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Abstract We prove that a sufficient condition ensuring that the mean curvature flow com-
mutes with a Riemannian submersion is that the submersion has minimal fibers. We then lift
some results taken from the literature (i.e., Andrews and Baker in J Differ Geom 85:357-395,
2010; Baker in The mean curvature flow of submanifolds of high codimension, 2011; Huisken
in J Differ Geom 20:237-266, 1984; Math Z 195:205-219, 1987; Pipoli and Sinestrari in
Mean curvature flow of pinched submanifolds of CP") to create new examples of evolution
by mean curvature flow. In particular we consider the evolution of pinched submanifolds
of the sphere, of the complex projective space, of the Heisenberg group and of the tangent
sphere bundle equipped with the Sasaki metric.
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1 Introduction

Let Fip : M — W, g) be a smooth immersion of an m-dimensional manifold into a
Riemannian manifold M of dimension m + k, called ambient space. We denote by A the
second fundamental form and by H the mean curvature vector associated with the immersion.
The evolution of My = Fy(M) by mean curvature flow is the one-parameter family of
immersions F : M x [0, Tjpax[ > M satisfying

9
—F tY=H t>0
[Bt (p.1) ., pPeEM, t>0, (L)

F(-,0) = Fp.
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It is well known that if My is closed, then this problem has a uniquely defined smooth
solution up to some maximal time T, < 0o. We frequently identify the immersion F(., t)
with the immersed submanifold M; = F(M, 1).

Let (M, gaq) and (BB, gg) be two Riemannian manifolds of dimension m and b respec-
tively. A Riemannian submersion is a smooth map = : M — B satisfying the following
axioms S1 and S2.

S1) 7 has maximal rank;

For every p € M, w~!(p) is a submanifold of M called the fiber over p. A vector field on
M is called vertical if it is always tangent to fibers, horizontal if always orthogonal to fibers.
The second axiom is

S2) for every X, Y horizontal vectors we have

M is called the rotal space of the submersion and B is called the base. Axiom S1 implies
that m > b and so the dimension of the fibers is . = m — b. Axiom S2 says that 77 preserves
lengths of horizontal vectors.

The first theorem proved in this paper explores the symmetries of the mean curvature
flow and gives a sufficient condition ensuring that this flow commutes with a submersion.
We consider submersions defined by the action of a group of isometries. Let G be a Lie
group acting as isometries of a Riemannian manifold (M, gx7)- Suppose that the quotient
space, obtained by identifying the points of an orbit of the action of G, is a smooth manifold
B = M/ G, and consider the induced metric gp onit. The natural projection 7 : M — Bisa
Riemannian submersion with fibers the orbits of G. If the action of G is free we have the well-
known principal bundles. In this case the fibers of 7 are isometric to the group G. The best
known examples of such submersions are probably the Hopf fibrations: 7y : S?*! — CP"
and 7y : S35 HP.

Lifting a submanifold of B we have a G-invariant submanifold of M vice versa, projecting
a G-invariant submanifold of M we get a submanifold of . We want to study how the mean
curvature flow is related to a submersion.

Theorem 1.1 Let 7 : M — B = M/G be a Riemannian submersion. If & has closed and
minimal fibers then the mean curvature flow of any closed submanifold commutes with the
submersion. More precisely, let Mg be a G-invariant submanifold of M and By = 7 (M);
therefore the mean curvature flow of Mo and By are defined up to the same maximal time
Tnax and T (M;) = By for any time 0 <t < Tpqy.

Note that closedness of fibers and of the initial immersions guarantees the uniqueness of the
solution of mean curvature flow of the submanifold B and its lift. The mean curvature flow
in manifolds with symmetries has been studied by several authors, for example Pacini in [14]
considered the evolution of the orbits of a group of isometries. The proof of Theorem 1.1 is
based on the fundamental equations for submersions which are derived in the classical paper
by O’Neill [13]. Although similar computations already appear in the previous literature on
geometric flows, see in particular the paper [16], it seems to us that this result has never
been explicitly observed before. The main part of this paper is devoted to the applications to
specific examples, where we obtain new convergence results for the mean curvature flow by
lifting the known theorems for the base manifold to the ambient space.

For example consider the main theorem of [15]: it concerns evolution by mean curvature
flow of pinched submanifolds of CP". Lifting this result with Theorem 1.1 applied to the
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Hopf fibration 7 : $*"*! — CP”, we have the following new examples of evolution of
pinched hypersurfaces of the sphere.

