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Abstract
We present a quantum mechanical (QM) analysis of Bell’s approach to quantum 
foundations based on his hidden-variable model. We claim and try to justify that 
the Bell model contradicts to the Heinsenberg’s uncertainty and Bohr’s complemen-
tarity principles. The aim of this note is to point to the physical seed of the afore-
mentioned principles. This is the Bohr’s quantum postulate: the existence of indivis-
ible quantum of action given by the Planck constant h. By contradicting these basic 
principles of QM, Bell’s model implies rejection of this postulate as well. Thus, this 
hidden-variable model contradicts not only the QM-formalism, but also the funda-
mental feature of the quantum world discovered by Planck.

Keywords Complementarity and uncertainty principles · Indivisible quantum 
of action · Quantum postulate · Quantum nonlocality · Hidden variables · Bell 
inequality · Realism

1 Introduction

The aim of this paper is to show that the Bell’s hidden-variable model [1–4] 
contradicts to the Bohr’s quantum postulate [5–10]—the existence of indivis-
ible quantum of action h. As is well known, Planck’s discovery was the first step 
towards development of quantum theory. In particular, the first contribution of 
Bohr to quantum mechanics (QM), the principle of quantization of electron’s 
orbits in an atom, was based on Planck’s discovery of discreteness of action. 
Then, Bohr formalized the presence of indivisible quantum of action in nature as 
a special postulate, see Sect. 6 for details. The quantum postulate plays the basic 
role in quantum foundations. By rejecting it, one immediately confronts the prob-
lems of physics at the beginning of 20th century, including the problem of black 
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body radiation. Thus, nobody is ready to reject explicitly the quantum postulate 
(the existence of h). However, in quantum foundational studies, this postulate is 
often rejected implicitly. The aim of this paper is to show that Bell’s hidden-var-
iable model implies rejection of the quantum postulate. One of the main moti-
vations for Bell’s study was to explain the long distance correlations (whatever 
“explain” means). In the light of our analysis, the following question arises:

Would one like to “explain” the long distance correlations by the cost of con-
fronting again with the ultraviolet (Rayleigh–Jeans) catastrophe and ignoring the 
original Planck work on the black body radiation as well as the Einstein work on 
the photoelectric effect?

This paper is a part of the series of my works against nonlocal interpretation of 
QM [11–14]. The main message of aforementioned papers is that quantum theory 
is local. One of complications in criticizing “quantum nonlocality” is that it has 
two faces [15]:

• Apparent nonlocality of QM based on the projection postulate and discussed 
in the EPR-paper [16];

• Nonlocality of the Bell’s hidden-variable model based on misleading interpre-
tation of violation of the Bell inequalities.

In paper [11], violation of the Bell inequalities was treated in the purely quantum 
framework, i.e., without coupling to hidden variables (see also [17–28] and refer-
ences in [17]):

What does quantum theory say about (non)violation of the Bell inequalities?
As was demonstrated in [11], violation vs. satisfaction of such inequalities is 

equivalent to local incompatibility vs. compatibility of observables. These ine-
qualities should be treated as statistical tests for the complementarity principle. In 
the mathematical formalism, this is expressed in the form of noncommutativity of 
Hermitian operators representing local quantum observables.

This role of noncommutativity of quantum observables was highlighted 
already in the pioneer works of Griffiths [17, 21] defending quantum locality 
(although not in such an explicit form as in [11]—through commutators of local 
observables). Griffiths wrote [17], chapter 24: “The first and most basic of these 
assumptions [in the derivation of Bell inequalities] is the existence of hidden var-
iable with a mathematical structure which differs from the Hilbert space used in 
standard quantum mechanics.”

However, one can say that, in the Bell’s framework, the genuine quantum 
approach to the Bell inequalities and, in particular, the mathematical structure 
of QM ([17–28, 11–14]) are not interesting. The essence of these inequalities 
is in their derivation on the basis of the Bell’s hidden-variable model [1–4] and 
searching for explanation of precise quantum correlations (cf. with critical studies 
[29–35]). In this paper, we question this position by showing that the Bell model 
contradicts not only to the mathematical formalism of QM and its basic epistemic 
principles (uncertainty and complementarity), but also to the basic feature of the 
quantum physical world—the quantum postulate.
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During his life Bohr presented a variety of versions of the complementarity prin-
ciple. In papers [13, 15, 36], I expressed my vision on Bohr’s ideas as the block of 
sub-principles (see Sect. 7). I think that such a compact formulation of Bohr’s prin-
ciples is important for further discussions of the type “Bohr vs. Bell” [13]. Nowa-
days, the Bohr complementarity principle is discussed mainly by philosophers, e.g., 
in [37–41]. Since the complementarity principle has the nontrivial epistemic struc-
ture and since Bohr’s writings are not so simple for understanding, we collect the 
basics of Bohr’s views related to Bell’s argumentation in Sect. 2. The reader inter-
ested in more details can continue reading in Sect. 7, but, in principle, Sect. 2 is suf-
ficient for our aim.

