non-trivial Floyd boundaries ([8], see also Remark 2.10), and here we establish
a modified version of property U adapted to the relatively hyperbolic case.

Finally, we present characterizations of relatively dominated representations which replace
most of the additional conditions on the peripheral images with conditions about the existence
of suitable limit maps. These are relative analogues of results due to Guéritaud et al. [9].

Theorem C (Theorem 6.1 + Corollary 6.2) Given (', P) a finitely-generated and relatively
hyperbolic group with Bowditch boundary o(I", P), a representation p: I' — SL(d, R) is
P1-dominated relative to P if and only if

— There exist continuous, p(I')-equivariant, transverse, dynamics-preserving limit maps
£,: 01, P) > PRY) and £} 9(T', P) — P(R™),

and one of the following sets of conditions holds:
— Either there exist constants C, "> 0 and C, > 0 such that

(D-) %(P(V)) > Ce e forally €T, and
(D+) ZH(p() = Cele forall y € T;

— Or p is semisimple, and there exist constants C, u > 0 and C, i > 0 such that

(D*) %(P(V)) > Celllex forall y € T, and
(D%) %(P(V)) < Celllec forall y € T.

Here, £ and £* are said to be transverse if £(x) ® £*(y) = R? for all x # y, and they
are said to be dynamics-preserving if

i) £yt = (p(y)T and £*(yT)L = (p*(y))T for all nonperipheral y € T', where
yTi=1lim, o " € 3(I", P) and p(y)™ is the attracting eigenline for p(y), and

@ii) IfoP € a(I", P) is the unique point associated to P € P, then £™ (3 P) is the parabolic
fixed point in P(RY®)Y associated to p® (P) (where p*: I' — SL(d, R) is the dual
representation defined by p*(y) := (p(y ~')T). In particular, these fixed points exist
and are well-defined.

As an application of this, we show that certain free groups which contain unipotent gen-
erators and which play weak ping-pong in projective space are relatively Pj-dominated:

Proposition D (Example 6.3) Suppose we have biproximal elements t1, . .., ty € PGL(d, R)
with attracting / repelling lines 1‘l.jE and attracting / repelling hyperplanes H, l.i, and unipotent
elements uy, ..., uy with well-defined attracting lines u'}' and attracting hyperplanes H;;.

Suppose the hyperplanes Htjf, ey H,f, HM+|, e Hu':, are in sufficiently generic position,
i.e. none of them contain any of the fixed points tli_, e tki, ufr, ceey u,j,, except for the
necessary containments H,j*_ > tiﬂE and H,f/, > u}'.

Then there exists Ny € Z-q such that for all N > Ny, the subgroup of PGL(d, R)
generated by th, R t,ﬁv, u{v, ey ug is isomorphic to a non-abelian free group, and its

inclusion into PGL(d, R) is P;-dominated relative to {(u’lv), o (u,’(\{) }
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Organization

Section 2 collects the various preliminaries needed. Section 3 gives the definition of a
relatively dominated representation, with the simplification allowed by Proposition A/3.7.
Section 4 establishes a technical lemma which is central to the proof of Theorem B.

Section 5 contains the proof of the eigenvalue gaps + peripheral conditions characteri-
zation described in Theorem B, and Sect. 6 contains the proofs of the gaps + limit maps
characterizations described in Theorem C, as well as their application to weak ping-pong
groups.

The preliminaries in Sects. 2.1 and 2.2, about relative hyperbolicity and cusped spaces,
and in Sect. 2.5, about singular value decompositions, are used in the definition of relatively
dominated representations and throughout. The material in Sect. 2.3, about the Floyd bound-
ary, and Sect. 2.4, about Gromov products and translation lengths in hyperbolic spaces, is
used only in Sects. 4 and 5. The material in Sect. 2.6, regarding the visual boundary of the
symmetric space, is used only in Sect. 3. Note also that Sects. 5 and 6 do not depend on
Sect. 3 except for the definition of relatively dominated representations.

2 Preliminaries
2.1 Relatively hyperbolic groups and cusped spaces

Relative hyperbolicity is a group-theoretic notion of non-positive curvature inspired by the
geometry of cusped hyperbolic manifolds and free products.

Consider a finite-volume cusped hyperbolic manifold with an open neighborhood of each
cusp removed: call the resulting truncated manifold M. The universal cover M of such an M
is hyperbolic space with a countable set of horoballs removed. The universal cover M is not
Gromov-hyperbolic; distances along horospheres that bound removed horoballs are distorted.
If we glue the removed horoballs back in to the universal cover, however, the resulting space
will again be hyperbolic space.

Gromov generalized this in [12, Sect. 8.6] by defining a group I' as hyperbolic relative to
a conjugation-invariant collection of subgroups P if (I', P) admits a cusp-uniform action
on a (Gromov-)hyperbolic metric space X, meaning there exists some system (Hp) pep of
disjoint horoballs of X, each preserved by a subgroup P € P, such that the group I'" acts on
X discretely and isometrically, and the I'-action on X ~ | Jp Hp is cocompact.

The hyperbolic space X is sometimes called a Gromov model for (I', 7). There is in
general no canonical Gromov model for a given relatively hyperbolic group, but there are
systematic constructions one can give, one of which we describe here. The description below,
as well as the material in the next Sect. 2.2, is taken from [27, Sect. 2] and is based on prior
literature, in particular [10]; it is included here for completeness.

Definition 2.1 [10, Def.3.1] Let I" be a finitely-generated group and S be a symmetric finite
generating set for I'.

Given a subgraph A of the Cayley graph Cay(T’, S), the combinatorial horoball based
on A, denoted H = H(A), is the 1—(:omplex1 formed as follows:

— The vertex set H( is given by A x Z

1 Groves-Manning combinatorial horoballs are actually defined as 2-complexes; the definition here is really
of a 1-skeleton of a Groves-Manning horoball. For metric purposes only the 1-skeleton matters.
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Fig. 1 Part of a combinatorial horoball over a graph that is an infinite line (e.g. corresponding to the Cayley
subgraph for a Z subgroup of I'). All edges have length 1, but there are exponentially more horizontal edges
as we go deeper into the horoball. (The blue ones appear at levels 1 and up, the red ones at levels 2 and up, and
so on.) The effect is that distances between points in the base graph shrink exponentially in the path metric
for the combinatorial horoball

— The edge set H(D consists of the following two types of edges:

(1) if k > 0Oand v and w € A© are such that 0 < dy(v, w) < 2k then there is a
(“horizontal”) edge connecting (v, k) to (w, k);
(2) Ifk > 0and v € A© there is a (“vertical”) edge joining (v, k) to (v, k + 1).

‘H is metrized by assigning length 1 to all edges.

Next let P be a finite collection of finitely-generated subgroups of I', and suppose S is a
compatible generating set, i.e. for each P € P, S N P generates P.

Definition 2.2 [[10, Def.3.12]] Given T, P, S as above, the cusped space X (T, P, S) is the
simplicial metric graph

Cay(I", $) U JH(y P)

where the union is taken over all left cosets of elements of P, i.e. over P € P and (for each
P) y P in a collection of representatives for left cosets of P.

