
Geometriae Dedicata (2020) 208:31–48
https://doi.org/10.1007/s10711-019-00508-3

ORIG INAL PAPER

Counting the number of trigonal curves of genus 5 over finite
fields

Thomas Wennink1

Received: 8 July 2019 / Accepted: 20 December 2019 / Published online: 9 January 2020
© The Author(s) 2020

Abstract
The trigonal curves of genus 5 can be represented by projective plane quintics that have one
singularity of delta invariant one. Combining this with a partial sieve method for plane curves
we count the number of such curves over any finite field. The main application is that this
gives the motivic Euler characteristic of the moduli space of trigonal curves of genus 5.
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Frobenius
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1 Introduction

Inside the moduli spaceM5 of smooth curves of genus 5 there is a subvariety T5 parameter-
izing trigonal curves. The main result of this article is to count the number of points |T5(Fq)|
for all finite fields Fq .

Theorem 1 The number of Fq -isomorphism classes of smooth trigonal curves of genus 5
over a finite field Fq , weighted by the size of their Fq -automorphism group, is given by

|T5(Fq)| = q11 + q10 − q8 + 1.

This is a step forward in the open problem of computing the cohomology of M5, the
moduli space of stable genus 5 curves. Consider the stratification ofM5 by topological type.
The moduli spaces Mg,n that appear in the stratification satisfy g ≤ 5, n ≤ 10 − 2g. When
g ≤ 3 their Sn-equivariant counts over finite fields Fq are known and are polynomials in q
(see [10] for genus 0, [8] or [2] for genus 1, [4] for genus 2 and [3] for genus 3). The missing
parts are M4,1, M4,2 and M5. If their Sn-equivariant counts are polynomials as well then
arguing as in Sect. 3 of [5] we get the cohomology and Hodge structure of M5.

We expect the point counts of these spaces to be polynomials in q because of Theorem F
in [6]. There is a conjectural correspondence due to Langlands (see Sect. 1.3 in [7]) that
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translates this classification to one on motives of proper smooth stacks over Z. Assuming
this correspondence, by Theorem F, the cohomology of M4,1 must be completely of Tate
Hodge type while the cohomologies ofM4,2 andM5 could in principle also have Tate twists
of the cusp form motive S[12]. By Poincaré duality it is sufficient to check if this motive
appears in H11. It would then appear in H0,11, which is not possible since M4,2 and M5
do not carry holomorphic 11-forms as they are unirational. Therefore, assuming Langlands’
correspondence, we conclude that the cohomologies of M4,1, M4,2 and M5 are of Tate
Hodge type, which implies that their Sn-equivariant point counts over finite fields Fq are
polynomials in q. (And the same is true ofM4,1,M4,2 andM5 by applying the stratification
by topological type and the known results for g ≤ 3 that we cited earlier).

We can decompose the moduli space M5 into the moduli of hyperelliptic curves (whose
point count over Fq is known to be q2g−1 for arbitrary genus g), the moduli of trigonal
curves (addressed in this article) and the moduli space U of curves that admit an embedding
in P

4 as a smooth complete intersection of three quadric hypersurfaces. From Theorem 1,
and assuming Langlands’ correspondence, we deduce that the number of points of U over
Fq is a polynomial in q .

If the count over finite fields of M5 is a polynomial then by Theorem 2.1.8 in [9] we get
its motivic Euler characteristic. Once we have the Sn-equivariant motivic Euler characteristic
of all spaces Mg,n with g ≤ 5, n ≤ 10 − 2g, we can recover the cohomology and Hodge
structure of M5. The advantage of a point count approach over the topological one is that,
if we know that the result is a polynomial, we can apply certain tricks. For example we can
determine the polynomial by calculating its evaluation at a finite number of finite fields Fq .
And if we can calculate the top half coefficients of |M5(Fq)| then by Poincaré duality this
determines the whole polynomial. Neither of these two methods have been applied in this
article but they open possibilities for the remaining calculations required to determine the
cohomology ofM5. Also, the fact that, if the conjecture holds, the point count is a polynomial
suggests that the calculations would not be unreasonably difficult.

Our strategy to count the number of trigonal curves of genus 5 uses the correspondence
with projective plane quintics that have one singularity of delta invariant one and no other
singularities. To compute this number, we apply a sieve method similar to the one used by
Bergström in [3].

We consider all plane quintics that have a singularity of delta invariant one at a fixed point
P and then we add and subtract various loci of quintics with singular points besides P . After
each step of this sieve method more singular curves will have been removed exactly once.
Because there are plane quintics with infinitely many singularities, this procedure will not
terminate and so it has to be stopped at some point. We choose to stop it after making sure
that all curves with one to five singularities besides P have been removed exactly once. The
computations for this are done in Sect. 5. In Sect. 6 we count, for any number greater than
five, how many curves there are with exactly that many singularities. We can then correct the
count so that all singular curves are removed exactly once.

The results of our counts are combined in Sect. 7, which also has a weblink to a computer
program that counts the number of points |T5(F2)| and the number of points |T5(F3)|. The
results of this program agree with our main result, Theorem 1.

2 Preliminaries

With k we denote a fixed finite field with q elements. We define ki to be the finite field
extension of k with qi elements.
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In this article the Frobenius map F is the geometric Frobenius. On P
2(k) it is the endo-

morphism defined by (x : y : z) �→ (xq : yq : zq).
We write λ = [1λ1 , . . . , vλv ] for the partition of ∑v

i=1 i ·λi where i appears λi times. The
weight of a partition λ is denoted by |λ| := ∑v

i=1 i · λi .
Given two partitions μ, λ, we write μ ⊆ λ if μi ≤ λi for all i .
Let X be a scheme defined over k. An n-tuple (x1, . . . , xn) of distinct subschemes of Xk̄

is called a conjugate n-tuple if F(xi ) = xi+1 for 1 ≤ i < n and F(xn) = x1, where F is the
Frobenius map.