Proposition 1.2 Let Mg be a closed S'-invariant hypersurface of S**+1(c), the sphere of
constant sectional curvature ¢ > 0 with n > 3. If M satisfies

AP < |H|? + 4c, (1.2)

2n —2
then the mean curvature flow of M develops a singularity in finite time and converges to a
S!, therefore such an My is diffeomorphic to a S' x S~

It is interesting to compare this statement with the classical result by Huisken in [9]. The
pinching inequality (1.2) is weaker than the one required in [9], but we have the further
assumption about the S!-invariance. In fact, we find neither of the two possibilities described
by Huisken, i.e. the convergence to a round point in finite time or the convergence to a
totally geodesic submanifold in infinite time. Let us also recall the paper [12] by Nguyen,
who considered the same pinching condition (1.2) together with positive mean curvature,
and proved that the flow develops a cylindrical singularity. Our results is similar, but our
assumption of S'-invariance allows to give a more complete description by describing the
global behavior of the evolution and not only around a singularity.

Another result of [15] regards the evolution of pinched hypersurfaces of HP". Applying
Theorem 1.1 to the Hopf fibration 77 : S*+3 — HP" we get

Proposition 1.3 Let Mg be a closed S3-invariant hypersurface of S*"73(c), with n > 3. If
M satisfies

1
|A|2 < m |H|2 + 8C,

then the mean curvature flow of M develops a singularity in finite time and converges to
an S3, then such an My is diffeomorphic to an S3 x S*~1.

Note that S! is a subgroup of S3, then if a submanifold of S*'*3 is S3-invariant, we can
project it both to CP?"*! and HP". Putting together Propositions 1.2 and 1.3 we obtain a
negative result.

Corollary 1.4 There are no closed S*-invariant hypersurfaces of S**+3(c) such that
1
JA? < — [H|* + 4c.
4n

Propositions 1.2 and 1.3 just discussed are proved in a more general setting: we deform
the metric of the sphere using the canonical variations of the Hopf fibrations. After that some
other examples are described. Lifting the main result of [ 15] in the case of higher codimension,
we get Proposition 4.2. It concerns S!-invariant pinched submanifolds of higher codimension
of the sphere. We find the alternative between the convergence in finite time to an S! and the
convergence in infinite time to a totally geodesic submanifold, which is an S for some m.
In particular the second case can occur only if the dimension of the evolving submanifold
is even. This result generalizes the one of Baker [2]. Starting again from [15] we can prove
Proposition 4.4. It is about pinched hypersurfaces of the complex projective space and extends
[15] itself. The ambient space is the Heisenberg group in Propositions 4.5 and 4.6, which
are derived from the results of mean curvature flow in the Euclidean space, i.e. [1,8]. Finally
in Proposition 4.8 we study submanifolds of the tangent sphere bundle of the round sphere
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equipped with the Sasaki metric and prove the alternative between the convergence in finite
time to an orbit and the convergence in infinite time to a minimal, but not totally geodesic,
limit. This result is obtained by lifting the classical result of Huisken [9] regarding pinched
hypersurfaces of the sphere and its generalization [2] to arbitrary codimension.

The paper is organized as follows. In Sect. 2 we recall some notation and preliminary
results, in particular we compute the relationships between the second fundamental forms of
a submanifold and its lift through a Riemannian submersion. In Sect. 3 first we show that the
invariance of a submanifold with respect to a group of isometries of the ambient manifold is
preserved by the mean curvature flow, then Theorem 1.1 is proved. In Sect. 4 we have the
applications of Theorem 1.1, i.e. Propositions 1.2, 1.3,4.2,4.4, 4.5,4.6 and 4.8 are proved.

2 Preliminaries

In this section we recall some basic notions and fix some notations used throughout this paper.
Consider F : M — (M, g) a smooth immersion of an m-dimensional differential manifold
M into a Riemannian manifold M of dimension m + k. Unless stated otherwise, geometric
quantities of the submanifolds are indicated in the usual way, while for the ambient manifold
we use a line over the common symbol. Moreover, Latin letters i, j, k, . . . are related to 7, M,
the tangent space to M at x, and Greek letters «, 8, v, ... to the normal space N, M. Fix
(x1, ..., xp) alocal coordinate system around a point x € M. The local expression of g is

oF BF)

gij(x) = 8F(x) (g, g
i J

Let V be the Levi-Civita connection of (M, ). The second fundamental form A of the
immersion F is defined for every X, Y tangent vectors of M by

