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Abstract

The convergence of a sequence of point processes with dependent points, defined by
a symmetric function of iid high-dimensional random vectors, to a Poisson random
measure is proved. This also implies the convergence of the joint distribution of a
fixed number of upper order statistics. As applications of the result a generalization
of maximum convergence to point process convergence is given for simple linear
rank statistics, rank-type U-statistics and the entries of sample covariance matrices.
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1 Introduction

In classical extreme value theory the asymptotic distribution of the maximum of ran-
dom points plays a central role. Maximum type statistics build popular tests on the
dependency structure of high-dimensional data. Especially, against sparse alternatives
those tests possess good power properties (see Han et al. 2017; Drton et al. 2020; Zhou
et al. 2019). Closely related to the maxima of random points are point processes, which
play an important role in stochastic geometry and data analysis. They have applications
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in statistical ecology, astrostatistics and spatial epidemiology (Baddeley 2007). For a
sequence (Y;); of real-valued random variables, we set

P
M, =Y e

i=1

where ¢, is the Dirac measure in x. Let K :=(0,1) X (u, 00) with u € R. Then,
M ,(K) counts the number of exceedances of the threshold u by the random variables
Y Lo+ Y If Y® denotes the k-th upper order StatlSth of Yy, ... i it holds that
M, (K) < k} = {Y® <y}, and in particular {M (K)=0} = {maxl:lw,p . <u}.
Therefore the weak convergence of a sequence of point processes gives information
about the joint asymptotic distribution of a fixed number of upper order statistics. If
the sequence (Y;); consists of independent and identically distributed (iid) random
variables, maximum convergence and point process convergence are equivalent, but
if the random variables exhibit dependency, this equivalence does not necessarily
hold anymore. In this sense, point process convergence is a substantial generaliza-
tion of the maximum convergence. Additionally, the time components i/p deliver
valuable information of the random time points when a record occurs, i.e., the time
points whenY; > max,_; ;_;Y;

Our main motivation comes from statistical inference for high-dimensional data,
where the asymptotic distribution of the maximum of dependent random variables
has found several applications in recent years (see for example Han et al. 2017;
Drton et al. 2020; Zhou et al. 2019; Cai and Jiang 2011; Cai et al. 2013; Cai 2017;
Cai and Liu 2011; Gosmann et al. 2022). The objective of this paper is to provide
the methodology to extend meaningful results with reference to the convergence of
the maximum of dependent random variables, to point process convergence.

To this end, we consider dependent points T; := g, ,(X; ,X; , ...,X; ), where the
index i= (i, i,...,i,) € {1,...,p}". The random vectors Xi,...,x, are iid on

R" and g, , : R™ — R is a measurable, symmetric function. Important examples
include U-statistics, simple linear rank statistics, rank-type U-statistics, the entries
of sample covariance matrices or interpoint distances.

Additionally, we assume that the dimension of the points n is growing with the
number of points p. Over the last decades the environment and therefore the require-
ments for statistical methods have changed fundamentally. Due to the huge improve-
ment of computing power and data acquisition technologies one is confronted with
large data sets, where the dimension of observations is as large or even larger than the
sample size. These high-dimensional data occur naturally in online networks, genom-
ics, financial engineering, wireless communication or image analysis (see Johnstone
and Titterington 2009; Clarke et al. 2008; Donoho 2000). Hence, the analysis of high-
dimensional data has developed as a meaningful and active research area.

We will show that the corresponding point process of the points 7; converges to a
Poisson random measure (PRM) with a mean measure that involves the m-dimensional
Lebesgue measure and an additional measure u. If we replace the points 7; with
iid random variables with the same distribution, the (non-degenerate) limiting dis-
tribution of the maximum will necessarily be an extreme value distribution of the
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form exp(—p(x)). Moreover, the convergence of the corresponding point process
will be equivalent to the condition

(Z)P(gn’p(xl,xp e X)) > x) = pu(x), p — . (1.1)

However, since the random points 7; are not independent, we additionally need
the following assumption on the dependence structure

P(8,p (X1 X0 o %) > X, 8 (K1 oo 2 Xy ) > ) = 0(p~ "), p > oo,
1.2)
wherel=1,...,m— 1.

In the finite-dimensional case where # is fixed, several results about point pro-
cess convergence are available in similar settings. In Silverman and Brown (1978),
Silverman and Brown showed point process convergence for m =2, n =2 and
82X X)) = a,||x; — xj||2, where the x; have a bounded and almost everywhere con-
tinuous density, a,, is a suitable scaling sequence and || - ||, is the Euclidean norm on
R2. In the Weibull case u(x) = x* for x,« > 0, Dabrowski et al. (2002) proved a gen-
eralization to points with a fixed dimension and g, ,(x;, X;) = a,h(x;, X;), where h is a
measurable, symmetric function and a, is a suitable scaling sequence.

Also in the finite-dimensional case, under similar assumptions as in (1.1) with
u(x) = px* for x,a > 0, f € R and under condition (1.2), Schulte and Théle (2012)
showed convergence in distribution of point processes towards a Weibull process.
The points of these point processes are obtained by applying a symmetric func-
tion g, , to all m-tuples of distinct points of a Poisson process on a standard Borel
space. In Schulte and Thile (2016), this result was extended to more general func-
tions y and to binomial processes so that other PRMs were possible limit processes.
In Decreusefond et al. (2016), Decreusefond, Schulte and Théle provided an upper
bound of the Kantorovich-Rubinstein distance between a PRM and the point pro-
cess induced in the aforementioned way by a Poisson or a binomial process on an
abstract state space. Notice that convergence in Kantorovich-Rubinstein distance
implies convergence in distribution (see Panaretos and Zemel 2020, Theorem 2.2.1
or Decreusefond et al. 2016, p. 2149). In Chenavier et al. (2022) another point pro-
cess result in a similar setting is given for the number of nearest neighbor balls in
fixed dimension. Moreover, Basrak and Planini¢ (2021) presents a general frame-
work for Poisson approximation of point processes on Polish spaces.

1.1 Structure of this paper

The remainder of this paper is structured as follows. In Section 2 we prove weak
point process convergence for the dependent points 7; in the high-dimensional case
as tool for the generalization of the convergence of the maximum (Theorem 2.1). We
provide popular representations of the limiting process in terms of the transformed
points of a homogeneous Poisson process. Moreover, we derive point process con-
vergence for the record times. In Section 3 these tools are applied to study statistics
based on relative ranks like simple linear rank statistics or rank-type U-statistics. We
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also prove convergence of the point processes of the off-diagonal entries of large
sample covariance matrices. The technical proofs are deferred to Section 4.

1.2 Notation

Convergence in distribution (resp. probability) is denoted by _d) (resp. E)) and unless
explicitly stated otherwise all limits are for n — oo. For sequences (a,,), and (b,), we
write a, = O(b,)ifa, /b, < C for some constantC > Oand everyn € N, and a,, = o(b,)
if lim,_,  a,/b, = 0. Additionally, we use the notation a, ~ b, if lim /b, =1
and a, < b, if a, is smaller than or equal to b, up to a positive universal constant. We
further write a A b := min{a, b} for a,b € R and for a set A we denote Al as the num-
ber of elements in A.

n— oo al’l

2 Point process convergence

We introduce the model that was briefly described in the introduction. Let x, ..., X,

be iid R"-valued random vectors with x; = (X;, ..., X;,)",i = 1,...,p, where p = p,
is some positive integer sequence tending to infinity as n — co.

