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Abstract

We consider the clustering of extremes for stationary regularly varying random fields
over arbitrary growing index sets. We study sufficient assumptions on the index set such
that the limit of the point processes of the exceedances above a high threshold exists.
Under the so-called anti-clustering condition, the extremal dependence is only local.
Thus the index set can have a general form compared to previous literature (Basrak
and Planini¢ in Bernoulli 27(2):1371-1408, 2021; Stehr and Rgnn-Nielsen in Extremes
24(4):753-795, 2021). However, we cannot describe the clustering of extreme values in
terms of the usual spectral tail measure (Wu and Samorodnitsky in Stochastic Process
Appl 130(7):4470-4492, 2020) except for hyperrectangles or index sets in the lattice
case. Using the recent extension of the spectral measure for star-shaped equipped space
(Segers et al. in Extremes 20:539-566, 2017), the Y-spectral tail measure provides a
natural extension that describes the clustering effect in full generality.

Keywords Extremes - Regular variation - Extremal index - Max-stable random
field - Space-time models

AMS 2000 Subject Classifications 60G70 - 60G60 - 62G32

1 Introduction

Asymptotic results for extreme values of random fields have attracted much atten-
tion recently, see Wu and Samorodnitsky (2020), Basrak and Planinic (2021), and
Jakubowski and Soja-Kukieta (2019), to name a few. Extending the basic results of
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Basrak and Segers (2009) in the context of time series, the newly developed approaches
focus on stationary regularly varying R%valued random fields X = (X,)cz«: The ran-
dom vectors (X , ..., X ) are regularly varying in R" for each t,,...,t, € Z*. The
existence of the spectral tail random field @ := (0;)cz+ characterizes the limit behav-
ior of the extremes around the origin {0} under the condition that X, is extreme and
normalized by | X |. The random field @ characterizes the extrema of X and hence any
asymptotic extreme value set. One phenomenon is the clustering of extrema, i.e., the
tendency for extrema to occur locally. To formalize this phenomenon, the approach is to
extend the basic result of Davis and Hsing (1995) via the convergence of the point pro-
cess of exceedances. More precisely, we define N, as a simple point process of exceed-
ances on a hyperrectangle C, = [1, nlf,n>1,

Nn = Z 6a'k'X, .

teC,

The level of excesses is set to a,,, which satisfies lim,_, ., nPP(|X,| > a,) = 1, as if the
observations were independent. Wu and Samorodnitsky (2020) show that N, con-
verges to a cluster point process N on R \ {0} and an explicit representation of the
latter is given in Basrak and Planinic (2021). More precisely, there is a spectral clus-
ter field Q := (Qy)icz« Whose distribution is derived from that of (®,) and for which
holds

o0
NA = Z Z er;l/an ,

i=1 tezk

where (3« EQM)M) are independent and identically distributed (iid) copies of
pI— £, independent of the points (I';) of a standard Poisson process. The random
field Q is crucial since it accurately describes the asymptotic clustering phenom-
enon. The paper aims to introduce and analyze a new setting adapted to index sets
other than the hyperrectangle C,,.

Let us consider A, as an arbitrary index set of Z*\ {0}. Such an extension of
the rectangular index set is not straightforward, as Stehr and Rénn-Nielsen (2021)
showed in the asymptotically independent case (@, = 0 for all t # 0). For index
sets (A,), a geometric condition must hold. To motivate the study of index sets
that are not rectangular, let us describe the most common index sets in the lit-
erature. The spatio-temporal sets A, are typically of the form Cx {T,...,mT},
where C is a fixed lattice of Z? and T > 1 is the observation period through time
expressed in space-time units, and m is the number of observation periods. As
usual, we consider a stationary, regularly varying random field (X;). Remark that
the assumption of stationarity in time and space on X is standard in environmen-
tal statistics, even when the spatial grid C is large but finite, see the review paper
by Davison et al. (2012) and references therein. We first obtain the existence of a
limiting point process N* as follows

A d A
Nn = Z £ai‘\—lxt—)N . n— oo,
teA,
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where a comes from lim [A,[P(1X] > ahy=1

In contrast to the hyperrectangle case, the distribution of the point process N*
depends on the asymptotic lattice properties of the general lattice A,,. Not surpris-
ingly, the asymptotic form of the index set A, constrains the clustering effect. We
derive the limiting distribution of the point process under a sufficient condition
that ensures that A, consists asymptotically of translated versions of countably
many fixed sets D;. It appears that the limiting cluster point process distribution
is a mixture of expresswns of the spectral tail random field over the different D;.
However, a representation of the clusters using the original spectral tail random
field (®,) is limited to specific A,. We derive the representation of the limiting
points similar as in Basrak and Planinic (2021) only when all the D;’s are lattice.
This condition is satisfied for C,, and we recover the characterlzatlon of the clus-
ters first provided in Basrak and Planinic (2021).

For irregular index set A,,, the representation of the (asymptotic) clusters does
not naturally use the original spectral tail random field (®,). Instead, one has to
introduce the concept of the Y-tail field that characterizes the limiting behaviour
of the extremes around the region Y given that X, is extreme over Y and normal-
ized by a modulus of (X),cy. This framework has already been developed for iid
sequences by Ferreira and de Haan (2014) and for time series cases by Segers
et al. (2017) but not for random fields.

Our main contribution is to introduce a very general setting for index sets,
namely Condition (D"), which does not involve any topological properties. This
condition allows for countably many different shapes, and it is only an asymptotic
condition. In particular, it implies that some shapes repeat approximately an infi-
nite number of times proportional to |A,|. Surprisingly, the shape of the asymp-
totic local region Y is arbitrary. In contrast with existing results such as Stehr and
Roénn-Nielsen (2021) we show that convexity is not required when dealing with
extremes. Under the anti-clustering condition, we deal with index sets that are
local regions such as Y reproduced over a lattice.

The rest of the paper is organized as follows. Section 2 is devoted to prelimi-
naries, notations and the main assumptions. The theoretical properties implied by
the crucial Condition (D") are discussed in Section 3. The asymptotic clusters for
any index set A, satisfying Condition (D) are studied in Section 4, while in Sec-
tion 5 we present their characterization based on the Y—spectral tail field. Two
applications of this new approach are developed in Section 6, determining the
extremal index and providing sufficient conditions for max-stable random fields.
Section 7 contains the proofs of the results of Section 3 and the rest of the proofs
are collected in Sections 8 and 9.

2 Preliminaries, notation and main assumptions

Let (X,)e 7« be an R¢-valued regularly varying stationary random field.
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2.1 Spectral tail fields

Let us recall two fundamental results of Wu and Samorodnitsky (2020): the existence
of the tail field and the time change formula for the tail and spectral tail fields.

Theorem 1 (Theorem 2.1 in Wu and Samorodnitsky (2020)) An R%valued station-
ary random field (X()ic 7« is jointly regularly varying with index a if and only if there
exists a random field (Y )7+ such that

dd
L(x7'X, 1 te 71Xy >x)f—>£(Yt ttezh
as x — oo, and P(|Yy| > y) =y~ fory > 1. We call (Y),ez« the tail field of (X ez

Theorem 2 (Theorem 3.2 in Wu and Samorodnitsky (2020)) Let (Y)ez« be the tail
field corresponding to an Ré-valued stationary random field (X)cz« that is jointly
regularly varying with index a and define ©, = Y,/|Y,|,t € Z*. Let g : (RHZ 5 R
be a bounded measurable function. Take any s € Z*. Then the following identities
hold:

E[g((Yi_tez) WY _ # 0)] = / El8((r®p)ez)1(r|Og] > D]Id(=r™%), (1)
0

0
El8((O¢_s)ez)1(O_g # 0)] = [E[g<( |i)t |Z )IGSI"]- )

We call (©y)cz+ the spectral field of (X;)iez+-

Denote by < the component-wise order on 7% thus fori= Ay eer )y J = (s oo i)
inZ*,i <jifi, <jforalll=1,..,k.