A |λ|-tuple (x1, . . . , x|λ|) of distinct subschemes of Xk̄ is called a λ-tuple if it consists of
λ1 conjugate 1-tuples, followed by λ2 conjugate 2-tuples, etc. For a scheme X defined over
k we write X(λ) for the set of λ-tuples of points of X .

Let C be a plane quintic defined by the polynomial equation
∑5

i=0 Fi (x, y)z
5−i and let

L, L ′ be lines. We say C has tangents L, L ′ at (0 : 0 : 1) if C has a singularity of multiplicity
two at (0 : 0 : 1) and L · L ′ = F2(x, y). We say C has tangents L, L ′ at a point P if
there exists a linear transformation φ such that φ(P) = (0 : 0 : 1) and φ(C) has tangents
φ(L), φ(L ′) at (0 : 0 : 1).

A singularity of a projective plane curve has delta invariant one if and only if it is an
ordinary node or an ordinary cusp.

3 Plane curves

The main aim of this article is to count

|T5(k)| :=
∑

C/k

1

|Autk(C)| , (1)

where the sum runs over representatives of k-isomorphism classes of smooth trigonal curves
of genus 5 over k.

Recall that a curve is called trigonal if it has a base point free g13. For trigonal curves of
genus 5 the dual linear system of the g13 is a g

2
5 . This gives a correspondence between trigonal

curves of genus 5 and projective plane quintics that have a singularity of delta invariant one
and no other singularities. Furthermore the g13 is unique so this correspondence is one-to-one.
(See [1, p. 207] for a proof of these well known facts.)

So in Eq. (1) it is equivalent to instead sum over representatives of k-isomorphism classes
of plane quintics that have a singularity of delta invariant one and no other singularities.
Because every automorphism of such a plane quintic C extends to a unique automorphism
of P2

k , Autk(C) is a subgroup of PGL3(k). So the automorphism group of C is the stabilizer
of C for the action of PGL3(k) on P

2
k . From the orbit-stabilizer theorem we obtain

∑

C/k

1

|Autk(C)| =
∑

C/k

1

|Stabk(C)| =
∑

C/k

|Orbk(C)|
|PGL3(k)| = |T (k)|

|PGL3(k)| . (2)

Here T (k) is the space of plane k-quintics with exactly one singularity, which has delta
invariant one. So in order to compute this sum it is sufficient to count plane quintics without
having to worry about their automorphism group.

The curves in T (k) can be separated into those which have an ordinary cusp and those
which have an ordinary node. When a node has both tangents defined over k we say it is a
split node. If the tangents form a conjugate pair it is a non-split node.
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Consider a curve in T (k) that has a split node. Since the curve has no other singularities,
the node must be defined over k. So we can apply a k-linear coordinate change that maps
the node to (0 : 0 : 1) and its tangents to {x = 0} and {y = 0}. This means that we can
count the number of curves in T (k) that have a split node by first counting those that have a
singularity at (0 : 0 : 1) with tangents {x = 0}, {y = 0}, and then divide by a suitable subset
of PGL3(k). We introduce some notation for this.

Notation 3.1 We write P for the fixed point (0 : 0 : 1) ∈ P
2
k .

Notation 3.2 We write C ∼= P
20
k for the space of plane quintics.

Definition 3.3 WedefineCsplit to be the subset ofC consisting of curves that have a singularity
at P of multiplicity two with tangents {x = 0} and {y = 0}. The subset Dsplit ⊂ Csplit by
definition consists of curves that have no singularities besides P.

Let Stabk(P, {x, y}) be the subgroup of PGL3(k) that fixes the set {xy = 0}. The subgroup
Stabk(P, {x, y}) is also the subgroup that fixes Dsplit , so we obtain

|{C ∈ T (k) | C has a split node}|
|PGL3(k)| = |Dsplit|

|Stabk(P, {x, y})| .

We now introduce similar notation for non-split nodes and cusps.

Definition 3.4 Let us fix an element α of k2 that is not in k. The set Cnon−split ⊂ C is given
by the curves that have a singularity at P of multiplicity two with tangents {x +αy = 0} and
{x + F(α)y = 0}. The set Ccusp ⊂ C consists of the curves that have a singularity at P of
multiplicity two with double tangent {y = 0} and nonzero coefficient for x3z2. The subsets
Dnon−split ⊂ Cnon−split and Dcusp ⊂ Ccusp are given by the curves that have no singularities
besides P.

Using (2) we obtain

|T5(k)| = |T (k)|
|PGL3(k)| = |Dsplit|

|Stabk(P, {x, y})|
+ |Dnon−split|

|Stabk(P, {x + αy, x + F(α)y})| + |Dcusp|
|Stabk(P, {y})| . (3)

We now compute the number of elements of the three stabilizer subgroups in Eq. (3) of
PGL3(k). The matrices that fix P , {x = 0} and {y = 0} have the form

⎛

⎝
a 0 0
0 b 0
c d 1

⎞

⎠

where ab 
= 0. There are q2(q−1)2 suchmatrices.We can also permute the tangents {x = 0}
and {y = 0} which adds a factor 2, so

|Stabk(P, {x, y})| = 2q2(q − 1)2. (4)

If char(k) 
= 2 then the field k has a quadratic nonresidue r and we can take α such that
α2 = r . The matrices that fix P , {x + αy = 0} and {x + F(α)y = 0} have the form

⎛

⎝
a rb 0
b a 0
c d 1

⎞

⎠ if char(k) 
= 2,

⎛

⎜
⎝

a α·F(α)·(a+b)
α+F(α)

0
a+b

α+F(α)
b 0

c d 1

⎞

⎟
⎠ if char(k) = 2
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where a 
= 0 or b 
= 0. In either case we obtain q2(q2 − 1) matrices. Permuting the tangents
adds a factor 2, so

|Stabk(P, {x + αy, x + F(α)y})| = 2(q4 − q2). (5)

The matrices that fix P and {y = 0} have the form
⎛

⎝
a b 0
0 c 0
d e 1

⎞

⎠

where ac 
= 0. So we obtain

|Stabk(P, {y})| = q3(q − 1)2. (6)

4 The partial sievemethod

We will compute |Dsplit|, |Dnon−split| and |Ccusp| using a sieve method. We give full details
for the case of |Dsplit|, the other two cases are similar.