We consider the random points
T i=8,,(X . X, 5 -o00 X ),

where i=(iy, i, ....0,) € {l,...,p}" ad g,=g,, : R™ —> R is a measurable
and symmetric function, where symmetric means g,(Y1, Y2, -5 Ym) = 8, (Y1)
Y@y -+ ,y”(m)) for al y,,y5,...,¥,, € R" and all permutations = on {1,2,...,m}.
We are interested in the limit behavior of the point processes M, towards a PRM M,

d
M, = Z s(i/p’ri)—>M, n— oo,

n
1<i;<ip<...<i,<p

m=

wherei/p = (i, /p, ...,i,/p). The limit M is a PRM with mean measure

11( r:lé] (ry, sl)> = m!/lm< é (r, s,))ﬂ(rm+1, Spa1)s

where 4,, is the Lebesgue measure on R™. For an interval (a, b) witha < b € R we write
u(a,b) := u((a,b)) := ula)—u®) and u : v,w) >Rt ={xeR : x>0} is a
function satisfying lim,_, , u(x) = coandlim__,,, u(x) = Oforv,w € R = R U {0, —c0}
and v < w. Furthermore, we set 77,(-) := E[M,,(-)]. We consider the M,’s and M as ran-
dom measures on the state space

S=8S, x,w)={(z.2,..-52,) : 0<7, <7< ... <z, 1} X (v,w)

with values in M(S) the space of point measures on S, endowed with the vague
topology (see Resnick 2008). The following result studies the convergence M,—M,
which denotes the convergence in distribution in M(S).
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Theorem 2.1 Let Xy, ...,X, be n-dimensional, independent and identically distrib-
uted random vectors and p = p, is some sequence of positive integers tending to
infinity as n — oo. Additionally, let g =g, : R™ — (v,w) be a measurable and
symmetric function, where v,w € R=RU{c0,—0} and v < w. Assume that there
exists a function p : (v,w) = RY with lim__,, u(x) = oo and lim,_,, u(x) = 0 such
that, for x € (v,w) and n — oo,

(A1)<Z>P(gn(xl,xz, 0 X,) > x) = pu(x)and

(A2) P(g,(X1> Xas -+ 5 X)) > X, 8Kyt 15 -+ » Xappy) > X) =0(p~@m=D) for
[=1,...,m—1.

d
Then we have M,—M.

Note that (A1) ensures the correct specification of the mean measure, while (A2)
is an anti-clustering condition. Both conditions are standard in extreme value theory.
It is worth mentioning that

lim P( max T, < x) = exp(—pu(x) =: H®), x€R,

n—oco 1<i|<ip<...<i,,<p

m=

where we use the conventions u(x) = 0if x > w, u(x) = coif x < v, and exp(—o0) = 0.
The typical distribution functions H are the Fréchet, Weibull and Gumbel distribu-
tions. In these cases, the limiting process M has a representation in terms of the trans-
formed points of a homogeneous Poisson process. Let (U;); be an iid sequence of ran-
dom vectors uniformly distributed on S, and I'; = E| + ... + E,, where (E}), is an iid
sequence of standard exponentially distributed random variables, independent of (U,),.

It is well-known that Np 1= Y, €r is a homogeneous Poisson process and
hence it holds for every A C (0, o0) that N-(A) is Poisson distributed with parameter
A1(A) (see for example Embrechts et al. 19931, Example 5.1.10). For the mean meas-

ure 7 of M we get for a product of intervals ® (r, ;] C S,
=1
m+1 m
1(® (res) = mid, (@ (rosid ) (Cren) = C5,0))
= 2 P(Us € 815l )Eler, (u(sp0). )]
e =

L

= [E[i 5((/,.,1",.)( é (r, 5,1 X (y(sm+1),y(rm+1)])],

i=1

where we used in the second line that
[P’(U»Emr,s)zm! S, —r
i lg( 151 g( )
as U, is uniformly distributed on S, for every i and
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EINE (S g 1)s Ui D] = Ay (H(S g5 (741))-

We get the following representations for the limiting processes M.

e Fréchet case: For @ > 0 the Fréchet distribution is given by @, (x) = exp(—x%),
x> 0. For 0 <r<s< oo we have yg (r,5] =r * —s~* and therefore, we can
write

o0
M = M‘Da = ZS(Ui’ri—]/a).
i=1

e Weibull case: For @ > 0 the Weibull distribution is given by ¥, (x) = exp(—|x|%),
x < 0.For—o0 < r <s < 0we have py (r,s]= |7|* — |s|* and

(9]
M = M\Pa = Zg(U’_’_ril/a).
i=1

e Gumbel case: The Gumbel distribution is given by A(x) = exp(—e ~) for all
x € R.For—oo < r<s < ocowehave y,(r,s] =e™ —e*and

(o)

M=My= e togr)

i=1

Besides the points 7;, time components i/p = (i,/p,...,i,/p) with 1 <i; <
< p are considered in the definition of the point process M,. Whenever we
do not need the time components in the following, we will use the shorthand notation

N,() :=M,(S; X ) = Z er, (). (2.3)

1<ii <...<i, <p

Under the conditions of Theorem 2.1, N, converges in distribution to
N(:) 1= M(S, x -) which is a PRM with mean measure u.

A direct consequence of the point process convergence is the convergence of the
joint distribution of a fixed number of upper order statistics. In the Fréchet, Weibull
and Gumbel cases the limit function can be described as the joint distribution func-

tion of transformations of the points I';.

Corollary 2.2 Let G, ;, be the j-th upper order statistic of the random variables
(gn(xil,xiz, ’Xim))’ wherel <i, <i, < ... <i, <p. Under the conditions of The-
orem 2.1 and for a fixed k > 1 the distribution function

PG, qy £ x15 -5 Gy £ X0,
where x;, < ... < x; € (v, w), converges to

[P’(N(xl,w) = 0, NGy w) < 1 ..., Ny w) < k — 1),
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as n — oo. In particular, in the Fréchet, Weibull and Gumbel cases, it holds that

P(N(xl,w) = 0, NGoyw) < 1 ..., NG w) <k — 1)

P <xpy T < x), if 5= g,
=1 P(-T/“ <xpy oo, T/ < 1), if p=py .
P(=logl'; <xy,....,=logl', <xp), if pu=pu,.

Proof Since N, (x,w) is the number of vectors i=(i,...,i,) with 1 <i; <i,

< ... <, < p,for which gn(x[],xiz, ,Xl-m) € (x,w), we get by Theorem 2.1 asn — o
PG,y x5 Gpgy X)) = P(Nn(xl,w) =0,N,(xy,w) < 1,...,N,(x,w) < k — l)

- P(N(xl,w) = 0, NGy, w) < 1 ..., N w) < k — 1).
2.4)

By the representation of the limiting point process in the Fréchet, Weibull and
Gumbel cases, (2.4) is equal to one of the three distribution functions in the corollary.

One field, where point processes find many applications, is stochastic geometry.
The paper Schulte and Thile (2012), for example, considers order statistics for Pois-
son k-flats in R?, Poisson polytopes on the unit sphere and random geometric graphs.

Setting k = 1 in Corollary 2.2 we obtain the convergence in distribution of the
maximum of the points 7.

Corollary 2.3 Under the conditions of Theorem 2.1 we get

lim [P’( max 8n(Xj X5 n X ) < x) = exp(—u(x)), xeR.

n—oo 1<i) <ip<...<i,,<p

m=I

Example 2.4 (Interpoint distances) Letx; = (X;;, ... ,Xl-n)T,i = 1,..., p be n-dimensional
random vectors, whose components (X,); », are independent and identically distributed
random variables with zero mean and variance 1. We are interested in the asymptotic
behavior of the largest interpoint distances

n

Dy =lx—xl3 =YX, -X,)*, 1<i<j<p,

t=1

where || - ||, is the Euclidean norm on R". Figure 1 shows the four largest interpoint
distances of 500 points on R? with independent standard normal distributed compo-
nents. Note that three of the largest four distances involve the same outlying vector X;.