We consider a linear order < on Z* that is invariant: if s < t fors,t € Z* implies that
s+1i<t+ifor any i € Z*. An example of an invariant order is the lexicographic (or
dictionary) order: for s, t € Z¥, we say that s < t if either (1) s; < #;, or (2) there exists
2 <j<ksuchthats;=¢forali=1,..j—1, andsj <t

2.2 Condition (D’\) on the index set

Consider the following simple point process:

N’;\ = Z gafl\_lxt’
teA,
where the sequence (aﬁ) satisfies lim [A,|P(1X,] > aﬁ) =1and A, is any finite
subset of Z* such that |A,| — oo as n — co. For any set Y C Z¥, ¢ > 0, and t € Z*,
let (Mr:={ueY:u>0}, X)), ,:={ueZ:u=s-tseY} and
Y®) 1= ((Y)_nK,)* where the hypercube K, is defined as K. = [—c,c]* n Z*,
¢ > 0. Through the paper we assume that A, satisfies the following condition.
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Condition (D") There exist (possibly countably many) different subsets of
{t e ZF : t > 0}, which we denote by D;, D,, ..., s.t.

_ HteA, : A =DinK,}|
lim = - A

- M i
n—oo IAnl P

p— 00,

with 4; > 0 and Z;’zl A; =1, where ¢ € N U {00} is the number of these Ds.

Condition (D") says the following. Consider a point t in A,. Translate the set
A, by —t so that t is now at 0. Take an hypercube around 0 of side 2p, for p large
enough, and intersect it with the positive points according to > and with the trans-
lated set. Thus, we have obtained A™”. Now, it might happen that the same set A"
is exactly the same for other points in A,,, and also for other points in A, with m > n.
Condition (D) imposes that there are different sets (denoted D, N K,,i € {1,...,q})
such that the number of points t € A, for which Af,t’p ) is equal to one of these sets,
divided by |A, |, has a limit and these limits form a weighted sum.

This condition provides a minimum requirement to have (at least asymptotically)

a structure for studying the long-time clustering behaviour of extremes.

Example 1 Imagine observing precipitations over a specific geographical area C.
There are stations spread throughout the geographical region that measure the pre-
cipitation. Let A, lying in Z¢ where d is the sum of the time dimension and the space
dimension (thus d = 3 or d = 4 depending on whether we consider the geographical
region C to lie in Z? or Z3, respectively). In the time direction, each point is the num-
ber of rain rained in a certain amount of time, while the space direction indicates the
location where this is measured. Thus, X; where t € A, corresponds to the amount
of rain measured in a certain period in a specific location. Assume that the meas-
urements over C repeat in a constant frequency (e.g. at every week). This assump-
tion corresponds to condition (D), where we take the order > to be increasing with
successive (in time) observations. In particular, imagine measuring over C infinitely
many times. Denote this set by C_,. Then, each D is C, centered at 0 (that is trans-
lated version of C by minus one of its points) and consider the points successive
to 0. Notice that there are only ¢ = |C| distinct D and their weights are all equal to
1/]C]. Buhl and Kliippelberg (2019) already considered similar index sets.

Example 2 The framework of Stehr and Rgnn-Nielsen (2021, 2022) is a particular
specification of our framework. Indeed, consider Assumption 1 in Stehr and Rgnn-
Nielsen (2021) (which is Assumption 3 in Stehr and Rgnn-Nielsen (2022)): The
sequence (C,),cy consists of p-convex bodies (i.e. connected sets which are also
unions of p convex sets), where C, = UleCn,l- and |C,| = o0 as n — oo, and

7 VA(C,.) . . .. .
M is bounded for each j=1,...,d — 1, where V.(C, ) indicates the intrinsic
|C, b/ j\n

volumes of the convex body C, ;. Consider the two dimensional case, so d =2 —
similar arguments apply to other dimensions. For any convex body C, we have that
Vo(C) = 1 and V,(C) is equal to the perimeter of C divided by . Then, Assumption
1 in Stehr and Rgnn-Nielsen (2021) states that the sum of the perimeters of the C, ;s
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must not grow faster than the square root of the volume of C,,. There are cases where
this is not true, like when one of the C, ;s is a rectangle with edges increasing with
different speed. In general, this assumption ensures that the C, ;s must grow in all
directions, implying that the number of points in C, away from the boundary divided
by the number of points in C, tends to 1 as n — oo. Formally it implies that, for any

teC,: C*"=DnK,
rEN,I{ n|C| A

Therefore, Assumption 1 in Stehr and Rgnn-Nielsen (2021) is strictly stronger than
condition (DM).

It is important to explicitly look at the differences of our framework with the one
of Stehr and Rgnn-Nielsen (2021, 2022). First, Condition (DA) is only an asymptotic
condition, thus the set A, (or C,)) does not need to satisfy any constraint for finite n.
The lack of a non-asymptotic structure for A, is a challenge, and in particular for the
proof of Theorem 17. We overcome this by imposing structures that will be satisfied
asymptotically. Another feature of our setting also exacerbates this issue: the pos-
sibility of having countably many different asymptotic sets (denoted by Ds). Indeed,
having countably many sets does not allow distinguishing the points in A,, that will
eventually form an asymptotic set from other points in A,, because this distinction
happens only asymptotically. We overcome this by using that only finitely many
of these sets have weights (denoted by As) greater than &, for any € > 0. The third
difference is the structure of the asymptotic sets. While in Stehr and Rgnn-Nielsen
(2021, 2022) the only allowed asymptotic set is {t € Z* : t > 0} as just shown, in
our framework any possible subset of {t € Z* : t > 0} is allowed. For example, we
might have that A, is a rectangle where only one side increases.

— lasn — oo, where Dis simply given by {t € Z* : t > 0}.

We conclude this section by pointing out that condition (D) comes from the
proof of the main asymptotic results of the paper, and it is the most refined
(i.e. weakest) condition we could attain. This condition is satisfied in all the previ-
ous settings (see Davis and Hsing 1995; Wu and Samorodnitsky 2020; Stehr and
Rgnn-Nielsen 2021, 2022; Buhl and Kliippelberg 2019).

2.3 Mixing and anti-clustering conditions

Following the seminal work of Davis and Hsing (1995) on stationary time series,
we assume two complementary conditions. The anti-clustering condition avoids
too strong clustering effects. The mixing condition approximates the Laplace func-
tional of the point process N* over A, in terms of products of Laplace function-
als of copies of the point process over a smaller index set. Such conditions were
extended to random fields by Samorodnistky and Wu (2020) for the specific index
set C, = [1,n]*. Some care is required when considering the general index set A,,.

Take a sequence of positive integers (r,) such that lim |A, |/ |A, | = oo and let

n—oo . AX| .
ko= LIALI/IA, 1] Let Ry i= (Uyen (M) \ Kjand let MY 2= maxieg,, Xl
and consider the following anti-clustering condition.
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Condition (ACY) The R“-valued stationary regularly varying random field (X, : t € Z)
satisfies the (ACQ) condition if there exists an integer sequence r, — oo and
k, = |A,l/IA, | > oo such that

hmhmsup[F"( A S g x| 1Xl > a) x) =0.

—®  n-ooo
Let d, :=max, ., max,_; ;[x? —y?|, namely d, be the maximum distance
between the points of A, . Observe that

lim lim sup P <M| !

1500 poeo ld, >

:>11m11msup|]3’< AIX|>a x| Xl > a > 0

l=00 oo

> alx [|X,] > aﬁx) =0

where ! b|> = MaX<jij<p, iz |X;| for a,b € Z and [i| :=max(|i,], ..., |i;]). This

sufficient condition is often easier to check in practice and is implied by the anti-
clustering condition considered in Wu and Samorodnitsky (2020) that required a
stronger condition on the maxima over indices a < [i| < b in any directions.