Definition 4.1 Let C′ be a subset of C and let S ⊂ P
2(k̄) be a set of points. We define C′(S)

to be the subset of C′ consisting of those curves that have singularities at the points in S.

The idea of the sieve principle is to compute |Csplit| and then sieve it by adding or sub-
tracting |Csplit(S)| for various S ⊂ P(k̄) − {P}. The amount we add or subtract is chosen in
such a way that in the end all curves with singularities other than P have been subtracted
exactly once from |Csplit|.

This sieve will not terminate because there are curves that have infinitely many singular-
ities, i.e. those with irreducible components of higher multiplicity. So we choose a positive
integer N and only compute the sieve for sets of points S such that |S| < N .

For any k-curve the conjugates of its singular points are singular as well. So it is enough
to consider those S that consist of λ-tuples of points for some λ. We define

Ssplit,N :=
∑

|λ|≤N

⎛

⎝(−1)
∑

i λi ·
∑

S∈(P2−{P})(λ)

|Csplit(S)|
⎞

⎠ . (7)

(The sum includes the empty partition, which accounts for |Csplit|.) Now all curves that have
at most N singularities besides P have been subtracted exactly once.We then have to account
for the rest of the curves. If a curve has a λ-tuple of singularities besides P, then to ensure it
has been subtracted once in total we need to add it σN (λ) times, where

σN (λ) := −
∑

μ⊆λ
|μ|≤N

(−1)
∑

i μi

v∏

i=1

(
λi

μi

)

.

Definition 4.2 Let C′ ⊂ C and let λ be a partition. Here we allow for λ to be an infinite
partition [1λ1 , . . . , iλi , . . .]. We defineC′(λ) to be the subset ofC′ consisting of those curves
whose singularities form precisely a λ-tuple of points. We define C′(P, λ) to be the subset
of C′ consisting of those curves whose singularities besides P form precisely a λ-tuple of
points.
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We have

|Dsplit| = Ssplit,N +
∑

|λ|>N

|Csplit(P, λ)| · σN (λ).

(Note that this sum is well defined as there are only finitely many λ for which Csplit(P, λ) is
non-empty.)

Definition 4.3 Let C be a projective plane curve. We define δ1k (C) to be the number of
singularities over k on C of delta invariant one.

Let [λ, 11] be the partition μ where μ1 = λ1 + 1 and μi = λi for i > 1. Since
Stabk(P, {x, y}) is the group that fixes Csplit(P, λ), we have

|Csplit(P, λ)|
|Stabk(P, {x, y})| = 1

|PGL3(k)|
∑

C∈C([λ,11])
|{ord. split nodes over k on C}|.

Now Eqs. (3), (4), (5) and (6) give us

|T5(k)| = Ssplit,N
2q2(q − 1)2

+ Snon−split,N

2(q4 − q2)
+ Scusp,N

q3(q − 1)2

+ 1

|PGL3(k)|
∑

|λ|>N

∑

C∈C([λ,11])
δ1k (C) · σN (λ). (8)

The choice of N is made by considering the difficulty of the first three summands of this
equation versus the difficulty of the last one. The former is harder for high N , the latter is
harder for low N . We choose N to be 5.

5 The case of at most five extra singularities

In this section we will compute Ssplit,5, Snon−split,5 and Scusp,5. We start with Ssplit,5.
To find Ssplit,5 we have to compute |Csplit(S)| for all S ∈ (P2 − {P})(λ) with |λ| ≤ 5.

The space Csplit(S) can be described by applying 3 · |S| linear conditions to Csplit(∅) ∼= A
15
k .

Because S is a λ-tuple of points, all linear conditions can be expressed using coefficients over
k. The dimension of Csplit(S) as a k-vector space is therefore the same as its dimension as
a k̄-vector space. So applying a k̄-linear transformation to S does not change the dimension
over k of Csplit(S). This means we can split up the right hand side of Eq. (7) for different
types of configurations of points.

For considerations of space we have not written all the conditions for some of the config-
urations in the following Lemma. What the conditions are is clear from the fact that all cases
are disjoint.

Lemma 5.1 The spacesCsplit(S) for all S ∈ (P2 −{P})(λ) with |λ| ≤ 5 are given as follows.
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Configuration of S ∪ {P} Csplit(S)

P and at least two more points on a line that is not a tangent line of P ∅
P and at least four more points on a line ∅
Five points in S on a line A

4
k

Four points in S on a line A
17−3·|S|
k

P and three points on a line and P and two points on another line A
4
k

P and two more points on a line, three other points on another line A
2
k

P and two more points, one of those two and three other points on another line A
3
k

P and two points on a line, P and two points on another line A
17−3·|S|
k

P and three more points on a line A
18−3·|S|
k

P and two more points on a line A
16−3·|S|
k

Six points on an irreducible conic A
3
k

General position A
15−3·|S|
k

Proof. The first two configurations contradict the condition that there is an ordinary node at
P. We write the details only for one other case. (The rest is proved in a similar way.)