AKX, Y) = (VxY)",

where L denotes the component normal to M.
Let (&1, ..., &) be an orthonormal frame of N, M: the second fundamental form can be
written

A:ha®$ota

where the h* = (hf‘j) are symmetric (0, 2)-tensors. Here and in the following, if there are
no explicit signs of sum, we use Einstein notation, that is we sum over repeated indices. The
metric induces a natural isomorphism between tangent and cotangent space. In coordinates,
this is expressed in terms of raising/lowering indices by means of the matrices g;; and g,
where g% is the inverse of g; j- The scalar product on the tangent space extends to any tensor
bundle, by contracting any pair of lower and upper indices with g;; and g'/ respectively. This
also allows us to define the norm of any tensor 7. A function that we use very often is the
norm of the second fundamental form

AP =3 |n*[?

o

The trace with respect to the metric g of the second fundamental form is the mean curvature
vector H:

H=1trA =trh%, = gijhf?fjea.
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Itis independent of the orientation and it is well defined globally even if M is non-orientable.
Note that some authors define the mean curvature as the trace of A over m; of course this
makes no substantial difference in the analysis.

What follows is taken from the classical O’Neill’s paper [13]; many other interesting
results about Riemannian submersions can be found in chapter 9 of [3] and in the extensive
monograph [6]. Let & : (M, gaq) — (B, gB) be a Riemannian submersion. If not specified
otherwise, we use the same symbols for geometric quantities of M and B. It will be clear from
the context which manifold we are in. The same quantities of the fibers are distinguished by
the superscript ~. The vertical distribution ¥ is the distribution of vertical vector fields, that
is, ¥ = ker m,. Its orthogonal complement with respect to g a4 is the horizontal distribution
. We denote with the same symbols 7 and ¥ the projections of the tangent space of M
to the subspaces of horizontal and vertical vectors, respectively. Then every X tangent to M
can be decomposed in a unique way into the sum of a horizontal and a vertical vector:

X=xXX+7X.

Ahorizontal vector field X’ is called basic if there exists a vector field X on Bsuchthat 7, X' =
X: in this case X and X’ are said to be m-related. There is a one-to-one correspondence
between basic vector fields on M and arbitrary vector fields on B: every basic vector field
gives a vector field on BB by definition, while every X tangent to 13 has a unique horizontal lift
X7 to M characterized by 7, X”¢ = X. Submersions are ruled by two tensors. For every
X and Y tangent to M we define

IxY = ANyx(VY)+ V' VNyx(HY);

AxY = V' Vpx (YY) + NV 5o x (VY).
Note that if X and Y are tangent to fibers, i.e. vertical, then 7x Y = A(X, Y), where A is the
second fundamental form of the fibers as submanifolds of M. We have that 7 = 0 if and
only if each fiber is totally geodesic, while A = 0 if and only if . is integrable.

Since we deal with the mean curvature flow we want to understand how a submanifold of

B is related to its lift to M: let 7 : (M, Ly vilad (B, gp) be a Riemannian submersion, and
F : B — B an immersion. 7 ~!(F(B)) is a submanifold of M of the same codimension of
F(B). Formally there is a manifold M, an immersion F’ : M — M and a submersion that
we indicate again with 7, such that the following diagrams commute:

M5 B
F' 1 +F
M5 B
We want to understand the link between A, the second fundamental form of F, and A’,
the second fundamental form of F’. Our main tool are the following formulas by O’Neill.
Lemma 2.1 [13] For any tangent vector fields on B X and Y we have
D [X, Y =[x Y],
'jf —
2) (VxY)" = (VynY?).
Lemma 2.2 [13] Let X and Y be horizontal vector fields and V and W vertical vector fields.
Then

1) Yvw :Tvl’V-i-@Vw;
2) Vy X =#VyX+TyX;
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3) VxV = AxV +7VxV;
4) VxY = #VxY + AxY.

Note that, by construction, M = F’(M) is tangent to the fibers, then any vector normal
to M is necessarily horizontal. From Lemma 2.1 and Gauss equation we have that for any
X and Y tangent to M

Ve Y = (Vyw YO)+ 7 (Vyn Y7)
= (Vx¥)” + ¥ (Vyn Y7) @1
= (Vx + (AX, YN + 7 (Ve Y).

By definition A"(X7, Y7*) = (Vyr Y”)l (the component normal to M), thus it is a
horizontal vector field. By (2.1) we have

A Y7y = ((VXY)%”)L + (. Y))”)L .