For the mixing condition, we require extra classical notation, namely

A .
N”n .= Z £al,1\71Xt,

ten,,

and for any E C RY, C;(E) the class of continuous non-negative functions g on E
with compact support. Further, let the Laplace functional of a point process & with
points (Y;) in the space E C R be denoted by

Y.(g) 1= [E[exp ( — /gd§>]
E
[exp ( Zg(Y))], g € CH(E).
We adopt the notation Cf := CH(R?\ {0}).
Condition .AA(aA) Choose the integer sequences r, — oo and k, = |A,|/]A, 1=

from condition (ACA) The R%valued stationary regularly varying random field
(X, : t € Z¥) satisfies the condition .AA(aQ) if

Pya(g) — (Pia @) -0, n—>o, geC;.

In Lemma 18 we show that the anti-clustering and mixing conditions are satisfied
for any m-dependent stationary regularly varying random field (X)c 7.

@ Springer



R. Passeggeri, O. Wintenberger

3 Lattice properties

Before giving the main results, we need to investigate further the lattice properties
of the index sets D; appearing in Condition (D) on A,. We will distinguish two
settings, lattice properties on the upper orthant and on the whole index set. Condi-
tion (D) implicitly involves the upper orthant and it would have been possible to
focus on the whole index set by adapting Condition (D) accordingly. This approach
would have been entirely equivalent to ours. But notice that the two settings are cru-
cial for our main results, and one cannot make the economy of one of them.

3.1 Lattice properties on the upper orthant

As usual, we define a lattice in Z* as the set {zk 14 ; . a; € Z} for some basis
{vy,.., v} of ZF. The rank of the matrix Vi, .o, vp) s called the rank of the lattice.
Recall that D;, D,, ... are the subsets of the upper-orthant (Zk ) that appear in Con-
dition (DM).

Proposition 3 Ler A, satisfy |A,| = co as n — oo together with Condition (D™).

(I) For every D; and D; with j#1i there exists a p large enough
st.D,NnK, # D Nk, Further Jor every D; and every p € N we have the

ldentlty
)
Hte A, : A = DnK}|
lim L= Aps
o= A b= 2,
i€l

where IV :={i € {1,...q) : D;nK,=D,nK,).

(I) The empty set is a possible D.

(IIT)  For every D;, there exist b; many different Ds, where b; € Ns.t.b; < |1/4;] — 1,
which we denote by D, s Dz such that, for every z € D Dl = ((D) D for

somei=1, ...,b~and then /ll_ Z /1
Point (IIT) of Proposition 3 suggests that D; contains shifted versions of poten-

tially different Ds. In order to exhibit the lattlce property of D;, we define g; as the
set of the shifts that yields the same D;, namely

G i={zeD,u{0} : (D)*,=D;} and L;:=GuU-G,, 1<j<q.
(€)

For every I <j < ¢, one can partition the set D; using the lattice sets /3,{, i=1,..b;

Proposition 4 Let A, satisfy |A,| = oo as n — oo together with Condition (DM). Fix
1 <j < g, then the set L; is a lattice on Z* Fori=1,.., -, bj, denoting z; any point in
D such that D, = ((D )z )+ we have the partition
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b

=yt ulJae), ) “
i=1

Further, for every D;, we have that L, 2 L;, and L; and L; have the same rank for
i=1,. bb/ In parttcular D; is bounded tfand only zfﬁ {0} and in this case
D U, 1{Zl

Building on partition (4) we want to exhibit some translation invariant prop-
erties of D;. Fix any j=1,...,q and denote [, =j for convenience, then any
ie{0,1,.., b } satisfies the Translation Invariance Property (TIP ) if it has the fol-
lowing property:

Translation Invariance Property (TIP;) The index i € {0, 1,...,b;} satisfies (TIP;) if
there is a point x € ((E, )s )+ such that x <y forsomey € G,

Further we let W, denote the subset of {0,...,b;} satisfying (TIP;) and let

UheW

Proposition 5 Let A, satisfy |A,| = oo as n — oo together with Condition (DM). Fix
any j=1,...,q.Ifi € {0, 1, ..., b;} satisfies (TIP ;) then L, = L; and A, = 4;. In par-
ticular, when L; is a full rank lattice the (T1P; ) is satzsﬁed for alli=0,...,b; and
when D is bounded the (TIP ) is never satzsfled !

Further, for every i € W; we have @,‘ = @j and @.i uf{0}u —f)j is translation
invariant for every point in L.

Remark 1 The case of (TIP j) not holding for some [ =, ..., lb,, is equivalent to the
case of G; lying on the hyperplane determined by the order >. For example, this is
the case when we are in R?, the order goes along the horizontal lines (informally
0,0) < (1,0) < (2,0) < ... < (0,0) < (=00,1) < ... <(0,1) < ...), and A, draws
two lines which are parallel to the horizontal axis, see Fig. 1 for an illustration. It is
possible to see that in this case one D (say ’151) is simply given by x-axis, while for
the other (752) we have the set provided in Fig. 2. These sets are translation invariant
with respect to the points in the respective £; and in this example £, and £, are both
equal to x-axis.

Example 3 In Remark 1 we implicitly consider the case of A, drawing two parallel
lines at the same speed and in this case 4, = 4, = 1/2; an example of such A,

A, = UW 2J{0 i} U{l,i}. When A, draws the two lines at different speed the
Welghts A, and 4, take different values For example, if A, draws the line above faster
than the line below, e.g. A, = U l0,iyu U (1= r)"J{l i} for some r € (0,1/2),
then A, =1—r and 4, =r. Observe that if A draws the line below faster,
eg. A, =0, U U“1 "m1,i} for some r € (1/2,1), then we would still
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Fig. 1 We consider an order that increases along the horizontal axis and then upward. Red chopped
half-line starting at (1, 0) is D;, D, plus the red line above is D, also in red. Both Ds have the same
G =D, U {(0,0)} thus the same £ which coincides with the x-axis. We check that D, is partitioned into
(£)* and £, where z is any point with 1 as the second coordinate. However, none of the points of £, pre-
cedes any point in G, and the TIP property fails. Notice &, is any couple of points {(0, 0),z} in blue

have that A, > A,, in particular A, = r and A4, = 1 — r. This is because the line below
is faster and so many (precisely (2r — 1)n asymptotically many) points in this line
we will not have a line above them at a finite distance and so the asymptotic struc-
ture for these points is D; and not D,.

3.2 Lattice properties on the whole index set

In this subsection we consider subsets Ej of the whole index set Z* that are the
equivalent of the subsets D; of the upper-orthant. As Condition (D") defined only

the Dj, the existence of the Ej, shown in the next result, is deduced from it.

Proposition 6 Let A, satisfy |A\,| = oo as n — oo together with Condition (DM). For
any p € Nand any E subset of Z* with 0 € E we have that the limits

Hte A, : (A)_(NK,=ENK,}|

lim , and
n—oo |An|

Hte A, : (A)_(nK,=ENK,}|
lim lim
p—00 n—00 |An|

Fig.2 Representation of @2 u{0}u TﬁZ with @2 = D, because W, = {0} in Remark 1 (recall /; = 2 by
convention). It is possible to see that D, U {0} U =D, is translation invariant for the points in £, which in
this case is given by the x-axis
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exist. Moreover, any such E such that

l{te A, : (A)_nK,=ENK,}|
lim lim R >0 )

P—>00 n—00 |An|

satisfies E* = D, for some j=1,...,q.