Let S = {p1, . . . , p5} such that that p1, p2,P are on a line and p2, p3, p4, p5 are on
another line. Any curve in Csplit(S) must have the two lines as components. If the line
through P is not either {x = 0} or {y = 0} then Csplit(S) = ∅. Without loss of generality
we may assume the line to be {y = 0}. Now Csplit(S) is isomorphic to the space of cubics
that pass through p1, p3, p4, p5 and have multiplicity one at P with tangent {x = 0}. If these
conditions are independent thenCsplit(S) ∼= A

3
k .We apply a k̄-linear transformation that keeps

P fixed and maps the points in S to (1 : 0 : 0), (0 : 1 : 0), (1 : 1 : 0), (1 : α : 0), (1 : 0 : 1),
for some α 
= 0, 1. It is now easy to check that the conditions are independent.

Remark 5.2 The dimension of the general position case A15−3·|S|
k illustrates why N = 5 is a

natural choice.

The following definition will be helpful when counting how often |Csplit(S)| appears in
Eq. (7) for each type of configuration of S ∪ {P}.
Definition 5.3 For any scheme X defined over k and w ∈ Z≥0 we define

πw(X) :=
∑

|λ|=w

(−1)
∑

i λi · |X(λ)|.

From Proposition 3.7 in [11] we find that the inverse Hasse-Weil Zeta function generates
π . That is, if X is a scheme of finite type over k, we have

1

Z(X; t) =
∞∑

w=0

πw(X)tw.

Using the fact that Z(Pn; t) = 1
(1−t)(1−qt)···(1−qnt) and Z(Pn − {P}; t) = 1

(1−qt)···(1−qnt)
we deduce that

πw(Pn) = 0 for w ≥ n + 2,

πw(Pn − {P}) = 0 for w ≥ n + 1. (9)
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Lemma 5.4 The sieve count for split nodes is

Ssplit,5
2q2(q − 1)2

= 1

2
(q11 + q10).

Proof. We consider the contribution to Eq. (7) for N = 5 in the case where we have six points
on an irreducible conic. A conic is determined by any five of its points so by Lemma 5.1
the contribution is given by |A3

k | times the number of irreducible k-conics through P times
π5(P

2 − {P}). By (9) this contribution is zero.
Similarly for all other cases where the points are not in general position, there will be

a factor πn(P
1) with n ≥ 3 or πn(P

1 − {P}) with n ≥ 2. So we only need to count the
contribution of the general position case. To count howmany λ-tuples of points are in general
position we take all of (P2 − {P})(λ) and subtract the other cases. After multiplying by
(−1)

∑
i λi and summing over all λ of weight w, we obtain πw(P2 − {P}) minus terms that

come from the other cases. The latter all have a factor zero. We conclude that (7) can be
rewritten as

Ssplit,5 =
5∑

i=1

πi (P
2 − {P}) · q15−3i = q15 − q14 − q13 + q12.

Lemma 5.5 The sieve count for non-split nodes is

Snon−split,5

2(q4 − q2)
= 1

2
(q11 − q10).

Proof. Let λ be a partition such that |λ| ≤ 5. If S ∈ (P2 − {P})(λ) contains points on one of
the two tangent lines through P then it also has to contain the conjugate points on the other
tangent line. Because of this Cnon−split(S) is nonempty only in the following cases (as in
Lemma 5.1):

– Five points in S on a line,
– Four points in S on a line,
– P and two points on a line, P and two points on another line,
– Six points on an irreducible conic,
– General position.

In these cases we can apply a k̄-linear transformation and use the dimension count from
Lemma 5.1. The rest of the argument is very similar to the proof of Lemma 5.4 and we obtain
Ssplit,5 = Snon−split,5.

Lemma 5.6 The sieve count for cusps is

Scusp,5
q3(q − 1)2

= q10 − q8.

Proof. Besides the conditions on P and the double tangent line we have the extra condition
that the coefficient of x3z2 must be nonzero. Because of this the configurations described in
Lemma 5.1 are not sufficient. Let S ∈ (P2 − {P})(λ) for some partition λ with |λ| ≤ 5. A
configuration of points S ∪ {P} is no longer in general position when S contains two points
on {y = 0} or four points on an irreducible conic that has tangent {y = 0} at P. The line
{y = 0} or respectively the conic would have to be a component on any curve in Ccusp(S),
which contradicts having an ordinary cusp at P.

123



Geometriae Dedicata (2020) 208:31–48 39

The only configurations S ∪ {P} for which Ccusp(S) is nonempty are the general position
case and the case when there are four or five points on a line that does not pass through P.
For both cases we can compute the dimension of Ccusp(S) in the same way as in the proof
of Lemma 5.1. In all cases, except the general position case with |S| = 5, this can be done
independently from the coefficient of x3z2. So in these cases Ccusp(S) will be of the form
A
d − A

d−1. When we look at all the ways we could have a non-ordinary cusp and five
other singularities we see that the points will never be in general position. So for the general
position case with |S| = 5, the space Ccusp(S) is a point.

The rest of the argument is very similar to the proof of Lemma 5.4 and substituting terms
of the form qd with qd −qd−1 in the expression for Ssplit,5 gives us the expression for Scusp,5.

6 The case of more than five extra singularities

In this section we will compute the remaining part of the right hand side of (8) (for N = 5),
which is

1

|PGL3(k)|
∑

|λ|>5

∑

C∈C([λ,11])
δ1k (C) · σ5(λ). (10)

The contribution of a curve to this sum depends on δ1k (C) and on the fields its singularities
are defined over. This information is contained in the curve’s type.

Definition 6.1 We define the type of a projective plane k-quintic to be given by the following
information:

– The degree and multiplicity of all its irreducible components,
– The number of singularities of each irreducible component and their delta invariants,
– The number of points in which the subsets of irreducible components intersect,
– The fields over which the singularities and the irreducible components are defined.