The vector field (VxY )7 is the lift of a vector field tangent to I3, and so it is tangent to M.
In the same way (A(X, Y))?¢ is normal to M. Hence we have

AX7,Y7%) = (AKX, V) . (2.2)

Now consider two vertical vector fields V and W. They are tangent to M by construction.
A’(V, W) is normal to M and so it is a horizontal vector field. By Lemma 2.2 we have

AWV, W)= (VyW)" = (VW) = (TwW)t = Aw, wyt.  @23)

Lemma 2.2 does not say anything about the mixed terms A’(X, V) with X horizontal and
V vertical: they strongly depend on the specific submersion considered as we will see in the
examples of Sect. 4.

Notation 2.3 For any submersion 7 considered below (X1, ..., X,y) denotes a local ortho-
normal frame tangent to a submanifold of the base space around a point p and (Vy, ..., Vy)
is a local orthonormal set of vertical vector fields. Then around any point g of the fiber
7~ (p) we use the orthonormal basis (X‘]%j, e Xff, Vi, ... V) tangent to the lift of the
submanifold. Moreover (&1, ..., &) is a local orthonormal frame normal to a submanifold
of the base, hence (& i}f s S,;%O ) is a local orthonormal frame normal to the lift of the
submanifold considered.

Summarizing what we have found, we have

A hif ‘mixed terms 04
"\ mixed terms‘ hl# 2:4)

where h;; = A(X;, X;) and h;j = A(V;, V).

Starting from a fixed Riemannian submersion  : (M, gaq) — (B, gr) thereis a standard
way to deform the metric gaq to obtain another Riemannian submersion. The canonical
variation of g o4 is the family of metrics {g) },..o on M such that

W, V)y=xgmWU,V) iU, VeV,
aX,Y)=gm(U, V) ifX,Y e,
&, X)=0 ifUe¥, Xeit.
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Obviously g1 = gaq. For any A > 0, g, makes 7w a Riemannian submersion with the same
horizontal and vertical distributions and the same fibers. Let V* be the Levi—Civita connection
of the metric g, . A straightforward computation gives:

V(VEV) =V (VyV), A (V5V)=r2 (VV),
ViU = ViU, ViX =V} X, VyY =V}Y, 2.5)

for every U,V € ¥ and X,Y € . It follows that 7 : (M, gm = g1) — (B, gB)
has minimal (resp. totally geodesic) fibers if and only if # : (M, g,) — (B, gB) has
minimal (resp. totally geodesic) fibers for every A > 0. Moreover let (Vi,...V;) be a
local gaq-orthonormal set of vertical vectors: then for any A > 0 (A’% Vi, ... A’% Vi) is
gx-orthonormal. Using (2.5), it is easy to see that, with respect to this basis, the Eq. (2.4)
becomes

, hif ‘)ﬁ% mixed terms
Ay = —T— = . (2.6)
A7 2 mixed terms‘ h; ;

3 Symmetries of the mean curvature flow
In this section we prove Theorem 1.1.

Lemma 3.1 Let Fy : M — M be a closed immersion and ¢ an isometry of M: then ¢
commutes with the mean curvature flow. Formally if Go = ¢ o Fy and F; and G, are the
evolutions of Fy and G respectively, we have that G; = ¢ o F; for any time t for which the
flow is defined.

Proof Since ¢ is an isometry we have

J
o @e Fo(p.) = o HE (p, 1)y = HF (p, 1),

where HY is the mean curvature vector of i for any immersion . Then ¢ o F; is a solution
of the mean curvature flow of initial data ¢ o Fy = G¢. Due to the uniqueness of the solution
we have the thesis. O

It follows immediately that

Corollary 3.2 Let Fy and ¢ be defined as in Lemma 3.1 and let G be a group of isometries
of M. We have

1) if Fo is @-invariant, then F; is @-invariant for any t,
2) if Fy is G-invariant then F; is G-invariant for every time t.

Proof of Theorem 1.1. Let Fy : B — B and Fj: M — M two immersions for By and
M respectively. By hypothesis we have that F{] is G-invariant and 7 o F; = Fy o w. The
crucial point is that, since the fibers are minimal, we have that H’ is basic and is 7 -related
to H, where H is the mean curvature vector of any submanifold of 3, and H' is the mean
curvature vector of its lift to M. In fact H' is horizontal because it is normal to M. Using
the notation of (2.4) we have
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H =1rA' = ZA (X7 X7) + 2 AV v

= ZA(Xi, X7+ AW, Vit
i i

H 1
- (Z AX, Xl-)) + (Z AV, Vi))

=H” + H.