Define by E,,...E, the sets satisfying (5) with ¢ € NU {o0}. For each
m=1,...,q and p € N define
Yw = 1im lim {t €A, : (A)_(NK,=E, NnK,}/IA,l

p—>0 n—oo

Yom ‘= hm Hte A, : (A)nNK,=E,nK}/IA,l

F={je(l,..q} : EnK, =5, nK,}.

Let [, :=j and z; := 0. From Proposition 3 recall that D; = (£;)* U Uf;l((ﬁli)z,_)ﬂ
which we can rewrite as D; = U?io((ﬁl»)z,_ )*.

ProPOSition 7 Let A, satisfy |A,| = oo as n — oo together with Condition (D).
EveryB,,m=1,...,q', is a translation of | J _O(ﬁl) for some ] =1,...,q. Moreo-

ver, Zm 1Y = Landy, =¥, cpn Vo fOT every m=1,.

It is important to notice that the translations of £ in [J,/,(£,), can coincide. A

careful analysis is done in order to describe the distinct translations. Let

Y)""’XE{?’ for some n; €N, be the points in U Lo(Ly),, " such that xl(j) >0,

k=1,..,n;, that (ﬁ) 0 F (E) o for r,v=1,..,n with r#v, and that
U:jzl(ﬁj)xf’ = Ufio(ﬁli)z’i. Finally, let §; = {x(li), s X&,?} where, for the sake of clar-
ity, we include by convention {0} in &; so that 0 is always the lowest (according to
>) point in &;. Notice that a certain arbitrary choice is still possible when choos-
ing &;, see Flg 1 for an example.

Any &, contains {0} by definition. Thus, the different E,,s correspond to the

different translated versions of Ub 0(L',Z) - containing {0}. Having in mind the

identity Useg (L)s = Ul oLy )Z , the number of different translations is n; and the

shifts are the elements of & (and thus n; = |£]). Denote I* the set of the indices
j=1,...,¢q satisfying

lim lim ’{t en, 1 (M) nK, =), nKP}’/lAnl > 0. ©

SEE;
For every j e I*, let EF := UseS (/3 )s and y “ be the positive limit in (5) associated
to 2 H* For every JEeI . we have (H*)Jr =D, that there exists an m =1, ..., ¢’ such
that ”J* =8, and that any B, , m =1 ..., ¢/, are translated versions of E¥, j € I*. It
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essentially means that the Ej* for j € I* are the only relevant structures in the asymp-
totic of (A,,) as the other ones are translated versions of them:

Proposition 8 Let A, satisfy |A,| = oo as n — oo together with Condition (DM). We
have the identity ¥ ;. vin = Yier gl =1

By definition we have

B U =J&), = JE&),

i=0 SEE; sEL;

for any j € I*.

In the following statement, we link the asymptotic behaviour of (A,) with spe-
cific non-asymptotic properties of some of its subsets. In particular, we extract
from (A,) specific disjoint subsets, which have helpful non-asymptotic proper-
ties (for the proof of Theorem 17) and show that these subsets asymptotically
describe the whole (A,) satisfying Condition (DA).

We introduce the following notation. Let / € N. Consider the maximum of
the m € NU {0} such that D,nK, #D;,nK, for every i,j € " with i,j <m.
Denote this maximum by 71, ;. Consider the maximum of the m € N U {0} such
that D, N K ;) # D, N K|, for every w,v € I" with w,v <m and where D, is
bounded, D, is unbounded and /, is any index [y, ..., [, . Denote this maximum by
m;,. Consider the maximum of the m € NuU {0} such that & C Ky for every
s € I" with s < m. Denote this maximum by 7, 5. Then, we define m, as follows
my 1= min(/m, ;, M, m;3). Notice that such m; exists because [ is finite and b; is
finite for every unbounded D;.

Further, let S;,:={t€A, : (A)_(NK,=E'nK,} for every i€l* and
I,n € N. Notice that S;, depends on n, but we omit the dependency to lighten the
notation.

Proposition 9 Let A, satisfy |A,| = oo as n — oo together with Condition (DM).
Then for every n €N, j,i € I" with j,i <my and i #j, t €S;4, and s € S, 4, we

have that (D; N Ky) N (D; N Ky)q =@. Further, there exlsts a set 541, with
Sj 4 C S 4> such that for every t € SMI
Onk)\ | E=@nkn\ | @), o

SE(S; 41)—-5<0 s€-G\{0}

and that tim |S',|/IA,| = v for every j € I'with j < my. Finally, lim lim Zicr oy SiallEil _

|00 n—00 [A,]

We remark that even if the Condition (D) is asymptotic, the sets S; g and Sy
have both asymptotic and non-asymptotic properties.

Example 4 (Continuing Example 1) Recall that in this example, the observations
formed a pattern C that repeated itself with a certain frequency in order to constitute
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C,.- Using the notation of this section, we see that such frequency is represented by
QO The number of D’s is by + 1 = |D|. The Translation Invariance Property (TIP;)
is satisfied for every i =0,...,b; and j = 1,...,|D|. The infinite union of translated
patterns is what we denote by in this section. Notice that any different centering
of C,, at 0 corresponds to a different Z,,. In particular, there are |C| many different
E,’s. However, there is only one E* (which we denote E}), say B, = E} for some
h € {1,...,|C|}. In this example, it is possible to see that the choice of the E} is arbi-
trary. So, we have I* = {1}, C = &, and y; = 1/|C|. A non-trivial result, even in this
simple example, is the last statement in Proposition 5. Suppose we take the union
of all the D’s and {0} and their negative counterpart, then this union is translation
invariant along with £, namely along that certain frequencies with which the obser-
vations repeat their pattern. Moreover, Proposition 9 states that it is important that
the observations (A,,) repeat the pattern C for a sufficiently long time. For instance, a
finite number of observations (for instance, cases where the station is working inter-
mittently — this is typical of non-automatic weather stations) does not matter.

Finally, we refer to the lattice case when every E’s are lattices, meaning that
Ej = {0} and Ej* = Ej forevery j=1,...,q

4 Main results expressed using the spectral tail field
4.1 Laplace functional of the limiting point process

The first result states the convergence of the Laplace functionals to some Laplace
functional without an explicit description of the point process. The proof of the
result is based on a telescoping sum argument developed initially in the time
series setting by Jakubowski and co-authors (1993) and Bartkiewicz et al. (2011)
together with lattice property (I) from Proposition 3.

Theorem 10 Let k,d € N. Consider an R%valued stationary regularly varying ran-
dom field (X, : te Z*) with index a > 0. We assume conditions (D), (ACA) and

AA(aA) Then NA—>NA on the state space R¢ \ {0} and the limit random measure
has Laplace functtonal for g € C?, given by

Wya(g) = exp < - /°° Z AE [e_ Leen, g(y@‘)<1 - e_g(ye"))]d(—y_a)) (8)
0 =1

Remark 2 Notice that by Tonelli’s theorem and by the monotone convergence theo-
rem, the Laplace transform is the one of a mixture distribution

[¢5) ) /ll.
Pn(@) = [ exp < - / E [e_ Zeen, g0’®t><1 - e—g@@w)] d(—y‘“)) :
i=1 0
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Remark 3 In the asymptotically independent case, we have that |®,| = 0 for every
t # 0 and so the limit random measure has Laplace functional

Wya(g) = exp < - / [E[l - e_g()’@o)]d(_y—a)>.
0

Thus, it coincides with the case of one D and in particular D = @.

4.2 The spectral cluster random field in the lattice case

Define for any set A C Z*, any sequence x = (X;);cz« and any a > 0,

1/a
Xl 2= (2 |xt|“) .

teA

For the spectral tail random field (®,),c of a regularly varying stationary random
field we use

1/a
el = <Z |@t|“>
teA

as the normalisation constant. When ||x||4 , < oo a.s., We define the spectral cluster
random field by

0
Q, := .
A8,

Q, is well-defined when the denominator is nonzero, hence when {0} C A Q, is
well-defined almost surely. Using the lattice properties investigated in Proposition 3,
we show the existence of the spectral tail random field over some lattice index sets.