Here the induced subgraph of H(y P) on the y P x {0} vertices is identified with (the
induced subgraph of) y P C Cay(I', S) in the natural way.

Definition 2.3 T is said to be hyperbolic relative to P if the cusped space X (I, P, S) is
hyperbolic (for any compatible generating set S; the hyperbolicity constant may depend on
S)

We will also call (T, P) a relatively hyperbolic structure.

It is a theorem of Groves and Manning that this definition is equivalent to other, older
definitions of relative hyperbolicity [10, Th. 3.25].

We remark that for a fixed relatively hyperbolic structure (I", P), any two cusped spaces,
corresponding to different compatible generating sets S, are quasi-isometric [13, Cor.6.7]:
in particular, the notion above is well-defined independent of the choice of generating set S.
There is a natural action of I" on the cusped space X = X (I", P, S); with respect to this action,
the quasi-isometry between two cusped spaces X(I', P, S;) (i = 1, 2) is I'-equivariant.

In particular, this gives us a notion of a boundary associated to the data of a relatively
hyperbolic group I' and its peripheral subgroups P:

Definition 2.4 For I" hyperbolic relative to P, the Bowditch boundary a(I", P) is defined
as the Gromov boundary d, X of any cusped space X = X(I', P, S).
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This boundary is well-defined up to homeomorphism, independent of the choice of compatible
generating set S [1, Sect. 9].

Below, with a fixed choice of I', P and S as above, for y, ¥’ € ', d(y, y’) will denote the
distance between y and y’ in the Cayley graph with the word metric, and |y| := d(id, y)
denotes word length in this metric. Similarly, d.(y, y’) denotes distance in the corresponding
cusped space and |y|. := d.(id, y) is the cusped word-length.

2.2 Geodesics in the cusped space

Let I" be a finitely-generated group, P be a malnormal finite collection of finitely-generated
subgroups, and let S = S~! be a compatible finite generating set as above. Here malnormal
means that given P, P’ e Pandy € I', yPy ' NP’ = @ unless P = P' and y € P.

Let X = X(I', P, §) be the cusped space, and Cay(I") = Cay(I", S) the Cayley graph.
Here we collect some technical results about geodesics in these spaces that will be useful
below.

Lemma 2.5 [10, Lem.3.10] Let H(I") be a combinatorial horoball. Suppose that x,y €
H(T) are distinct vertices. Then there is a geodesic y(x,y) = y(y, x) between x and y
which consists of at most two vertical segments and a single horizontal segment of length at
most 3.

We will call any such geodesic a preferred geodesic.

Given a path y: I — Cay(I') in the Cayley graph such that y(I N Z) C T', we can
consider y as a relative path (y, H), where H is a subset of / consisting of a disjoint union
of finitely many subintervals Hj, ..., H, occurring in this order along I, such that each
n; := ¥ |u; is a maximal subpath lying in (the Cayley subgraph corresponding to) a left coset
t; P; of a peripheral subgroup P; € P, and y|;. g contains no edges of Cay(I") labelled by
a peripheral generator

Similarly, a path p: I - Xin the cusped space with endpoints in Cay(I') C X may
be considered as a relative path (y, H ), where A = I_[l 1 H,, A 1y H,, occur in this
order along I, each N = Vg A, is a maximal subpath in a closed combinatorial horoball
B;, and 7| 7 lies inside the Cayley graph. Below, we will consider only geodesics and

quasigeodesic paths p : [ — X where all of the 7j; are preferred geodesics (in the sense of
Lemma 2.5.)

We will refer to the n; and 7); as peripheral excursions. We remark that the n;, or any
other subpath of y in the Cayley graph, may be considered as a word and hence a group
element in I"; this will be used without further comment below.

Given apath 7: I — X whose peripheral excursions are all preferred geodesics, we may
replace each excursion 7; = y| A, into a combinatorial horoball with a geodesic path (or,
more precisely, a path with geodesic image) n; = 7 o 7; in the Cayley (sub)graph of the
corresponding peripheral subgroup connecting the same endpoints, by omitting the vertical
segments of the preferred geodesic #; and replacing the horizontal segment with the corre-
sponding segment at level 0, i.e. in the Cayley graph.> We call this the “project” operation,
since it involves “projecting” paths inside combinatorial horoballs onto the boundaries of
those horoballs. This produces a pathy = mw o p: I— Cay(T").

Given any path « in the Cayley graph with endpoints g, 1 € I", we write £(«) to denote
d(g, h), i.e. distance measured according to the word metric in Cay(I").

2 Asa parametrized path this has constant image on the subintervals of I-}i corresponding to the vertical
segments, and travels along the projected horizontal segment at constant speed.

@ Springer



39 Page8of25 Geometriae Dedicata (2023) 217:39

Fig. 2 Schematic illustration of a path p: [ — X and its projection. In red, the (image of the) path p,
which travels through some combinatorial horoballs (grey circles and their interiors). The parts of this path
inside these combinatorial horoballs are the peripheral excursions. In blue, the projected path. The dotted lines
descending from the red to the blue path inside the horoballs indicate (roughly) the parametrization of the
projected path

We have the following biLipschitz equivalence between cusped distances and suitably-
modified distances in the Cayley graph:

Proposition 2.6 [27, Prop. 2.12] Given a geodesic y : I — X with endpointsinCay(I") C X
and whose peripheral excursions are all preferred geodesics, lety = w oy : I — Cay(I')
be its projected image.
Given any subinterval [a,b] C I, consider the subpath y|qp) as a relative path
(Y l{a,p), H) where H = (Hy, . .., H,), and write n; := y|u,; then we have
1 - dc(y(a), y (D)) o 2 Tl<4
37 e lap) — Xy 0 + 200 £(ny)  log2

where (n;) := max{log(£(n;)), 1}.

Below we will occasionally find it useful to consider paths in Cay(I") that “behave met-
rically like quasi-geodesics in the relative Cayley graph”, in the following sense:

Definition 2.7 Given any path y : I — Cay(I") such that I has integer endpoints and y (I N

Z) C T, define the depth §(n) = §,,(n) of a point y (n) in (I, P) for any n € I N Z) as

(a) the smallest integer d > 0 such that at least one of y (n — d), y (n + d) is well-defined
(i.e. {n —d,n +d} NI # @) and not in the same peripheral coset as y (n), or

(b) if no such integer exists, min{sup / — n, n — inf 7}.

Definition 2.8 Given constants v, 0 > 0, an (v, U)-metric quasigeodesic path in (I", P) is
apath y: I — Cay(I') with y (I N Z) C I" such that for all integers m, n € I,
M lym~tym)e = v m —n| -,
(i) |y )~y (m)le < 0(Im — n| + min{8(m), §(n)}) + 0, and
(iii) if y(n)~'y(n +1) € P forsome P € P, wehave y(n) "'y (n + 1) = pu.1 - Putin)
where each pj, ; is a peripheral generator of P, and

2207 < t@m) =y 'y + D] < 22

The terminology comes from the following fact: given a geodesic segment y in the cusped
space with endpoints in Cay(I"), we can project the entire segment to the Cayley graph and
reparametrize the projected image to be a metric quasigeodesic path y — the idea being that
in such a reparametrization, the increments lym) 'y + 1)) correspond, approximately, to
linear increments in cusped distance: see the discussion in [27, Sect. 2.3], and in particular
Prop. 2.16 there for more details.

