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Abstract

The widely known but also somewhat esoteric Mach principle envisages a fully rela-
tional formulation of physical theories without any reference to a concept of ‘abso-
lute space’. When applied to classical mechanics, under the guise of an extended
symmetry group, this procedure is known to lead to an equation of motion with
inertial-like forces that are sourced by the mass distribution of the system itself. In
this paper we follow a similar procedure and reformulate the Schrodinger equation
of non-relativistic quantum mechanics in a fully Machian way. Just like its classi-
cal counterpart, the resulting quantum theory is fully relational in the positions and
momenta of the bodies comprising a given physical system, leaving no room for the
notion of absolute space.
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1 Introduction

The late 19th century principle formulated by Ernst Mach [1] was born out of the
criticism to Newton’s famous buck experiment and the associated concept of abso-
lute space in classical mechanics (for modern reviews of Mach’s principle see Refs.
[2, 3]). The same principle is known to have played an important role in the early-
stage development of Einstein’s General Relativity (GR) although, as it turned out,
the final theory failed to be fully Machian.

Among the subsequent discussions of the principle and of the closely related con-
cept of the ‘origin of inertia’ stand out the phenomenological model of Sciama [4],
Lynden-Bell’s attempt to build a Machian extension of GR [5] and Barbour & Bertot-
ti’s first implementation of Mach’Os principle as a dynamical theory [6]. In parallel, a
significant body of work has studied the possibility of a Machian origin of the relativis-
tic dragging of inertial frames effect; early calculations based on a rotating shell model
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appear to lend support to this connection [7] but later work has claimed frame dragging
to be anti-Machian [8] (a modern review on this subject can be found in Ref. [9]).

Although never truly achieving front-stage actor status, Mach’s principle and the
concepts associated with it are still subjects of investigation in cosmology and gravi-
tational physics (for a very recent example see [10]) and the question to what extent
our Universe is ‘Machian’ is still an open one.

Mach’s principle is far easier conceptualised and implemented within non-
relativistic physics. The reformulation of classical mechanics without an absolute
space reference frame by Lynden-Bell and Katz [11] provides a prime example of
this assertion. This theory (which is equivalent to that of Ref. [6]) is designed to be
invariant under a larger group of symmetries than Newtonian mechanics and as a
consequence it is fully relational, that is, its Lagrangian depends only on the rela-
tive positions and velocities of the bodies that make up the ‘universe’ in this model.
More recent work on the same model [12] has established that the familiar inertial
forces of Newtonian mechanics are determined by the global properties of the sys-
tem itself rather than the motion with respect to an inertial frame of ‘fixed stars’; this
is the very essence of Mach’s principle.

Although Mach’s principle has traditionally been considered in relation with iner-
tial forces, relativistic frame dragging and cosmology, there is no deep reason for it
to be confined within the realm of classical physics. After all, standard non-relativ-
istic quantum mechanics (QM) is formulated in the same inertial frame ‘absolute
space’ as Newtonian mechanics and shares the same group of space-time symme-
tries. To the best of our knowledge no such Machian formulation of QM exists in
the literature and it is the purpose of this paper to develop one. Our approach is
based on the extension of the classical model of Lynden-Bell and Katz, Ferraro [11,
12] and the final product is the derivation of a fully relational Schrodinger equation.
This is the only — but crucial — Machian modification of standard QM.

The rest of the paper is organised as follows. Section 2 sets the stage by sum-
marising the relational-Machian model of classical mechanics developed in Refs.
[11, 12]. Section 2.1 provides the link between the extended symmetry group of the
new framework and its Machian character. In Sect. 2.2 the relevant Lagrangian is
constructed and a new ‘Mach—Newton’ equation of motion is derived. Some impli-
cations of this equation are discussed in Sect. 2.3. The QM portion of the paper can
be found in Sect. 3.1 (construction of the classical relational Hamiltonian), Sect. 3.2
(definition of quantum operators) and Sect. 3.3 (derivation of a ‘Mach—Schrddinger’
equation). Our concluding remarks can be found in Sect. 4. Throughout the paper
the indices {i,j} (with or without primes) are exclusively used as ‘body labels’. All
other latin indices represent vector/tensor components. Calligraphic symbols refer
to parameters in the system’s center of mass frame. An overdot (hat) denotes a time
derivative (quantum operator).
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2 Setting the Stage: Classical Mechanics Without Absolute Space
2.1 From Absolute Space to Relational Space

This section summarises previous work by Lynden-Bell and Katz [11] (as well as its
later extension by Ferraro [12]) who were among the first to develop a rigorous and
fully Machian reformulation of classical Newtonian mechanics without any tethers to
the concept of absolute space. As pointed out in the introduction, this model serves as
the necessary stepping stone towards a Machian treatment of QM and for that reason
we believe it should be discussed here in some detail.

