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Abstract
The discussion of the recently derived quantum Hamilton equations for a spinning 
particle is extended to spin measurement in a Stern–Gerlach experiment. We show 
that this theory predicts a continuously changing orientation of the particles mag-
netic moment over the course of its motion across the Stern–Gerlach apparatus. The 
final measurement results agree with experiment and with predictions of the Pauli 
equation. Furthermore, the Einstein–Podolsky–Rosen–Bohm  thought experiment 
is investigated, and the violation of Bells’s inequalities is reproduced within this 
stochastic mechanics approach. The origin of the violation of Bell’s inequalities is 
traced to the the non-local nature of the velocity fields for an entangled state in the 
stochastic formalism, which is a result of a non-separable probability distribution of 
the considered particles.

Keywords Stochastic mechanics · Spin measurement · Bell’s inequalities

1 Introduction

In 2022 we celebrated the centenary of the famous Stern–Gerlach experiment [1] estab-
lishing that the intrinsic magnetic moments of atomic systems are quantized. Stern and 
Gerlach established this for silver atoms [2], for which the magnetic moment is created 
by the intrinsic magnetic moment of an unpaired 5 s electron. We capture this quantiza-
tion of the magnetic moment by introducing the internal variable spin of elementary 
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particles, in this case for the electron spin s = 1∕2 . In standard quantum mechanics 
we reduce our description of the magnetic moment to one of the spin, representing it 
by a unitary matrix �̂� ∈ SU(2) and its wave function space by ℂ2 . A particle beam of 
unpolarized atoms is then described by a random mixture of spin-up and spin-down 
states which get deflected into two separate spots on the measurement screen. Input and 
output statistics are related using the Pauli equation.

The Einstein–Podolsky–Rosen (EPR) thought experiment [3] was suggested to argue 
that the description of a quantum system via a wave function can not be considered com-
plete. In 1951, Bohm [4] formulated an equivalent thought experiment considering meas-
urement of discrete spin variables. He considered a system of two initially anticorrelated 
spins in a singlet state which fly apart in opposite directions. This singlet state ensures that 
spin measurements on the particle pair using two SG setups will always yield antiparal-
lel results, irrespective of the measurement axis chosen for the SG experiments. Measur-
ing the spin A, sA

z
 , along the z-axis determines or “unveils” sB

z
 immediately, even when 

the particles are space-like separated. A “paradox” arises when a different measurement 
axis for sB is chosen, for example, when measuring the x component of B, sB

x
 , simultane-

ously with sA
z
 . Then we would assign a certain value for sB

z
 as well as for sB

x
 which would 

not be derivable from the wave function description. Bell generalized this to correlations 
between different orientations of the measurement axis and derived inequalities that are 
violated by quantum mechanics but are supposed to hold for local hidden-variable theo-
ries. The ability of quantum states to be entangled lies at the heart of the violation of 
Bell’s inequalities and the experimental proof of this behavior has been awarded the noble 
prize in physics in 2022 [5].

In the rest of this manuscript we will present a hidden variable theory where the instan-
taneous position of a particle and the orientation of its magnetic moment are the hidden 
variables undergoing conservative Brownian motion [6]. Faris [7] used diffusion pro-
cesses on ℝ × SU(2) following Dankel’s discussion [8], to perform an analysis of the SG 
experiment within stochastic mechanics. We will analyze the quantum Hamilton equa-
tions [9–11] which have been derived for this dynamic model to describe the measure-
ment process in the SG apparatus in a time-resolved fashion. We will then consider the 
EPRB setup and show that we can correctly predict the correlations between the spin 
measurements on the two particles and the violation of Bell’s inequalities. We can trace 
the ability of this hidden variable theory to successfully do that to the fact that it is Bell 
non-separable (often called non-local) in the same way as standard quantum theory is. We 
argue that this non-locality supports Bohr’s view [12, 13], that the description of a quan-
tum system with a wave function is epistemological in nature and not ontological, i.e., the 
wave function itself has no physical reality.

2  Quantum Hamilton Equations

The article is built upon the work presented in [11], which derived quantum Hamilton 
equations for the particle spin using the Bopp–Haag model [14]. We consider a time-
reversible stochastic process Yt = (Xt,Rt) ∈ M = ℝ

3 × SO(3) for position and orienta-
tion variables of a particle. Here, Xt denotes the position of its center of mass in space, 
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and Rt represents the orientation of the particle’s magnetic moment. This model assumes 
an extended spherical particle with moment of inertia Im > 0  as illustrated in Fig. 1.

The conservative diffusion in ℝ3 × SO(3) may be described by the following for-
ward-backward stochastic differential equations (FBSDEs)

where we parameterize an element of SO(3) as a vector Rt ∈ ℝ
3 representing the 

orientation of the particle. In these equations W±,t and W̃±,t are forward and back-
ward Wiener processes.1

The stochastic process is characterized by the velocity fields v,�v for the cur-
rent (angular) velocities, and u,�u for the osmotic (angular) velocities. The diffusion 
constant is split into �m and �I , representing diffusion in ℝ3 and rotation in SO(3), 
�I =

√
ℏ∕Im being analogous to Nelson’s definition for the translation diffusion con-

stant �m =
√

ℏ∕m.
The translation part of the quantum Hamilton equations (see [11]), is given by

(1)dXt =
[
v(t, Yt) ± u(t, Yt)

]
dt + �mdW±,t

(2)dRt = Rt ×
[
(�v(t, Yt) ± �u(t, Yt))dt + 𝜎IdW̃±,t

]
,

(3)dXt = [v ± u]dt +

√
ℏ

m
dW±,t

(4)dPt =
[
FLor − �Im∇([�v + �u] ⋅ B)

]
dt + qdA + Πx

t
dW−,t .

Fig. 1  The figure illustrates the combination of a stochastic process regarding position and orientation. A 
quantum object with mass m and moment of inertia Im is subjected to random perturbations with diffu-
sion constants �2

m
= ℏ∕m and �2

I
= ℏ∕Im

1 It is natural to use the Stratonovich form, as this form—in contrast to the Itô one—includes second 
order differential geometric terms necessary for the formulation of diffusion on non-flat manifolds like 
SO(3) [15].
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Here W−,t = (W−,t, W̃−,t) is a six-dimensional backward Wiener process. The stochas-
tic processes Pt ∈ ℝ

3 and Πx
t
∈ ℝ

3×6 represent the co-state of the stochastic control 
problem associated with the position. Specifically, Pt = m(v + u) + qA is the canon-
ical stochastic momentum [10]. Additionally, FLor = −∇V − q�tA − q(v + u) × B is 
the Lorentz force, A the vector potential and B = ∇ × A the magnetic field.

We will use z − x − z Euler angles � = (�,�,�) as generalized coordinates to repre-
sent the orientation degree of freedom. The quantum Hamilton equations for the orien-
tation �t have the form (see Sect. 5 of [11])

Here the canonical angular momenta sj,t = gkj(�
k
v
+ �k

u
) + �ImBj are identified with 

the stochastic spin components of the particle and Π�
t
∈ ℝ

3×6 is the second co-state 
process in form of a matrix. In equation  (5), the Cristoffel symbols of the second 
kind Γj

kl
 , the metric gkl and hk

j
hl
j
= gkl occur. These are additional second-order terms 

that follow from the stochastic calculus and vanish in the classical limit �I , �m → 0 , 
see equation (12) in Ref. [11]. The rotational effective potential

in (6) is due to the metric.
From the QHE (3–9) the Madelung equations on the configuration manifold can be 

derived using Itô calculus, which in turn can be transformed into the Schrödinger equa-
tion [8, 11]. In [11] it was shown that the quantum Hamilton equations for a freely 
spinning particle lead to stochastic processes reproducing the expectation values of spin 
in standard quantum mechanics. In the next section we will extend the analysis of the 
QHE to describe the SG experiment.

(5)d𝜃
j

t =

[
𝜔j
v
± 𝜔j

u
∓
𝜎2
I

2
Γ
j

kl
gkl

]
dt +

√
�

Im
h
j

k
dW̃k

±,t

(6)ds�,t =

[
��V

rot
eff
(�t, s�,t, s� ,t) +

�

sin2 �t
(s�,t − cos�ts� ,t)(Bx cos�t − By sin�t)

(7)+
ℏs�,t

2Im sin2 �t

]
dt + Π�

�k
dWk

−

(8)ds�,t =�[st × B]zdt + Π�
�k
dWk

−

(9)ds� ,t =Π
�
�k
dWk

−
.