@ Springer



Geometriae Dedicata (2023) 217:39 Page90of25 39

2.3 Floyd boundaries

Let I be a finitely-generated group, and § a finite generating set giving a word metric | - |.

A Floyd boundary o,I" for I' is a boundary for I" meant to generalize the ideal boundary
of a Kleinian group. Its construction uses the auxiliary data of a Floyd function, which is a
function f: N — R. satisfying

(1) Y02, f(n) < oo, and

(i1) There exists m > 0 such that

< L0l < Iforallk € N,

Given such a function, there exists a metric dy on I' defined by setting dr(g, h) =
f(max{|g|, |h|}) if g, h are adjacent vertices in Cay(T, S), and considering the resulting
path metric. Then the Floyd boundary d/I" with respect to f is given by

1
m

3T =TT

where I is the metric completion of I" with respect to the metric d f-

Below, the Floyd boundary, in particular the ability of the Floyd function to serve as a sort
of “distance to infinity”, will be useful as a tool in the proof of Theorem 5.1.

The Floyd boundary d/I" is called non-trivial if it has at least three points. Gerasimov
and Potyagailo have studied Floyd boundaries of relatively hyperbolic groups:

Theorem 2.9 [11, Th. A], see also [8] Suppose we have a non-elementary relatively hyper-
bolic group T which is hyperbolic relative to P.
Then there exists a Floyd function f such that 9¢T" is non-trivial, and moreover

(a) There exists a continuous equivariant map F: 9¢I' — 9(T', P) which is injective on the
set of conical limit points, and

(b) For any parabolic point p € 3(I', P), we have F~!(p) = 0y (Stabr p), and if there exist
a # b such that F(a) = F(b) = p, then p is parabolic.

Remark 2.10 Tt is an open question whether every group with a non-trivial Floyd boundary
is relatively hyperbolic—see e.g. [22].

For more details, including justifications for some of the assertions above, we refer the
reader to [7] and [15].

2.4 Gromov products and translation lengths in hyperbolic spaces

We collect here, for the reader’s convenience, assorted facts about Gromov products and
translation lengths in Gromov-hyperbolic spaces that we use below, in particular in and
around the statement and proof of Theorem 5.1.

Given X a proper geodesic metric space, xo € X a fixed basepoint, and y an isometry of
X, we define the translation length of y as

Ux(y) = inf dx(yx, x)
xeX
and the stable translation length of y as

. dx(y"xo, x0)
[VIx,00 i= lim —————.
n—00 n

When X is §-hyperbolic space, these two quantities are coarsely equivalent:
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Proposition 2.11 [3, Chap. 10, Prop. 6.4] If X is hyperbolic metric space, the quantities
Cx(y) and |y |x . defined above satisfy

Lx(y) — 168 < |¥lx,00 < £x(¥).

The Gromov product with respect to xg is the function (-, ), : X x X — R defined by

1
(X, Y)xo = 5 (dx (x, x0) +dx(y, x0) —dx(x,y)).

There is a relation between the Gromov product, the stable translation length |y |x o0, and
the quantity |y|x = dx(yxo, xo), given by

Lemma 2.12 Given X aproper geodesic metric space, xy € X a basepoint, andy anisometry
of X, we can find a sequence of integers (m;);eN

2 1im (y™ix0, ¥ " x0)xy = 17 1x = 1¥]X.00-
1—> 00

Proof By the definition of the stable translation length, we can find a sequence (m;); N such
that

Tlim (Jy™ ™ x — |y [x) < [7]x.00-

1—> 00

By the definition of the Gromov product,

2(y™x0, ¥~ x0)xy 1= |y™ x +dx (v ' x0. x0) — dx (y" x0. ¥ ~'x0).

1 1

Since y acts isometrically on X, dx (¥ xo, y ~'x0) = |yt |x anddx (y~

Then we have

X0, x0) = |ylx.

mi+1

Tlim 2(y™ixo, ¥~ 'x0)x, = lim |y™|x + |ylx — |y Ix > 1vIx — I¥Vlx,00
11— 00 11— 00

as desired. ]

2.5 Singular value decompositions

We collect here facts about singular values and Cartan decomposition in SL(d, R). The
defining conditions for our representations will be phrased, in the first instance, in terms of
these, and more generally they will be helpful for understanding the geometry associated to
our representations.

Given a matrix g € GL(d, R), let 0;(g) (for 1 <i < d) denote its i th singular value, and
write U; (g) to denote the span of the i largest axes in the image of the unit sphere in R¢ under
g,and S;(g) :==U; (g’l). Note U, (g) is well-defined if and only if we have a singular-value
gap 0i(g) > 0i+1(8)-

More algebraically, given g € GL(d, R), we may write g = KAL, where K and L are
orthogonal matrices and A is a diagonal matrix with nonincreasing positive entries down the
diagonal. The diagonal matrix A is uniquely determined, and we may define 0;(g) = Aj;;
Ui (g) is given by the span of the first i columns of K.

For ¢ € SL(d, R), this singular-value decomposition is a concrete manifestation of a
more general Lie-theoretic object, a (particular choice of) Cartan decomposition SL(d, R) =
SO(d) - exp(at) - SO(d), where SO(d) is the maximal compact subgroup of SL(d, R), and
at is a positive Weyl chamber.

We recall that there is an adjoint action Ad of SL(d, R) on sl(d, R).
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We will occasionally write (given g = K AL as above)

a(g) :=(ogAyy,...,logAgq) = (logoi(g), ..., logoy(g));

we note that the norm |la(g)|| = \/(log 01(g))% + - + (log o4(g))? is equal to the distance
d(o, g - 0) in the associated symmetric space SL(d, R)/SO(d), where o := [SO(d)] €
SL(d, R)/SO(d) (see e.g. formula (7.3) in [2]).

2.6 Regular ideal points and the projective space

Finally, we collect here some remarks about a subset of the visual boundary of the symmetric
space which will be relevant to us, and its relation to the projective space as a flag space
boundary.

Given fixed constants C,, ¢, > 0, a matrix g € SL(d, R) will be called (P, Cy, ¢;)-
regular if it satisfies

o1 o1
log —(g) > C,log —(g) —cr. (1)
02 o4

Recall that the visual boundary of the symmetric space SL(d, R)/SO(d) consists of
equivalence classes of geodesic rays, where two rays are equivalent if they remain bounded
distance apart. For any complete simply-connected non-positively curved Riemannian man-
ifold X, such as our symmetric space, the visual boundary is homeomorphic to a sphere,
and may be identified with the unit sphere around any basepoint o by taking geodesic rays
&:[0,00) — X based at 0 and identifying £(1) on the unit sphere with lim;_, -, £(¢) in the
visual boundary.

The set of all points in this visual boundary which are accumulation points of sequences
(By, - 0), where o varies over all possible basepoints in the symmetric space and (B,,) over
all divergent sequences of (P;, C,, ¢,)-regular matrices with all ¢, > 0, will be called the
(P1, C,)-regular ideal points.