We assume that there exists s > 2 such that E[|X;,]|*(log(|X;,]))*/*] < co and
E[X},]1 <5 and that p = p, — oo satisfies p = O(n“~?/%). Additionally, we let (b,,),
and (c,), be sequences given by
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Fig. 1 Four largest dis- 4
tances between 500 normal
distributed points 5
2 <4
1
o -
-1 A
-2 4
_3 B
-4 T
-4 -3 -2 -1 0 1 2 3 4
dn
b,=2n+v2nEX*1+ 1)d, and ¢, =

" VaEXT+ )

where d, = y/2logp — Wwithi) = p(p — 1)/2. For x € R one can check that

PP(c, (D) —b,)>x) = e™ and P(c, (D, —b,) > x,¢,(Dy; —b,) >x) =0(p™)

as n — oo (see Heiny and Kleemann (2023) for details). Therefore, the conditions (A1)
and (A2) in Theorem 2.1 hold for m = 2, g,(x;, Xj) = Cn(Di/' —b,) and u(x) = e . By
virtue of Theorem 2.1 we have

d [so]
Z gcn(Dﬁ_bn)_)NA = Z = IOgri'
1<i<j<p i=1

Finally Corollary 2.2 yields for a fixed k > 1 that

d
(Dn,(l)’ e ’Dn,(k))-)(_ IOg Fl’ cee 9 T IOg Fk),

where D, , is the #-th upper order statistic of the random variables c,(D; — b,) for
1<i<j<p.

2.1 Record times

In Theorem 2.1 we showed convergence of point processes including time compo-
nents. Therefore, we can additionally derive results for the record times L(k),k > 1
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of the running maxima of the points 7; = g,(X; ,X,,....X; ) for i=(,....i,),

which are recursively defined as follows:
L) =1,
L(k+ 1) =inf{j > L(k) : |, max T, > max T;}, keN,

<ii<..<i,< ' 1<i)<...<i, <L(k)

(c.f. Sections 5.4.3 and 5.4.4 of Embrechts et al. 1997). To prove point process
convergence for the record times we need the convergence in distribution of the
sequence of processes (Y,(7),0 <t < 1) in D(0, 1], the space of right continuous
functions on (0, 1] with finite limits existing from the left, defined by

max g, (X X ,...,X; )
Y, (1) = { 1Si<iy<e<i,<lpr] ORI
8.(X1, Xy, ..., X,,), otherwise,

<t<L1

<3

where | x| = max{y € Z : y < x} for x € R, towards an extremal process. We call
Y = (Y(?))~o an extremal process generated by the distribution function H, if the
finite-dimensional distributions are given by

k

P(Y(1,) < Xy ..., Y(t) < %) = HO ( /\xi>H’2_" ( /\xi> L HY e (),
i=1 i=2
2.5
where k> 1,0 <t < ... <t,x; €Randl <i <k (see Embrechts et al. 1997, Def-
inition 5.4.3). To define convergence in distribution in D(0, 1] we first need to intro-
duce a metric D on D(0, 1]. To this end, let A[O,]] be a set of homeomorphisms

Ay = {4 :10,1] = [0, 1] : 40) =0, A(1) = 1, 4 is continuous and strictly increasing}.

Then for f,g € D[0, 1] the Skorohod metric D is defined by (see Billingsley
1999, Section 12)

D(f,g) :=inf{e > 0 : there existsa A € Ajo.17 such that
sup |A(1) — 1] <, sup |[f(1) — g(A(N))| < e}

0<t<1 0<t<1

Now set

D(f.g) :=D(F.8. f.g€DO,1],

where f and g are the right continuous extensions of f and g on [0, 1].The space of
functions D[0, 1] and therefore D(0, 1] is separable under the Skorohod metric but
not complete. However, one can find an equivalent metric, i.e., a metric which gener-
ates the same Skorohod topology, under which D[0, 1] is complete (see Billingsley
1999, Theorem 12.2). In particular, the Skorohod metric and the equivalent metric
generate the same open sets and thus the o-algebras of the Borel sets, which are gen-
erated by these open sets, are the same. Therefore, a sequence of probability measures
on D(0, 1] is relatively compact if and only if it is tight (Billingsley 1999, Section 13).
Hence, for every tight sequence of probability measures on D(0, 1] the convergence
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of the finite dimensional distributions on all continuity points of the limit distribution
implies convergence in distribution (Billingsley 1999, Theorem 13.1).

For the PRM M = 7 €w,a,» Where (U)); is an iid sequence of random vec-
tors uniformly distributed on §; and

—log(I',) if H=A,
A =171 if H=a,,

-r/* i H=Y,
we set
Y(1) = sup{A, : U™ <ri> 1}, re(0,1],

where Ufm) is the m-th component of U,. Then the process Y has the finite dimen-
sional distributions in (2.5) fork > 1,0 <, < 1, x; € Rand 1 <i < k. Therefore, Y
is an extremal process generated by H restricted to the interval (0, 1]. For these pro-
cesses we can show the following invariance principle by application of the continu-
ous mapping theorem (see Billingsley 1999, Theorem 2.7 or Resnick 2008, p. 152).

Proposition 2.5 Under the conditions of Theorem 2.1 and if H(-) = exp(—u(-)) is an
extreme value distribution it holds that

in D(0, 1] with respect to the metric D.

Since Y is a nondecreasing function, which is constant between isolated
jumps, it has only countably many discontinuity points. Now let (z,), be the
sequence of these discontinuity points of Y. Notice that by Embrechts et al.
(1997), Theorem 5.4.7 the point process Y, €, is a PRM with mean measure
v(a,b) =log(b/a) for 0 < a < b < 1. We are ready to state our result for the point
process of record times.

Theorem 2.6 Under the conditions of Theorem 2.1 and if H(-) = exp(—u(-)) is an
extreme value distribution it holds that

P 0
d
‘In = Z 51,711‘(]{)_’-] = Z ETk’
k=1 k=1
in M(0, 1], the space of point measures on (0, 1].

Based on Theorem 2.6 we can make statements about the time points of the last and
second last record at or before p.

@ Springer



Point process convergence for symmetric functions...

Corollary 2.7 Assume the conditions of Theorem 2.6 and let {(p) be the number of
records among the random variables

max T;,..., max T,
1<iy,....i,,<m 1<ij,....i,,<p

Then the following statements hold for x,y € (0, 1]as n — co.

(1) PELEEP) £ x) =PU,x,1]1=0) - PUJ(x, 1] =0) = x.
) P~ 'LEP) <x,p7'LE&@p)—1) <y) = y+ylogx/y) for x > y.
(3) P '(LE&EP) - LEp) - 1) £x) = x(1 - log(x)).

Proof Let0 <y < x < 1. Part (1) is a direct consequence of the definitions of ¢ and
L. Part (2) follows by

P ' LE@) < xp ' LEP) - 1) <y) = PU,(x1]1=0,J,0, 11 < 1)
> PUx11=0,J(,11< 1)
asn — oo and
PUx, 1] =0,J(y, 1] < 1) = PU(x, 1] = OPU(y,x] < 1) =y + ylog(x/y).

To prove part (3) we assume that (1 and 7® are the first and the second upper
order statistics of (z,),. These upper order statistics exist since for every a > O there
are only finitely many 7, € [a, 1]. Then, we know by part (2) that

x>y
otherwise.

(2.6)

PV <x,7@ <y) = PUR, 1] =0,J(,1] < 1) = { i”log(x/Y)’

Since
lim P(p~" (L)) — LE(p) — 1)) < x) = P(zV — 7@ < x)

we need to calculate P(z(" —7® < x). The joint density of (" and ® can be
deduced from (2.6), it is

1/ju u>v
feweo U, v) = { 0, otherwise.

Hence, we get the following distribution function of 7V — z®
X 1-w
PV —® <x) = / / S 0w +v,v)dvdw
o Jo

X 1-w x
= / / 1/(w+v)dvdw = / log(1/w)dw = x(1 — log(x)),
o Jo 0

which completes the proof.
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3 Applications
3.1 Relative ranks

In recent years, maximum-type tests based on the convergence in distribution of
the maximum of rank statistics of a data set have gained significant interest for
statistical testing (Han et al. 2017). Let y,,...,Yy, be p-dimensional iid random
vectors with y, = (Xj,, ..., X,,) following a continuous distribution to avoid ties.
We write Q,, for the rank of X” among X, ..., X;,. Additionally, let R(’) be the rel-
ative rank of the j-th entry compared to the i-th entry; that is R(r) Q,y with ¢

such that Q,, =tfort=1,.