(10)V rot
eff
(�, s�, s� ) =

1

2Im sin2 �
(s2

�
+ s2

�
− 2 cos � s�s�)
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3  Stern–Gerlach Experiment

Our numerical analysis will employ the geometry and parameters close to Stern and 
Gerlach’s experiment, given in Table  1. At t = 0 a beam of silver atoms with a 
Gaussian width (in the y and z directions) of �0 moves in the y direction. At t = 0 the 
beam enters the SG magnet which creates an inhomogeneous magnetic field 
B = (B0 + b z)ez . The gradient term bz ≪ B0 in the magnetic field introduces a 
momentum gain in the z direction based on the particle’s magnetic moment, result-
ing in the separation of particles at a detector after passing through the magnet.2 The 
Gaussian fixes the width of the initial distribution in the y and z directions, such that 
the osmotic velocity is given by u(t = 0, x) =

1

�0
(0,−y,−z) , where �0 =

m�2
0

ℏ
 . The 

momentum in the y direction is assumed to follow from a Maxwell-Boltzmann dis-
tribution, with the root mean square velocity vy =

√
4kBT

m
 serving as the semi-classi-

cal propagation velocity. The other components of v are initially set to 0. We assume 
that the current velocity vy remains constant throughout the experiment, disregard-
ing potential spreading effects from the beam’s distribution along the propagation 
path. The length d1 of the magnet results in an interaction time of the beam with the 
inhomogeneous magnetic field given by Tm =

d1

vy
 . After this time, the magnetic field 

is assumed to vanish, and the motion becomes field-free.
Classically, the deflection of a particle is determined by the orientation of its 

magnetic moment with respect to the inhomogeneous magnetic field, therefore we 
would expect a broad distribution on the screen for randomly oriented magnetic 
moments at the high temperature of the experiment. Experimentally, however, one 

Table 1  The table presents the 
experimental data used in the 
numerical simulation

Some of the values are derived from the renowned experiment con-
ducted by Stern and Gerlach [1, 2]

Quantity Value

Standard atomic weight silver m 1.79 × 10−25 kg
Gyromagnetic ratio electron � ≈ 2

e

me

Temperature oven ≈ 1500 K
Strength magnetic field B0 5 T
Gradient b ≈ −1.5 × 103

T

m

Standard deviation of Gaussian beam �0 4 × 10−5m

Length magnet d1 0.03 m
RMS of velocity vy 680

m

s

Time spent in magnet Tm 5.15 × 10−5 s
Distance magnet to screen d2 0.06 m

2 Note that we neglect the third dimension perpendicular to the translation in the y direction and the 
magnetic field, as including B

x
 would introduce rapidly oscillating phase terms in each spinor compo-

nent.
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only observes two sharp spots. How does this come about within the stochastic 
framework, utilizing the quantum Hamilton equations of motion above?

The force term coupling the translation to the orientation of the magnetic moment 
in Eq. (4) is given by

The QHE (4) for the z component of the momentum then read

The other components of the momentum equations have vanishing drift terms, while 
the QHE for the spin in the Euler angles (6–9) show no contribution of the external 
field term B,

Hence, the backward SDEs concerning the angular momenta in this case yield the 
drift terms of a freely spinning particle. The coupling of the particle’s position to 
its orientation in the QHE is then due to the matrix Πt . Considering the canonical 
momenta Pt as feedback momenta, i.e., Pt = p(t, x, �) , in general they depend on all 
variables. This implies a dependence of Πjk,t(t, x, �) ∝ �jpk(t, x, �) on all configura-
tion coordinates. Similarly, this holds for the canonical angular momenta consid-
ered as fields st = s(t, x, �) . Such a coupling follows in the stochastic picture if the 
expectation values of the spins are not aligned with the measurement setup, as will 
be shown later.

3.1  Solutions to Constant s
z
 Expectation

To obtain some understanding of the dynamics in the SG apparatus, we consider at 
first a simplified version of constant spin projection. We assume that the orientation 
variables decouple from the motion in space. The discussion of the solutions to the 
angular momentum Eq. (14) then follows the section regarding the freely spinning 
particle in [11]. For spin 1

2
 particles the stochastic processes fulfill E

[
s2
]
=

3ℏ2

4
 and 

E[s] = ±
ℏ

2
ez for the two eigenstates. The feedback controls for the angular momenta 

read sv
�
= sv

�
=

ℏ

2
 and su

�
= −

ℏ

2
tan

�

2
 for the spin up particle, and sv

�
= −sv

�
= −

ℏ

2
 , 

su
�
= −

ℏ

2
cot

�

2
 for the spin down state, respectively. Hence, in the case of a spin 

decoupled from the position we find constants for the � and � components. In terms 
of the spin vector in the reference frame, e.g., the spin up vector, there is

(11)Fmag = −�∇(Im(�v + �u) ⋅ B) = −�Im(�v,z + �u,z)b ez.

(12)md[vz + uz] =�Im(�v,z + �u,z)b dt + Πzj,tdW
j

−,t .

(13)ds�,t =

[
��V

rot
eff

+
ℏs�,t

2Im sin2 �t

]
dt + Π�jdW

j

−,t

(14)ds�,t =Π�jdW
j

−,t

(15)ds� ,t =Π� jdW
j

−,t .
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It follows that the feedback field of the spin along the measurement axis z is con-
stant. The solutions to (12) are approximated, as the coupling is primarily due to the 
z component of the magnetic field and angular velocity. With that, the force acting 
on the particle in the magnetic field is constant, simplifying the search for a solution 
of the quantum velocity with the help of the QHE.

In the inhomogeneous field, the particle with constant sz = ±
ℏ

2
 gains a transverse 

momentum which leads to a time-dependent z-component of the quantum velocity, 
i.e., vqu = vz − iuz,

with the definition of a classical velocity vcl(t) =
�szb

m
t and a classical displacement 

zcl(t) =
�szb

2m
t2 . The quantum velocity given in (17) is a solution to the QHE for a 

constant spin projection sz . Spreading effects of the distribution depend on the time-
scale of the experiment, where �0 =

m�2
0

ℏ
 depends on �0 and m and �t = 1 + i

t

�0
.

At the exit of the magnet at time t = Tm the current velocity has an additional 
contribution in the z direction vm = vcl(Tm) =

�szb
m

Tm and the probability distribution is 
displaced by zm = zcl(Tm) =

�szb
2m T2

m
 . This leads to a quantum velocity after the interaction 

with the magnet in the field free region

where t� = t − Tm . The spreading of the distribution is again related to t
�0

 and higher 
orders terms in

are neglected since the change in transversal momentum is large compared to the 
spreading of the distribution.3 The feedback solutions given in (17 and 18) may be 
verified by applying the complex Itô formula, e.g., see [16] or [11], to the quantum 
velocities vq,⋅z  and comparing the drift terms in the momentum equations of the QHE.

On average, the particles pick up a transversal momentum in the magnet accord-
ing to their initial spin projection sz which can be read from the real part in Eqs. (17 
and  18). This is the current velocity. The osmotic velocity encoded in the imagi-
nary part of these equations, ensures that the particle stays close to the classically 
expected path. Hence, in the special cases of constant spin projections, i.e., the spin 

(16)s = sv + su =
ℏ

2
(tan �∕2(cos� + sin�),− tan �∕2(cos� − sin�), 1)T .

(17)vq,m
z

(t, z) = vcl(t) −
i

�0�t

(
−z + zcl(t)

)

(18)vq,f
z
(t�, z) = vm −

i

�0�t�

(
−z + zm + vmt

�
)

(19)
1

�t
= 1 − i

t

�0
+O

((
t

�0

)2
)

3 This follows from Table 1, where 𝜎
t
𝜎0 ≪ |v

m
|t . This is implied by the interaction time with the mag-

netic field’s inhomogeneity bTm ≫ 1
��0

.
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states are aligned with the direction of the field gradients, the stochastic mechanics’ 
description is similar to that expected from classical mechanics. The same interpre-
tation is used in the superposition of the spin eigenstates with Pauli spinors where 
from a semiclassical point of view each component is deflected as if the spins are 
either aligned up or down w.r.t. the magnetic field. The conceptual differences to the 
classical picture and the ordinary treatment in quantum mechanics appear when the 
spins are randomly oriented before the interaction with the magnetic field.

3.1.1  Randomly Oriented Initial Spins

For particles with spin-1
2
 , when the z projections satisfy ||E[sz]|| < �

2
 , the expected 

spin is given by E[s] = ±
ℏ

2
e� . Here, e� is a unit vector representing the new spin pro-

jection axis, tilted at an angle � with respect to the measurement axis. Regardless of 
this, the second moment of the expectation, E

[
s2
]
 , remains constant at 3ℏ

2

4
 . Stochastic 

processes that yield these expectation values and satisfy the QHE for a freely spin-
ning particle can be formulated using a combination of the known solutions given in 
[11].