For fixed C,, the set of (P;, C,)-regular ideal points is compact. Indeed, it has the structure
of a fiber bundle over the projective space P(RY) with compact fibers which can be identified
with compact subsets of the Weyl chamber at infinity: the fibration 7 from the set of (Py, C,)-
regular ideal points to P(RY) is given by taking lim, g, - o to lim,— oo U1(gn) (see [17,
Subsection 2.5.1 & 4.6], where this is stated in slightly different language, or [27, Th.7.2]).
The map 7 is Lipschitz, with Lipschitz constant Cp;, depending only on the regularity
constant C, and the choice of basepoint o implicit in the measurement of the singular values
[25, Sect. 4.4].

Throughout the paper, we will use the angle distance on P(R?), defined as follows: if
(-, -) is the standard Euclidean inner product on RY, then

ocos ! (.
d(). [w]) := cos (mm>

for all non-zero v, w € R¥,
3 Relatively dominated representations
In this section we introduce the central notion of study, relatively dominated representations,

and prove that one of the hypotheses in the original definition [27, Def. 4.2] can be removed.
The following is the key definition of the paper.
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Definition 3.1 Let I" be a finitely-generated torsion-free group which is hyperbolic relative
to a collection P of proper infinite subgroups.

Let S be a compatible generating set, and let X = X (T, P, S) be the corresponding
cusped space (see Definitions 2.1 and 2.2 above.) As above, let d. denote the metric on X,
and | - |, := d.(id, -) denote the cusped word-length.

A representation p: I' — GL(d, R) is P;-dominated relative to P, with lower domina-
tion constants C, u > 0, if it satisfies

— (D—)forally €T, %(,0(7/)) > Cellvle,

and the images of peripheral subgroups under p are well-behaved, meaning that the following
three conditions are satisfied:

— (D+) there exist constants C, i > 0 such that g—(‘](p(n)) < Ceftlnle for every n €
UPEP P;

— (Unique limits) for each P € P, there exists £,(P) € P(R%) and f;f;;(P) € Gry_1(RY)
such that for every sequence (17,,) C P with n, — 00, we have lim,_, o, U1(p(1,)) =
&p(P) and lim, 00 Ug—1(p(nn)) = &, (P);

— (Uniform transversality) forevery P, P’ € Pandy € ', P # y P’y ! implies &)(P) #
&y P’y_l). Moreover, for every v, U > 0, there exists §y > 0 such that for all P, P’ €
Pand g, h € T such that there exists a bi-infinite (v, U)-metric quasigeodesic path nghn’
where n’ is in P’ and 7 is in P, we have

sin Z(g7'&,(P), h &} (P')) > 8.

Remark 3.2 1t follows from the (D+) hypothesis above that there exist constants C, ji >
0 such that %(p(y)) < CeMlle for all y e I' [27, Cor. 4.8]. In particular, the bound
is automatically satisfied when y € TI' is a non-peripheral element because I is finitely-
generated. Below, we will refer to this a priori stronger (but in fact equivalent) statement as
(D+) as well.

Remark 3.3 Since I is finitely-generated, so are its peripheral subgroups, by [6, Prop.4.28
& Cor.4.32].

Remark 3.4 1tis also possible to formulate the definition without assuming relative hyperbol-
icity, if one imposes additional hypotheses (RH) (see below) on the peripheral subgroups P;
it is then possible to show that any group admitting such a representation must be hyperbolic
relative to P: see [27] for details.

Definition 3.5 [27, Def. 4.1] Given I' a finitely-generated group, we say that a collection P
of finitely-generated subgroups satisfies (RH) if

— (Malnormality) P is malnormal, i.e. forall y € I'and P, P’ € P,y Py ' NP =1
unless y € P = P/;

— (Non-distortion) there exists v > 0 such that for any infinite-order non-peripheral element
y €L, 1y"le = vinl;

— (Local-to-global) a sufficient long peripheral word p’ with sufficiently long overlap with
a geodesic word y p combine to form a uniform quasigeodesic y p’ (we refer the reader
to [27] for the precise formulation.)

All of these conditions hold when I is hyperbolic relative to P (see e.g. [23]).
The original definition of a relatively dominated representation in [27] also had an addi-
tional “quadratic gaps’ hypothesis, as part of the definition of the peripheral subgroups having
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well-behaved images. The only input of this assumption into the subsequent results there was
in [27, Lem. 5.4]; the next proposition obtains the conclusion of that lemma from the (D)
(and (RH)) hypotheses, without using the quadratic gaps hypothesis.

Definition 3.6 Let «: Z — Cay(I") be a bi-infinite path with «(Z) C T.
We define the sequence

Xog=(C..Au_1,...,A_1,A0,..., Ap_1,...)
= (.., pla@ a@—1),..., pa@© " a(-1)),
pla()a(0),.... pla®) " a® - 1)),...)

and call this the matrix sequence associated to «.

Proposition 3.7 Given a representation p: (I', P) — SL(d, R) satisfying (Dx£) (so that P
implicitly satisfies (RH), and we can define a cusped space X (I', P)), and given v, v > 0,
there exist constants C > 1 and pu > 0, depending only on the representation p and v, v, such
that for any matrix sequence x = x, associated to a bi-infinite (v, v)-metric quasigeodesic
path y with y (0) = id, we have

dU(Ag=1 -+ A=), Ut(Ag=1 - - Ak—n1))) < Ce™ ™
d(Sg—1(Akgn—1--- Ar), Sa—1(Akgn - - Ap)) < Ce™™H
forallk € Z and n € N.y.

Proof Given (D), there exists C,, ¢, > 0 such that inequality (1) is satisfied for all y € T'.
Specifically, we can take C, = u/ft and ¢, = (u/ji)log C —log C, where C, i, C, 1 are
the constants coming from the (D) conditions. In the language of Kapovich-Leeb—Porti
— see [17], or [16] for the relative case; we adapt the relevant parts of this language and
framework here — p(I") is a uniformly regular subgroup of SL(d, R).

Hence p(y) is (P, Cy, ¢,)-regular, in the sense of Sect. 2.6, for all y € T', and given a
divergent sequence (y,), p(¥,) -0 converges to a (P1, Cy, ¢,)-regular ideal point in the visual
boundary.

Roughly speaking, geodesics converging to (P, C,)-regular ideal points stay uniformly
away from intersections of maximal flats, and hence “have as many hyperbolic directions
as possible” in the symmetric space, in the sense that variations of geodesics parametrized
by a large-dimensional subspace of the tangent space behave like families of geodesics in a
hyperbolic space. Because of this, the convergence of the U; and S;_1 spaces along these
geodesics, which can be seen as a coarser version of convergence in the symmetric space
towards the visual boundary, occurs exponentially quickly, just as in the hyperbolic case.
This intuition can be made precise with more work, which occupies the rest of the proof.

Recall that we have a Lipschitz map 7 from the set of (P, C,)-regular ideal points to
P(RY), with Lipschitz constant depending only on the regularity constant C, and the choice
of basepoint o implicit in the measurement of the singular values.