A simpler explanation of R() is that we look at the j-th and i-th rows of (Q;,)
and find the location of 7 in the i-th row. Then we choose the value in the j-th row
at this location.

Many important statistics are based on (relative) ranks; we consider two classes
of such statistics in this section. First, we introduce the so—called simple linear
rank statistics, which are of the form

n

VU=ch,g(Rg)/(n+l)), 1<i<j<p,

t=1

where g is a Lipschitz function (also called score function) and (c,,) with
¢,y = n~'f(t/(n + 1)) for a Lipschitz function f and Z:’zl c,, > Oare called the regres-
sion constants. An example of such a simple linear rank statistic is Spearman’s p,
which will be discussed in detail in Section 3.1.2. For 1 < i < j < p the relative ranks
(R;O):’zl depend on the vectors x; and X;, where x;, = (X, ..., X},) for1 <k <p. We
assume that the vectors X|, ... X, are independent. It is worth mentioning that the
ranks (Q;,) remain the same if we transform the marginal distributions to the (say)
standard uniform distribution. Thus, the joint distribution of (R( ))” and thereby the

distribution of V,], does not depend on the distribution of x; or X;. Therefore, we may
assume without loss of generality that the random vectors X, ..., X, are identically
distributed. We can write V; = g, ,(X;, X;) for a measurable function g, , : : R - R.

Next, we consider rank-type U-statistics of order m < n of the form

1
L= h((X,, , ,
Uz] n(n — 1) (n —-m+ 1) ]Stﬁéz.;étmsn (( ity jtl) ( it,, jl ))

where the symmetric kernel 7 is such that U; depends only on (Rg))le. An important
example of a rank-type U- statistic is Kendall’s z, which will be studied in Sec-
tion 3.1.1. For more examples we refer to Han et al. (2017) and references therein.
As for simple linear rank statistics, we are able to write U; = g, ;/(X;,X;), where
gy - R?" — R is a measurable function and x,, ... X, are iid random vectors.

An interesting property of rank-based statistics is the following pairwise inde-
pendence. We also note that they are generally not mutually independent.
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Lemma3.1 (Lemma C4 in Han et al. 2017) For1 <i <j < p, let ¥;; be a function of
the relative ranks {R(' t=1,...,n}. Assume X, ...,X, are mdependent. Then for

any (i,)) # (k, D), i <, k <l the random variables ¥ ; and ¥, are independent.

As an immediate consequence we obtain pairwise independence of (Uj;) and
(V}), respectively.

Lemma 3.2 For any (i,j) # (k,1), i < j, k <, the random variables V;; and V}; are
independent and identically distributed. Moreover, U; and U, are lndependent and
identically distributed.

We now want to standardize U; and V;;. By independence of (X;,), we have

n

E[V,1=3, Y ¢y Var(Vy) = —— Z(g(r/(n+ 1) - gn>22(cm S

=1

where g, =n~' 3 1g(t/(n + 1)) is the sample mean of g(Q,,/(n+ 1)), ..., 8(Q,,/
(n+1))and ¢, = Z =1 Cn- EXxpectation and variance of U;; can also be calculated

analytically. We set

uy = E[V,] ,0‘2/ =Var(V,) and puy =E[U},] ,0[2] = Var(U,,),
and define the standardized versions of U;; and V;; by

Vi=(Vy—m)/oy and U;=U;—py)foy., 1<i<j<p.

It is well-known that V and U are asymptotically standard normal and the fol-
lowing lemma provides a complementary large deviation result.

Lemma 3.3 (Kallenberg 1982, p.404-405) Suppose that the kernel function h is
bounded and non-degenerate. Then we have for x = o(n'/°) that

P(U,, >x)=0®®1 +0(l)), n- .

Assume that the score function g is differentiable with bounded Lipschitz constant
and that the constants (c,,), satisfy

) n n 2 2 n 3
2. C =2 =3 C =2
}1<1ax |C Cn| < 2_/3 Z(Cnt - cn) > | Z(cnt - Cn) ’ < _| Z(Cm - cn) | 4
1=<n n t=1 t=1 n t=1
3.1

where C is some constant. Then it holds for x = o(n'/%)
P(\N/lz > x) = @)1 + o(1)), n— 0.

For a discussion of (3.1), see (Kallenberg 1982, p.405). To proceed we need to
find a suitable scaling and centering sequences for V and Ul , respectively, such that
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the conditions of Theorem 2.1 are fulfilled. For an iid standard normal sequence (X;)
it is known that

lim P(Ep( max X; —Zp) < x) =exp(—e ™) = A), xeR,
i=1,....p

p—

where Ep =+/2logp — %; see Embrechts et al. (1997, Example 3.3.29).

Since we are dealing with p(p — 1)/2 random varigbles (Vii) and (Uii)* respectively,
which are asymptotically standard normal, d, = d,,_,),, seems like a reasonable
choice for scaling and centering sequences.

Our main result for rank-statistics is the following.

Theorem 3.4

(a) Suppose that the kernel function h is bounded and non-degenerate. If
p = exp(o(n'/?)), the following point process convergence holds

o0
d
U ._ - .
Nn = E 5d,,(U,~j—dp)-)N'_ E €_jogr, » n— oo, (3.2)

1<i<j<p i=1

whereI'; = E|; 4+ --- + E;, i > 1, and (E,) are iid standard exponential, i.e., Nis a
Poisson random measure with mean measure u(x, ) = ¢, x € R.

(b) Assume that the score function g is differentiable with bounded Lipschitz constant
and that the constants (c,,), satisfy (3.1). Then if p = exp(o(n'/?)), it holds that

d
V. _ -
Nn .= Z Edp(vlj_dp)—)N N n— oo. (33)

1<i<j<p

Proof We start with the proof of (3.3) for which we will use Theorem 2.1, as

X[, ... X, are iid and g,, , is a measurable function. Therefore, we only have to show

that for x € R it holds

(1) p(”;l)[F"(\N/lz >x,) = e Fasn — oo,

~

2) p3[P’(V12 >x,, Vi3 > xp) — 0asn — oo,

where x, = x/d, + d,. We will begin with the proof of (1). Since x, ~ d, = o(n'/®)

we get by Lemma 3.3
-1 ~ -1
PO Dp(@,, > ) = P22 Db, 1 +001)
and by Mill’s ratio we have (writing p = @)

e W 0 p L —loxprloglogh)/2+lostm)/2 ¢ ¥ = o x.

1
\/pr \/Z\/Zlogﬁ

pd(x,) ~p
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Regarding (2), we note that, by Lemma 3.2, ‘712 and \713 are independent. Thus,
we get

PPV, > x,, Vi3 > x,) = PPV, > x,)° = pP(@,)(1 +0(1))* > 0,  n— oo,

where we used Lemma 3.3 and Mill’s ratio in the last two steps. That completes the
proof of (3.3). The proof of (3.2) follows by analogous arguments. O

Remark 3.5 Theorem 3.4 is a generalization of Theorems 1 and 2 in Han et al.
(2017) who proved under the conditions of Theorem 3.4 and if p = exp(o(nl/ 3)) that

lim IP’( max \75—410gp+10g10gp§x):exp<_Le—x/2>’ xeR

n—co 1<i<j<p \/g

and
i U? - < >= (—L ‘J‘/2> .
}L%P(lgg)ép% 4logp +loglogp < x exp \/ge , xeR

As in Theorem 2.6, we additionally conclude point process convergence for the
record times of the maxima of V;; and U;;.. To this end, we investigate the sequence
(max; ¢;;x Uji>1- This sequence jumps at time & if one of the random variables
Uigs -+ » Uy g 1s larger than every Uj; for 1 <i <j <k — 1. Between these jump (or
record) times the sequence is constant.