Proposition 11 Consider an R%valued stationary regularly varying random fields

(Xpiez« with index a > 0. Assume conditions (DM and (AC/Z\). Then, ©, — 0 a.s. as
[t| > o fort e U;; D, and so we have ||@||75,u—f2,,a < oo a.s. for every j € N.

4.3 Cluster point process expressed using the spectral cluster field

in the lattice case

Now, we present an explicit formulation of the asymptotic Laplace functional as a
mixture of cluster random fields when the Ds are lattices (on the positive points).

Theorem 12 Consider an R%valued stationary regularly varying random fields
Xz« With index a > 0. We assume conditions (DM, (AC’;) and AA(aQ). Assume
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d
also that we are in the lattice case. Then, Nr/l\—>NA on Rg and the limit admits the
cluster point process representation

(o]
)
DS

j=1 ieN teg

ie
and where (I'; }),en are the points of a unit rate homogeneous Poisson process on
(0,00) independent  of (Qgz:;hep. for every j>=1.  Moreover,
job J

where ( Ztegj* 5Q5m> v is an iid sequence of point processes with state space R¢,
J

(ZEN Dtes: -1/ P ) is a sequence of independent point processes with
i i N R >
state space R,

We extend the characterization of the clusters first provided in Basrak and Plan-
inic (2021) on the whole index set E} = Z*, g = 1 to potential mixtures of lattices
with ¢ > 1. For instance, when the observations grow frequently along the axis. In
this case, we have g=k, Ef= {0V~ x Z x {0}, and vi =4, for every
j=1,....k. The value of the weights depends on how fast the observations grow
along one axis relative to the others, e.g. if on axis j there are twice the observations
on axis i (as n — oo) then y]* =2y}

We remark that the proof of Theorem 12 relies on a telescoping sum argument
which breaks down in the general case. In the next section, using the Y-spectral tail
field, we are able to extend this result to the general case.

5 Point random field convergence using Y—spectral tail field

For general index set A, satisfying Condition (D") that are non necessarily lattice,
we introduce new spectral tail fields.

5.1 The Y—spectral tail field

Following Segers et al. (2017), given a separable Banach space (S, || - ||) we say that a
function f : S+ [0, 00) is a modulus if it is continuous, homogeneous, and such that
for every € > 0 it satisfies inf{f(x) : [|x|lg > €} > 0. We remark that for the sake of
clarity in this paper we focus on separable Banach spaces, while in Segers et al. (2017)
a modulus is defined on complete separable metric spaces. Note also that in Euclidian
spaces the choice of the norm is arbitrary and thus will be omitted.

Let p be a modulus on (R?)Z" and for any finite Y C Z* let py the truncation of p to
R?Y. In the following, we extend some of the results of Basrak and Segers (2009) to the
case of the random fields. In the time series case, the following result is contained in
Theorem 5.1 of Segers et al. (2017).
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Proposition 13 Let (X,)cz« be a regularly varying of index a random field in RY,
with @ € (0,0). Let Y be a finite subset of Z*. Then there exists a random field
(Yy iezein RY withP(py(Yy) > y) =y fory > 1 such that as x — oo,

B _ fdd.
L X, oo 7 X py(X) > 0)—L(Yy g5 oos Yy ).

Moreover, there exists a random field (@ ¢)ic 7« in RY such that as x — oo

(X X L®ry . ©
<pY<X>""pY(X>|”Y( )>x>_) O Oror

It is possible to see that @ in distribution is given by Y+ /py(Y). For stationary
regularly varying random fields it is possible to extend the time change formula of The-
orem 3.2 in Wu and Samorodnitsky (2020) to Y-spectral tail field:

Proposition 14 Let (Y )izt be the tail random field in Proposition 13 and con-
sider Oy, =Yy,/py(Y), t€ Zk. Let g : ([Rd)Z — R be a bounded measurable
function. Then,

(i) py(Y) is independent of (O )iz
(ii) foranys e Z*,

[E[g((Yy,t_s)tezk)I(P(Y)_S(Y) #0)]

=/ I]E[g((r@)n)tezk)l(rp(Y)s(G)) > D]d(-r™%), ©)
0
(iii) foranys € Z*,
_ (@)Y,t)tezA a
El8((Oy (—)ez) 1Py (@) # 0] =E|g| ——— | px), (©)|. (10)
P(Y)s(@))

Remark 4 1t is possible to see that by definition py(@y) = la.s.

5.2 Asymptotic Laplace functional expressed using the Y—spectral tail field

We start with a simple result on the relation between the uniform norm and the other
modulus.

Lemma 15 Let Y be a finite subset of Z*. There exists two positive constant C and
D with C < D such that, for every € > 0, max,cy |X;| < € implies py(x) < %, and

py(X) < € implies maxcy |X;| < De.

Corollary 16 Consider the notation of Lemma 15. Then, py(X) =1 implies that
maxy |X,| < D.
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Proof From Lemma 15 we have that py(X)<1+4+6 implies that
maXx;cy |X,| < (14 6)D for every 6 > 0. a

We let C,, and D,, denote the constants of Lemma 15 for £,,, for every m € I*.
Notice that C,, and D,, depends on the chosen p, but we do not write the dependency
explicitly in the notation because it does not create confusion and it lightens the
notation.

Remark 5 Our setting, and in particular the following Theorem 17, is general enough
to allow for countable infinitely different moduli to be used at the same time, one
different p; for each 6'j as in Lemma 29. With some abuse of notation we denote p; g

Now, consider the following assumption on the modulus.

ers P(pe. X)>a,)
Condition (A;\) We have Zjel* v cD < co, where ¢; = lim —ar

n-oo P(Xgl>a,)
This condition is satisfied in many cases. For example, if the modulus is unique
and coincides with the uniform norm then D;=1 and ¢; <[£], and so

J
ZJ-E,* ; chJ‘?‘ < 1. Moreover, for p,(-) := | - ||, we have that D; = landc = |&;|and

SO yj*chj‘?‘ = 1. We remark that such condition is needed to 1mplement a domi-

jer
nated convergence theorem in the proof of Theorem 17 and so, as it happens in most
of the cases where a dominated convergence theorem is used, it might be possible to
obtain the result for a specific p even if condition Af)‘ is not satisfied.

We are now ready to state an anti-clustering condition tailored for conditioning
on the modulii of X bem% large over a local subset and not necessarlly X,. For every
jer, let M'_UEMMWMWMML)\& and let
M/\ X, (1) _ max R(” |X1|

Ln

Condition (AC ) The R?%-valued stationary regularly varying random field (Xy) 7«

satlsfles the condition (ACA .) if there exists an integer sequences r,, — oo such that
= |A, |/|A | - ooandforeveryj er

hm lim sup P

- n—00

( JYA )
2Lr,

> a’x | max |X| > an> =0.

Remark 6 We remark that condition (AC2
JET

. 1*) is weaker than assuming that for every

S

hm lim sup |]3’< o,

n—oo

> a’x | max |X| > an) =0.
tes; n

Remark 7 1f (X, : t € Z*)is m-dependent then the anti-clustering conditions consid-

ered in this paper, namely (ACA) and (AC> 1») are satisfied.
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A

Moreover, it is possible to see that in some cases condition (AC3 I

weaker than condition (ACQ). As we see in the following example.

) is strictly

Example 5 (Continuing Example 1) Recall that in setting of Example 1 /* = {1} and
that we denote &, by C. Thus, the condition (AC2 ) in this setting is:

=l

XD

lim lim sup |P’< oy

=00 0o

> a’x | max |X| > an> =0.
n teC n

In case we know that the pattern of observations will be the same, namely
A, =Ue £,(O)¢ N K, which in practice means that the weather stations perform reg-
ularly, then R;lli = A, \ K and so the condition (ACQ ) becomes

lim lim sup [P’( max |X;| > a’x | max |X,| > an) —0.
[=00 joeo ieA, \Ky " teC .