Moreover, since p(y) is (P1, Cr, ¢,)-regular for any y € I', given the Cartan decompo-
sition p(y) = K, -exp(a(p(y))) - L, we have

Ui(p(y) =7 ( lim K, -expna(p(y)) - Ly -0).
Thus, given any sequence (y,) C I', we have

dU1(p(yn)), Ui (p(ym))) < Crip - sin Z (Ad(Ky,) - a(p(yn)), Ad(Ky,) - a(p(ym)))
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where the angle is taken with respect to the Riemannian metric on SL(d, R)/ SO(d), which
restricts to a Euclidean metric on the Cartan subalgebra a.

Now, if x = x,, = (Ay)eN is a matrix sequence associated to a bi-infinite (v, v)-metric
quasigeodesic path y with y(0) = id, then

(k=1 Aken-0=p(y()'yk—n)) o),
(where o := [SO(d)] € SL(d,R)/SO(d)) gives a quasigeodesic in SL(d, R)/ SO(d) by
(D+£). Write ,o(y(k)‘ly(k —n)) = Ky, -expla(k,n)) - Ly, to denote the parts of the

Cartan decomposition.
By (P1, Cr, ¢,)-regularity and the higher-rank Morse lemma [19, Th. 1.3], the limit

lim Uy(Ag—1---Ag—p) = lim Ky {e1) = lim (Ad(Kg,) - a(k, n))
n—oo n—oo n—oo

exists,? and we have a bound C, on the distance® from Ag_; - - - Ak_p, - 0 to a nearest point
on any (Py, C,)-regular ray (g, - o) starting at o such that lim,_, s U1 (g,) = lim, K ,(e1)
(below, we refer to any such point as mjjmAx—1 - - - Ak—n - 0), where C, depends only on
Cyr,cr and v, U.

Then, by [25, Lem.4.9] applied with p = o our basepoint, ®g = C,, T a model Weyl
chamber corresponding to the first singular value gap, ¢ = Ax_1--- Ax—, - 0, the point
r = Tim ¢, the constant 2/ = ||a(k, n)|| > v~ ln—vand D = C,, we have

1
sin / (Ad(Kk,n) a(k, n), lim Kk,n(q)) = sin/ (E Ad(Ky.) a(k, n), lim Kk,n<el>>

- 44/2, mimq/2)
d(o, mimq/2)
2C,eCalVa+u/24=(Cr/20)n
<
- d(o, mim q/2)
< 2C,eCa/Vd+1/2,=(C;/20n

once n is sufficiently large, where “sufficiently large” depends only on the dimension d, our
constants C,, C, and choice of basepoint o; here ¢ /2 denotes the midpoint of 0og, which can
be written as

1
Ky n - exp <§a(k, n)) «Lgp-o.

Hence we can find C > 2Cuecﬂ/‘/g+ﬂ/2 such that
sin £ (Ad(Ke,n) atk, m), lim Ky (1)) < Ce™ (/20
for all n, and so d (U1 (Ak—1--- Ak—n), U1 (Ak—1 - - Ax—n—1)) is bounded above by
CLipsin Z (Ad(Ky ) a(k, n), Ad(Kynq1) ak,n + 1))
< i€ (1 n e—cr/zy) o (Cr/20)n

3 In the language of Kapovich—Leeb—Porti: this limit is the unique simplex t such that our uniformly regular
quasigeodesic is close to the Weyl cone over t.

4 For readers more acquainted with the language of Kapovich-Leeb—Porti: this is the distance to the Weyl
cone over the Cy--regular open star of lim, Ky, (e1).
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This gives us the desired bound with
1 1 A
"= EC,Q—I = Eﬁ(ﬂy)_l and C=CLipC(l+eH).

The analogous bound for d (Sg—1(Ak4n—1-++ Ak)s Sa—1(Ak4n - - - Ax)) can be obtained
by arguing similarly, or by working with the dual representation — for the details of this part
we refer the interested reader to the end of the proof of [27, Lem. 5.4]. ]

4 Towards a relative property U

Suppose (I', P) is a relatively hyperbolic group. By [26, Th. 5.3] together with Theorem 2.9,
I" satisfies property U, i.e. there exist a finite subset ' C I' and a constant L > 0 such that
for every y € I there exists f € F with

[fYloo Z | fYI = L. @

We observe that this means that given any y € I" and € > 0, there exists ngp > 0 such
that |(fy)"| = n|fy| — (1 4+ €)Ln for all n > ngy. In other words, we have a bound on
cancellation between each pair of adjacent copies of fy in (fy)".

We will now obtain a version of this statement where we impose some additional require-
ments on the finite set F. This statement will be useful in the proof of Theorem 5.1 below.

To describe these requirements, and to prove our relative inequality, we will use the
framework and terminology described in Sect. 2.2. Abusing notation slightly, write fy to
denote a geodesic path from id to fy in the Cayley graph. Consider this fy as a relative
path (fy, H) with H = Hy U --- U Hy, and write ; = fy|n,, so each n; is a peripheral
excursion.

Lemma 4.1 Given I anon-elementary relatively hyperbolic group, there exists a finite subset
F € T and a constant L > 0 such that for every y € I there exists f € F such that

If7leo = [fY] =L

and the peripheral excursions of (fy)" are precisely n copies of the peripheral excursions

of fy.

Proof We adapt the proof of [26, Th. 5.3] to show that we can choose F to satisfy the additional
requirements we have imposed here.

Let f be a Floyd function f: N — R™ for which the Floyd boundary 9 I of T" is non-
trivial. By Theorem 2.9, there is a map from dI" to the Bowditch boundary d(I", P) which is
injective on the set of conical limit points; hence, by [15, Prop. 5], we can find non-peripheral
f1, f2 such {f1+, N {f2+, f5 } = @. We will use sufficiently high powers of these to
form our set F'; the north—south dynamics of the convergence group action of I" on 9/ I" will
do the rest.

To specify what “sufficiently high” means it will be useful to define an auxiliary function
G: Z~oy — R. o, which gives a measure of “distance to infinity” as measured by the Floyd
function: concretely, take G (x) := 10 Z/?ipc 2 f (k). Since f is a Floyd function, G (x) is
non-increasing and G (x) — 0 as x — oco. By [15, Lem. 1],° we have

dp(g, h) =G ((g, h)e) dr(g,¢") <G (lgl/2) 3

5 By the monotonicity and positivity of f and because x € Z-.(, our choice of G bounds from above the
function 4x f (x) + 2 Z,fi . J (k) appearing in Karlsson’s proof.
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forall g, h € I". (Notice that the second distance makes sense and is finite given the definition
of the Floyd boundary.) Let € = %min{df(ff, fzi), dr(f1, fzi)}. Fix R > 0 such that
G(x) > & ifand only if x < R, and N such that min{| f*'|, | '} = 4R forall N' > N.

Claim For every non-trivial y € I' such that df(y+, y~) < €, there exists i € {1, 2} such
thatdp(fN'y*,y~) = eforall N > N.

Proof of claim By our choice of €, we can find i € {1, 2} such that df(y"', fii) > 3e: if
dr(y*, £i5) < 3e, thendyp(y*, £55) = min{d(f;5, £;7), d(f55, f7)} — 3€ = 3e. Without
loss of generality suppose i = 1.