We will compute the number of curves of each type where the singularities form a [λ, 11]-
tuple such that |λ| > 5, σ5(λ) 
= 0 and there is at least one singularity of delta invariant
one.

Lemma 6.2 If λ is an infinite partition such that there is a curve C ∈ C([λ, 11])with δ1k (C) 
=
0, then σ5(λ) = 0.

Proof. Because C has an singularity of delta invariant one, the double component of C can
only be a single double (or triple) k-line. Consider the singularities of C that are not on the
double line. Because the property of not being on the double line is preserved by taking
conjugates, these singularities form a partition η. Let ρ be the infinite partition such that ρi
is the number of conjugate i-tuples in P

1. Choosing a subpartition μ ⊆ λ is equivalent to
choosing a subpartition ν ⊆ η and a subpartition κ ⊆ ρ. Because these two choices are
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independent, we obtain:

σ5(λ) = −
∑

μ⊆λ
|μ|≤5

(−1)
∑

i μi
∏

i

(
λi

μi

)

= −
∑

ν⊆η
|ν|≤5

∑

κ⊆ρ
|κ|≤5−|ν|

(−1)
∑

i κi+∑
j ν j

∏

i

(
ρi

κi

) ∏

j

(
η j

ν j

)

= −
∑

ν⊆η
|ν|≤5

(−1)
∑

j ν j
∏

j

(
η j

ν j

) ∑

|κ|≤5−|ν|
(−1)

∑
i κi |P1(κ)|.

Since |ν| ≤ |η| ≤ 3, we can use (9) to deduce

∑

|κ|≤5−|ν|
(−1)

∑
i κi |P1(κ)| =

5−|ν|∑

i=0

πi (P
1) =

∞∑

i=0

πi (P
1) = 1

Z(P1; 1) = 0.

ByLemma 6.2we can assume that all curves inC([λ, 11]) have no irreducible components
of multiplicity larger than one.

The contribution of the different types of curves is described in the tables of the following
lemma. The first columns describe the fields over which the components and/or points are
defined. The column marked δ1k contains the number of singularities of delta invariant one.
The column marked |{C}| contains the number of curves of each type divided by |PGL3(k)|.
Lemma 6.3 The contributions to Eq. (10) of the different types of curves is as follows: (The
cases where σ5(λ) = 0 or δ1k = 0 are omitted.)
Curves consisting of five lines contribute:

Lines Points δ1k |{C}|

The lines are in general position
[15] [110] 10 1

120 (q − 2)(q − 3)

[13, 21] [14, 23] 4 1
12q(q − 1)

[12, 31] [11, 33] 1 1
6 (q + 1)q

Three lines intersect in the same point
[15] [18] 7 1

12 (q − 2)

[13, 21] [14, 22] 3 1
4q
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Curves consisting of a cubic and two lines contribute:

Lines Points δ1k |{C}|

A nonsingular cubic
[12] [17] 7 1

72 (q4 − 3q3 + 3q2 − 17q + 36)(q − 2)

[15, 21] 5 1
12 (q3 − q2 + q − 3)q(q − 2)

[13, 22] 3 1
8 (q2 − q + 2)(q + 1)q(q − 1)

[14, 31] 4 1
18 (q2 − q + 1)(q + 1)q(q − 2)

[11, 32] 1 1
18 (q3 − 2)(q + 1)q

[12, 21, 31] 2 1
6 (q2 − q + 1)(q + 1)q2

[21] [11, 23] 1 1
12 (q3 − q2 + 4)(q2 − 3)

[11, 21, 41] 1 1
4 (q + 1)q2(q − 1)2

[11, 61] 1 1
6 (q3 − q2 − 2)q2

A singular cubic
[12] [18] 8 1

72 (q − 2)(q − 3)(q − 4)(q − 5)

[16, 21] 6 1
12 q(q − 1)(q − 2)(q − 3)

[14, 22] 4 1
8 (q + 1)q(q − 1)(q − 2)

[15, 31] 5 1
18 (q + 1)q(q − 1)(q − 2)

[13, 21, 31] 3 1
6 (q + 1)q2(q − 1)

A singular cubic and one line is tangent to it

[12] [17] 6 1
6 (q − 2)(q − 3)(q − 4)

[15, 21] 4 1
2q(q − 1)(q − 2)

[14, 31] 3 1
3 (q + 1)q(q − 1)
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Curves consisting of a conic and three lines contribute:

Lines Points δ1k |{C}| for char(k) 
= 2 |{C}| for char(k) = 2

General position
[13] [19] 9 1

48 (q2 − 7q + 11)(q − 3) 1
48 (q − 2)(q − 4)2

[17, 21] 7 1
16 (q2 − 3q + 1)(q − 1) 1

16q(q − 2)2

[15, 22] 5 1
16 (q3 − 2q2 − 1) 1

16q
2(q − 2)

[13, 23] 3 1
48 (q2 − 3q + 1)(q − 1) 1

48q(q − 2)2

[11, 21] [13, 23] 3 1
8 (q2 − q − 1)(q − 1) 1

8q
2(q − 2)

[11, 24] 1 1
8 (q2 − q − 3)(q − 3) 1

8 (q2 − 2q − 4)(q − 2)

[13, 21, 41] 3 1
8 (q2 − q + 1)(q + 1) 1

8q
3

[11, 22, 41] 1 1
8 (q2 − q − 1)(q − 1) 1

8q
2(q − 2)

The three lines pass through one point
[13] [17] 6 1

48 (q − 3)2 1
48 (q − 2)(q − 4)

[15, 21] 4 1
16 (q − 1)2 1

16q(q − 2)

[13, 22] 2 1
16 (q − 1)2 1

16q(q − 2)