Let LY be this sequence of record times defined by

LYy =1,
LY(k+1)=inf{(£ > LY(k) : max U,;> max U}, keN,

I<i<j<t Y7 1<i<i<LU

and let LY be constructed analogously.

Theorem 3.6 Under the conditions of Theorem 3.4 it holds that

P

d 4 d
Z £p—1LV(k)—)J and Z gp“LU(k)_)J’
k=1 k=1

in M(0, 1], the space of point measures on (0, 1], where J is a Poisson random
measure with mean measure v(a, b) = log(b/a) forO <a < b < 1.

As in Corollary 2.7, we can draw conclusions on the index of the last and
second last jump before or at p. Let {Y(p) be the number of records among
max, ;i Uy, ..., max, ¢, U;. Then, as n — oo, we have for x,y € (0, 1]

() PE'LYCY(p) < x) - PUx,1]1=0) = x,

2) PO 'LYCY(p) <x,p7'LY(Y(p) = 1) <) — y +ylog(x/y) for x >y,
3) PO'LYCY(p) - LYY (p) = 1) <x) = x(1 - log(x)),
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where (3) gives information about how much time elapses between the second
last and the last jump of (max, ., ;<; U;)i> before or at p.

3.1.1 Kendall’s tau

Kendall’s tau is an example of a rank-type U-statistic with bounded kernel. For
i # j Kendall’s tau 7;; measures the ordinal association between the two sequences
Xip» -+ » X;,) and (X;q, ..., X;,). It is defined by

2 . .
.= —— sign(X;, — X, )sign(X;, —X,, )
v n(n—1) 13;2[29 " " " "
2 . () _ plt)
= — E sign(R.> —R..""),
n(n - 1) 1<t,<t,<n ! !

where the function sign : R — {1,0,—1} is given by sign(x) = x/|x| for x # 0 and
sign(0) = 0. An interesting property of Kendall’s tau is that there exists a representa-
tion as a sum of independent random variables. We could not find this representa-
tion in the literature. Therefore, we state it here. The proof can be found in Section 4.

Proposition 3.7 We have

n—1

44
= D,
T2 I’l(}’l _ 1) Z} i

where (D;); are independent random variables with D; being uniformly distributed
on the numbers —i/2,—i/2 + 1, ...,i/2.

2(2n+5)

From Proposition 3.7 we deduce [E[Ti]-] =0 and Var('rij) = oD’ The next
result is a corollary of Theorem 3.4.
Corollary 3.8 Under the conditions of Theorem 3.4 we have
d (s8]
N, = Z £dp(ri,./ Var(f,.,.)—d,,)_)N: Zf—mgrf’ n—00.
1<i<j<p ' ‘ i=1

3.1.2 Spearman’s rho

An example of a simple linear rank statistic is Spearman’s rho, which is a meas-
ure of rank correlation that assesses how well the relationship between two vari-
ables can be described using a monotonic function. Recall that Q; and Q; are
the ranks of X and X among {X;,...,X,} and {X;;,...,X},}, respectively, and
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write g, = (n + 1)/2 for the average rank. Then for 1 <i # j < p Spearman’s rho
is defined by

Yot Qi — 4.0 Qi — 4,)

pij = 172

( Zzzl(Qik - qn)2 2221(ij - ‘]n)z)
12 N, nH 1Y ntl
_n(nz—l);<k 2 ><Rif 2 )

For mean and variance we get

Elp;]=0 and Var(py)=1/(n—1). (3.4)

Therefore, we obtain the following corollary of Theorem 3.4.

Corollary 3.9 Under the conditions of Theorem 3.4 it holds that

d
NP .= € —N
n Z d,(p;i/ A/ Var(py)—d,)

1<i<j<p

The next auxiliary result allows us to transfer the weak convergence of a
sequence of point processes to a another sequence of point processes, provided
that the maximum distance between their points tends to zero in probability.

Proposition 3.10 For arrays (X;,); ,»y,and (Y;,); »» of real-valued random variables, let

NX =3P &, and assume that NX—N. Consider a point process NY = Y" &, . If
n i=1 " Xin n n i=1 "ty

P
max |X;,—Y;,|—0,
i=l,..p " ’

d
then NY—N.

Example 3.11 1t turns out that there is an interesting connection between Spearman’s
rho and Kendall’s tau. By Hoeffding (1948, p.318) we can write Spearman’s rho as

n-2 3’Z'ij

ML T i<ij<p, 3.5
n+1r’j n+1 Si#jsp 3-5)

Pij

where

3 . .
Vg = —————"—"~=— Slgn(Xit - X,', )Slgn(X', - X‘t )
7 n(n _ 1)(1’1 _ 2) 15[17;2#391 1 2 Jh Ji3

is the major part of Spearman’s rho. Therefore, r; is a U-statistic of degree three
with an asymmetric bounded kernel and with

n? -3

[E[r”] =0 and Var(r”) = m,

1<i#j<p.  (3.6)
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We now use Proposition 3.10 and Corollary 3.9 to show that

(s

d
roe LJp—
Nn T Z 6dp(rij/ Var(rif)—dl,)_)N T Z E—logr; > n—co. (3.7

1<i<j<p i=1

For this purpose we consider the following difference

d(L—d)—d(L—d)ql( A )
' A/ Var(o;) v \/ Var(ry) A \/Var(pij) \/Var(rij)

By (3.4), (3.6) and (3.5) this expression is asymptotically equal to

d, ( ) 3d, ( )
R = 1) = ———v(T.. — T::).
\/ﬁ '01.1 Y \/z(n + 1) Y Y

Since |7;;| and |r;;| are bounded above by constants, we deduce that

3d,

\nn +1)

d
which verifies the condition in Proposition 3.10. Since N*—N by Corollary 3.9, we
conclude the desired (3.7).

max

P
(z;; — r--)|—>0 n— o
1<i<j<p vy ’ ’

3.2 Sample covariances

An important field of current research is the estimation and testing of high-dimensional
covariance structures. It finds application in genomics, social science and financial eco-
nomics; see Cai (2017) for a detailed review and more references. Under quite general
assumptions (Xiao and Wu 2013) investigated the maximum off-diagonal entry of a
high-dimensional sample covariance matrix. We impose the same model assumptions
(compare Xiao and Wu 2013, p. 2901-2903), but instead of the maximum we study the
point process of off-diagonal entries.

We start by describing the model and spelling out the required assumptions.
Let x,, ..., x, be p-dimensional iid random vectors with x; = (X;, ..., X,;), where
E[X;]=0forl <j<pand X; := i - Xj- Denote X = (o), ¢; <, as the covari-
ance matrix of the vector x; and assume o,; =1 for 1 <i <p. The empirical
covariance matrix (6;);; <, 1S given by

n
A 1 - < -
Giy= I;(X,»k -X)X; -X), 1<ij<p.
A fundamental problem in high-dimensional inference is to derive the asymp-
totic distribution of max, .;;¢, |6;; — o;,|. Since the 6, ;’s might have different var-
iances we need to standardize 6;; by 6,; = Var(X;, X;;), which can be estimated by
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n

A 1 - L
91',/ = n 2 [(Xik - Xi)(Xjk - Xj) - O'i,j] .

k=1
We are interested in the points

16,. — 6,
) L
My = ———",

0

1<i<j<p.

LetZ, = {(i,j) : 1 £i<j<p}be anindex set. We use the following notations
to formulate the required conditions:

K@, r) = sup E[exp(1]X;;])],
1<i<p

M, (r) = sup E[|X;]"],

1<i<p

0, = inf

0..
1<i<j<p ¥’

yn = Sup |C0r(X[1)(j]9 Xk]X[1)|7 fora = (ls.])s ﬂ = (ks l)’
a,fpeL,
a#p

¥o(b) =sup sup inf |Cor(X; X}, Xy X;)| fora =(,)), f = (kD).
<, Acz, " |
Al =b

Now, we can draft the following conditions.