There exists ng such that G (3]y"|) < € foralln > ng. Forn > ng and N’ > N, by our
choice of N, we have

" SN zdp s ) = dp (7 7Y) = ey

1w 1,
z3e—G<§|f1N |>—G(5|y |> > €.

Hence, for all n > ng and N’ > N, we have G({y", ffN/)g) >ds(y", ffN/) > €, and
(y", fl_N/)e < R by our choice of R. Now choose a sequence (k;);en such that |f1k"_N| <

| flk "I foralli € N. Forn > ng and N’ > N, we have, by the definition of the Gromov
product and the inequalities above,

20Ny e = LAY v LA = LY R
= "+ LAY T =20 7Y L = LAY TR
= 1N = 2R+ 1A = QY TR = D
= 1N 2R+ 1 = 1Y
>N —2R > 2R.
Then by our choice of R we have
dr(fNy D = lim GUYY" f7)e) < €/10
whenever n > ng and N’ > N; thus
dr(fNy oy =dprt D —dr Ny D —dp ity ) =€
whence the claim.

Now, with f1, f> and N as above, fix Fy = {le, f1N+1, fZN, f2N+1, e}. Then there exists
g € Fosuchthatds(gy™, y™) > e:ifds(y™, ¥7) > €, choose g = e. Otherwise, from the

above argument, either g = le org = fZN works, and then so does g = le +or g= sz +1
respectively.

Next fix L = 2maxgef, |g| + 2R + 1. Without loss of generality suppose |y| > L — 1;
otherwise |Y| — |¥]oo < L and we have our desired inequality with g = e. We will show

that the desired result holds with F := Fy U S and this L. Otherwise choose g € Fp such
that d ¢ (gy ™,y ™) > €. To use this to obtain an inequality between |gy | and |g} |c0, We use
Lemma 2.12 with gy in the place of y, the Cayley graph in the place of X, and xg = e to
obtain a sequence (m;);en such that

2 1im ((g1)™, (8¥)™")e = Ig¥1 = 18V loo, @)
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so it suffices to obtain an upper bound on the Gromov products ((gy)™, (g¥) ™ Ye.
To obtain this bound, we start by noting that gy * = (gyg~")*, and using this, the triangle
inequality, and the inequalities in (3) to observe that

1

dr(gvt. (emt) =dy(gvt.gve™") +dy(sve " gv) +ds (81T, gv)

1 B _ 1
<G <§|gyg 1I) +G((gve " gv)e) + G (Elg)/l)

and using liberally the monotonicity of G on the last right-hand side, we obtain the further
upper bound

1
dr (gv™. (gn*) <3G <§|V| - |g|>

which, finally, because %lyl —|gl = R, is bounded above by ?—6. Arguing similarly, we have

di(y vy Tle ) sdp (v oy ) +dr (vhy e

1
<G (Elg)/l) +G (" rTe™he)

and hence we ha\/e

dr(enty e ) =dsr(gvToy™) —ds(gvT (@) —dr (v v g7

3¢ €
>€— — ==

€
0 5 2
Thus we have n; > 0 such that G (((gy)", (gy)_l)e) > dy ((gy)", (gy)_l) > % and
so ((g¥)", (gy)’l)e < R for all n > n;. This is the bound we feed into (4) to obtain
g7 — 18V |0 < 2R < L, which was the inequality to be shown.

Finally, we prove the statement about the peripheral excursions. We may also assume,
without loss of generality, that gy contains at least one peripheral excursion, otherwise there
is nothing left to prove.

If we have a relation anf with n € P ~ {id} peripheral and o, 8 ¢ P (and « not
ending in any letter of P and 8 not starting in any letter of P), then ana™! = B~ 158,
and by malnormality this implies @« = B~!, which is not possible since  # id. Since we
are assuming gy has peripheral excursions, we may thus assume that in (gy)" there is no
cancellation across more than two copies of gy, i.e. it suffices to look at cancellation between
adjacent copies.

The peripheral excursions of (gy)" are exactly n copies of that of gy precisely when
cancellation between adjacent copies of gy does not reach any of the peripheral excursions.

Suppose now that this is not the case, i.e. cancellation between adjacent copies does reach
the peripheral excursions. If g = fiN (resp. g = fiN +1), then we may take g = fiN +l (resp.
g = fiN ) instead; the desired inequalities still hold from the arguments above, and now
cancellation between adjacent copies no longer reaches the peripheral excursions.

Suppose instead g = e; then we may assume, from the argument above, that |y| < L — 1.
We will instead take g to be a non-peripheral generator s; then, while we had cancellation
between adjacent copies before with ¢ = e, we can no longer have it with ¢ = 5. Then
Isy| <ly|l+1 < L, and we are done. ]
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Fig. 3 Schematic illustration of cancellation that can happen in a word (gy)". As in Fig.2, grey circles and
their interiors indicate combinatorial horoballs. Blue indicates the word (gy)3. Green loops indicate relations
in ", which induce cancellation within the word. By the argument in the text, we cannot have relations like
the red loops, which include part of a peripheral excursion or all of one copy of gy within (gy)3

5 A characterisation using eigenvalue gaps

Suppose I" is hyperbolic relative to P. We have, as above, the cusped space X = X (I, P, S),
which is a §-hyperbolic space on which I' acts isometrically and properly. We define | - |¢ oo
to be the stable translation length on this space, i.e.

o e
[Vleoo := lim ——
n—-oo n
where | - |, := dx(id, -) as above.

Given A € GL(d, R), let ; (A) denote the magnitude of the i th largest eigenvalue of A. We
will prove the following theorem. We remind the reader that the (D+) and (th) conditions
referred to in the theorem statement were defined in Definition 3.1 and in the statements of
Theorems B and C.

Theorem 5.1 Let I be hyperbolic relative to P and p: I' — SL(d, R) be a representation.
If p satisfies (DZ), then it satisfies (D
Conversely, if p is semisimple and satlsﬁes (D ), then p also satisfies (D=L).

Before proving the theorem, we pause to note that the (D ) condition, although formulated
as a condition for all elements y € T, is in fact (equivalent to) a condition on only peripheral
elements.

Proposition 5.2 Let T be hyperbolic relativeto P and p: I' — SL(d, R) be a representation.
Then p satisfies the (D, %) condition ifand only if for every peripheral element ) € | Jpop C
I, all the eigenvalues ofp(n) have magnitude 1.

Proof Suppose p satisfies the (D ) condition. Then, since every peripheral element n € I’
satisfies |7]¢,00 = 0, then g; (p(n™)) is bounded for all n, and so the eigenvalues of p(n)
must have magnitude 1.

Conversely, suppose all the eigenvalues of p(n) have magnitude 1. By a computation
involving the Jordan normal form, there exist constants C > 1, u > 0 such that for any
peripheral element 1 € UPd; P C T, we have o1(p(n)) < Ce“'”'f i.e. the (D+) condition
holds, and hence there exist constants C, i > 0 such that ‘7‘ (,o(y)) < Cefl?le for all yel
(see Remark 3.2). Then we have

1
(log 21 — log 4a) (p(y)) = lim -~ (logo1 — logou)(p(y")

.1 =, - -
< lim —(logC + ftly"le) = itlyle,00
n—-oon
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and so

A _
(p(y)) = ellecs,
Ad
]

We also remark that the next statement follows immediately from the theorem and the
definition of relatively dominated representations presented in Sect. 3.