On the other hand we have that R, , is given by Uen (A)_DF \K; D RE}X . Then, it
is possible to see that (AC® ) is strictly weaker than condition (AC’Z\).

=

Let ij = Useg,.\ 10)(&))s. We are now ready to present one of the main results of
this paper.

Theorem 17 Consider an R%valued stationary regularly varying random field
(Xiezt wg'/h index a > 0. We assume conditions (D), (AC’:J*), AA(an) and (Ag).
Then N>»—N" on the state space R\ {0} and the limit random measure has
Laplace functional for g € C?,, given by

Wya(g) = exp < - / D ricE [(l — e e gw@gf-”)[ Zier, g(y@%'")]d(—y_a)>
0 jer
(11)

L P (X)>a,)
where ¢; = lim sy

We check that the mixing condition AA(afl‘) and the anti-clustering condition
(AC;\J*) are satisfied for any m-dependent stationary regularly varying random field
(Xpiez« As usual (see for example Jakubowski and Soja-Kukieta (2019)), we say
that a random field (X);cz« is m-dependent, for some m € N, if families {X;t € A}
and {X,;t € B} are independent for every pair of finite sets A,B C Z* satisfying

.....

Lemma 18 (m-dependent case) Consider an R?-valued m-dependent stationary reg-
ularly varying random field (X)icz+ and assume conditions (D™ and (A;\). Then the
mixing condition AA(aﬁ) and the anti-clustering condition (AC;\ 1) are satisfied.
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5.3 The Y—spectral cluster field
Recall that G; is the lattice intersected with the non negative points associated to £; and
that the extension g, to the whole Z* is just given by L; =G, u—g, For every &,
denote by H; = Use ¢ (€))s- Notice that H; coincides with Ej* for j e I'.

; .

Proposition 19 Consider an Re-valued stationary regularly varying random fields
(Xpiez« with index a > 0. We assume condition (AC;\ ). Then, |®£f,t| — 0 a.s. for

any |t| - oo and t € D;, and so Zteﬁj p(gj)t(@)”‘ < o0 a.s. and ZteHj |®gj’t|°‘ < 00

a.s. forevery j=1,..,q.

Let Y be a finite subset of Z* and A a subset Z* and p a modulus. Define

1/a
”®Y”pA,a = < Z p(Y)‘(('))a>
teA

as the normalisation constant. We define the spectral cluster random field by

Oy
Qup 1=
T 10v
where the dependence on p is implicit. Recall that p,(-) :=|| - ||, and notice that

when the modulus is p,, Y is é}, and A is L’j then

1/a
||®gj||,,a,4,a=<Z|®gj(t>|“) = 10 lly,, and

teH;
||ng,£i||pa,5j,a = ||ng||7-¢f,a =1
Observe that for bounded D; we have that & ={0}UD;=H; and that

g, = L; ={0}. We remark that when Y = {0} we have that @, [|O, 0yl 4.0 and
Q, 0.4 are simply given by @, [|®]|, ,, and Q, (see Section 4.2).

5.4 Cluster point process expressed using the Y—spectral cluster field

Theorem 20 Consider an R%valued stationary regularly varying random fields
Xzt ng/’l index a > 0. We assume conditions (D), (AC;\ ) AA(an) and (Ag).
Then, Ny’}—)NA on Rg and the limit has Laplace functional for g € C*, with the fol-
lowing expression:

Wya(g) = exp < — Z yj*cj/ [E[l —e Z'Ez’* g(yogf’cf")]d(—y_a))
: 0

jer
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Proof 1t follows from Theorem 17 using the same arguments as in the proof of The-
orem 12, the time change formula (10) and the fact that from Proposition 19 we have
that 3. pie), (©)* < coas., for every j € I*. O

In the following corollary we consider Theorems 17 and 20 when the modulus is p,,.
Corollary 21 Let the modulus be p,. Consider an R%-valued stationary regularly var-

ying random fields (thﬂezk with index a > 0. We assume conditions (D), (A
and AA(a ). Then, NA—>NA on [Rd admitting, for g € Ct, the Laplace functional:

Wya(g) = exp ( - Y r1E) / E[1-e ™ WQ%L/‘*‘)]d(—y‘“)).
0

jerr

>I*)

where Ejel* yj*|5j| =1

Proof The result follows from Theorems 17 and 20 and from the fact that when the
modulus is p, we have that:

P(Liee, X1V > a,) .
.= 1' = ..
G T PIX > a) gl

Moreover, we have the following result on the representation of N,

Proposition 22 Consider N* given in Theorems 17 and 20, then

2 Z 2 07 )V Qs (12)

jer ieN te_

where ( Zte ng i ):GN’ is an iid sequence of point processes with state space R,

and where (F “)lEN are the points of a unit rate homogeneous Poisson process on
(0, 00) independent of (Qg L_it)teq*, for every j€I*. Moreover, we have that
Pt TS

( ZzeN Zte”* € 71/“(;/ ¢

with state space Rd

\a is a sequence of independent point processes
D Qgciin ) jer

. . . A _
Finally, in the setting of Corollary 21 we have N* = Y.« >\ 1cn Ep-ifag, where
( Dien 60,) , is an iid sequence of point processes with state space R¢ with mix-
i/ e
ing distribution L(Ycy £q,) = Z/’E’* 7’J‘*|$/‘|£(Ztesj* £Q£/_Lj_‘) for every i €N, and
where (I'}),en are the points of a unit rate homogeneous Poisson process on (0, co)
independent of (Q))en-

Proof The result follows from Theorems 17 and 20 identifying the limiting Laplace
functionals such as the ones of cluster Poisson random fields. O
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Remark 8 Notice that the chosen order does not affect the spectral tail random field.
This fact is a clear advantage of the Y—spectral cluster field approach compared to
the approach of Section 4 because it allows the asymptotic representation (12) in full
generality, not just in the lattice case.

Example 6 (Continuing Example 1) Armed with the results of this and the previ-
ous section we can present the extreme asymptotic behaviour of N”l\, where A, is
described in Example 1. Then,

Wa(g) = exp ( - / E [1 —e Lies g(ch"fh")]d(—y_“)>,
0

where we consider p, as the modulus. We remark that such a clean result is not
achievable when the anti-clustering condition (AC> 1*) does not hold. Since in this
case (AC ;) 1s strictly weaker than (ACA) this representation is equivalent to

NA(g)_eXp< / |C| [_Z'Ep‘g@@‘)<1‘E_M"))]d(—y‘“>>'

Moreover, we can see that it is not important which reference point # € C we con-
sider, since our results enjoy certain translation properties. In particular, this repre-
sentation is equivalent to

Wy () = exp ( - / E[1- ¢ Zes g@waﬂ]d(—y—%),
0

where s is any element of {1, ..., |C|} and E, is any different centering of C_, at 0 (in
our example £, = L, for every h, s = 1, ..., |C)).

ICI

6 Applications
6.1 The extremal index

In this section we investigate properties of the extremal index for random fields; see
the work of Hashorva (2021) for max-stable random fields. First, let us define it.

Definition 1 (A-extremal index) Consider an R%valued stationary random field
(Xpez«- Assume that for each positive 7 there exists a sequence (u,(7)) such that
hm IA,IP(1Xy| > u, (7)) = 7 € [0, oo] holds and the limit lim,,_, P(maxc, Xl <

i (r)) = ¢~ exists for some 63 € [0, 1]. Then 63 is the A-extremal index of (X).