The associated calculation can be found in appendix A. This calculation presents 
the rotated canonical angular momenta as feedback controls for the Euler angles, 
and read

with � = (1 + cos � cos � + sin � sin � sin�) . The intrinsic rotation s� in (20) is unaf-
fected, whereas the z projection, i.e., the component s� , is no longer constant. The 
corresponding spin vector in the reference frame is thus given by

The z-component of the spin s� = sz(�, �) depends in general on the Euler angles 
� = (�,�,�) , while the expectation along the z axis is E[sz] =

ℏ

2
cos � . Thus, sz is not 

a constant field, so the description of the SG experiment has to include the coupling 
of the random orientation variables to the translation motion due to the classical 
force term −�szb(t, x, �, �) . It is not trivial to derive solutions to the QHE in an ana-
lytic form for position and orientation in space. It is, however, possible to describe 
the present experiment using the solutions for the cases with E[sz] = ±

ℏ

2
 discussed 

earlier in this section.
The constant spin projection solutions determine the velocity fields both within and 

after the magnet, as derived in Eqs. (17 and 18). Depending on the spin projections for 

(20)

s� =
ℏ

2�
(i cos � sin� + sin �(cos� − i cos � sin�))

s� =
ℏ

2�
(cos � + cos � − i cos� sin � sin�)

s� =
ℏ

2

(21)s =
ℏ

2�

⎛⎜⎜⎝

sin � + sin�(i cos � cos� + sin�)

−i cos� sin � − sin�(cos� − i cos � sin�)

(cos � + cos� − i cos(�) sin � sin�)

⎞⎟⎟⎠
.
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a spin-1
2
 particle, there are two known solutions to the QHE: one for spin up and the 

other for the down state. These solutions may be combined to describe solutions in the 
stochastic picture for random orientations of spin expectations according to (20 or 21). 
This combination of the corresponding spin-1

2
 particles gives a velocity in the magnetic 

field of

Here the feedback angular momentum sq,mz (t) = s
q,m
z (t, z, �) is written in short-hand 

notation. The expressions for the angular momenta sq,m
j

(t) = s
q,m

j
(t, z, �) can also be 

written explicitly, e.g. see [17]. We do not present them here in detail because we 
will approximate them due to the different timescales of the problem.

Consider a situation where the initial spin component sqz is treated as a continuous 
random variable with a zero expected value. After interacting with the apparatus, the 
spin-1

2
 particle should have equal probabilities for both upward and downward motion. 

The initial random value of that spin component at t = 0 influences the direction the 
particle is moving as given in Eq. (17). Thus, the probability of ending up in one of the 
two channels, depends on the direction of the spin. This will be shown in the following 
subsection w.r.t. the spin average in more detail.

Note that the field equations for the angular momenta, e.g., given in Eq. (22), have 
no counterpart in the spinor description of quantum mechanics since sq

j
(t, z, �) depend 

on the orientation variables. Hence, the stochastic description offers additional infor-
mation on the change in the particle’s orientation. However, the detailed information on 
� and the associated stochastic spin is not necessary to reproduce known quantum 
behavior in the stochastic picture, which is due to the different timescales of the sto-
chastic processes in position and orientation which will discussed for the explicit 
numerical solution of the stochastic processes in the following.

3.1.2  Numerical Solution

Consider the forward SDEs given by (3 and 5). Within the magnetic field, these describe 
the stochastic processes related to position x = (y, z) and orientation � = (�,�,�) , and 
can be solved with the velocity fields given in (22).

To obtain a numerical solution, we select specific values for characteristic time tc 
and length lc . As mentioned earlier, the moment of inertia Im ≈ mR2 , depending on the 
radius of the modeled extended mass distribution, fixes the time scale trot

c
=

Im

ℏ
 of the 

rotational diffusion. Compared to the time scale tc =
m

ℏ
d2
1
 for translation over the length 

of the magnet (or fractions thereof)

the change of the orientation is rapid compared to the motion in space. Therefore, 
during a time step Δt ≫ trot

c
 (but Δt ≪ tc ) in the simulation of the atoms in the SG 

(22)vq,m
z

(t, z, sq,m
z

(t)) =
2

ℏ
vcl(t)s

q,m
z

(t) −
i

�0�t

(
−z +

2

ℏ
zcl(t)s

q,m
z

(t)
)
.

(23)trot
c

≈
m

�
R2 ≪

m

�
d2
1
= tc ,
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experiment, all reachable orientation angles are visited according to their current 
probability distribution. E.g., for the spin field s(t, x, �) the average

corresponds approximately to the expectation of the spin at (t, x) , if Xt ≈ Xt+Δ = x is 
assumed to be constant during the time span Δt . Consequently, we can simplify the 
diffusion process, going from the complex space ℝ3 × SO(3) to the simpler ℝ3 space, 
by taking the orientation averages of the considered quantities. For example,

where �̄�(t, x) = ∫ 𝜌(t, x, 𝜃)d𝜃 and the integral is meant to cover the whole configura-
tion space concerning the orientation.4 The averaging simplifies the numerical solu-
tion of the stochastic differential equations for the position by averaging the spin 
dynamics. From here on, averages concerning the orientation variables will be used. 
Hence,

Considering the z-direction, the orientation average of the spin angular momentum 
s̄m,v+u
z

(t, z) = s̄m,v+u
𝜑

(t, z) can be calculated analytically. In the magnet, and, similarly 
for the field-free region, we have

This implies that the spin average is influenced by the initial spin expectation, par-
ticularly via the incident angle � . The two cases of spin up ( � = 0 ) and down ( � = � ) 
lead to s̄m,v+u

z
(t, z) = ±�∕2.

3.1.3  Results

The experiment by Stern–Gerlach can be recovered in the stochastic picture of a 
spinning particle by randomly choosing the incident spin projection � of each sim-
ulated particle. Figure  2 illustrates that the beam of particle paths diverges into 
two channels regardless of initial spin expectations, and spin expectations change 

(24)⟨s(t,Xt, �t)⟩Δt = 1

Δt ∫
t+Δt

t

s(t,Xt, �t)dt

(25)f̄ (t, x) =
1

�̄�(t, x) ∫ f (t, x, 𝜃)𝜌(t, x, 𝜃)d𝜃

(26)
dȲt =

[
v0 +

v0t − Ȳt

𝜏0

]
dt +

√
�

m
dW

y

+

dZ̄t =

[
2

�

(
vcl(t) +

zcl(t)

𝜏0

)
s̄v+u
𝜑

−
Z̄t

𝜏0

]
dt +

√
�

m
dWz

+
.

(27)

s̄m,v+u
𝜑

(t, z) =
1

�̄�(t, z) ∫ sm,v+u
𝜑

(t, z, 𝜃)𝜌(t, z, 𝜃)d𝜃

= −
�

2

(
1 −

2(1 + cos 𝛿)

1 + exp
(
4zcl(t)z∕𝜎t𝜎2

0

)
(1 − cos 𝛿) + cos 𝛿

)
.

4 Here d� denotes the Haar measure sin�d�d�d�.
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accordingly. This behavior sharply contrasts with the classical predictions, repre-
sented by the dashed lines in Fig. 2. Here, deflection relies solely on the initial mag-
netic moment on the measurement axis.

The averaged spins s̄(t) for each particle are represented as arrows in the same 
graph. For a detailed view of the orientation average of the z component, s̄z(t) , in a 
numerical simulation refer to Fig. 3. Finally, the spins will be fully aligned along the 
measurement axis.

It’s important to emphasize that the averaged spins, represented by s̄z(t) , typically 
do not align perfectly with the external field already within the magnetic. Figure 3 
reveals that some spins are not yet fully aligned when they enter the field free region 
(right of the dashed vertical line). The osmotic contribution to the velocity and 
the spin are responsible for the change in the field-free region. In more detail, the 
osmotic velocity (and the current velocity) ensures that the diffusion is conservative. 
Under expectation, there is an additional torque T̄u = s̄ × (�∕2mΔs̄ + (ū ⋅ ∇)s̄) acting 
on the spin averages

This implies nontrivial changes of the expectation value of the spin even in the 
absence of a magnetic field. Equation (28) follows by comparing the drift terms of 
the Itô formula applied to s̄(t, x) to the classically expected precession 𝛾 s̄ × Bdt.