Now, I shortly remind my argumentation against quantum nonlocality. In [11], 
it is was shown that violation of Bell-type inequalities—for quantum observables—
can be mathematically formulated in terms of commutators of local observables. In 
QM, noncommutative observables are known as incompatible. Thus, violation of 
Bell’s inequality—for quantum observables—is a consequence of the Bohr’s com-
plementarity principle. Therefore, even formulation of the Bell’s hidden-variable 
model contradicts to the basic principles of QM (Bohr’s complementarity and, in 
fact, Heisenberg’s uncertainty principles). This was the output of paper [11]. How-
ever, in principle, one still can say:

What is the matter? May be we can violate these basic principles of QM and even 
abandon the mathematical formalism of QM.

In this note, we emphasize that by abandoning the basic principles (complemen-
tarity and uncertainty) of QM, one confronts not only with the formalism of quan-
tum theory, containing observables represented by noncommuting operators, but 
even with the most fundamental feature of quantum world, the existence of indivis-
ible quantum of action h.

Thus, the aim of this paper is not to extend the noncommutativity argument 
against the Bell’s nonlocality (it was done in papers [11–14] supporting conclusions 
of the previous works in this direction [17–28]). The main message of this paper is 
that noncommutativity is not simply a mathematical specialty of quantum theory, 
but that it is a consequence of the quantum postulate—the existence of the irreduc-
ible quantum of action.

2  Bohr vs. Einstein and Bell

The complete comparative analysis of the views of Bohr on quantum foundations 
versus the views of Einstein and later Bell can be found in monographs [37–41], see 
also the recent papers of Plotnitsky [42–44], especially the last one. Here we just 
briefly remind the key-points of this analysis, which are coupled to the present paper 
(see also Sect. 7). As was pointed in the report of one of paper’s reviewers:

A particular aspect of Bohr’s understanding of quantum mechanics is of 
special relevance in connection with Bell. What did Bohr have to say about 
the properties of a quantum system in isolation, when it is not being meas-
ured? In particular, how can one use the macroscopic outcome of a meas-
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urement to infer an earlier property of a microscopic quantum system just 
before it interacts with the measuring device? This is important, because 
addressing this matter seems to have been a significant motivation for Bell’s 
work, as shown by his references to ‘beables’, and comments in one of his 
last papers, ‘Against Measurement’.

Bohr’s position was that QM is a theory of measurements. It does not say any-
thing about a system in isolation, about so to say system’s ontic state. Quantum 
state represents the previously performed measurement procedure leading to state 
preparation. Then, concerning the use of “the macroscopic outcome of a meas-
urement to infer an earlier property of a microscopic quantum system just before 
it interacts with the measuring device”, Bohr pointed (see [10]) that generally a 
quantum system has no physical properties that can be assigned it before meas-
urement, because his view is that we cannot consider quantum systems separately 
from their interactions with measuring instruments. Both Einstein and Bell (and 
then Griffiths [17, 20–22, 25–27] and Ozawa [45]) believe that it should be pos-
sible to do so.

Plotnitsky described Bohr’s position as follows (private communication): “Bohr’s 
view of the quantum-mechanical situation may be described in this way. Consider 
a quantum object, say, an electron. It can never be observed by itself, without an 
essential interference by a measuring instrument, unlike in classical physics, can 
never be neglected or controlled so as to be able to compensate for it and treat the 
electron’s behavior independently. But an electron can interact with a measuring 
instrument. While we cannot observe this interaction or control it either because it 
is quantum, which compels Bohr to speak, in his reply to EPR, of the “uncontrolla-
ble” nature of this interaction (Bohr 1935), this interaction has an effect on, leaves 
a trace in, the measuring instrument, say, in the case of a position measurement, a 
spot on the screen, an effect that is classical and that is observed or registered. This 
trace is a product of this interaction, and, in Bohr’s view, never a manifestation of a 
pre-existing property (in the case a position) of the electron. Not is this trace is not 
a distorted value of the position of the electron before measurement (as it would be 
in Bohmian mechanics). It strictly an effect of this interaction. There is no position 
assignable to the electron before this interaction; at most one could speak of this 
position at the time of this interaction, as Bohr did in his earlier works, including in 
his reply to EPR, before around 1937–1938. There are further complexities, espe-
cially in Bohr’s post-EPR thinking, to the effect that it may not even be possible to 
speak of an electron at from an event of measurement, but these complexities can be 
put aside here.”