If the fibers are minimal we get H' = H”??, that is, H' and H are m-related. In particular
nH' = H holds. Now let F; be the evolutlon of Fy, F/ the lift of F;, F/ F/ the evolution of
Fj and F, the projection of F, F/,and let H, H', H' and H be the respective mean curvature
vectors. By construction we have that for any ¢

moF =Fom, 3.1
and F/ is G-invariant. Then in particular H’ is horizontal. Differentiating (3.1) we have

d ,_ 0 /
”*gFt = g(F,on):H:n*H.

el
Then — F] = H'+ V' for some vertical vector field V. Since F is G-invariant, V' is tangent

to F/(M’). Therefore
1
EF/ -y
ar ! ’

This means that, up to a tangential diffeomorphism, F; is the solution of the mean curvature
flow of initial data Fyj. Then F;(M) = F/(M) for every time . Vice versa,
0

D (From) =

0 -/ 0 -/ 7/
5 —(JTOFI)=71*—F[ =m.H'.

ot ot
Corollary 3.2 says that F; Fis G- invariant, like its initial data FO, therefore n*H " — H. Then
F, is the evolution of initial data Fy, that is, F,(B) F;(B) for any time ¢. O

Remark 3.3 1f the fibers are not closed we do not know if the solution of the mean curvature
flow of the lift is unique, but if they are minimal, the same proof given for Theorem 1.1 shows
that the lift of the mean curvature flow is, in any case, a G-invariant solution of the mean
curvature flow. In the same way the projection of a G-invariant solution is again an evolution
by mean curvature. Therefore if the projection of the initial data M is a closed submanifold
By then there exists only one G-invariant solution of initial data M.

4 Examples and applications

One of the best known examples of submersions is the family of the Hopf fibrations. Let K be
one either the field C or the associative algebra H and a be the real dimension of K. We denote
with S"(c) the n-dimensional sphere with the canonical metric of constant curvature ¢ > 0.
The action T : S*~1 (1) x "4~ 1(¢) — s"@+a=1(¢), (&, z) — Azis by isometries which act
transitively on the fiber. The Hopf fibrations are 7 : §"+4~1(¢) — KP" = sratae—1 /ge-1
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z +> [z], where [z] is the class of z under the action T. The Riemannian metric that we
consider on KP” is the one induced by the metric of srata=l(¢) such that = becomes a
Riemannian submersion. For K = C it is the well-known Fubini-Study metric.

Let us consider first the Hopf fibration 7z : $***! — CP". In this case V = Jv is the
vertical unit vector field, where J is the complex structure of C"*! and v is the outward
normal unit vector field of the sphere as a submanifold of R>*+2 = C"*+!. Let By be a
submanifold of CP" of dimension m and codimension k and M its lift to S***!. The fibers
S! are geodesics, hence of course minimal. For every i, J E)7 is tangent to the sphere and
horizontal. Define J (§;)” = —U; + N; where U; is the component tangent to M, while
N; is normal. We want to compute the mixed terms in (2.4) for this submersion. As shown
in [13], for every horizontal lift we have

Ay eV =J(X)7.
If X is tangent to By then A’ (X . V) is a horizontal vector field and, by Lemma 2.2 and

some trivial computation

A X7 vy =D g(x 7 Ung” .

Moreover since the fibers are geodesic curves, A'(V, V) = 0; together with (2.2), which
holds in general, we have

A =142+ 2> 1UilP.
i

The canonical variation of the Hopf fibration gives a family {g;}, - of metrics on S+

With respect to this metric, a unit vertical vector field is V, = A72Jv. With the same
computation seen above we have that

A =14 + 2272 > (Ui

1

Then, for any A > 0

AP < |A']* < AP + 20" 2 cod Mo = | A2 + 20" 2 cod By

holds. Obviously since H” and H are 7-related we have that |H ! }2 = |H|*in any case.