Corollary 5.3 [Theorem B] Let ' be hyperbolic relative to P. A semisimple representation
p: ' > SL(d, R) is Pi-dominated relative to P if and only if it satisfies ( D)i ) as well as the
unique limits and uniform transversality conditions from Definition 3.1.

Proof (Proof of Theorem 5.1) We recall the identity log 1; (A) = lim,c0 22247 Given
(D—), we have

o1
(logi1 —logA2)(p(y)) = lim —(logoy —logoz)(p(y™))
n—-oon
o1
> lim —(logC + ply"le) = 1y le,00
n—-oon
and so
A
Z(p(y)) = etV leox,
A2

Given (D+) (see Remark 3.2), we obtain

A _
= (p(y)) < efles
Ad

by the argument at the end of the proof of Proposition 5.2.

Hence (D) implies (D%).

In the other direction, we will use Lemma 4.1 to obtain a relative version of (2): for any
given € > 0, there exists n; > 0 such that

1
|(fy)|c,oo = E|fy|c — L.

As observed in Sect. 4, this gives us a bound on cancellation between each pair of adjacent
copies of fy in (fy)"; the relative version will give us some further control over peripheral
letters in any such cancellation. We make this more precise below.

By Proposition 2.6,

k k
|fyle <4 <€(fy) = e+ Zé(n») :

i=1 i=1

By Lemma 4.1, £((fy)") > n|fy| — (1 + €)Ln for all sufficiently large n (recall that

£(y) := |y ). Crucially, by the part of the lemma on the peripheral excursions of (fy)", the

total length of peripheral excursions for (fy)" remains n ZLI £(n;), and the sum of the
resulting ¢ remains n Zle (o).
Now we may use Proposition 2.6 to conclude that

k k
1 o
I(fr)le = 3 (ni(fy) —n E i) +n E i) — +6)LH) .

i=1 i=1
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But this implies

1
£V leoo = Jim ~I(f7)"le
1 k ko
>3 (E(fy) = > )+ Y Ly — 1+ e)L)
i=1 i=1

1
> M Vle = +eL.

We then obtain the desired inequality by taking € to 0.
On the other hand it is clear from the definition of the stable translation length that

[fVle,o0 S 1SV e
Now, for semisimple p, there exists a finite ' C I" and C > 0 such that for every y € T’

there exists f' € F’ such that for every i,

[log i (p(y f')) —logaoi(p(y)| < C.
This follows from [26, Th.2.6].
Then, given (D% ), we have
o] 2C Al /
— (W) e - — (W f))
(o] Ad
< &2C oV Fleco < Q2C illy f'lc

< eZC(CF/)’_L . el

where Cpr := max pr¢pr elf'le and so (D+) holds. Given (D*), we have

o1 _ )\1

— () =e - (o f)

o Ao
> e_zcgeﬁh/f/lc.oo > e_zcge_ﬁl’e%ﬁ‘fych
> ¢ 2CCe B (CpClp) Ttk L oIVl

where Cp- is as above and Cr := max scf el/le, and hence (D—) holds. ]

6 Limit maps imply well-behaved peripherals

If we assume that our group I" is hyperbolic relative to P, then the additional conditions of
unique limits and uniform transversality which appear in either of the definitions of relatively
dominated representations so far may also be replaced by a condition stipulating the existence
of suitable limit maps from the Bowditch boundary d(T", P). As noted above, this gives
us relative analogues of some of the characterizations of Anosov representations due to
Guéritaud et al. [9, Th.1.3 and 1.7 (1),(3)].

Theorem 6.1 [Theorem C] Let T be hyperbolic relative to P. A representation p: I' —
SL(d, R) is Pi-dominated relative to P if and only if (Dx) (as in Definition 3.1) are satis-
fied and there exist continuous, p-equivariant, transverse, dynamics-preserving limit maps
1 0(I,P) > PRY) and & : (T, P) — P(R™).
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Proof If p is Pj-dominated relative to P, then it satisfies (D=), and admits continuous,
equivariant, transverse, dynamics-preserving limit maps [27, Th.7.2].

Conversely, if suffices to show that the unique limits and uniform transversality conditions
must hold once we have continuous, equivariant, transverse, dynamics-preserving limit maps,
and (D) hold.

Unique limits follows from the limit maps being well-defined and dynamics-preserving.
There is a single limit point xp € d(I", P) for each peripheral subgroup P € P, and the
dynamics-preserving property says that &, sends xp to the parabolic fixed point in P(RY)
corresponding to p (P). That parabolic fixed point should coincide with lim,_,~ Ui (p(n"))
for any n € P, or more generally with any lim,_, o U;(p(#n,)) for any divergent sequence
(2) C P, and hence furnishes the unique limit §, (P). We may argue similarly with &7 and
its image in P(R%*).

Uniform transversality follows from [27, Prop. 8.5]: briefly, if we did not have uniform
transversality, we would be able to find sequences (y;,), (n,) C I' and peripheral subgroups
P, P’ such that é(yn_l%‘p(P’), na€p(P)) goes to zero. Up to subsequence, the )/n_1 and 7,
converge to infinite (projected quasi-)geodesic rays asymptotic to different forward endpoints,
and Z (&,(lim, y,7 '), £ (lim, n,)) = 0; but this contradicts transversality. o

We remind the reader that the (Di) conditions which appear in the corollaries below were
defined in the statement of Theorem C.

Corollary 6.2 Let T' be hyperbolic relative to P. A semisimple representation p: I' —
SL(d, R) is Pi-dominated relative to P if and only if ( D)i ) are satisfied and there exist con-
tinuous, p-equivariant, transverse, dynamics-preserving limit maps (&,, S;): ar,rP) —»
P(R?) x P(R?).

Proof This follows immediately from Theorems 6.1 and 5.1. O

As an application of Theorem 6.1, we can show that certain groups that play weak ping-
pong on flag spaces are relatively dominated. We remark that these examples have previously
been claimed in [16].

Example 6.3 [Proposition D] Fix biproximal elements ¢1, ..., fx € PGL(d, R). Write tl.i to
denote the attracting lines and H;E to denote the repelling hyperplanes of tiil.

Assuming tl.+ #+ t;' fori # j and tl.i [a H,ij for all i, j, and replacing the #; with
sufficiently high powers if needed, we have open neighborhoods Aii Cc P(RY) =: X of tl.i,
and Bl.i C X of H,? such that

— A?E C Biifori = 1...,k,andA:.’ﬂB;.’/ = Junlessi = jand o = o/,
- tiil (X~ Bli) C A;JE fori = 1,...,k, and moreover
— there exists € > 0 such that tii] is e-Lipschitz on X \ Bl.i for all i (see [4, Lem. A.8]).
Suppose we have, in addition, unipotent elements uy, ..., uy € PGL(d, R) which each
have well-defined attracting lines uj' and attracting hyperplanes H,j; (equivalently, well-

defined largest Jordan blocks). Suppose, again passing to sufficiently high powers of the
uy,...,up if need be, there exist open neighborhoods Cj.' of u;r and C; of H,j/, in X =

P(RY), such that

- C;r cCjforj=1,..., k', and the Cifr, ey CT? are pairwise disjoint and also disjoint
from the the closures of all of the Bl.i,
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- u/i” (X < Cj_) - C;r for all non-zero n, and moreover
— there exists ¢ > 0 such that qu" is ﬁ—Lipschitz on X \ Cj_ forall n € Z-g.