The above citation of the aforementioned reviewer has the following continua-
tion: “Physicists who do experiments at accelerator laboratories, including the one 
where Bell worked, speak without hesitation about their measurements revealing 
properties (energy, momentum) possessed by particles just before they arrive at the 
detector. There is usually much less concern about the later history of the particle 
when the measurement is over; quite the reverse of what one finds in some textbooks 
and much of the quantum foundations literature. If Bohr (and the other Founding 



1 3

Foundations of Physics (2021) 51:16 Page 5 of 12 16

Fathers) could not address this problem, Bell should deserve some credit for trying, 
even if in the end he did not succeed.”1

Of course, a system can be prepared in a state such that a further measurement of 
say energy would give with probability one the concrete value of energy. But, even 
in this special case probability is involved, probability one does not mean always 
(see also [44]). But, generally by Bohr one cannot speak about preexisting proper-
ties, before measurement. Some people speak, but this is merely jargon; moreover, 
most of them speak of such properties at the time of measurements, which is very 
different and is more acceptable.2

One can be curious why Bohr claimed repeatably that it is impossible to infer 
an earlier property of a microscopic quantum system just before it interacts with 
the measuring device. Our aim is to justify Bohr’s claim by the complementarity 
principle and at a deeper level by the quantum postulate. This justification leads to 
understanding that Bell’s attempt to introduce hidden variables determining outputs 
of quantum measurements was really misleading, from the very beginning, i.e., dis-
regard to derivation the Bell inequality.3

3  Bell

Consider Bell’s random variables A(a, �),B(b, �) representing observables of Alice 
and Bob, respectively. Here, as usual , � represents the state of a compound system, 
� belongs to some set Λ, its points are called hidden variables. The parameters a and 
b represent settings of observables of Alice and Bob, say orientations of polarization 
beam splitters. The set Λ is endowed with a probability measure p.4 Surprisingly, 
Bell did not highlight that, besides the probabilities

for compatible observables, this model also describes the probabilities

(1)pa,b(x, y) = p(� ∈ Λ ∶ A(a, �) = x,B(b, �) = y)

1 It is interesting that the position presented in the citation from the report is very common for peo-
ple working in high energy physics. I had numerous conversation and my collocutors spoke freely, e.g., 
about the trajectories of quantum particles and so on. What is the reason for spread of such views in high 
energy physics? Just collective psychology? Or specialty of behavior of high energy particles?
2 As was pointed by Plotnitsky (again the private communication): “Bohr for while held such a view, 
including in his reply to EPR, but after 1937, when his position was that one cannot assign any proper-
ties to quantum objects even at the time of measurement. All physical properties considered are those 
of measuring instruments, and these properties can be described classically (subject to the uncertainty 
relations), but they cannot be predicted by means of classical physics.”
3 Although in the EPR paper [16] Einstein and his coauthors considered the values before measurement, 
later Einstein changed his position. He considered classical field theory as the fundamental physical the-
ory and QM as corresponding measurement theory [46]. Although Einstein spent the last years of his life 
by working on this project, he did not succeed to combine classical field theory and QM. An attempt to 
realize Einstein’s dream was done in a series of papers of the author on so-called prequantum classical 
statistical field theory [47–49].
4 In the rigorous mathematical framework, Λ should be endowed with �-algebra and p is a countably 
additive measure on this �-algebra. If set Λ is finite, then we can consider algebra of all its subsets. For 
probability measure p,  Bell used notation d�(�) or even �(�)d�.
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for generally incompatible observables represented by noncommuting operators. 
This point was enlighten in Fine’s paper [50] and repeated in various versions by 
many authors [29–35].

For quantum observables, even without any Bell’s type inequality, Bell’ hidden-
variable model contradicts to QM-representation of observables by Hermitian oper-
ators and, hence, to the Heisenberg uncertainty principle and more generally to the 
Bohr complementarity principle.

In principle, the Bell model can be considered as a metaphysical model, as a kind 
of pure theoretization on possible features of the subquantum world. But, Bell identi-
fied the values of subquantum quantities with the values of real physical observables 
described by QM (because he wanted the experimental verification of his approach). 
This identification immediately leads to confrontation with quantum theory.5

Thus, from the very beginning Bell’s hidden-variable model was designed as 
contradicting the basic principles of QM, uncertainty and complementarity.