In the same way we can study the Hopf fibration 7 : S**+3 — HP". The fibers are S?
which are totally geodesic. Let Ji, J» and J3 be the complex structures of H'*! given by the
multiplication of the quaternionic imaginary units. Then (V| = Jyv, Vo = Jv, V3 = J3v)
is an orthonormal basis of ¥". Following the same notations and the same computations of
the previous case, we define for every i and o Ja%‘i’vf = —Ujy + Ny where U;, is tangent
to My, while N;, is normal. Moreover

Ay Vo = Jou (X))

and for every « and
Al (X‘%p, Va) =>2 (X‘}f, U;if) &7,
i
A'(Vy, Vg) = 0.
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Then we get

2
|A/|2=|A|2+ZZ’U{§ = AP +2> |Uial*.
i,a i,

The canonical variation of this Hopf fibration gives a second family {g; },.o of metric on
S*+3 . Similarly to the previous case we have

AP =1AP + 2272 > Uil

i,
Then for every A > 0
AP < |A']" < |APP + 612 cod Mo = |A]” + 617 % cod By.
From the application of Theorem 1.1 we obtain the following results:

Proposition 4.1 Let M be a closed S'-invariant hypersurface of (S¥'+1, g;), with n > 3.
If My satisfies

1

A']? < |H'[P 4242277, @.1)
2n —2

then the mean curvature flow of M develops a singularity in finite time and converges to

an'S', hence such an M is diffeomorphic to a S' x §?"~1.

Proof Since My is S! invariant we can project it with the Hopf fibration to a hypersurface
By of CP". For hypersurfaces we have necessarily {A/|2 = AP + 2)»‘%. Then By satisfies

1
AP < —— |H* +2.
AP < S IH +
By Theorem 1.1 of [15] the evolution of By converges in finite time to a round point p. By
Theorem 1.1 we have that the evolution of M converges in finite time to the lift of this
point, which is a fiber. O

Note that Proposition 1.2 is a particular case of Proposition 4.1 obtained with A = 1.
For higher codimension we have the following result.

Proposition 4.2 Consider M a closed S'-invariant submanifold of (S*'*', g,) of dimen-

sion m and codimension 2 < k < 2"5_ 3 satisfying the pinching condition

m —4 — 4k

— (4.2)

1
AP < — |HI* +
m—2
Then either

1) the evolution of Mg converges in finite time to an' S,

or

2) the evolution of M is defined for any time 0 < t < 00 and converges to a smooth
totally geodesic submanifold, which is an S*"~*+1,

If k is odd only case 1) can occur.
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Proof The proofis the same as that of the previous Proposition: it follows again from Theorem

1.1 of [15] and Theorem 1.1: using the inequality |A]2 < ’A"z we have that By = 7 (M)
satisfies the same pinching inequality (4.2) and the thesis follows since

_— (C]P,nfg) — §2n—k+1
O

This time let us consider the canonical deformation of the Hopf fibration 7 : S¥+3 — HP"
(for & = 1 we have Proposition 1.3).

Proposition 4.3 Let M be a closed S*-invariant hypersurface of (S¥'13, 8,), with n > 3.
If My satisfies

2 1

/12 _1
< H[ +2+6172,

A

then the mean curvature flow of M develops a singularity in finite time and converges to
an S3. It follows that such an M is diffeomorphic to a S* x S*~1.
Proof For hypersurfaces we have ‘A/|2 = |AP? + 6)5%, hence By = m(My) satisfies

|A|2 < 4n1_2 |H |2 + 2, then by Theorem 7.1 of [15] the evolution of By shrinks to a round
point in finite time. The thesis follows as in the previous propositions. O

A further example is given by the submersion p : CP?"*! — HP" described in [5]: it is
the submersion that makes the following diagrams commutative

sAn+3 ”1; (C]P;2n+1

2\ v P (4.3)
HP"

where 71 and 75 are the usual Hopf fibrations. The fibers of p are CP! = S?(4) and hence
they are totally geodesic. Lifting a hypersurface of HP" to a hypersurface of CP?*+! via p

we have that }A’|2 = |A|? + 4. In the same way as the previous propositions we can prove
the following result.

Proposition 4.4 Let M be a closed CP'-invariant hypersurface of CP*" 1. If M satisfies

|AJ? |H|* +6,

<

4n — 2
then the mean curvature flow of My develops a singularity in finite time and converges to a
fiber CP', and therefore such an M is diffeomorphic to a S* x S*~1.