The ‘universe’ in this model comprises a collection of N point-like bodies of mass
m; and position Xx;(f) (where i = 1,2, ... N). Each pair ij of bodies is assumed to interact
via a potential,

Vi = Vi, (1

which is only a function of the pair’s relative position x; = x; — X;. For the specific
example of gravitationally interacting bodies we would have

N
v=Y3Yv,=-Yv, @)

ij j=1 i<j
with
Gm;m;
V%) = ———. €)
)
The system’s Lagrangian is defined in the usual way,
1
L=T—V=52mivi-vi—V(xij). )

where v; = x;. This functional encapsulates the familiar symmetries attached to
Newtonian mechanics: (i) invariance with respect to time-independent rigid spatial
translations and rotations,

X, > X, +&, X, = X; + (A XX,), )

where A is a constant vector along the axis of rotation and (ii) invariance with
respect to the Galilean transformation (GT),

t—>t+e, X; = X; + Vi, 6)

where ¢ and V are constants. Indeed, the privileged family of inertial frames defined
by the GT represents the modern incarnation of Newton’s ‘absolute space’ where the
theory is supposed to be valid.

Newtonian mechanics can be converted to a fully relational theory (i.e. free of the
concept of absolute space) provided it is defined via a Lagrangian that is invariant with
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respect to a wider set of gauge symmetries, namely, infinitesimal time-dependent rigid
translations (also known as ‘extended GT’ in the literature [13]) and rigid rotations,

X, > X, +&1) = v, >V, + &, (7)

X, = X+ (a0 Xx;) = v, > v+ (@Xx)+@xv), )

where () = a. These transformations only affect the kinetic energy 7 in (4); the
transformation (7) produces a variation

6T =E&-P, ©)

where P is the system’s total momentum. This variation can be eliminated if we
instead work with the kinetic energy in the center of mass (CM) frame,

1

TET—EM@, (10)
where M = Y. m; is the total mass and
1 1
u, = Mzmivi= MP’ (11)

is the CM velocity. The new kinetic energy is invariant, 67 = 0, with respect to (7)
and can be rewritten in the equivalent forms [11, 12]

_1 2 _ 1 2
7= E Zmilvi - llc| = E ;miivij. (12)

Notice that 7 resembles the potential energy term, being a double sum and depend-
ing on the relative velocities v; = v; — v; instead of the original absolute velocities.
At the same time the single-body masses have been replaced by the pair masses
my; = m;m;/M which are a generalisation of the familiar two-body system’s reduced
mass.

The kinetic energy 7 is still not invariant with respect to the second transforma-

tion (8); the associated variation is found to be [11, 12],
T=w-J, (13)

where J is the system’s total angular momentum with respect to the CM frame.
This can be written in the three equivalent forms,

T= ) m(x; X V) = (%, XP) = Y m(x,, X v;.) = Y my(x; X v,), (14)

i<j
where we have defined the relative to the CM position and velocity,
Xic =X; — X, Vie =V, — U (15)

In particular, according to the last equation in (14) we have J = J(XU-, Xii)'
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As in the previous case with the modification (10), 7 can be eliminated after
removing a CM-related rotational term from the kinetic energy. The new, fully gauge-
invariant, kinetic energy is found to be

1
T = T——J Q== Zm” EI;,('J,,j,(. (16)

The symmetric tensor Z,, is the system’s intrinsic moment of inertia with respect to
the CM. This is,

Ink = z m (xizcénk ic lL Z ml]<x 5k" B xl/xl] > (17)

i<j

As evident from the last equation this moment of inertia is a fully relational quantity,
T = Z(x;). As aresult of its definition Z,,, is related in the usual way to the abso-

lute space moment of inertia [,
Ly = Zmi(x?énk —x:.’xf) =T +M(x§5nk —xgx];). (18)
The vector Q = Q(x;,v;) in (16) is given by,

T =Ty => . =T,'7, (19)

from which it follows that QQ is the system’s angular velocity with respect to the
CM.