As long as the beams are not separated, the stochastic particle has a non-vanish-
ing probability of changing the beam it enters. Hence, the assignment of a particle 

(28)ds̄ =
(
𝛾 s̄ × B + T̄u

)
dt .

Fig. 2  Spin- 1
2
 particles entering the magnet of length 3 cm with random spin expectation values are 

depicted. Eight numerically determined stochastic trajectories in the y − z plane are shown as solid 
lines. The attached arrows at selected positions represent the direction of the mean orientation of the 
spin vector s̄ . The dashed lines show the classically expected paths depending on the initial position 
and spin expectation. The right plot shows the paths and spins throughout the proposed SG device, 
where the vertical dashed line separates the field-free region from the magnet. The left plot depicts a 
zoomed-in version of the right plot, focusing only on the inside of the magnet
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having a momentum pointing (anti-)parallel to the field in the experiment can only 
be made when the beams are disjoint, i.e., the distance of the recording screen to 
the magnet is big enough. The same applies to the particle’s spin expectation. Thus, 
separation of probability distributions implies distinct spin expectations.

3.1.4  Polarization of the Initial Spin Expectations

What would be the outcome of the SG experiment when consecutive measure-
ments are executed? Or, put differently, what if the spins are polarized before being 
introduced into the SG apparatus? The answers to these questions are significantly 
determined by two initial conditions: the position z(t = 0) and the spin orientation 
s̄z(t = 0) . This is illustrated in the left column of Fig. 4 for two different incident 
angles �.

When the spins are aligned with the measurement axis ( � = 0 ) in the considered 
measurement setting, every particle goes up, irrespective of its initial position. For 
angles 0 < 𝛿 < 𝜋 , the dependence on the initial position correlates with the outcome 
of the spin measurement. For example, consider the plot for � = �∕4 in the top right 
of Fig. 4. The two particles in that sub-ensemble which are measured to be in a spin-
down state are the ones with the lowest initial position z(t = 0) . A similar conclusion 
is drawn by looking at � = �∕2.

We can compare the probabilistic approach to the predictions derived using the 
standard Pauli spinor approach. Generally, the two-component spinor in the basis 
Ψz� (where the z′ axis is inclined at angle � relative to the z axis) can be expressed as

In this formulation, the probabilities of a spin entering the up (down) channel are 
given by �QM+ = cos2 �∕2 ( �QM

−
= sin2 �∕2 ). The comparison with the stochastic picture 

is shown on the right side of Fig. 4. The probabilities �± are approximated by the 

(29)Ψz� =

(
cos

�

2
e−i

�0∕2�+

sin
�

2
ei

�0∕2�−

)
.

Fig. 3  The graph depicts the same color-coded stochastic realizations as in Fig. 2 for s̄z(t) as a function of 
time. The vertical dashed line indicates the transition from the inhomogeneous field to a vanishing field. 
Tm is the time spent in the magnet
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proportion of particles moving up/down, i.e., �± ≈
N±

Ntotal

 . For all measurement angles, 
the number of particles was Ntotal = 106 . Hence, the stochastic model agrees per-
fectly with the predictions of the Pauli theory.

The stochastic model including an internal orientation coordinate as a dynamic 
variable thus offers a more detailed view on the phenomena associated with the mag-
netic moment of an elementary particle. From that point of view, spin as a discrete 
internal degree of freedom as described by the Pauli equation is the minimal amount 
of structure added to the ordinary Schrödinger equation which is able to describe the 
statistical phenomena related to measurements of these magnetic moments.

3.1.5  Other Treatments

Scully et  al. [18] presented an analysis of the SG experiment based on operator 
theory. Our discussion of the Stern–Gerlach experiment shows similarities to the 
explanations given in the pilot wave theory [19]. In [20], deterministic paths are ana-
lyzed for fixed initial spin expectations. There the incident position z0 = z(t = 0) of 

Fig. 4  The left column depicts stochastic paths of two different spin polarizations at the entrance of the 
SG magnet. These plots illustrate the (z, y)-plane of 8 stochastic realizations entering the inhomogene-
ous magnetic field at t = 0 and leaving the magnetic field of length 0.03 m at t = Tm . The insets show the 
associated spin averages s̄z(t) . The chosen polarization incident angles are � = �∕4 (top left) and � = �∕2 
(bottom left). The plot on the right depicts the normalized probabilities for z polarized spin-1

2
 particles 

entering a SG device to choose one of the two possible beams depending on the measurement angle � . 
The probabilities following from the Pauli-equation (dashed) are compared to the approximated prob-
abilities from the numerical simulations based on the quantum Hamilton equations (dots)
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the particle determines the outcome of the measurement, i.e., z0 is the hidden vari-
able. In the stochastic picture, the velocity v has the same properties as in Bohmian 
mechanics. The hidden variables, however, are stochastic. Hence, the initial position 
z0 of the process does not predetermine the outcome but is rather an indicator of the 
probability of the measurement outcome. From the numerical simulations, one can 
deduce that the conditional probability of moving up depends—in the case of the 
spin averages—on the initial position. The particles with Z̄t=0 > 0 are more likely to 
end up in the upper channel for spin expectation values perpendicular to the meas-
urement axis, for example. From the plots in the left row if Fig. 4 on the other hand, 
we know that the initial spin orientation in general has an impact on the movement 
of the particle, too. Hence, there is an interplay of the random initial positions and 
spins of the particle giving rise to the probabilities of ending up being measured as 
spin up of spin down particle.

A completely different approach has been followed by de Raedt et al. [21]. Fol-
lowing a similar analysis of other foundational experiments for quantum mechanics, 
they showed that a combination of Newtonian dynamics with an event driven step 
involving some random choice for the orientation of the spin allows to reproduce the 
experimental SG results without invoking quantum mechanics. However, here the 
event dynamics has to be introduced by hand, whereas our approach is based on the 
general formulation of microscopic dynamics of conservative diffusion processes, 
applied to a specific physical model, in this case the Bopp–Haag model.

The following section deals with the stochastic description of two simultaneous 
spin measurements based on the results given here. This allows to describe one of 
the well-known entanglement phenomena in quantum mechanics, namely the Ein-
stein–Podolsky–Rosen–Bohm thought experiment.

4  Einstein–Podolsky–Rosen–Bohm

The EPRB thought experiment considers two non-interacting anti-parallel spins 
which are in contact at time t = 0 and then fly apart in opposite directions to enter 
two SG experiments. Standard quantum theory describes the anti-parallel spins in a 
singlet state using Dirac notation as

here, the spatial part of the wave function is often omitted. Within this framework, 
measuring the spin of particle A along some direction a will cause the wave function 
to collapse to one of the two-state vectors in eq. (30). There is a perfect anti-correla-
tion for the spin expectation values if B measures the same axis b = a . However, if 
the second measurement axis is different, i.e., b ≠ a , the expected correlation yields

(30)�Ψ⟩ = 1√
2
(�↑↓⟩ − �↓↑⟩) .

(31)
4

ℏ2
⟨(sA ⋅ a) (sB ⋅ b)⟩Ψ−

= −a ⋅ b .
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This correlation caught the attention of Bell [22], who demonstrated that no local 
hidden variable theory could match the predictions of quantum mechanics. General-
ized versions [23] of the Bell inequality underwent experimental testing in the fol-
lowing decades, and led to the common conclusion that quantum mechanics is “non-
local”. Hall [24] proposed “Bell non-separability” as a more appropriate term in the 
context of the EPRB experiment. His discussion is centered around the joint prob-
ability density, which represents the statistical correlations observed from repeated 
measurement outcomes.

If hidden variables exist, the joint probability density can be expressed as the inte-
gral of the product of conditional probability densities and the probability density of the 
hidden variables. The properties that a probabilistic model must satisfy to obey Bell’s 
inequality are statistical completeness, statistical locality, and measurement independ-
ence. Quantum mechanics violates statistical completeness, as non-factorizable prob-
ability densities arise from entangled states. This leads to non-local velocity fields in 
stochastic mechanics. Here, non-locality can occur in the sense that the measurement 
of one particle can affect the velocity of another particle that is space-like separated. 
Other interpretations of quantum mechanics, such as Everett’s many worlds interpreta-
tion [25, 26] or the idea of super-determinism [27–29], and super-measured theories 
[30], also preserve local realism but may involve multiple realities or the relaxation of 
measurement independence.

In the following we will address the EPRB problem within stochastic mechanics by 
using the previously outlined solutions to the QHE from the Stern–Gerlach section.