[11, 21] [13, 22] 2 1
8 (q2 − 2q − 1) 1

8q(q − 2)

[13, 41] 2 1
8 (q + 1)(q − 1) 1

8q
2

One of the lines is tangent to the conic
[13] [18] 7 1

8 (q − 3)2 1
8 (q − 2)(q − 4)

[16, 21] 5 1
4 (q − 1)2 1

4q(q − 2)

[14, 22] 3 1
8 (q − 1)2 1

8q(q − 2)
Two of the lines are tangent to the conic
[13] [17] 5 1

4 (q − 3) 1
4 (q − 2)

[15, 21] 3 1
4 (q − 1) 1

4q

[11, 21] [13, 22] 3 1
4 (q − 1) 1

4q

[11, 23] 1 1
4 (q − 3) 1

4 (q − 2)

Two of the lines intersect on the conic
[13] [17] 6 1

4 (q − 2)(q − 3) 1
4 (q − 2)(q − 3)

[15, 21] 4 1
4q(q − 1) 1

4q(q − 1)

[11, 21] [13, 22] 2 1
4q(q − 1) 1

4q(q − 1)
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Curves consisting of two conics and a line contribute:

Conic intersection Points δ1k |{C}| for char(k) 
= 2 |{C}| for char(k) = 2

General position and the conics are defined over k
[14] [18] 8 1

192 (q2 − 9q + 17)(q − 3)(q − 5) 1
192 (q − 2)(q − 4)(q − 5)(q − 6)

[16, 21] 6 1
96 (q2 − 5q + 3)(q − 1)(q − 3) 1

96q(q − 2)(q − 3)(q − 4)

[14, 22] 4 1
192 (q2 − q + 1)(q − 1)(q − 3) 1

192 q(q − 1)(q − 2)2

[12, 21] [16, 21] 6 1
32 (q2 − 3q + 1)(q − 1)(q − 3) 1

32q(q − 2)2(q − 3)

[14, 22] 4 1
16 (q3 − 2q2 − 1)(q − 1) 1

16q
2(q − 1)(q − 2)

[11, 31] [15, 31] 5 1
24 (q + 1)q(q − 1)(q − 2) 1

24q(q + 1)(q − 1)(q − 2)

[13, 21, 31] 3 1
12 q

2(q + 1)(q − 1) 1
12q

2(q + 1)(q − 1)

[11, 22, 31] 1 1
24 (q + 1)q(q − 1)(q − 2) 1

24q(q + 1)(q − 1)(q − 2)

[22] [14, 22] 4 1
64 (q3 − 2q2 − 2q − 1)(q − 3) 1

64q(q2 − 3q − 2)(q − 2)

[41] [14, 41] 4 1
32 (q2 − q − 1)(q + 1)(q − 1) 1

32q
2(q + 1)(q − 2)

General position and the conics form a conjugate pair
[14] [14, 22] 4 1

96 (q3 − 4q2 + 4q + 3)(q − 1) 1
96q(q − 1)(q − 2)2

[14, 41] 4 1
96 (q2 − 3q + 3)(q + 1)(q − 1) 1

96q
2(q − 1)(q − 2)

[11, 31] [11, 22, 31] 1 1
12 (q + 1)q(q − 1)(q − 2) 1

12 (q + 1)q(q − 1)(q − 2)

[11, 31, 41] 1 1
12 (q + 1)q2(q − 1) 1

12 (q + 1)q2(q − 1)

The line is tangent to one of the conics
[14] [17] 6 1

48 (q − 3)(q − 4)(q − 5) 1
48 (q − 2)(q − 4)(q − 6)

[15, 21] 4 1
48 (q − 1)(q − 2)(q − 3) 1

48q(q − 2)(q − 4)

[12, 21] [15, 21] 4 1
8 (q − 1)2(q − 2) 1

8q(q − 2)2

[13, 22] 2 1
8q(q − 1)2 1

8q
2(q − 2)

[11, 31] [14, 31] 3 1
6 (q + 1)q(q − 1) 1

6 (q + 1)q(q − 1)

[12, 21, 31] 1 1
6 (q + 1)q(q − 1) 1

6 (q + 1)q(q − 1)

[22] [13, 22] 2 1
16q(q − 1)(q − 3) 1

16q(q − 2)2

[41] [13, 41] 2 1
8 (q + 1)q(q − 1) 1

8q
3

The conics are defined over k and intersect in three points
[13] [17] 6 1

16 (q − 3)2(q − 5) 1
16 (q − 2)(q − 4)(q − 5)

[15, 21] 4 1
8 (q − 1)2(q − 3) 1

8q(q − 2)(q − 3)

[13, 22] 2 1
16 (q − 1)3 1

16q(q − 1)(q − 2)

[11, 21] [15, 21] 4 1
16 (q − 1)2(q − 3) 1

16q(q − 2)(q − 3)

[13, 22] 2 1
8 (q − 1)3 1

8q(q − 1)(q − 2)

The conics form a conjugate pair and intersect in three points
[11, 21] [13, 22] 2 1

8 (q2 − 2q − 1)(q − 1) 1
8q(q − 1)(q − 2)

[13, 41] 2 1
8 (q + 1)(q − 1)2 1

8q
2(q − 1)
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Curves consisting of a cubic and a conic contribute:

Points δ1k |{C}| for char(k) 
= 2 |{C}| for char(k) = 2

[17] 7 1
720 (q2 − 9q + 15)(q − 3)(q − 5)(q − 7) 1

720 (q − 2)(q − 4)2(q − 6)(q − 8)

[15, 21] 5 1
48 (q3 − 6q2 + 10q − 1)(q − 1)(q − 3) 1

48 (q − 2)3q(q − 4)