2.2 The New Relational Lagrangian & the ‘Mach-Newton’ Equation of Motion

We can now assemble the previous results and define a fully relational Lagran-
gian that describes the present Machian reformulation of Newtonian mechanics.
This Lagrangian, first derived in Ref. [11], is:

L) =T -V = Zmy ; I;Mfk - Vixy). (20)

i<j

The same Lagrangian can be written in several equivalent ways. For example, two
forms that show explicitly the CM’s central role in this Machian framework are,
1

IME+2T-0) =3 Yomlve - @xx.[ -V&). @

'C:L_(z

The i-body’s equation of motion can be derived from the above Lagrangian in the
standard way; working with the conjugate parameters {X;.,X;.} we first find the
canonical momentum
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p o OL

"oox,

=m(v, — @ XX;,). (22)

The corresponding Euler—Lagrange equation is,

dP; _ oL
dt  ox,’ 23
and leads to the equation of motion
Mk = VY m(@X %+ @XK,) = 2V, (T @), (24)

where the gradient is taken with respect to X;.. After manipulating the last term this
becomes,

m&,. = =V,.V+m[Qxx,. +2Qx %, — 2x (@xx,)]. (25)

We would have obtained an identical result had we used the variables {x;, X;} (e.g.
note that V, V(x;) = V, V(x;. — X;.) is equal to V,V(x;) = V,V(x; — X))).

The ‘Mach—Newton’ equation (25) is the central result of this section and was pre-
viously obtained in [12]. It is structurally identical to the textbook Newton’s law in a
non-inertial frame attached to the system’s CM and rotating with angular frequency
—Q with the usual inertial forces present. However, appearances are deceiving because
these forces are, in fact, generated by the spatial distribution and motion of the rest of
the ‘universe’ (through the function ). This property of the new theory is highly non-
trivial because these Machian terms are present even when there is no direct interac-
tion, V = 0, between the bodies; one could claim that these terms represent the ‘backre-
action’ of space to the presence of matter.

All distances and velocities in Eq. (25) are measured relative to the CM. The motion
of the CM itself is left unconstrained since the new theory does not supply an equation
of motion for it. This is in contrast to standard Newtonian mechanics where the CM’s
motion is prescribed relative to ‘absolute space’. The true Newtonian limit of (25)
can be easily identified from (21) and corresponds to u, = £ = 0, that is, uniformly
moving CM and vanishing total angular momentum in the CM frame. The privileged
frames where these conditions are met can be rightly called ‘Newtonian frames’ and
their definition implies that these frames are related to each other through time-inde-
pendent rigid translations and rotations (plus the usual GT).

2.3 A Gravitational Bucket Experiment

No discussion of a Machian theory would be complete without a remark on the famous
rotating bucket experiment. In Ref. [12] the ‘bucket’ is modelled as a binary system of
two point masses m moving in a circular orbit of radius R about their CM. As a proxy
for the ‘fixed stars’ this model assumes a distant spherical shell centered at the binary’s
CM.
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Following Ref. [12], we work in the binary’s corotating frame and find that Eq. (25)
reduces to the following balance between the gravitational and ‘centrifugal’ forces (the
net gravitational force exerted by the shell on the binary is of course equal to zero),

Gm?>

T mQ°R. (26)

The shell’s angular momentum is J = [,Q, where I, is the shell’s isotropic
moment of inertia and Q, = £2,Z is the binary’s orbital frequency. At the same time
J, = 1,82, and we find,

Iy
Q= I—-Qb- (27)

Z

The principal axis component Z_ can be obtained from (18), leading to
T, = I, + 2mR®. Inserting this in (26)

Gm Y
'’ .QbR<l +

o\ 2
2mR > (28)

0

This key expression illustrates how the standard centrifugal acceleration is related
to the large-scale distribution of matter. Once the shell is removed, I, — 0, the iner-
tial force vanishes altogether in agreement with Mach’s principle. The more realistic
situation is the limit 2mR? /I, < 1 which leads to the familiar centrifugal force of
Newtonian mechanics.