The examples seen before are all principal bundles with compact fibers. An interesting
case with non-compact fibers comes from the Heisenberg group H" (not to be confused with
the algebra of quaternions!). The Heisenberg group is the Lie group R** x R endowed with
the following product:

1
(x,y, (¥, ) = (x +xy+y. 2+ + 3 ((x. ') — (y,x/))) ,
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where x,x’,y,y € R", z,7/ € R and (-, -) is the Euclidean scalar product of R". With

respect to the coordinates (x, y, z) = (X1, ..., Xn, Y1, - - -, ¥n, 2) We define the following left
invariant vector fields on H":
x,= 2 L9y 8 1 e 9
Tax; 2708 T ayy, 27 e 3z

Declaring as orthonormal the basis (X i Y, V) ;we have a left-invariant metric g on H". On
C" consider the Euclidean metric: then

wi(x,y,z) eH" > (x +iy) e C"
is a Riemannian submersion. The fibers are the vertical lines:
7~ (x0 + iyo) = { (x0. yo. )| t € R}.

Moreover ¥ = span (V) and ¢ = span (Xj, Yj)j:l """" .+ The structural group is the group
of vertical translations, that is the multiplication by a point of the type (0, 0, ¢). It is a group
of isometries and it is isomorphic to (R, +). The Levi-Civita connection associated to g’ is
determined by

_ — 1
ijYj = —Vijj = EV,

_ 1
Vx,V = VX ==Y
1

=X
2

and is zero for all others pairs of vector of the basis (X i Y, V) =1,

in [11]. In particular Vy V vanishes, hence the fibers of 7 are geodesics. On the horizontal
distribution /#” we have a complex structure J defined on the vector of the basisby J X ; = Y
and JY; = —X for all j. Then, more succinctly, for any horizontal vector field Z on H" we
have

Vy,V=VyY; =

. A proof can be found
n

V,V=VyZ=-JZ. (4.4)

Now consider B a submanifold of the Euclidean space C" of dimension m and codimension
k. Its lift via 7 is a submanifold M invariant with respect to vertical translations. Using
notation 2.3, by (4.4) and some trivial computations we have:

k k
, 1 ay 1 _ P
A V) =3 DR (XTI ) 8 = 525 (X, I8 &
a=1 a=1
where the J in the last term is the usual complex structure of C”. This result is very similar
to what we have for Hopf fibration. It follows that

k
2 1 2
AP =1ar+3 3 |sel|
a=1
therefore L
AP <[4 <141 + 3, 4.5)
with | A’ |2 = |A|? if and only if for every a J&, is normal to By (in this case By is a complex

submanifold of C"), while ‘A’ ’2 = |A]? + % if and only if for every o J§,44 is tangent
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to By (that is, By is CR-submanifold of C" of CR-dimension m — k). In the first case, in
particular, 53y is a minimal submanifold. The classical Huisken’s result [8] about the evolution
of convex hypersurfaces of the Euclidean space gives the following result for hypersurfaces
of the Heisenberg group.

Proposition 4.5 Let Mg be a hypersurface of H". If M is a cylinder with vertical axis,
without boundary and its projection via 7 is a convex hypersurface of R¥", then there is a
unique solution of the mean curvature flow of M invariant with respect to vertical transla-
tions. Moreover this solution develops a singularity in finite time and converges to a vertical
line. Therefore such an My is diffeomorphic to a cylinder S~ x R.

Proof Such an M is invariant with respect to vertical translations. The fiber of 7 are not
closed so we can apply Theorem 1.1 as we did in Remark 3.3. Let By = 7w (M). By the
main result of [8], By shrinks to a round point in finite time. The thesis follows lifting this
result to M. O

Using the main theorem of [1], we have the following result for submanifolds of arbitrary
codimension in the Heisenberg group.

Proposition 4.6 Let M be a cylinder with vertical axis of H" of dimension m > 3, without
boundary andwhose horizontal section is a closed submanifold. If My has H # 0 everywhere
and satisfies |A|2 <c |H|2 with

4 .
o< W if 3<m<S5,
w3 lf m > 5,
then the mean curvature flow of initial data M has a unique R-invariant solution and this

solution converges in finite time to a vertical line. Hence such an M is diffeomorphic to a
cylinder "1 x R.
Proof We have that By = (M) is a closed submanifold of R%" of dimension m — 1. By
(4.5), By satisfies

AP < |4 < |0 = c|HP.