4.1  Stochastic Description

An idealized anti-parallel two-particle spin state in quantum mechanics—in 
the sense that the quantum expectations ⟨ŝ

(1)
⟩ = −⟨ŝ

(2)
⟩—can be described by the 

superposition

where �±
(k)
⟩ denotes the spin-up/down eigenstate of particle k in the z basis. For � = 0 

and � = � , state (32) reduces to the Bell separable two particles states �+
(1)
⟩�−

(2)
⟩ and 

�−
(1)
⟩�+

(2)
⟩.

For � ∈ (0,�) the state ��⟩�,� does not fulfill the properties of Bell separability. 
These states are entangled, i.e., they cannot be written as a tensor product of single 
particle states. Maximally entangled states are described for � = �∕2 . For example, 
Bell’s original inequality [22] addresses a singlet state ( � = �∕2,� = 0)

(32)��⟩�,� =
1√
2

�
cos

�

2
�+

(1)
⟩�−

(2)
⟩ − ei� sin

�

2
�−

(1)
⟩�+

(2)
⟩
�

(33)��s⟩ = ��⟩ �

2
,0 =

1√
2

��+
(1)
⟩�−

(2)
⟩ − �−

(1)
⟩�+

(2)
⟩� ,
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which is one of the four so-called Bell states for a two-level system. Another Bell 
state is described by ��⟩�∕2,� which is the triplet state.5

The specific property of an entangled spin state is related to the fact that these 
states cannot be understood only from the viewpoint of individual particles. For 
example, the expectation values w.r.t. to the state  (32) of the total spin operator 
ŝ = ŝ

(1)
+ ŝ

(2)
 read

while for the single spin operators

The expectation of the single particle spin is zero, although the magnitude of the 
single particle spin does not vanish. Hence, each spin-1

2
 particle has an undefined 

quantization axis in these entangled states.
Consider the singlet state where � = 0 in more detail. The magnitude of the total 

spin in (34) is zero under expectation. In the stochastic picture this translates to the 
ensemble expectations E[stot] = 0 and E[s2

tot
] = 0 where

The dot product of the two spins thus has to fulfill E[s
(1)
⋅ s

(2)
] = −

3ℏ2

4
 . Within stochas-

tic mechanics this implies that the angular velocity fields of the particles have to be 
dependent of each other’s orientation variables.

Going back to the quantum Hamilton equations for a simplified system of two 
spins, we have

where p
(k)
= mv

q
(k)
+ q

(k)
A

(k)
 and s

(k)
= Im(k)

�
q
(k)
+ Ic(k)B(k)

 are the canonical momenta of parti-
cle k, B

(k)
 are the magnetic fields generated by the SG devices for each particle and T

(k)
 

is a purely quantum torque term which vanishes in the classical limit. The coupling 
of the particle’s orientation degrees of freedom to their motion in space is apparent 
in Eq. (37), which includes an inhomogeneity in the magnetic field. In the absence 
of a magnetic field, i.e., before and after the particles interact with the SG magnets, 
the classical force ∇

(k)
(�q(k)

⋅ B
(k)
) vanishes.

In the spin QHE (38), the spins may be correlated depending on the prepara-
tion of the initial state. This correlation is manifested in the momentum QHE (38) 

(34)⟨ŝ⟩ = 0 ⟨ŝ2⟩ = �2(1 − cos𝜙)

(35)⟨ŝ
(k)
⟩ = 0 ⟨ŝ2

(k)
⟩ = 3�2

4
.

(36)0 = E[s2
tot
] = E[s2

(1)
] + E[s2

(2)
] + 2E[s

(1)
⋅ s

(2)
] =

3ℏ2

2
+ 2E[s

(1)
⋅ s

(2)
] .

(37)dp
(k)
= −�Im∇(k)

(
�q(k)

⋅ B
(k)

)
dt + q

(k)
dA

(k)
+ Π

p
(k)
dW−

(38)ds
(k)
=

[
�s

(k)
× B

(k)
+

ℏ

Im
T

(k)

]
dt + s

(k)
× Πs

(k)
dW− ,

5 There are two more maximally entangled states of a two-level system, which are not considered here.
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through the stochastic matrices Πs
(k)
 . Written as feedback controls Π̃s

(k)
(t, 𝜗

(1)
, 𝜗

(2)
) they 

generally depend on both orientation variables which allows correlated random 
changes of the spin directions.

For example, take E[s
(1)
⋅ s

(2)
] = −E[s2

(1)
] = −E[s2

(2)
] . Then, E[stot] = 0 leads to 

E[sv
(1)
] = −E[sv

(2)
] since E[su

(k)
] = 0 . These expectations state that the spins along all 

possible stochastic orientation trajectories have to be antiparallel s
(1)
= −s

(2)
 for 

t > 0 until one of them enters a measurement device. Hence, there is perfect anti-
correlation without any decorrelation in the stochastic setting, which is generated 
through the matrices Π̃s

(1)
= −Π̃s

(2)
.

It is possible to construct the singlet state with the solutions to the QHE for 
a freely spinning particle first, neglecting the position for now. According to 
the definition in  (32), the singlet (and triplet state) in the field free regime can 
be derived by a combination of two solutions to a pair of spin-1

2
 particles with 

antiparallel expectations along the z axis. The state (±) is a solution to two decou-
pled spins with �

(1)
= −�

(2)
= 1∕2 , �

(1)
= �

(2)
= 1∕2 , such that E[s

(1)
] = −E[s

(2)
] =

ℏ

2
ez . 

Similarly, we denote (∓) for the solution to the free spin QHE with �
(2)
= −�

(1)
= 1∕2 , 

�
(2)
= �

(1)
= 1∕2 , such that E[s

(2)
] = −E[s

(1)
] =

ℏ

2
ez.

Both two-particle states are Bell-separable, as they are product states of spin-
up and spin-down particles with distributions �(±)(t, �(1), �(2)) = �+(�(1))�−(�(2)) and 
�(∓)(t, �(1), �(2)) = �−(�(1))�+(�(2)) and can be seen as the stochastic analog to �+

(1)
⟩�−

(2)
⟩ 

and �−
(1)
⟩�+

(2)
⟩.

Similar to  (A1) in the appendix, the combination of the 2 two-particle solu-
tions (±) and (∓) with the constants c1 =

1√
2
cos

�

2
 and c2 =

−ei�√
2
sin

�

2
 in reference 

to Eq. (32) yields spin fields for the two entangled particles. E.g., the spin field of 
particle 1 for a maximally entangled state ( � = �∕2 ) reads

with shorthand notations c = cos and s = sin , the defini-
tion of A = e−i(�+�(1)+�(2)) and the probability distribution 
� =

1

8
(2 sin�

(1)
sin�

(2)
cos(� − �

(1)
+ �

(2)
) − cos(�

(1)
− �

(2)
) − cos(�

(1)
+ �

(2)
) + 2).

In the singlet state ( � = 0 ), the spin fields s
(2)
(�

(1)
, �

(2)
) = −s

(1)
(�

(1)
, �

(2)
) are perfectly 

anti-parallel. Note that the stochastic process of the total spin st = s
(1),t
+ s

(2),t
 as a 

critical feedback process to the spin QHE necessarily leads to dst = 0 . I.e., the 
drift and the stochastic terms vanish in the SDE. In terms of the single spin QHE 
we have ds

(1),t
= −ds

(2),t
.

For the triplet state ( � = � ) the x, y components of the feedback fields coin-
cide and s

(1)z
= −s

(2)z
 . Note that these quantities are not ensemble expectations but 

the drift fields of the stochastic processes depending on both orientations. This is 
also manifested in the corresponding spin correlation matrix of the spin pair. The 
expected correlation depending on �,� reads

(39)s
(1)
=

1

�

⎛⎜⎜⎜⎝

−2iA
�
ei(�+�(2))c

�(1)

2
s
�(2)

2
+ ei�(1)s

�(1)

2
c
�(2)

2

��
A∗c

�(1)

2
c
�(2)

2
− s

�(1)

2
s
�(2)

2

�

−s�
(2)
(c(� + �

(2)
) + ic�

(1)
s(� + �

(2)
)) + s�

(1)
(c�

(1)
+ ic�

(2)
s�

(1)
)

−is�
(1)
s�

(2)
s(� − �

(1)
+ �

(2)
) + c�

(1)
− c�

(2)

⎞⎟⎟⎟⎠
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where i, j ∈ {x, y, z} . As expected, the uncoupled spins ( � = 0 ) can be maximally 
(anti-)correlated for one axis, the z axis in the example. The entangled states 
( 0 < 𝜖 < 𝜋 ), on the other hand, show additional correlations between other compo-
nents, e.g., the triplet (singlet) state shows perfect (anti-)correlation under expecta-
tion w.r.t. to the x, y components. One can conclude that the stochastic spin fields for 
the singlet state violate Bell’s inequality (before the measurement) but not a general-
ized Schwarz inequality

for continuous random variables. This follows the discussion in chapter  6 of [7], 
where it was pointed out that Bell’s inequality only holds for discrete random vari-
ables. The treatment after the particles couple to the position in the measurement 
process is analyzed in what follows.