An alternative interpretation of (28) presents itself if we write it as the standard
Kepler’s third law with an effective non-local gravitational constant

2mR? >2
0

Gy = G<1 + (29)

As any practitioner of GR would instantly spot, this relation signals a violation of
the weak equivalence principle. The loss of the universality of free fall in a gravita-
tional field is a completely general property of the new Machian theory and a clear
demonstration of its non-GR character. This can be easily seen by writing down the
equation of motion (25) for the case of gravitationally interacting bodies,

Gm; .
Xl-c:—;x—3]xij+.(2xxic+2.(2xxic—.(2x(Qxxic). 30)
JFL ij

Unlike its Newtonian counterpart, this equation does depend on the body’s mass m;
as it enters the global variable Q.
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3 Quantum Mechanics ‘Without Absolute Space’
3.1 The Classical Hamiltonian

The next order of business following the successful Machian reconstruction of clas-
sical mechanics is the formulation of a non-relativistic QM theory without the con-
cept of absolute space.

The first step towards that goal is the construction of an appropriate classical
Hamiltonian. Starting from the definition,

H= 2 P, v, — LV X;0), 31)

we can subsequently manipulate the first term,

P2
Pvi=) —+u.- ) P+Q- X;. X P)). 32
Z i l Z ml C Z i Z( ic l) ( )
It is straightforward to verify that the canonical momenta obey the conditions,

Z P=0, ) (x,xP)=0. (33)

1

These carry a clear physical meaning: the system’s total canonical momentum and
angular momentum (with respect to the CM) are equal to zero. As a result of these
conditions the Hamiltonian takes the simple ‘single particle’ form

P2 Ip,, —m;Q xx, |?
H = Z TR V(x;) = Z o + V(xy), (34)

L

where p,. = m;v,. is the i-body’s kinematical momentum relative to the CM. As

expected, £ = H represents the system’s conserved energy:

dH o (; o oL
?—Z<’Pi Viet P Vi o Ve av,. Vic)

_ b _ 0L _
= ,- <’Pi 0x.> v, =0.

It is worth pointing out that, modulo the previous subtraction of the rotational term
J - Q/2 in (16), the Hamiltonian (34) looks structurally identical to the classical
mechanics Hamiltonian in a rotating frame (e.g. see Ref. [14]). In reality the two
cases are physically distinct due to the presence of the Machian function (x;;, v;)
in (34).

ic

(35)

@ Springer



Foundations of Physics (2022) 52:36 Page90of13 36

3.2 The Position and Momentum Operators

Having at our disposal the classical relational Hamiltonian (34) we are in a position to
build a relational theory of QM. For simplicity, we will work in the position represen-
tation; following the established textbook approach [15] we first introduce the usual
operators for the fundamental triad of position, energy and (kinematical) momentum:

d .
e = Xics &=in—, p;. = —ihV,.
ic ic l dl pzc l ic (36)

These operators obey the fundamental commutation relation,
k
[x ﬂ] ih o, 37)

A new operator that needs to be defined is that of the canonical momentum (22)
which is the Hamiltonian’s main variable. For convenience we rewrite it in index
notation,

— K s on
/P:'( =Dic + miekfmxtczmqeqm xjcpjc' (38)
j
The direct substitution recipe p - p produces a non-hermitian operator'. The
proper method [15] for defining the hermltlan operator of a variable with a non-

trivial dependence on p is to write the classical expression in a p-symmetric form. In
the case at hand this is,

P, =p,.+ %mi(ﬂ X X — X;e X Q), (39)
and we define the corresponding operator as
A~k ~k 1 £ 7 An 4
Py =+ 3micumeyn X% (X Tmai + Pl ). (40)
J

where in the last term xj?c has been factored out as it always commutes with ﬁj’.’c
(unless s = n in which case the term is zero). This operator is indeed hermitian:

Akt g 1 ¢ 1 an ) _
(Pl) =D + Emiekfmeqm - pjc[xthr;q] Tx Xie mquc - 77? 41

ic mq

! For the conjugate operator we find (73' )T —p + M€, € gon Z [ 7! ] The last term in this
" 7! Therefore Pt # P

expression contains products that do not commute, e.g. p’; x and p’

ic”'mq
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3.3 The‘Mach-Schrodinger’ Equation

The action of the canonical momentum operator on an arbitrary wavefunction ¥
results in,