[13, 22] 3 1
16 (q2 − q − 1)(q + 1)(q − 1)(q − 3) 1

16 (q2 − 2q − 4)q2(q − 2)

[11, 23] 1 1
48 (q2 − q − 3)(q2 − 2q − 7)(q − 3) 1

48 (q2 − 2q − 4)(q + 2)(q − 2)(q − 4)

[14, 31] 4 1
18 (q2 − 3q + 3)(q + 1)q(q − 1) 1

18 (q + 1)q(q − 1)2(q − 2)

[11, 32] 1 1
18 (q2 + 2q + 3)q2(q − 2) 1

18 (q2 + 2q + 3)(q + 1)(q − 1)(q − 2)

[12, 21, 31] 2 1
6 (q2 − q − 1)(q + 1)q(q − 1) 1

6 (q + 1)2q(q − 1)(q − 2)

[13, 41] 3 1
8 (q2 − q + 1)(q + 1)2(q − 1) 1

8 (q2 − 2)q3

[11, 21, 41] 1 1
8 (q2 − q − 1)(q + 1)(q − 1)2 1

8 (q2 − 2)q2(q − 2)

[12, 51] 2 1
5 (q2 + 1)q2(q + 1) 1

5 (q2 + 1)(q + 1)2(q − 1)

[11, 61] 1 1
6 (q2 + q + 2)q2(q − 1) 1

6 (q2 + q + 2)(q + 1)(q − 1)2

Curves consisting of a quartic and a line contribute:

Sing. of quadric Points δ1k |{C}|

[13] [17] 7 1
144 (q − 2)(q − 3)2(q − 4)(q − 5)

[15, 21] 5 1
24q(q − 1)2(q − 2)(q − 3)

[13, 22] 3 1
48 (q + 1)q(q − 1)(q − 2)(q − 3)

[14, 31] 4 1
18 (q + 1)q2(q − 1)(q − 2)

[13, 41] 3 1
24 (q + 1)q2(q − 1)2

[11, 21] [15, 21] 5 1
48q(q − 1)(q − 2)(q − 3)2

[13, 22] 3 1
8 (q + 1)q(q − 1)2(q − 2)

[11, 23] 1 1
16 (q2 − q − 4)(q + 1)(q − 2)(q − 3)

[12, 21, 31] 2 1
6 (q + 1)q3(q − 1)

[11, 21, 41] 1 1
8 (q + 1)q2(q − 1)2

[31] [14, 31] 4 1
72 (q + 1)q(q − 1)(q − 2)(q − 3)

[12, 21, 31] 2 1
12 (q + 1)q2(q − 1)2

[11, 32] 1 1
9 (q3 − q − 3)(q + 1)q

Proof. We will illustrate the methods used to prove the lemma by showing the calculations
for a select few cases. The other cases are computed in similar ways. In all cases we have
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chosen all the points to be defined over k in order to simplify the notation. The computations
can easily be adapted to points over field extensions.

Five k-lines in general position
First we take two k-points and then through each of these points a pair of k-lines such that

none of the lines pass through both points. This can be done in
(q2+q+1

2

)(q
2

)2 ways. The four
lines have six intersection points. Take as the fifth line any line over k that does not pass
through any of these points. There are (q − 2)(q − 3) such lines. We can end up with the
same five lines if we start with another choice of two of the intersection points such that none
of the five lines passes through both points. There are 15 such choices, so we obtain

1

|PGL3(k)| · 1

15

(
q2 + q + 1

2

)(
q

2

)2

(q − 2)(q − 3) = 1

120
(q − 2)(q − 3).

A singular cubic and two k-lines
Take a k-point P and two k-lines not passing through P . Then choose three k-points on each
line, such that no two of these six points are on a line through P and none of the points is the
intersection of the two lines. There is precisely one irreducible cubic through the six points
that has a singularity at P of delta invariant one. We obtain

1

|PGL3(k)|
(
q2 + q + 1

2

)

(q2 − q)

(
q

3

)(
q − 3

3

)

= 1

72
(q − 2)(q − 3)(q − 4)(q − 5).

A nonsingular cubic and two k-lines
Take two k-lines L, L ′ and three k-points on each line that are not the intersection point.
There is a P

3 of cubics through the six points. From this we subtract the reducible cubics
through the six points. We get a reducible cubic by taking any k-line together with the lines
L, L ′. Or we can take a line through two of the points and an irreducible conic through the
other four points. Finally we can take three lines connecting the six points such that none of
the lines is L or L ′.

We also subtract the singular irreducible cubics we counted above. This gives us

1

|PGL3(k)|
(
q2 + q + 1

2

)(
q

3

)2 (|P3| − |P2| − 9(q − 2) − 6
)

− 1

72
(q − 2)(q − 3)(q − 4)(q − 5) = 1

72
(q4 − 3q3 + 3q2 − 17q + 36)(q − 2).

One conic and three k-lines with two of the lines tangent to the conic
The plane conics form a P5 and every reducible k-conic is either a pair of different k-lines,
a conjugate pair of lines or a double k-line. So the number of irreducible plane conics over
k is given by

q6 − 1

q − 1
−

(
q2 + q + 1

2

)

− 1

2
(q4 − q) − (q2 + q + 1) = (q2 + q + 1)q2(q − 1).

Pick two k-points A, B on the conic and take the tangent lines at these points, they meet in a
point P . Choose two more k-points on the conic and take the line through them. We need to
subtract the case where P is on all three lines. If char(k) 
= 2 then the lines through A and B
are the only lines through P that are tangent to the conic. There are q − 1 other k-points on
the conic that each determine a line through P . Each line is selected twice this way, so we
obtain

1

|PGL3(k)| · (q2 + q + 1)q2(q − 1)

(
q + 1

2

) ((
q − 1

2

)

− q − 1

2

)

= 1

4
(q − 3).
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If char(k) = 2 then all lines through P are tangent to the conic, so we obtain

1

|PGL3(k)| · (q2 + q + 1)q2(q − 1)

(
q + 1

2

)(
q − 1

2

)

= 1

4
(q − 2).