4.1.1  Simultaneous Measurement

The coupling of spin or orientation to space also shows up in the description of the 
measurement procedures for the EPRB pair. Here we consider two uncoupled par-
ticles entering two space-like separated inhomogeneous magnets. The Bell separa-
ble (±) and (∓) pairs are augmented to describe the coupling to the position with 
the corresponding (angular) velocities v±

(1),q
= v+

(1),q
 , v±

(2),q
= v−

(2),q
 and v∓

(1),q
= v−

(1),q
 , v∓

(2),q
= v−

(2),q
 . 

Since these models are still product states, the velocity field of each particle can be 
described independently in analogy to the SG description in section 3. To describe 
entangled states, the velocity fields for each particle k, namely v±

(k)
 and v±

(k)
 , are now 

combined with the same coefficients c1, c2 as before.
The Eq. (26) given in section 3 were used for each particle k with the correspond-

ing orientation averages of the forward drift fields

depending on the � component of the spin angular average. E.g., for particle 1 in 
the magnet, denoted by the superscript m, the averaged spin along the measurement 
direction z�1 reads

(40)E
�
s
(1)i
s
(2)j

�
=

ℏ2

4

⎛
⎜⎜⎝

− sin � cos� sin � sin� 0

sin � sin� − sin � cos� 0

0 0 − 1

⎞
⎟⎟⎠

(41)−E[(a ⋅ s
(1)
)(b ⋅ s

(2)
)] − E[(a ⋅ s

(1)
)(c ⋅ s

(2)
)] ≤ 3ℏ2

8
− E[(b ⋅ s

(1)
)(c ⋅ s

(2)
)]

v̄
(k)
(t, z1, z2, s̄(k),𝜑) + ū

(k)
(t, z1, z2, s̄(k),𝜑)
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where A(zk) = exp
(
−

4mzkzcl(t)

�0ℏ

)
 and

E.g., the SDE for the z component of particle k given by the stochastic process Z̄
(k),t

 in 
the magnet ( t < Tm ) reads

where vcl(t) =
�ℏb

2m
t and zcl(t) =

�ℏb

4m
t2 denote the classical velocity and displacement 

of a magnetic moment in an gradient field. After the magnet, the spin average s̄a
(1),z

 is a 
copy of  (42) with terms including zcl(t) being replaced by zm + vmt . Note that the 
drift terms including O

(
(
1

�0
)2
)
 have been neglected as in section 3.

For measurement angles �1 = �2 = 0 , anti-correlated coincidences would be 
measured for the entangled states and the unentangled separable model, e.g., (±) . 
The spin fields  (42) in the magnet in z direction are independent of the phase � . 
They simplify to

In contrast to the single-particle SG experiment, e.g., see Fig. 2, the averaged spin 
components in the singlet state for each spin are 0 before entering the magnet due to 
zcl(0) = 0 and acquire zl components for t > 0 . If Z̄

(1),t
> Z̄

(2),t
 , the first of the two drift 

terms in Eq. (44) are positive for particle 1 while negative for the other. Eventually, 
sm
(z),l

 approaches ±ℏ∕2 for large times depending on the difference Z̄
(1),t
− Z̄

(2),t
 of both par-

ticle positions, which leads to an opposite deflection for the two-particle positions 
in the direction of measurement. Although the positions Z̄

(1),t
≠ −Z̄

(2),t
 for each parti-

cle pair are not exactly anti-correlated, the spin averages are, which is a feature of 
the entangled states considered here. The averaged x and y components of the spins 
remain 0 throughout the experiment.

(42)

s̄m
(1),z

= s̄m
(1),𝜑
(t, z1, z2)

= −
�

2�̄�

(
cos2

𝜖

2

(
− cos 𝛿1 − (cos 𝛿1 + 1)A(z1) + 1

)(
− cos 𝛿2 + (cos 𝛿2 − 1)A(z2) − 1

)

− sin2
𝜖

2

(
cos 𝛿1 + (cos 𝛿1 − 1)A(z1) + 1

)(
− cos 𝛿2 + (cos 𝛿2 + 1)A(z2) + 1

)

− sin 𝜖 cos𝜙 sin 𝛿1 sin 𝛿2
(
A(z1) − 1

)(
A(z2) − 1

))

(43)

�̄�m = cos2
𝜖

2
(A(z1)(cos 𝛿1 + 1) − cos 𝛿1 + 1)(A(z2)(cos 𝛿2 − 1) − cos 𝛿2 − 1)

+ sin2
𝜖

2
(A(z1)(cos 𝛿1 − 1) − cos 𝛿1 − 1)(A(z2)(cos 𝛿2 + 1) − cos 𝛿2 + 1)

+ 2 sin 𝛿1 sin 𝛿2 sin 𝜖 cos𝜙(A(z1) − 1)(A(z2) − 1) .

(44)dZ̄
(k),t
=

[
2

�

(
vcl(t) +

zcl(t)

𝜏0

)
s̄m
(k),𝜑
(t, Z̄

(1),t
, Z̄

(2),t
) −

Z̄
(k),t

𝜏0

]
dt +

√
�

m
dW

(k),t

(45)s̄m
(z),1

= −s̄m
(z),2

=
�

2
tanh

(
2m(z1 − z2)zcl(t)

𝜏0�

)
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A sample of trajectories for 5 particle pairs moving in opposite directions and 
entering a magnetic field is shown in Fig. 5 for the singlet pairs. The measurement 
angles for the SG devices are �1 = �2 =

�

4
 in these figures. The spin averages of the 

individual particles along the measured zk(≠ z) axes are also 0 at the entrance of 
the magnets according to (35) independent of the measurement angles. Eventually, 
each particle ends up in one of the two possible spin channels following the align-
ment of its magnetic moment. In the moment of the measurement of a particle at a 
detector after the magnet, one can assign a spin state for a single particle. Hence, the 
particles gradually disentangle in the stochastic picture until they choose one of the 
two distinct channels where the particle properties in terms of expectations can be 
described for uncoupled particles again. This mechanism is the counterpart to the 
collapse of the state function in the Copenhagen interpretation given in (32) to one 
of the two states �+

(1)
⟩�−

(2)
⟩ or �−

(1)
⟩�+

(2)
⟩.

For the singlet state, the spin pairs in Fig. 5 give anti-correlated outcomes since 
the measurement angles are the same �1 = �2 . This agrees with the state’s definition 
of perfect anti-correlation independent of the measurement axis where the probabil-
ity of (positively) correlated outcomes, i.e., measuring ++ or −− coincidences, only 
depends on the difference of the measurement angles �1 − �2 . Figure 6 shows the 
joint probabilities in magenta and green

(46)𝜌AB̄(𝛿1 = 0, 𝛿2 = 𝛿) ≈ 𝜌BC̄(𝛿1 = 𝛿, 𝛿2 = 2𝛿)

Fig. 5  The plot depicts a sample of 5 numerically calculated particle pairs (each pair has a distinct color) 
prepared in a singlet state entering the magnets simultaneously with measurement angles �1 = �2 =

�

4
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where the joint probabilities are defined as

The correlation of the particles can be compared to the inequality for local hidden 
variable theories given by the Bell inequality

Following Fig.  6, the stochastic model (circles) agrees with the predictions from 
quantum mechanics and violates Bell’s inequality. This is not surprising since the 
model is based on the definition of the singlet wave function with the corresponding 
expected values. Moreover, the stochastic model’s drift fields are non-local, allow-
ing us to describe the strong correlations between the two particles. This is a result 
of the non-separability of the probability distribution, violating the requirement of 
Bell separability.

In summary, the stochastic model of a spinning top allows a consistent description 
of the EPRB with spins as continuous random variables in contrast to the picture of 
an intrinsic property of a constant and discrete spin in standard quantum mechan-
ics. Before the measurement, the spin fields of entangled particles depend on the 
configuration of the two-particle system. The measurement leads to joint spin distri-
butions, which depend on the chosen measurement axes and the configuration vari-
ables of both particles. This leads to a clear violation of the Bell (CHSH) inequality. 

(47)𝜌AB̄(𝛿1, 𝛿2) ∶= 𝜌

(
A = +, B̄ = −

|||a = z
𝛿1
1
, b = z

𝛿2
2

)
.