As shown by Wu and Samorodnitsky (2020) when A, = [1, n]*, the extremal
index is connected with the so called block extremal index. In particular, let
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R P(maxi, Xl > u,(7)) R R
0 = - and 0,' := lim 6,
A, IP(Xol > 1,(7)) e

where by u,(7) is such that lim |A,|P(|1X,| > u,(7)) = 7 € [0, 0].

For the sake of simplicity, we provide our results for random fields with
respect to the modulus p, in this section. Thus, D; = 1 and Y., rI1&| = 1. For
every j € I, generalizing the approach of Janssen (2019) for processes to random
fields, let T;‘ be defined as follows: for t € Ej define

{w: T;‘(w) =t} ={w: m(ax |®5 2(@)| = sup m%)% |®5 y(@)| >0}

seL; s<tV

N {w : max |®5 2(@)| — sup max |®5 y(@)| =0}
2€(&), seL; st V& s

and for t € Z*\ L let {w : T*(w) =t} =0.1If (ACA .) is satisfied then T/* is well
defined thanks to the summab1l1ty proved in Prop0s1t10n 19 (see also the end of
the proof of Lemma 30 for the connection between the summability of p and the
one of the max norm). If (ACA) is satisfied and all H;’s are lattices (namely all
DU {0} uU-D’s and all the Z’s are lattices) then T? is also well defined thanks to
the summability proved in Proposition 11. Observe that when H; is a lattice then

={0}and H; = L,

Theorem 23 Consider an R%-valued stationary random field (X,)czc with index
and a sequence (A\,) satisfying the condition (DA).

1. If the anti-clustering condition (AC’;) holds, then the limit 92\ ;= lim 9”1\ exists,

is positive and has the representations

wasumw <D= Z“E[(t sup 10,1 = sup 0)]. (13)
€D;u{0 €D;

2. Ifalso all the ”*’s are lattices then ¢9A admits the representations

L e SUPtez: - O *
0} = AE sungth] Z/HE[ i I“]
j=1 tek se~ s
=) AE |®0|”‘1(Tj* = 0)] (14)
J=1 .
= Z AE < sup |®¢|% — sup |@t|")] .
teD

L\ teD,u{0}

~.
I

3. Inany case (1) or (2), if also the mixing condition
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A Ak,

[P’(rtrg\f IX¢| < a;x)— [P’({g/zgj Xl <a,x) -0, n— oo, (15)
where (k, and (r,,) are as in the anti-clustering condition (AC’)‘), is satisfied, then
62 exists and coincides with 6;".

It is possible to see that Theorem 23 (2) only applies to D’s that are lattices. It is
natural to ask whether or not a similar result holds for any D. The answer is positive
if a different anti-clustering condition is assumed. In particular, we have the equiva-
lent result when the anti-clustering condition (ACQ’ ) holds.

Theorem 24 Consider an R%valued stationary random field (X¢)iez with index
and a sequence (\,) satisfying the condition (DM).

1. Ifthe anti-clustering condition (AC’: 1*) holds, then the limit 02\ = lim 02\ exists,

n—oo
is positive and has the representations
0) = [E[sup |Q,|“] - Zy;w,-uE[sup |Qg.,ﬁ,t|“]
leN = ez Y

= 7-*|5~|[E[ max Qg , |a] 16

j; U Gy it (16)
= Z 77 IEIE [max 1© ,|“1(T} = 0)] .

jer* Zegj !

2. Ifalso the mixing condition (15) where (k,) and (r,) are as in the anti-clustering
condition (ACQ 1*), is satisfied, then 6’)’? exists and coincides with 01’)\.

From the two previous results we obtain the following immedaite corollary.

Corollary 25 Assume that (X ez« is an R%-valued stationary random field with
index a, a sequence () satisfying the condition (D) and either (ACQ) or (ACQ )
and (15). Then the extremal index 0y exists, is positive, and
: A — &
}Lrg P(Itleli)n( a, X < x)=®x(x), x>0,
where @ (x) = e, x> 0, is the standard Fréchet distribution function and Oy is

given in either (13) or (16) depending on which anti-clustering and mixing condi-
tions are satisfied, (14) being available only when the EJ* are lattices.
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6.2 Max-stable random fields

Consider a non negative stationary random field X = (X;);c« (with state space
E =R, and d = 1). A fundamental representation theorem by de Haan (1984) states
that any stochastically continuous max-stable (real valued) random field X can be
represented (in finite dimensional distributions) as
X, = max UVy te z*, (17)
where (U;),y 1s a decreasing enumeration of the points of a Poisson point process
on (0, 4+c0) with intensity measure u=2du, (V;);cy are i.i.d. copies of a non-negative
random field (V)7 such that E[V,] < +oo for all t € Z, the sequences (U,);y and
(V));en are independent. Observe that the above definition implies that the marginal
distributions of X are 1-Fréchet, that is P(X, < z) = ¢ FIV/Z for all z > 0, where
E[V;] > O is a scale parameter.
The aim of this section is to find a necessary an sufficient condition for the anti-
clustering condition (AC> 1*) to hold for stationary max-stable random fields. We
recall some notation: H; = USe . (5 )s Where, for every j > 1, &; are finite subsets of

Z* including 0 and L; are any latt1ce of Z* (possibly degenerate). The following
result is an extension of results in Wu and Samorodnitsky (2020). Notice that the
limit (12) motivates the introduction of a mixing distribution on V/, as in the second
assertion below.

Proposition 26 Let (X))« be a stationary max-stable random field with non-neg-
ative values. Consider a sequence A, of subsets of translated U,>1 H; satisfying
the condition (D ) then (X)icz+ Satisfies the (AC> 1*) condition for any r, — o s.t.
|n/r,| = o ifforanyi > land j € I*

lim
|t| > o0,te(H;)*

Consider L(V ) = Ziel* /IIL(V({)), 4;>0, jer, z]ep A. = 1 such that each com-
0 b : k .

ponent V" is supported by a subset of a translation of a unique H;, j > 1 then the

condition (18) simplifies to

lim
It]—co.te(H,)*

forany j eI

Notice that these specific max-stable random fields could be used to model any
asymptotic clustering due to our result (12).

Remark 9 Under Condition (D), the index set A, fills up the translated asymptotic
index set U »1 H;. Checking the conditions (18) and (19) requires the knowledge of
the &, j > 1 beforehand Thus it requires some prior knowledge on the grid of the
observatlons.
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Example 7 (Continuing Example 1) Max-stable random fields have been introduced
to model extremal phenomena such as storm, starting with the pioneer work of
Smith (1990). The spatial model (2002), called spectrally stationary, is widely used
to model space dependence because of its simplicity. It is defined as follows: con-
sider an iid sequence of stationary random fields Vg, s € 72 which are not null.
Then X.”“ = max;,, U;V, is a stationary max-stable random field. However it
does not satisfy conditions (18) nor (19) in any direction of Z? because it would con-
tradict the stationary assumption on Vi, s € 7. The M3 representation of de Haan
and Pereira (2006) and Kabluchko et al. (2009) was introduced to bypass this issue.
Consider now a state-space model with space defined over Hy = ¢ L (C) ¢ where C
is a finite subset of Z2. It is sufficient to check (18) and (19) where the “limit is taken
along the time direction only. Thus a stationary space-time process X, such that its
space distribution is the one of X can satisfy conditions (18) and (19) when its
extremes are sufficiently independent over time. A basic example is an iid process in

time for which the condition max V; # 0 = max V; # O forces that V, = 0 for any
teé, teCx{0}

other component t = (s, k), k # 0. Such spectrally stationary models in space were
not attainable in previous studies, see Remark 5 (i) of Buhl and Kliippelberg (2019),
because they are not ergodic as shown in Dombry and Kabluchko (2017).

7 Proofsin Section 3
7.1 Proof of Proposition 3

Assume that the first statement of point (I) is false for at least some D and D; with
j # i. Then, for every p € N, D Nk, =D, NK Wthh implies that D D, contra-
dicting Condition (DA) By Cond1t10n (DA) we 1nfer on one hand that A iy 2 Zl el? Aj.