(B1) liminf@, > 0.

(B2) limsupy, < L

(B3) ynn(Z:3 log(b,) = o(1) for any sequence (b,) such that b, — oo.

(B3’) 7,(b,) = o(1) for any sequence (b,) such that b, — oo and for some € > 0

2 (COV(X“le, Xle“))2 = 0@4_5) fora = (i,)), f = (k, D).
a,peL,

(B4) For some constants ¢ > 0and 0 < » < 2, limsup KC,,(¢, 7) < o0, and

logp = o(n'/¢+n), if0<r<2,
EP = o' Plogn)2), if r=2.
(B4’) log p = o(n/“+31), limsup K, (t, ) < co for some constants ¢ > 0 and r > 0.
(B4”) p = O(n?) and lim su’i)_)./o\iln(élq +4 + 6) < oo for some constants g > 0 and
o>0. e

To be able to adopt parts of the proof of Theorem 2 in Xiao and Wu (2013) we con-
sider (instead of (Mi,i)) the transformed points (Wi‘i) given by
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W, = %(an.zJ—410gp+10g10gp+10g87t), 1<i<j<p,

and we define the point processes

NOD = S ey

1<i<j<p

Theorem 3.12 Let E[x;] = 0 and o;; = 1 for all i, and assume (B1) and (B2). Then
under any one of the following conditions:

() (B3)and (B4),
(i) (B3’)and (B4),
(iii) (B3) and (B4”),
(iv) (B3)and (B4”),

it holds, that

[c)
d
w
NW SN = E €_logT, » n— o,

n
i=1
where I'; = E| + -+ E,, i > 1, and (E;) are iid standard exponential, i.e., N is a
Poisson random measure with mean measure u(x,00) = ¢, x € R.

Proof Under condition (i) set & =n~@/G0+) if 0 <r<2, and &, =n"/°
(logn)!/3(log p)'/? if r = 2. Under condition (ii) let £, = (log p)!/2n~"/©®+%_ Under
(i) or (ii) we set

Xip = Xalx <ry — EXaLyx, <1y 1 1<i<p, 1<k<n,

ikl=%n

where T, = &,(n/(log p)*)!/*. Under conditions (iii) and (iv) we set

Xt = Xt L(1x, <014/ 1ogn) > I<i<p, 1<k<n

Additionally, we define 6,; = [E[Xilf(jl] and = Var[f('l-lf(jl]. We consider

Ml;i:/‘ =

L lvse o -
= R
N =
ij
and the transformed points
Wi, = %(n M%'i,i —4logp + loglogp + log 8x).

d
szl will show that N,iw‘) 1= Zlgqu eW]_”_—>N and thus by Proposition 3.10
NN,
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Therefore, we first apply Kallenberg’s Theorem as in the proof of Theorem 2.1.
We set

B=OBch
k=1

with disjoint intervals B;, = (r, s;] and show

(1) lim ;" (B) = u(B),
) hm n PVV(B) = 0) = e O,

where u(W‘ (B) = [E[Nf,W‘)(B)] and y is defined by u(B,) = e ™" — e .

From the proof of Theorem 2 of Xiao and Wu (2013, p. 2910, 2913-2914) we
know that the conditions of Xiao and Wu (2013, Lemma 6) are satisfied. Further-
more, from the proof of Lemma 6 (Xiao and Wu 2013, p. 2909-2910) we get that for
z€ Rand

= (4logp — loglogp — log 87 + 22)'/?

andd € N
. e —dz
r}l»rga Z P(\/EMUH/'] > Zpseees \/;Ml;izlzjd > Z”) =

AcCI,

Al =
which is equivalent to

. e %
im Y PWy > Wy, > 0= =
AcT, (3.8)

Al =
where A = {(i|,j,), ..., (ig,j,)}- Therefore, we get ford = 1
lim u("V(B) = lim Z Z P(Wy,; € BY) = Z(e Tk — e %) = u(B).
n—oco =1 (peT,

which proves (1). Regarding (2), we use that1 — IP’(Nf,W‘)(B) =0)= |]3’< U]§j<j§p Ai,j)?
where A;; = {W,;; € B}. By Bonferroni’s inequality we have for every k > 1,

2k 2k—1

Tt ¥ pas<p( U ay) < Tt F b

d=1 AcC I 1<i<j<p AcCT (39)
Al = Al =
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where A = {(i},/)), ..., (iz.jp)} and Py g =P(W,,; ; €B,...,W,; ; € B). First let-
ting n — oo and then k — oo, we deduce from (3.8) and (3.9) that

lim POV (8) = 0>—1—Z< NRICCL )

d=0

This proves (2) and we get Nfl ')—>N . By Proposition 3.10 it remains to show

n P
max W, — Wl =5 max |M] . —Mi/.|—>0.

1<i<j<p W 2 1<i<j<p J

Fortunately, this is shown in the course of the proof of Theorem 2 of Xiao and
Wu (2013, p. 2911-2916). O

The following examples are motivated by Xiao and Wu (2013, p. 2903-2905).

Example 3.13 (Physical dependence). Assume that x; = (X, ..., X)) is distributed
as a stationary process of the following form. For a measurable function g and a
sequence of iid random variables (€,);c7 We set X; = (Xjy, ..., X,,;) with

X, = g(e €1, ..0), i>1,

and let x;, 2 < k < n, be iid copies of x;. Moreover, for an iid copy (€});cz of (€;);cz
and

! /
X;, = g€ ..., €1, €5 €_1, cn)

we define the physical dependence measure of order g (see Wu (2005))
N 119114 _ S 12 12
5,() = E[IX, =X, 1" and W, ()= [ 36,00 ]
i=k

Then, we conclude from Lemma 3 of Xiao and Wu (2013) and Theorem 3.12 the
following statement.

Assume that 0 < W4(0) < oo and Var(X;,X;,) > 0 for all /,j € Z and |Cor(X;, X},
X1 X;)| < lforall i, j, k, I, such that they are not all the same. Then, if either one of
the conditions

(i) Y, (k) =o0(1/logk)as k — oo and one of the assumptions (B4) and (B4’) or
(i) Z% o(W4())? = O(p'~?)for some § > 0and one of the assumptions (B4) or (B4”)
is satisfied, we have

d
Nle)—>N, n — oo.
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As a special case we consider the linear process X;; = 27:0 a;e;_;, where the ¢; are iid
with [E[ej] = 0and [E[Iejlq] < oowithg > 4 and for a; € R it holds that 220 a* € (0, ).
Then the physical dependence measure is given by 6,(j) = |a;| E [|€0 - e(’)|‘1] /4 Moreo-
ver, the conditions 0 < ¥,(0) < oo and Var(X“Xj]) >0 for all i,je€Z and
|C0r(Xi1Xj] , X Xi)| < foralli, j, k, [, such that they are not all the same, are fulfilled. If
a; = JP£(j), where 1 /2 < p < 1 and £ is a slowly varying function, then (X;,) is a long
memory process. The smaller the value of f, the stronger is the dependence between the
(X;1)- If one of the assumptions (B4) or (B4’) is satisfied, then condition (i) is fulfilled for

every f € (1/2,1).

Example 3.14 (Non-stationary linear processes). As in the previous example, X;, ... , X,
are iid random vectors. Now x; = (X, ..., X,,;) is given by

Xy = Z i €izt> i1,

tez

n

where (¢;),c7 is a sequence of iid random variables with mean zero, variance one and
finite fourth moment and the sequences (f;,),cz satisfy > ., ffl = I. Let x, be the
fourth cumulant of €, and

R 1/2
h, (k) = sup Z lzt) .
1SISP p=1k/2)

Assume that x, > —2 and

limsup sup |Zf,-,p;]§g’-:

n—oo 1<i<j<p =7

<L (3.10)

By Section 3.2 of Xiao and Wu (2013, p. 2904-2905) and Theorem 3.12 we get
the following result. If either

(1) h,(k,) logk, = o(1) for any positive sequence k,, such that k, - coasn — o
and one of the assumptions (B4) and (B4’) or

(i) Xp_ (h,(k)* = O(p'~?) for some & > 0 and one of the assumptions (B4’) or
(B4”)

holds, then we have Nflw)—d>N asn — oo.