To see that we may assume the last hypothesis to hold: fix u = u ;. Let vy, ..., vy be a basis
for RY with respect to which « may be written in Jordan normal form, where v; spans u®
and vy, ..., vg—1 span H .

Up to introducing a biLipschitz error, we can choose a metric on P(R?) given by push-
ing forward the suitable spherical metric obtained by viewing u™ as the north pole and
P(v2, ..., vg) as the (projectivization of the) equator. In the affine chart given by taking
(v2, ..., vg) to be the hyperplane at infinity, if we consider polar coordinates (r, 6) with
origin u™, the spherical metric satisfies

d((r,6),(",6)) < ¢ —¢'| +min{p, '} - |6 — 6]

where ¢ := sinarctan r.

Then, given two points &1, & € P(R?) ~ C;, with & = (0;,¢;) fori = 1,2 in our
coordinates, and abusing notation slightly to write u g = (ure;, uT ;) fori = 1,2, we
have some constants L, L’ > 0 such that

07 L
u gy —utPy| < L - a—l(ui") b2 =il = — g2 — il

R I

and so we have

!

dw™ ey, u™e <£ - i 6 —6 <2i-de ¢
1L, u) < . (Ip2 — @11 +min(¢p2, ¢1)]62 — 61]) < " (41, £2)

for all n > 0. Hence we have the Lipschitz constants we seek.

Then, by a ping-pong argument, the group I := (t1, ..., tx, U1, ..., uy) is isomorphic to
a non-abelian free group Fjix'.

Since we have finitely many generators, we can pick €y > 0 such that

— Foralli =1,...,kandforanyn > 0 (resp.n < 0), U; (ti”) is within €q of ti+ (resp. t;),

— Foralli =1,..., kandforany n < 0 (resp. n > 0), Uy (¢") is within €q of H,;r (resp.
Ht,._), and

— Forall j =1,...,k" and for any n # 0, Ul(uj.c") are within €q ofu}'.

By taking powers of the generators and slightly expanding the ping-pong neighborhoods
if needed, we may assume that ¢ is sufficiently small so that the Al?JE and Bl.jE contain the
2¢ep-neighborhoods of the tl.i and Htl,i respectively, and the C;r and C; contain the 2¢gp-

neighborhoods of the uj and H,j; respectively. This slight strengthening of ping-pong will
be useful for establishing the transversality of our limit maps below.

Below, we replace I' by the free subgroup generated by these powers.

Let P = {{u1), ..., (up)}. Then I' is hyperbolic relative to P and there are continuous
I'-equivariant homeomorphisms &, £* from the Bowditch boundary d(I", P) to the limit set
Ar C P(RY) and the dual limit set A% C P(R?*) given by

lim y, +— lim U;(y,) and limy, — limUz_1(y,)
n n n n

respectively; the limits exist by the Lipschitz behavior of the generators (cf. [4, Prop. A.5],
see also [24]).
By definition, & and £* are dynamics-preserving.
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To prove that & and &* are transverse, we will need that the inclusion ¢: I' — PGL(d, R)
satisfies (D—).

To obtain (D—), one can use the following

Lemma6.4 [2,Lem.A.7] IfA, B € GL(d, R) are suchthato,(A) > opy1(A)ando,(B) >
0p+1(B), then

0,(AB) > (sina) - 0,(A) 0, (B)
op+1(AB) < (sine) o 41(A) 0pr1(B)
where o := 2 (Up(B), Sq—p(A)).

Note that the generators tli, e, tki, ui, ..., up mustsatisfy the hypotheses (with p = 1)
by assumption in order to have well-defined attracting lines.

To use this lemma here, we show that there exists a uniform constant oy > 0 such that
whenever (y, = g1---gn)neN C I is a sequence converging to a point in d(I", P), where
each g; is a power of a generator and g; and g; are not powers of a a common generator
whenever |i — j| = 1, then / (U,,(gl S gicl), Sd,p(g,-)) > aq for p € {1,d — 1} and for
all n.

Suppose this were not true, so that there exist

— A generator s,

— A divergent sequence (k,) of integers, and

— A divergent sequence (w,) of words in I' not starting in s*!, which without loss of
generality — passing to a subsequence if needed — converges to some point in 9 (I", P),

such that

Z(U1(p(wn)), Sa—1(p(sk))) <27

then, in the limit, we obtain
2 ((tim Ur(p(wy), Tim So-1(p(s*)) =0
n—0o0 n—0o0

but this contradicts transversality, since, by our hypothesis that none of the words w,, starts
with s, we must have lim w,, # lim skn as n — oo.

Thus we do have a uniform lower bound g < « as desired. Then Lemma 6.4, together
with the existence of a proper polynomial g such that

o1 n
—(uj;) = qn)
02

for all j (which follows from a computation involving the Jordan normal form, since the u
are unipotent), tells us that log %(y) grows at least linearly in |y|., which gives us (D—).

We now claim that & and &* are transverse: given two distinct points x = lim y,, and
y = limn, in d([, P), we have £(x) ¢ &*(y) — the latter considered as a projective
hyperplane in P(RY) — using ping-pong and the following

Lemma6.5 [9,Lem.5.8];[2,Lem.A.5]IfA, B € GL(d, R) are suchthat o,,(A) > 0,+1(A)
and 0,(AB) > 0p11(AB), then
COptl

d(B-Uy(A), Up(BA)) < ZJ(B) (A).
d

p
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To establish the claim: write y,, = g1---g, and n, = hy...h,. Pick np minimal such
that Uy (yy,) and Uj(1n,,) are in different ping-pong sets. Since y,, n, — oo, by (D—), as
long as ny is sufficiently large, o1(y,) > 02(yn) and o4—1(n,) > o04(ny) for all n > ny.
Hence the lemma above implies that for any given € > 0, there exists some n; so that for
all n > ny, Ur(yn) = Ui(g1---gn) is €-close to yuy - U1(gno+1 -~ &n)» and Ug—1(17) is
e-close to 0, - Ug—1(hpg+1 - - - hyp). By our ping-pong setup, for sufficiently small € these are
uniformly close to Uy (yy,) and Ug—1(n,,) respectively, and in particular they are transverse
to each other.

Finally, the inclusion ¢: I' < PGL(d, R) satisfies (D+) because I is finitely-generated,
there exists a polynomial g of degree d — 1 such that Z (u) < ¢(|u|) for every unipotent
element # € I' (by a computation involving the Jordan normal form), and the first singular
value o7 is sub-multiplicative.

We then conclude, by Theorem 6.1, that .: ' < PGL(d, R) is Pj-dominated relative to
P.
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