The main result of [1] says that the evolution by mean curvature of 5y shrinks to a point
in finite time. We can apply Theorem 1.1 to the unique R-invariant solution obtaining the
convergence of My to a fiber of 7, which is a vertical line of H". O

Another interesting submersion is the one that arises with the tangent sphere bundle of a
Riemannian manifold equipped with the Sasaki metric. For any Riemannian manifold (B, g),
let 7B be its tangent bundle and for any r > 0 let 7" 3 = {(p, u) € TB’lulg = r} be the
tangent sphere bundle of radius r. The natural projection

7:(p,u)eT'B— peB

is a submersion. In this special case, for any vector field X on B we can also define a lift
X7 € ¥ called tangent lift: see [10] for an exhaustive description. The Sasaki metric is a
natural metric g on T BB, which, when restricted to 7" 3, has the following form:

Zpuy (X7 YY) = g,(X, Y),
. T v T\ _ 5 L .
Epu) (X7, Y7) = gp(X, Y)_rjgp(xv u)gp(Y, u),

X7 Y7y =0, (4.6)
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for any X and Y tangent to /3. With this metric the projection 7 : 7”3 — B is a Riemannian
submersion with fibers 7! (p) = T;E, i.e. the sphere of radius r tangent to B in p. The
horizontal distribution of 7 is generated by the horizontal lifts and the vertical distribution
is generated by the tangential lifts. The group of isometries that we are considering acts
only on the vectorial part as an isometry of 7} B and is isomorphic to O (n), where n is the
dimension of B. Note that in this case the action of the group is not free — in fact the orbits
are not isometric to the group — but the quotient manifold 7”3/ 0 (n) = B is a well defined
manifold. The Levi—Civita connection of the Sasaki metric on 7" 13 is

Lemma 4.7 [10] Let X and Y be vector fields tangent to B, then we have:
— (}f -
1) (VX‘%Q Y%)(p,u) = WXY)(p,u) o % (RP(X’ Y)M) y’
2) (Vi ¥7) = (Vx¥) 7 o + 3 (Rp@. 1)X) ™,
3) (vxgy(%)(p,u) = % (Iép(bl, X)Y)% ’

__ 1 _
4) (nyY‘y) = 55w X7,

(p.u)
where R is the Riemann curvature tensor of 3.

The fibers are closed and the last equation shows that they are also totally geodesic:
A(Xﬂ, Y7 ) is the horizontal part ofVXg Y7 . From now on let us consider a submanifold
By of dimension n and codimension k and My its O(n + k)-invariant lift to 77 B. Since,
in this case, we have a way to lift vector fields on B to vector fields tangent to the fibers,

we modify notation 2.3. For any p € By and any (p, u) € ! {p},let (X1,..., X,) be an
orthonormal basis tangent to 3y in p and (&, .. ., &) an orthonormal basis normal to By in
p such that

u =rcos(¥) X +rsin()éy,
forsome . Let Z = sin(¢}) X1 —cos(¥)&;: then (u, Z, Xo, ..., X, &, ..., &) is an orthog-
onal basis of T, 3. By (4.6) we have that
(Xi”,...,x;ff,zg,Xﬁ,...,xﬂ,gﬁ,...,sﬁ)

Sff, A “;‘k‘%ﬂ) is an orthonormal

basis normal to M in (p, u). As a concrete example, consider B = $"t*(¢), the sphere of
constant curvature ¢ > 0. By Lemma 4.7 we have

is an orthonormal basis tangent to My in (p, u), while (

k
1 - cr
A (X7 27) (powy = 3 D7 Rp(w. 2. X 608 = —Tonsi”
a=1

Similarly
A (X” Xﬁ) (p.u) = —% sin()8;£7 .
(v & T _¢or g
A (X767 ) (pow) = 5 cos()8ng”
Then
) Czrz
|A'] (pow) = 1A (p) + S (1+ (n — 1)sin®(@) + (k — 1) cos*(9))
2 2 2
:|A|2(p)+?(r2+(n—l)‘uJ“ +(k—1)‘uT) )
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where L (respectively T) indicates the normal (respectively the tangent) component with
respect to . In particular we have

5 22 2 5 c2r2
| A1 (p) + ——min{k,n} < A" (p,w) < |AF (p) + —max {k,n}.

Lifting the submanifolds of the sphere considered by Huisken [9] and Baker [2] we have
the following result as a consequence of Theorem 1.1.

Proposition 4.8 For any r > 0, n > 3 and k > 1, let My be an O(n + k)-invariant
submanifold of T"S"(c) of dimension 2n + k — 1. Suppose that My satisfies the pinching
condition

1 2
1A]? < — |H? + 2¢ + %min {k.n},
—

then the mean curvature flow with initial data M converges in finite time to afiber w ~' (p) =
T; Stk (¢) or the flow is defined for any time and converges tow = (S" (¢)), which is a minimal,
but not totally geodesic, submanifold of T"S"* (c).
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