To illustrate these assumptions we consider the special case x; := (¢, ..., ep)An,
where A, € RP?is a deterministic, symmetric matrix with (A4,);; = a; forl <i,j < p.
We assume that 3 a2 = 1forevery1 < i <p.

The covariance matrix of x, is given by Cov(x,) = A, Al with(4,A1), = 3 a,a;,.
Observe that the diagonal entries are equal to 1. To satisfy assumption (3.10) we have
to assume that the entries except for the diagonal are asymptotically smaller than 1, i.e.
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limsup sup zp:a[,aﬁ’ <1

n—oo 1<i<j<p ! (=

We set
i—|k/2] 14 1/2
nb=swp (Y a+ ¥ a)
1<i<p =1 t=|k/2]+i

as a measure of how close the matrices A, are to diagonal matrices. For the point
process convergence either (i) or (ii) has to be satisfied for 4,

4 Proofs of the results

4.1 Proofs of the results in Section 2

Proof of Theorem 2.1 . We will follow the lines of the proof of Theorem 2.1 in Dabrowski
et al. (2002). Since the mean measure # has a density, the limit process M is simple and
we can apply Kallenberg’s Theorem (see for instance Embrechts et al. (1997), p.233,
Theorem 5.2.2) or Kallenberg 1983, p.35, Theorem 4.7). Therefore, it suffices to prove
that for any finite union of bounded rectangles

q m
R = UAk X B, C S, with A= @0, s B, = (0, o),
=1
k=1
it holds that

(1) lim #,(R) = n(R),
2) lim P(M,(R) = 0) = ¢ "®),

Without loss of generality we can assume that the A;’s are chosen to be disjoint.
First we will show (1). SetT =T, .y = 8,(X,Xp, ..., X,). [f g =1 we get

n,(R) = EIM, (A, x B)]= Y P(T; €B))
iti/peA,;

m
~ " H(s(l“ - rHP(T € B)).
=1

Since assumption (A1) implies p™/(m!) P(T € B,) - u(B,), we obtain the con-
vergence 7,(R) — n(R) as n — oo. The case g > 1 follows by
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q q
1R = Y n, (A, X B) = Y n(A X B) =n(R),  n— oo,
k=1 k=1

To show (2), we let P, be the probability mass function of the Poisson distribu-
tion with mean 7, (R). Then we have

IP(M,(R) = 0) = P(M(R) = 0)| < |P(M,(R) =0) = P,0)] +|P,0) - P(M(R) = 0)
= |P(M,(R) = 0) — P,(0)] + o(D),

where the last equality holds by (1). Therefore, we only have to estimate
|P(M,(R) =0) — P,(0)|. For this we employ the Stein-Chen method (see Barbour
et al. (1992) for a discussion). The Stein equation for the Poisson distribution P,
with mean #,(R) is given by

n,(Rx( + 1) — jx(j) = 1oy — P,(0),  j=0. 4.11)
This equation is solved by the function
x(0)=0
J!
M, (RY*!

By (4.11) we see that

X+ 1) =

e ®(P,({0}) = P,({(ODP,({0.....j}). j=0.1,...

|P(M,(R) = 0) = P,(0)| = |E[n,(R)x(M,(R) + 1) = M,(R)x(M,(R))]|. (4.12)

Therefore, we only have to estimate the right hand side of (4.12) and to this end
we set

D:={k: k=(,ky,....k,). 1 <k <ky<..<k,<p}
q

I = Y 1, (&/p)1y (T,
i=1

M 1= E[L].
Fork € D let
Dy :={¢eD: ¢ #k,ij=12,....,m} and
Dy :={¢eD: ¢+#Kk, ¢ =k forsomeij=12,..,m}.

Then we have the disjoint union D = Dy U Dy U {k}, and therefore,

M= 1= Y 1+ (h+ Y, 1) = MO0+ MP (K.

=) £€D,, £E€Dy,

Now, we bound (4.12) by
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| 2 Elmar (M, (R) + 1) = hex(M, (R))|
keD

< | 2 mELM,R) + D) = x(M DK + DI|+ | 3 [, (R)] = LM ) + D]
keD keD
(4.13)

It suffices to show that both terms in (4.13) tend to zero as n — oco. From Barbour
and Eagleson (1984, p.400) we have the following bound for the increments of the
solution of Stein’s equation

Ax :=sup [x(G + 1) — x(j)| < min(1,1/n,(R)).

JENy

4.14)
Using (4.14) the first term of (4.13) is bounded above by

D EMO () + MO ®) + 1) = x(MO k) + DI < Y. n EIMP (K)).
keD keD

Using the definitions of 7, and M®(k), we get

> nEMP k)]
keD
q q
= Z ( Y GRTe B,.)>< 3 Z L, (S)PTeB)- Y Y1, CRTe Bj)>
keD =1 ¢eD j=1 £eDy, j=1

MQ

P(T € BPT € B) ), 1,5 Y 1,(5)

1 keD €D

i=1 j:

i

i=1 j

™=

P(T € B)P(T € B) Z ﬂA,-(l,_j) Z ﬂAi(f)'

keD €Dy

I
—_

(4.15)

Since by assumption (A1) it holds that p”P(T € B,) — m!(u(r"*") — u(s""*"))
as n — oo, and

ZILA()—>/1(A) n— oo

keD

l’l’l

L Z Z ]lAi(;)ﬂAj(f) - Am(Az))'m(A/) n— oo,

2m
P™" xeD reD,,

(4.15) and thus the first term of (4.13) tend to zero as n — co. As every [, only
depends on 7} and because D,, only contains elements which have no component
in common with #, M(V(#) and I, are independent. Therefore, the second term of
(4.13) equals

| Y B, (R) = x4 + DI < Ax 3 ELMPR) = DI, (4 16
keD keD

where the last inequality follows from (4.14). Since [, < 1 because the A; are dis-
joint, the right-hand side in (4.16) is bounded above by
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Ax YT ElL Y 1]

keD €Dy,
q
=sz Z [(ZIIA( M, (Tk)><2]1Aj(§)ﬂBj(Tf)>:| 4.17)
keDfeDZk J=1

= Ax Z 2 2 LGOI P, €B,.T, €B)

i=1 j=1 KED £ED,,

Wle set Dy, :={feD:|{{,....0k,....k,}| =2m —r}. Notice that

s U mo

Ur 1 Dok, = Dyy. Therefore, (4.17) is equal to

q q
szz Z Z )IIA( )P(T, € B, T, € B)).
i j=1 r=1 KeED £€D,,,

By assumption (A2), we have p*""P(T € B;, T, € B)—O0forr=1,...m—1
as n — oo. Additionally, it holds that

DI N )1A( )y=0(), n- .

KED £E€Dy,,

pZm r

Consequently the second term of (4.13) tends to zero as n — oo. This completes
the proof. O

Proof of Proposition 2.5 We proceed simi}larly to the proof of Proposition 4.20 of
Resnick (2008). We want to show that ¥, —Y. Therefore, we define a map from the
space of point measures M(S) to D(0, 1], the space of right continuous functions on
(0, 1] with finite limits existing from the left, and show that this map is continuous.
Then, the Proposition follows by the continuous mapping theorem.