Two k-conics and one line in general position

This is themost complicated case. Assume that char(k) 
= 2. There are 1
6

(q2+q+1
2

)
(q4−2q3+

q2) ways to pick four k-points P1, P2, P3, P4 such that there are no three on a line. We write
P for the pencil of conics through P1, P2, P3, P4. There are six lines through P1, P2, P3, P4
and these lines intersect in seven k-points. Let Q1, Q2, Q3 denote the other three intersection
points.

Let L be any line such that none of P1, P2, P3, P4 is on L . We have a degree two map
P
1 → P

1 that sends a point R on L to the conic in P through R. By Hurwitz’s theorem
there are two branch points. We call these two conics the tangent conics to L . There are three
k-lines passing through two of Q1, Q2, Q3. Let L be one such line. Both tangent conics for
L are reducible and each one intersects L in one of the Qi . There are q − 1 other k-points
on L so there are q−1

2 conics in P(k) that intersect L in two k-points. Exactly one of these

conics is reducible so we have q−3
2 irreducible conics.

There are 3(q − 3) k-lines passing through precisely one of Q1, Q2, Q3 and not through
any of P1, P2, P3, P4. Let L be such a line. One of the tangent conics for L intersects L in
the Qi point so the other tangent conic for L is also defined over k. There are q−5

2 irreducible
conics in P(k) that intersect L in two k-points.

There are q − 2 irreducible conics in P(k) that each have q − 3 k-points besides
P1, P2, P3, P4. This means we have

1

2
((q − 2)(q − 3) − 3(q − 3)) = 1

2
(q − 5)(q − 3)

k-lines that have two irreducible tangent conics over k. For every such line there are q−7
2

irreducible conics in P(k) that intersect it in two k-points.
There are (q − 3)2 k-lines not passing through any of P1, P2, P3, P4, Q1, Q2, Q3. So

there are

(q − 3)2 − 1

2
(q − 5)(q − 3) = 1

2
(q − 3)(q − 1)

k-lines that have a conjugate pair of irreducible tangent conics. For every such line there are
q−5
2 irreducible conics in P(k) that intersect it in two k-points.
Putting everything together gives us

1

|PGL3(k)|
1

6

(
q2 + q + 1

2

)

(q4 − 2q3 + q2)

(

3

( q−3
2
2

)

+ 3(q − 3)

( q−5
2
2

)

+1

2
(q − 3)(q − 5)

( q−7
2
2

)

+ 1

2
(q − 1)(q − 3)

( q−5
2
2

))

= 1

192
(q2 − 9q + 17)(q − 3)(q − 5).

Now for the case where char(k) = 2: Choose P1, P2, P3, P4 and define P and Q1, Q2, Q3

as before. There is one line through Q1, Q2, Q3 and it intersects every conic in P in one
point. For any other line not through any of P1, P2, P3, P4 there is precisely one conic in P
that intersects it in one point.
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There are 3(q − 2) k-lines through one of Q1, Q2, Q3 and not through any of
P1, P2, P3, P4. For any such line there are q−4

2 irreducible conics in P(k) that intersect

it in two k-points.
There are (q − 2)(q − 4) k-lines not through any of P1, P2, P3, P4, Q1, Q2, Q3. For any

such line there are q−6
2 irreducible conics in P(k) that intersect it in two k-points.

Putting these two cases together we obtain

1

|PGL3(k)|
1

6

(
q2 + q + 1

2

)

(q4 − 2q3 + q2)

(

3(q − 2)

( q−4
2
2

)

+ (q − 2)(q − 4)

( q−6
2
2

))

= 1

192
(q − 2)(q − 4)(q − 5)(q − 6).

By putting together the information collected in Lemma 6.3 we deduce:

Lemma 6.4

1

|PGL3(k)|
∑

|λ|>5

∑

C∈C([λ,11])
δ1k (C) · σ5(λ) = 1

Proof. By Lemma 6.2 the types of curves that contribute to this sum are all listed in
Lemma 6.3. We compute the following sum over the rows of the tables, where we con-
sider each type of curve to have a [λ, 11]-tuple of singular points. For all characteristics we
obtain the same result

∑
σ5(λ) · δ1k (C) · |{C}| = 1.

7 Combining results and verification

Applying Lemmas 5.4, 5.5, 5.6 and 6.4 to Eq. (8) we obtain

|T5(k)| = 1

2
(q11 + q10) + 1

2
(q11 − q10) + q10 − q8 + 1,

which proves Theorem 1.
As an extra check we have written computer programs that loop over all plane quintics

over F2 and F3 that have an ordinary split node/non-split node/cusp with fixed tangents at P.
For each curve we test for all points besides P whether they are singular or not. This way we
managed to count

|Csplit(P, λ)|, |Cnon−split(P, λ)| and |Ccusp(P, λ)| (11)

for all partitions λ. From the results for the empty partition we can now easily compute
|T5(F2)| and |T5(F3)|. As an extra check the programs use the information from (11) to
count

∑

|λ|=w

⎛

⎝(−1)
∑

i λi ·
∑

S∈(P2−{P})(λ)

|Csplit(S)|
⎞

⎠
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for all 0 ≤ w ≤ 5 and
∑

|λ|=w

|Csplit(P, λ)| · σN (λ)

for all 6 ≤ w ≤ 9. The results of these computer counts agree with the counts in this article.
The programs are written in the C programming language and the source code is available at
github.com/Wennink/countingtrigonalcurves, together with lists of the results for (11) and a
comparison with results from this article.
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