(48)𝜌AB̄(0, 𝛿) + 𝜌BC̄(𝛿, 2𝛿) ≥ 𝜌AC̄(0, 2𝛿) .

Fig. 6  The plot compares the joint probability distributions as calculated from the singlet state wave 
function in standard quantum mechanics (solid) to the numerically calculated probabilities associated 
with the singlet spin model (circles) depending on the angle � as defined in Eq. (47). The non-local 
velocity fields in the QHE model lead to the violation of Bell’s inequality 𝜌AB̄ + 𝜌BC̄ ≥ 𝜌AC̄ for 𝛿 < 𝜋∕2 . 
Since 𝜌AB̄

Q
= 𝜌BC̄

Q
 the pink dotted line is not visible
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Finally, we note that the spin components along the measured axes approach discrete 
values for sufficiently large distances to the SG magnet.

5  Discussion and Conclusion

We have shown that the Bopp–Haag model of a rotating charge undergoing a con-
servative diffusion process in its translation and rotation degrees of freedom can be 
used to get a dynamic understanding of the measurement process in a Stern–Ger-
lach experiment. The orientation degree of freedom is associated with the magnetic 
moment of the particle, which is the physical observable which can be experimen-
tally addressed. In this theory, spin is the canonical angular momentum belonging 
to this orientation degree of freedom. The description therefore contains position 
and orientation of the particels as hidden variables. It offers a more detailed under-
standing of spin dynamics than the standard approach in quantum mechanics, where 
spin is no longer a physical object in real space but an internal degree of freedom 
of a particle. However, for most experimental situations, the dynamics of the ori-
entation motion can be averaged out, because it is much faster than the translation 
motion, and with this one recovers the results from the standard analysis using the 
Pauli equation.

For the EPRB experiment, we have seen that although the second particle is 
locally separated from the first particle, its spin is changed in reaction to the meas-
urement of particle 1. The position of particle 2 is unaffected, but its spin changes 
over the course of the measurement of particle 1 due to the non-local quantum 
torque

which depends on the configuration variables of both particles.
If this is interpreted as a physical effect from particle 1 on particle 2, we would 

have what Einstein called a spooky action at a distance. This is understood in con-
trast to non-spooky action at a distance which comes about by an instant interac-
tion at a distance typical for Galilean physics as encoded in an interaction poten-
tial. Such a non-spooky interaction at a distance is present in the Hamilton-Jacobi 
theory of classical mechanics, where the action field S(x, t) depends on the positions 
x = {xn(t)} of all particles through their interaction potentials. A measurement on 
particle k, which affects its position, instantaneously changes the field S(x, t) which 
in turn instantaneously changes the paths we would predict for all particles from this 
time on. The field S(x, t) encodes everything we know about a classical mechanical 
system at a given time t, but is has no physical existence, it is purely epistemologi-
cal. The same is true for the wave function �(x, t) =

√
�(x, t) exp{i∕ℏS(x, t)} as Niels 

Bohr always stressed (see [31] for an insightful discussion of the different points of 
view of Einstein and Bohr). After all, Schrödinger derived his equation with the goal 
of constructing a Hamilton-Jacobi formulation for quantum dynamics. The wave 
function, �(x, t) , and by construction �(x, t) and S(x, t) of the Madelung equations, 

(49)T̄
(k),u

= s̄
(k)
×
∑
l

(
�

2m
Δ

(l)
s̄
(k)
+ (ū

(l)
⋅ ∇

(l)
)s̄

(k)

)
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and v(x,  t) and u(x,  t) of our quantum Hamilton equations, encode everything we 
know about a quantum system. When we perform a measurement on particle 1 in 
an EPRB experiment, we update this information conditioned on the outcome, and 
consequently predict a different dynamical behavior of particle 2 from this time on. 
There is no physical interaction involved and the speed of light is of no importance. 
The hidden variables in this description are position and orientation of the particles 
and their magnetic moments and for all quantum states � the allowed set of hidden 
variables is always ℝ3 × SO(3) . Our description therefore belongs to the class of �
-epistemic theories in the nomenclature of Harrigan and Spekkens [32]. This epis-
temological view of the meaning of the wave function makes it a tool for inference 
about our expectations for experimental results for a given preparation procedure 
[33, 34].

Only when we pick a starting point and let a particle position evolve deterministi-
cally along the gradient of the action field, S(x, t), in classical mechanics, does the 
epistemological content of the action field give rise to an ontological particle path. 
In the same way, the epistemological content of the velocity fields, v(x, t) and u(x, t), 
or, equivalently, the wave function, �(x, t) , gives rise to a stochastic path when we 
choose a starting position for a quantum particle. This is the ontological content of 
quantum mechanics Einstein was demanding.

Appendix

Randomly Orientated Spin

In this part, we consider the combination of two known solutions to the QHE, 
namely the eigenstates of a spin1

2
 particle with projection along the z-axis. This com-

bination is used to describe spin expectations which are not aligned with the z-axis. 
These states imply E[s] = ∫ s�d� ≠ ∫ s�±d� where � is the probability distribution 
of the rotated spin state and �± are the probability distributions of the spin-up s+ 
and spin-down s− states with expectations E[s±] = ∫ s±�

±d� = ±
ℏ

2
ez . So the rota-

tion of the angular velocity expectation is accompanied by a change in the prob-
ability distributions from �± to � . In the following, the complex stochastic process 
st = s

q

t = sv − isu of the spin-up state is considered, which is rotated such that 
E[s] =

ℏ

2
e� . This follows by analogy with the combination of two known solutions 

of the QHE with constants c1 = cos (�∕2) and c2 = sin (�∕2) . In terms of matrix multi-
plication, the jth component of the rotated canonical angular momentum reads

where the two spin angular momenta s+,j and s−,j correspond to spin up and down 
states for a spin-1

2
 particle. Correspondingly, the orientational probability distribution

(A1)sj =
1

�

�
cos2

�

2
�+

1

2
sin �

√
�+�−e

−
i

ℏ
(S−−S+)

1

2
sin �

√
�+�−e

i

ℏ
(S−−S+) sin2

�

2
�−

��
s+,j
s−,j

�
,
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is the new probability distribution, and the functions S± must satisfy s±,j = −iℏ�jS±.6

Acknowledgements The authors acknowledge helpful discussions with W. Grecksch.

Funding Open Access funding enabled and organized by Projekt DEAL.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, 
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long 
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative 
Commons licence, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line 
to the material. If material is not included in the article’s Creative Commons licence and your intended 
use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permis-
sion directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

References

 1. Gerlach, W., Stern, O.: Der experimentelle Nachweis der Richtungsquantelung im Magnetfeld. 
Zeitschrift für Physik 9(1), 349–352 (1922). https:// doi. org/ 10. 1007/ 978-3- 642- 74813-4_4

 2. Gerlach, W., Stern, O.: Das magnetische Moment des Silberatoms. Zeitschrift für Physik 9(1), 
353–355 (1922). https:// doi. org/ 10. 1007/ 978-3- 642- 74813-4_5

 3. Einstein, A., Podolsky, B., Rosen, N.: Can Qunatum mechanical description of physical reality 
be considered complete? Phys. Rev. 47, 777 (1935). https:// doi. org/ 10. 1007/ 978-3- 322- 91080-6

 4. David, B.: Quantum Theory. Prentice-Hall, Englewood-Cliffs (1951)
 5. NobelPrize.org: The Nobel Prize in Physics 2022. https:// www. nobel prize. org/ prizes/ physi cs/ 

2022/ summa ry/
 6. Nelson, E.: Derivation of the Schrödinger equation from Newtonian mechanics. Phys. Rev. 