To this end, for a point measure m = Z;‘; V€ € M(S) we define V| : M(S)
V, @ M(S) — D(0, 1] through

Vm - (0,1] = (v,w)

S , m(((0, 11" X (0,1 X (», W) N §) > 0
Vi(m) =V, ( Z 6(&%{)) =1, ) = ki{k\ﬁyk
k=1 m A ;. otherwise,
kit =t*

where t* = sup{s > 0 : m(((0, 11! x (0, s] X (v, w)) N S) = 0}. V, is well-defined
except at m = 0. Recalling the definition of N, in (2.3), we note that V,(N,)(t) = Y, ()
and V(M) = Y()forO <t < 1.

We will start by proving the continuity of V| in the case, where p(x) = —log(H(x))
and H is the Gumbel distribution. In this case, N has a.s. the following properties
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N0, 17" ' x {1} X (—00,0)) N S) = 0,
N0, 17" % (0, 1] X (x,0)) N S) < oo,
N0, 17" X [s, 1] X (=00, %)) N S) = 0,

for any 0 < s <7< 1 and x € R. Therefore, we only have to show continuity at
m € M(S) with these properties. Let (m‘ﬂ)n be a sequence of point measures in
M(S), which converges vaguely to m (m,—m) as n — oo (see Resnick 2008, p. 140).
Since V/(m) is right continuous there exists a right continuous extension on [0, 1],
which we denote with V;(m). Now choose f < V,(m)(0) such that m(S, x {#}) = 0.
As m,—m, we can conclude from Resnick (2008, Proposition 3.12) that there exists
al < g < oo such that for n large enough

m, (S} X (f,0)) =m(S; X (f,)) =q.

We enumerate and designate the g points in the following way ((t?"), j(.")), 1<i<gqg)
with 0 < /™ < ... < 1™ <1, where 1 is the m-th component of tf", such that by

1,m im

Resnick (2(508, Proposifion 3.13)
lim (17, /™), 1 <i < q) = (1)), 1 <i < g,

where ((#;,;), 1 <i < g)is the analogous enumeration of points of min S, X (§, o).
Now choose

|
6 <= min ||t,— ¢
215i,75q||‘ 1l

small enough so that the é-spheres of the distinct points of the set {(z;,/;)} are dis-
joint and in S} X [f, 00). Pick n so large that every é-sphere contains only one point
of m,. Then set 4, : [0, 1] — [0, 1] with 4,(0) = 0, 4,(1) = 1, 4,(z;,,) = £ and 4, is
linearly interpolated elsewhere on [0, 1]. For this A, it holds that

sup [V, (m,)(0) = V,(m)(4,(0)] <& and  sup |4,(1) 1] < 3.

0<<1 0<t<1

Thereby, we get
D(V,(m,), V;(m)) = D(V,(m,), V;(m)) < 5,

which finishes the proof. The Fréchet and the Weibull case follow by similar arguments. ]

Proof of Theorem 2.6 We will proceed similarly as in (Resnick 2008, p. 217-218)
using the continuous mapping theorem again. Since Y is the restriction to (0, 1] of
an extremal process (see Resnick 2008, Section 4.3), it is a nondecreasing function,
which is constant between isolated jumps. Let D'(0, 1] be the subset of D(0, 1] that
contains all functions with this property. Set
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V, :DY(0, 1] = M(0, 1]
X = Zeti,
i=1

where {7;} are the discontinuity points of x. Then V,(Y,) = Zi:l €114 and
VoY) =22, €., Where (z), is the sequence of discontinuity points of the extre-
mal process generated by the Gumbel distribution H = A, c.f. above Theorem 2.6.
By (Embrechts et al. 1997, Theorem 5.4.7) the point process Z:‘;l g, is a PRM
with mean measure v(a, b) = log(b/a) for 0 < a < b < 1. According to Proposition
2.5, it suffices to show that V, is continuous. Let (x,), be a sequence of functions in
D'(0, 1] with D(x,, x) - 0 as n — oo for an x € D'(0, 1]. Then there exist 4, € Ay
such that

sup |%,(4,()) —x(@)| - 0 and

iy (4.18)
sup |4,() —t| = 0, n— oo,
B, 1A =1 4.19)

where X%, and X are the right continuous extensions of x, and x on [0, 1]. We want to
prove the vague convergence

[s9) o0

v
V() = Y em—=Val) = D e,

i=1 i=1

where { tﬁ")} and {¢, } are the discontinuity points of x, and x, respectively. Consider an
arbitrary continuous function f on (0, 1] with compact support contained in an inter-
val [a, b] with O < a < b < 1, and x is continuous at ¢ and b. It suffices to show that

Tim Y FE) L (@) = D F 1)L (8- (4.20)
i=1 i=1

The functions x,,, x € D'(0, 1]have only finitely many discontinuity points in [a, b].
Therefore, only a finite number of terms in the sums are not equal to zero. Because of
(4.18) and (4.19) the jump times on [a, b] of x,, are close to those of x, which proves
(4.20). Hence, V, is continuous, which finishes the proof.

4.2 Proof of Proposition 3.7

Let 7 denote the permutation of {1,...,n} induced by the order statistics of
Xo1 oo, X 1€,

Xonty > Xoz) > 0 > Xogny S,
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where the continuity of the distribution of X was used to avoid ties. We can rewrite
T2 as

2 : 1
1'12 = m Z SIgn(Xls - X][)51gn(x23 - le)

1<s<t<n

2 . .
= Z S1ZN(X () = X12() S180 X (5) — Xorr)

-1
"D A . (4.21)
=1 as.
d o .
=D Z sign(X,, — X,).
1<s<t<n

Letq, = (g, ... ,q,) be a permutation of the set {1, ..., n}. If i <jand g; > g;, we
call the pair (¢;, ¢;) an inversion of the permutation q,,.
Since the X, ..., X, are iid, the permutation

4, = (011, Q2 - Q1)

consisting of the ranks is uniformly distributed on the set of the n! permutations of
{1,...,n}. By I, we denote the number of inversions of q,,. For s < ¢, we have

. _ 1, if 0, <0y,
sign(X,; — X,,) = { -1, ifQ,,> Q,, © inversion at (s,1).

In view of (4.21), this implies

—1 -1
dfn . n n
Tl2=< 2) 21ﬁs<l$n Slgn(xls _Xlz‘) = <2> [( 2> - Zln] =1- ﬁln .

By Kendall and Stuart (1973, p. 479) or Margolius (2001, p. 3) (see also Sachkov 1997)
the moment generating function of /, is

n .
1—e/
[E[e”"] = H— tER.
= J—eh
1—el
Jj(1—e?)
tion on the integers 0,1, ...,j — 1. Let (U;);», be a sequence of independent random

variables such that U, is uniformly distributed on the integers O, 1, ..., i. We get

is the moment generating function of a uniform distribu-

We recognize that

4 d 4 n-1,,49 4 n—1 .
- n(n—l)I” =1- n(n—1) 2o Ui_n(n—l) i (Ui =i/2),

establishing the desired result.

4.3 Proof of Proposition 3.10
Our idea is to transfer the convergence of Nr’f onto NZ. To this end, it suffices to

show (see Kallenberg 1983, Theorem 4.2) that for any continuous function f on R
with compact support,
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Y _ x P
fan, fANT—0, n—oo.

Suppose the compact support of fis contained in[K + y,), oo)forsomey, > OandK € R.
Since f is uniformly continuous, @(y) := sup{|f(x) —fM| : x,y e R, |x—y| <y}
tends to zero as y — 0. We have to show that for any € > 0,

P
lim P<| D (f(Y,»,n) —f(X,»,n)>’ > e) =0. (4.22)
i=1
On the sets
Any={AmaX |Yin_Xin|S}/}a 76(0770),
’ i=1,...p ’ ’
we have

Vi) = fXi)] < @) Ly ory

Therefore, we see that, for y € (0, y,),

(] y (rr) =) > e, )

i=1
< [P’(a)(y)#{l <i<p:X,>K}> f)
@[E[#{l <i<p: X, >Kj

= W ens, ool

e
- M[EN((K, ]), n— oo.
€

By assumption, it holds lim P y) = 0. Thus, letting y — 0 establishes (4.22).

n—oo
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