4  Questioning the Pinciple of Complementarity

The Heisenberg uncertainty principle was the starting point for Bohr’s formulation 
of the complementarity principle [5–9] (see my recent papers [11, 13, 36] for non-
philosophers gently presentation of this principle, see also Sect. 7). Thus, in the light 
of above consideration, we can say that in fact Bell’s argument was directed against 
the Bohr complementarity principle. This attack against complementarity was over-
shadowed by nonlocality issue.

We stress that rejection of the complementarity principle (or the Heisenberg 
uncertainty principle) would have similar catastrophic consequences even for non-
compound systems, say a single atom or neutron, as we can see from the contextual-
ity tests (see, e.g., [52]).

To discard the Bell’s hidden-variable model, one needn’t derive inequalities and 
test them experimentally. Of course, one should believe in the basic principles of 
QM.

The main impact of experimental tests [53–57] is demonstration that quantum 
correlations (predicted by QM) are preserved for long distances. The latter plays 

(2)pa,a� (x1, x2) =p(� ∈ Λ ∶ A(a, �) = x1,A(a, �) = x2),

(3)pb,b� (y1, y2) =p(� ∈ Λ ∶ B(b, �) = y1,B(b
�
, �) = y2),

5 Precisely this viewpoint on Bell’s approach was emphasized by De Broglie [51] (for many years ago), 
who was very critical to Bell’s modeling and did not take Bell’s inequality seriously. We remark that gen-
erally De Broglie was not against the realistic interpretation of QM nor against nonlocality. But, he was 
against Bell’s too straightforward coupling between subquantum and quantum theory; cf. with prequan-
tum classical statistical field theory : a local theory with hidden variables (classical random fields), but 
without identification of the values of subquantum quantities - quadratic forms of random fields, with the 
values of quantum observables).
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the crucial role in quantum engineering. However, correlations preservation can be 
checked directly without inequalities.6

5  Long Distance Correlations and Violation of Complementarity 
Principle

Typically, followers of the Bell argument say that they want to explain the long dis-
tance correlations. I think that the essence of the problem is in the word “explain”. In 
science, we operate with mathematical models of physical processes. So, “explain” 
means “to describe by some mathematical model”. And quantum mathematics, as a 
mathematical model, describes perfectly the long distance correlations: entangled 
states and projection type measurements. So, it seems that Bell and his followers 
have something different in mind.

Why was Bell not satisfied with the quantum mechanical description?

From reading Bell, I have the impression that he “simply” wanted to re-establish 
realism of classical physics, to be able to operate with values of quantum observa-
bles before measurement. But, what is the main quantum barrier for such realism? 
Everybody knows this very well, this is the Bohr complementarity principle with 
starting point at the Heisenberg uncertainty relation; see Bohr [5]:

... an independent reality in the ordinary physical sense can neither be ascribed 
to the phenomena nor to the agencies of observation.

Suppose somebody, say Alice, questions the Heisenberg uncertainty princi-
ple. Then, why should she consider compound systems? Does she think that these 
principle is violated only for compound systems? It would be really strange. Thus, 
before trying to explain the long distance correlations with the Bell-type hidden-
variable model, it would be reasonable to try explain incompatibility of observables 
corresponding spin projections to different axes or incompatibility of position and 
momentum observables.

The main feature of the Bell’s hidden-variable model, the feature crying for jus-
tification, is violation of the complementarity principle. It is not so natural to try 
to“explain” long distance correlations without any attempt to explain violation of 
this principle.

6 Moreover, by operating with say CHSH-combination of correlations experimenter can miss mutual 
compensation of deviations from QM. In Aspect’s pioneer experiment [58], correlations did not match 
the quantum prediction, but they mystically compensated each other to violate the Bell inequality (see 
[59] for discussion). In spite of numerous discussions with experimenters, I am still not sure that data 
from the basic experiments on say CHSH-inequality is clean from the mentioned Aspect-type anomaly. 
Papers typically present only the CHSH-correlation combination, but not separate correlations for pairs 
of experimental settings.
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6  Quantum Postulate

By going against complementarity, it is useful to remind its foundational roots. The 
Bohr’s complementarity principle will be discussed in detail in Sect. 7. This princi-
ple is an epistemic statement, i.e., about extraction of knowledge about micro-sys-
tems with the aid of classical measurement apparatuses. Now we present the physi-
cal root of this principle.