150(4), 1079 (1966). https:// doi. org/ 10. 1103/ PhysR ev. 150. 1079
 7. Faris, W.G.: Spin correlation in stochastic mechanics. Found. Phys. 12(1), 1–26 (1982). https:// 

doi. org/ 10. 1007/ BF007 26872
 8. Dankel, T.G.: Mechanics on manifolds and the incorporation of spin into Nelson’s stochastic 

mechanics. Arch. Ration. Mech. Anal. 37(3), 192–221 (1970). https:// doi. org/ 10. 1007/ BF002 
81477

 9. Koeppe, J., Grecksch, W., Paul, W.: Derivation and application of quantum Hamilton equations 
of motion. Ann. Phys. (Berlin) 529, 1600251 (2017). https:// doi. org/ 10. 1002/ andp. 20160 0251

 10. Beyer, M., Paul, W.: On the stochastic mechanics foundation of quantum mechanics. Universe 
7(6), 166 (2021). https:// doi. org/ 10. 3390/ unive rse70 60166

 11. Beyer, M., Paul, W.: Particle spin described by quantum Hamilton equations. Annalen der Physik 
535(1), 2200433 (2023). https:// doi. org/ 10. 1002/ andp. 20220 0433

 12. Bohr, N.: Can quantum-mechanical description of physical reality be considered complete? Phys. 
Rev. 48(8), 696 (1935). https:// doi. org/ 10. 1103/ PhysR ev. 48. 696

 13. Bohr, N.: The unity of human knowledge. Am. J. Hosp. Pharm. 17(11), 694–697 (1960). https:// 
doi. org/ 10. 1093/ ajhp/ 17. 11. 694

 14. Bopp, F., Haag, R.: Über die Möglichkeit von Spinmodellen. Zeitschrift für Naturforschung A 
5(12), 644–653 (1950). https:// doi. org/ 10. 1515/ zna- 1950- 1203

 15. Huang, Q., Zambrini, J.-C.: From second-order differential geometry to stochastic geometric 
mechanics. J. Nonlinear Sci. 33, 67 (2023). https:// doi. org/ 10. 1007/ s00332- 023- 09917-x

 16. Pavon, M.: Hamilton’s principle in stochastic mechanics. J. Math. Phys. 36(12), 6774–6800 
(1995). https:// doi. org/ 10. 1063/1. 531187

 17. Beyer, M.: Particle Spin described by quantum Hamilton equations. PhD thesis, Martin-Luther 
Universität Halle-Wittenberg (2023). https:// doi. org/ 10. 25673/ 112607

(A2)� = cos2
�

2
�+ + sin2

�

2
�− + sin �

√
�+�− cos ((S−−S+)∕ℏ)

6 The combination in Eq. (A1) ensures that the QHE for the rotational part—and the associated partial 
differential equations—are satisfied. This matrix multiplication is the stochastic counterpart to the linear 
superposition of two solutions to the Schrödinger equation, where it is apparent that in the stochastic the-
ory, the combination is not a simple superposition but a non-linear combination due to the non-linearity 
of the QHE.

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/978-3-642-74813-4_4
https://doi.org/10.1007/978-3-642-74813-4_5
https://doi.org/10.1007/978-3-322-91080-6
https://www.nobelprize.org/prizes/physics/2022/summary/
https://www.nobelprize.org/prizes/physics/2022/summary/
https://doi.org/10.1103/PhysRev.150.1079
https://doi.org/10.1007/BF00726872
https://doi.org/10.1007/BF00726872
https://doi.org/10.1007/BF00281477
https://doi.org/10.1007/BF00281477
https://doi.org/10.1002/andp.201600251
https://doi.org/10.3390/universe7060166
https://doi.org/10.1002/andp.202200433
https://doi.org/10.1103/PhysRev.48.696
https://doi.org/10.1093/ajhp/17.11.694
https://doi.org/10.1093/ajhp/17.11.694
https://doi.org/10.1515/zna-1950-1203
https://doi.org/10.1007/s00332-023-09917-x
https://doi.org/10.1063/1.531187
https://doi.org/10.25673/112607


1 3

Foundations of Physics           (2024) 54:20  Page 25 of 25    20 

 18. Scully, M.O., Lamb, W.E., Jr., Barut, A.: On the theory of the Stern–Gerlach apparatus. Found. 
Phys. 17, 575 (1987)

 19. Holland, P.R.: The Quantum Theory of Motion: An Account of the De Broglie–Bohm Causal 
Interpretation of Quantum Mechanics. Cambridge University Press, Cambridge (1995)

 20. Dewdney, C., Holland, P.R., Kyprianidis, A., Vigier, J.-P.: Spin and non-locality in quantum 
mechanics. Nature 336(6199), 536–544 (1988). https:// doi. org/ 10. 1038/ 33653 6a0

 21. De Raedt, H., Jin, F., Michielsen, K.: Classical, quantum and event-by-event simulation of a 
Stern–Gerlach experiment with neutrons. Entropy 24, 1143 (2022). https:// doi. org/ 10. 3390/ 
e2408 1143

 22. Bell, J.S.: On the Einstein Podolsky Rosen paradox. Physics Physique Fizika 1(3), 195 (1964). 
https:// doi. org/ 10. 1017/ CBO97 80511 815676. 004

 23. Clauser, J.F., Horne, M.A., Shimony, A., Holt, R.A.: Proposed experiment to test local hidden-varia-
ble theories. Phys. Rev. Lett. 23(15), 880 (1969). https:// doi. org/ 10. 1103/ PhysR evLett. 23. 880

 24. Hall, M.J.: The significance of measurement independence for Bell inequalities and locality. In: At 
the Frontier of Spacetime, pp. 189–204. Springer, Berlin (2016)

 25. Everett, H., III.: Relative State formulation of quantum mechanics. Rev. Mod. Phys. 29(3), 454 
(1957). https:// doi. org/ 10. 1103/ RevMo dPhys. 29. 454

 26. DeWitt, B.S.: Quantum mechanics and reality. Physics today 23(9), 30–35 (1970). https:// doi. org/ 
10. 1515/ 97814 00868 056- 005

 27. Brans, C.H.: Bell’s theorem does not eliminate fully causal hidden variables. Int. J. Theor. Phys. 27, 
219–226 (1988). https:// doi. org/ 10. 1007/ BF006 70750

 28. Hall, M.J.: Local deterministic model of singlet state correlations based on relaxing measurement inde-
pendence. Phys. Rev. Lett. 105(25), 250404 (2010). https:// doi. org/ 10. 1103/ PhysR evLett. 105. 250404

 29. Hossenfelder, S., Palmer, T.: Rethinking superdeterminism. Front. Phys. 8, 139 (2020). https:// doi. 
org/ 10. 3389/ fphy. 2020. 00139

 30. Hance, J.R., Hossenfelder, S., Palmer, T.N.: Supermeasured: violating bell-statistical independence 
without violating physical statistical independence. Found. Phys. 52, 81 (1922). https:// doi. org/ 10. 
1007/ s10701- 022- 00602-9

 31. Jaynes, E.T.: Probability in quantum theory. In: Zurek, W.H. (ed.) Complexity, Entropy and the 
Physics of Information. Addison-Wesley Publishing Co., Boston (1990)

 32. Harrigan, N.: Einstein incompleteness and the epistemic view of quantum states. Found. Phys. 40, 
125 (2010). https:// doi. org/ 10. 1007/ s10701- 009- 9347-0

 33. Jaynes, E.T.: Probability Theory: The Logic of Science. Cambridge University Press, Cambridge (2003)
 34. Fuchs, C.A., Schack, R.: Quantum-Bayesian coherence. Rev. Mod. Phys. 85(4), 1693 (2013). https:// 

doi. org/ 10. 1103/ RevMo dPhys. 85. 1693

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps 
and institutional affiliations.

https://doi.org/10.1038/336536a0
https://doi.org/10.3390/e24081143
https://doi.org/10.3390/e24081143
https://doi.org/10.1017/CBO9780511815676.004
https://doi.org/10.1103/PhysRevLett.23.880
https://doi.org/10.1103/RevModPhys.29.454
https://doi.org/10.1515/9781400868056-005
https://doi.org/10.1515/9781400868056-005
https://doi.org/10.1007/BF00670750
https://doi.org/10.1103/PhysRevLett.105.250404
https://doi.org/10.3389/fphy.2020.00139
https://doi.org/10.3389/fphy.2020.00139
https://doi.org/10.1007/s10701-022-00602-9
https://doi.org/10.1007/s10701-022-00602-9
https://doi.org/10.1007/s10701-009-9347-0
https://doi.org/10.1103/RevModPhys.85.1693
https://doi.org/10.1103/RevModPhys.85.1693

	Stern–Gerlach, EPRB and Bell Inequalities: An Analysis Using the Quantum Hamilton Equations of Stochastic Mechanics
	Abstract
	1 Introduction
	2 Quantum Hamilton Equations
	3 Stern–Gerlach Experiment
	3.1 Solutions to Constant  Expectation
	3.1.1 Randomly Oriented Initial Spins
	3.1.2 Numerical Solution
	3.1.3 Results
	3.1.4 Polarization of the Initial Spin Expectations
	3.1.5 Other Treatments


	4 Einstein–Podolsky–Rosen–Bohm
	4.1 Stochastic Description
	4.1.1 Simultaneous Measurement


	5 Discussion and Conclusion
	Appendix
	Randomly Orientated Spin

	Acknowledgements 
	References