Ak

i jc ic”"mq " jc ic” mq

W= —in VkT+;m€kfm € x‘( XTIV 4 VT qf])]. (42)
J

The calculation of 7512¥’ involves several lines of algebra and the final result is rather
unwieldy. However, it can be simplified if we notice that

v (7! m;Xi. 1
i mq) ~ 7 <1, 43)

where [ is the typical size of the system’s total moment of inertia. Working to first
order in the small parameter /~! we find the much simpler expression,

2
A2 _ 2 2 1 n k vn mi
= _n lv + 2 T (€ Vi +eqé,12)gcvuvjc)]w+o<l—2>.

(44)
The theory’s ‘Mach—Schrodinger’ equation is
7/\32
N ; d¥
o = Z oy VO ¥ = i (45)
where ¥ = ¥(x;,1) =¥ (X, — X, 1) is the system’s global wavefunction. After

inserting (44) this becomes,

aw \
thar =h le

2

AT (e Vit € D, Vf‘LVJ”C>]T+VT.
J

(46)
This fully relational equation, which describes a system of interacting quantum
particles in their CM frame, is the main new result of this paper. It is markedly
more complicated than the standard multi-particle Schrodinger equation in inertial
space [15] and, unlike that equation, it may not be separable. Our equation bears
some resemblance to the non-inertial frame Schrodinger equation [14] but fails to
be equivalent to it due to the non-uniform function Q(x;., p;.). As it was the case
with the classical equation of motion, the new Machian terms are present even in the
absence of an interaction potential, simply existing as a result of the presence of the
bodies themselves. These terms however, considering that 7 > ml-)cfC , are typically
much smaller than the kinetic energy term.
The rest of the theory can be axiomatised as in standard QM. For instance, the
expectation value (Q) of any observable Q is
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N
(0) = / averQy,  dv =[], (47)
i=1

where the integral is to be evaluated in the full N-dimensional space of the system.
The hermitianity of 7 together with iZd¥ /dt = HY leads to the textbook time evo-
lution law

h@ — (0. 7). (48)

With the help of this formula and the commutation relations (accurate to O(I -1 )),

(o P11 = B+ i Tt 2 (49)

_ _lh + N +26 N
- 2 l mq €nim qkb .X p pjc'xm ijenkmeqsb xj’cpj/c
j/

mlImq [ €aim qkbxlc VJL + 6 enkmeqsb Z xj LV;JC (50)
! 6;(6,,,0 6,10
+ E ij( mq®nk — Ymk nq)] ’

we can establish the validity of the Ehrenfest theorem in the new formulation. For
example, setting O = x;‘

k

dix; )
i = () = Y o 7 8 AAERENGN (51)

For the commutators we have,

A A2 sk AP ANk AT
st V(-x[j)] - [ jC’ i ] - [ jC’ i ] i + i[xjc’ i ]s (52)
and we find
Ak
ety (P
jel Jjc G 1 I an [ an
dt - m; +§<€ksqxjcz;lq€mln - xicpi(j_ekqs mln mq thcptc>' (53)

This result indeed coincides with the averaged value of the classical expression (39).
A similar but significantly longer calculation establishes the same result for the clas-
sical equation of motion.
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4 Concluding Remarks

The new physics of the relational Schrodinger equation (46) lies in its non-local
character. This is a striking property not present in the non-inertial frame formu-
lation of the standard Schrodinger equation [14]. Even in the case of a vanishing
interaction potential, each body is simultaneously affected by the rest of the sys-
tem. Although the non-local terms are expected to be tiny compared to the usual
kinetic terms they are, nevertheless, always present, thus forbidding (at least in a
generic sense) the separability of the multi-body equation into decoupled single-
body equations.

It should be noted that the relational QM formulated in this paper is distinct from
the more well known ‘relational QM’ of Ref. [16]. In this latter theory standard QM
is reinvented as a relational framework with respect to the observer-observed system
pair and the concept of an observer’s reality. In contrast, our framework is more
‘classical’, replacing the standard absolute space Schrodinger equation with a fully
Machian equation. As pointed out earlier, our QM model is relational with respect to
the bodies’ positions and momenta.

Several different directions present themselves for future work. The non-local-
ity of the model proposed in this paper may have interesting ramifications for the
non-local physics of entanglement and the EPR argument. Following the example of
the classical mechanics model, the physics behind the Mach—Schrodinger equation
could be unveiled with the help of a suitable ‘quantum bucket experiment’ which
should be designed to facilitate an exact solution of the aforementioned equation.
We hope to be able to study some of these problems in the near future.
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