For Bohr, the root of the complementarity is the existence of indivisible quantum 
of action given by the Planck constant h. The existence of this quantum prevents 
separation of the genuine properties of a system from the features of interaction with 
a measurement apparatus. So, the seed of the Bohr complementarity principle is the 
existence of the indivisible quantum of action. The latter was formulated in the form 
of the quantum postulate ([5], p. 580):

Its [quantum theory] essence may be expressed in the so-called quantum pos-
tulate, which attributes to any atomic process an essential discontinuity, or rather 
individuality, completely foreign to the classical theories and symbolised by 
Planck’s quantum of action.”

As was mentioned, Bohr’s writings are not so simple for understanding; he pre-
sented his thoughts in very compressed form. A good decoding of Bohr’s formula-
tion of the quantum postulate can be found in paper [60]. We cite its beginning:

“Niels Bohr considered that the ‘discovery of the elementary quantum of action, 
which revealed a feature of wholeness inherent in atomic processes’ ([8], p. 2) 
means a departure from the classical physics description, where we assume that the 
interaction of a physical system with a measuring ultimately be disregarded. In the 
case of quantum phenomena we have to be aware that due to the ‘indivisibility of the 
quantum of action’ ([7], p. 5) we must associate to all ‘individual atomic processes 
an element of discontinuity quite foreign to the fundamental principles of classical 
physics, according to which all actions may vary in a continuous manner’ ([7], p. 
5). This means that in the case of all atomic processes every energy change results 
from an indivisible – and because of that discontinuous – transition between differ-
ent states that cannot be continuously connected. Bohr’s ideas were summed up and 
presented in what he called the quantum postulate (and its consequences).”

We continue and cite Bohr again ([5], p. 580):
The quantum postulate implies that any observation of atomic phenomena will 

involve an interaction with the agency of observation not to be neglected ... the defi-
nition of the state of a physical system, as ordinarily understood, claims the elimina-
tion of all external disturbances. But in that case, according to the quantum postu-
late, any observation will be impossible ... if in order to make observation possible 
we permit certain interactions with suitable agencies of measurement, not belonging 
to the system,an unambiguous definition of the state of the system is naturally no 
longer possible.”7

7 It should be noted here that several authors, in particular, Griffiths [17, 20–22, 25, 26] and Ozawa 
[45] take a different position on this issue, by arguing that pre-measurement values can be consistently 
assigned to quantum observables in the QM-framework. While these are important arguments, it would 
not be possible to consider them in detail to do them justice within my limits in this article. The reader 
can find the detailed presentation of Griffiths’ position in Stanford Encyclopedia article [27].
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7  Bohr’s Complementarity Principle

In 1949, Bohr [10] presented the essence of complementarity in the following 
widely citing statement:

“This crucial point ... implies the impossibility of any sharp separation 
between the behavior of atomic objects and the interaction with the measuring 
instruments which serve to define the conditions under which the phenomena 
appear. In fact, the individuality of the typical quantum effects finds its proper 
expression in the circumstance that any attempt of subdividing the phenomena 
will demand a change in the experimental arrangement introducing new possi-
bilities of interaction between objects and measuring instruments which in princi-
ple cannot be controlled. Consequently, evidence obtained under different experi-
mental conditions cannot be comprehended within a single picture, but must be 
regarded as complementary in the sense that only the totality of the phenomena 
exhausts the possible information about the objects.”

By analyzing this Bohr’s statement, I propose [11, 13, 36] to present the Bohr 
complementarity principle as the following four interconnected principles:

• Contextuality: Irreducible dependence of measurement’s output on the exper-
imental context.

• Context complementarity: Existence of complementary experimental con-
texts.

• Individuality: Discreteness of quantum measurements -generation of physical 
phenomena.

• Completeness: Complementary observations provide complete information 
about system’s state.

In this formulation, the complementarity principle can be treated as an epistemo-
logical principle (see, especially, paper [36] on coupling to quantum information 
theory).

8  Concluding Remarks

The ontological seed of the complementarity principle is the quantum postulate. 
Rejection of complementarity, as was done by Bell in his hidden-variable model, 
is impossible without rejection of the existence of indivisible quantum of action, 
given by the Planck constant h. By rejection of the latter, we would cast away all 
physical achievements of 20th century and confront again the problem of black 
body radiation (and photo-electric effect).

During his life Bohr emphasized the irreducible role of measurement and the 
impossibility to assign to quantum systems the properties expressed by quantum 
observables. However, Bohr did not have the no-go attitude, cf. with the von Neu-
mann [61] and Bell [1] no-go theorems. It seems (see [44]) that he did not reject 
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the possibility that a more general physical theory would be created in future, 
theory of a realistic type (whatever the latter can mean). But, such a subquantum 
theory should explain the existence of the irreducible quantum of action in nature 
and it should be in peace with the complementarity principle.8
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