Indeed D;nK, € D;NK, for p’ > p thus we have the inclusion
C AP — - AP —
{teA, : A7 =D,nK,} C{teA, : A" =D,nK,}
and 4;, > 4;, p > 1,1 <j <gq. Thus for any p’ > p we have

{te A, : A =D;nK,} = U{teAn t A =D;nK,}

iel?
> JiteA, : A =DinkK,}.
iely

Fix € >0. As Z?:l A; < o0, there exists some m sufficiently large such that
Yism Ai < €. Moreover, there exists p’ sufficiently large so that D; N K, # D; N K,,
for any i, j < m from the reasoning above. Thus
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HteA, : A =DinK} 2| |J {teA,: A% =DinK,}|

iel? i<m
> Y |{teA, : A% =D,nK,}|
iet? i<m

and dividing both sides by |A,,| and letting n — co we obtain

Yok D A=) A-e.

iet? i<m iet? i<m iet?

As it holds for every € > 0 it implies the desired relation 4;, > Zlelw A;. On the
other hand 4; , cannot be strictly greater than > iel? Aj. Indeed defmlng the equiva-

lence relatlon i~jeie(, ))1 <j<q» ONC cons1ders the partition of {1, ..., g} gener-
ated by the equivalence classes B,=1{L....q}\ ~.1f

lim [{t€ A, 1 AW =D nK)I/IAI> D 4
e iel?

for some j € {1,..., g} belonging to the class £ € *B, then one gets

lim ) [{te A, : A =D,nK,}I/IA

n—oo

71|

JjEB,
> lim Y [{teA, : ALY =D;nK,}|/IA,l
n—oo
JEBN
LIPS
jel” J€B, jer?

which yields a contradiction.

For point (II), consider the case of (A nen whose points have a distance
between each other which increases as n increases. The increase of the distance
within the points of A, as n increases allows the following fact: when we consider
K, around one of the pomts for every fixed p, all the other points are outside K,
for every n large enough. Then, in this case there is only one D for (A, ),y and 1t
is given by the empty set. "’

For point (IIT) we need the following Lemma.

Lemma 27 For any 1<j<q and z € D, there exists 1 <i<gq such that
D, = ((D]-)_Z)Jr and A; 2 4;.

Proof Consider z € D, 1<j<gq and let D :=((D; )_,)". Notice that for every
q € N there exists a p E N such that K, D ((K,)_,)*. Thus D;n((K)_,)" CcD;nK,
and thus z + s belongs to D; N K, for any S E D N K,. Thus for every g € Nwe have

{teA, : A" =DnK,}Dd{teA,: A" =D;nK,)
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so that

liminf|{te A, : AL =DNK /A2 4, > 4. (20)
Assume that D does not coincide with any D;, 1 <i < g. Fix € > 0 so small that it
satisfies A > e. Let m satisfies me ; < € as above in the proof of point (I) (thus
j<m) and p sufficiently large such that DN K, # D;,nK, and D,nK, # D, nK,
for every i # k < m. Using the notation 1ntr0duced in the proof of point (I) we have

limsup [{t € A, : AY =DNK,}|/IA,l

n—oo

<limsup|{t€ A, : A® £D,nK,Vi<m}|/|A,]|

n—oo
<limsup(|A,| - || J{te A, : A =D nK,})/IA,|
n—00 i<m
<1=Y 4, <1-) 4 <e
i<m i<m

which is in contradiction with (20). Therefore, D = D, for some 1 <i < g and we
have

lim lim [{t€ A, : A = DK /A, = 4

g—>00 n—>0

and the relation 4; > 4; follows from (20). O

To prove Point (II) observe first that for any D; there exists b; € NU {oo},
with b; < |D;| + 1, distinct sets (D))f,, z € D;. The sum of the corresponding
welghts A bemg smaller than 1 and larger than b;4;, by Lemma 27 we get the con-
straint bj/lj < 1 and Point (IIT) follows.

7.2 Proof of Proposition 4

First, for any I <j < g, let us show that G; is invariant by addition in the sense that
ifzeg; andz’ € g; we infer that z + 7' € G; \ {0}. Indeed, 7 e D; = ((D))_,)* so
that necessarlly z+17 € D;. Moreover we have

(D)_p)t = ((D)_) "))
= (D)_yp)"
=D;.
It shows that G; is invariant by addition on (Z¥y*. Thus g; is given by a lat-
tice, namely given k (not necessarily linearly 1ndependent) distinct vectors
Vl, . Vk € ZF (i.e. abasis of Z! for [ € {1, ..., k} called the rank) we have the identity

i = {21 v e €Zin{te VARE B 0}. We will refer to the degenerate case
= {0} as the case of null rank k = 0. Thus, £, is a lattice on zk.
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Let us now we prove the existence of the partition (4). We have to show that
for any z € D, there exists a unique 1 <i < b; so thatz—z;, € £;. We know that
we have a umque D, such that D, = ((D;)_ )+ = (D)), )+ for some 1 <i < b;.

Assume without loss of generality that z > z,. Thus, e1ther z=1; and then
z—2, =0€G,. Orz—z >0 and for any SED, we have s+zED and thus
s+z—-12, € D, That z -z, € G, follows by definition of g, Since z is an arbi-
trary point in D and since /; is unique as D;, we obtain the desired partition.

Consider any D, so that there exists z € D; satisfying D, = (D; )_pt. Then for
any s € G; \ {0} we have

(D))" = ((D)_,-)*
=(((Dp_P")-)*
= (D))"
=D,.
Sincez € D; = ((’Dj)_S)Jr thenz +s € D, and s € D,. Thus we proved that

and thatG; C G,.

Further we show now that g and G, [ =1,,... lb, have the same rank. Assume
the contrary. Thus, let G; = {21_ alvl ta ez} Where Vi, ., V,, € Z are line-
arly independent and G, = {2 L@V, s a € Z} where v, ...V € ZF are linearly
independent, with k > p > m. Slnce g C G, we know that v, = cv for some
c; €Z, for every i=1,..,m. Since a,v, € G\ g, for any a, € Z such that
ahv;l > 0 and since G; C Ql (and G, is a lattice), we have that (G)), ., C G, and
again by the lattice structure of G, we have (13-)+ e G,. By induction we obtain

h

U U U( J a,,H,lv

m-;—leZ ”m+2ez a, €z

etay, © 9r 1)

m+1

Now, consider (D, qu)\Uieg-\{O}(Dj N K,);, namely the points in D;NK,
J
without K;(i) forevery i € G; \ {0}. By (21) we have

(U U Uiy say), @uc?

Ay €L Ay n €L  a,€Z

where z, is defined in the statement of Point (V). Thus, [(D; N K )\Uleg\

(D;NK,);| = oo as g — oo monotonically. In particular, there is a ¢ large enough such
that |(D MK\ Uiegro)(Dy N Kkl > 1/4;. Since  lim |{t € A, c A =

DinK, /A= Jq*,therearel’ |AL (D nK)\U.eg\{o (D; N K,.);| asymp-

totically many points in A,, but since 4;,. > 4; we have that 4, .[A, ||(D_ N K)\
Uieg\w}(Djan*)i' > |A,|, which leads to a contradiction. Thus, g; and g,,

l=1,,..,1,, have the same rank.
J
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Flnally, if D; is bounded then by definition of G; we have that G; = {0}. If
= {0} then Q, = {0} because G, and g, have the same rank, for every i = 1,..., ;.
Slnce b; is flmte we conclude that D;is finite.

7.3 Proof of Proposition 5

Since g - gl , it remains to show that g ) gl considering that i satisfies (TIP ).
We n0t1ce that for x € (El )+ we have ((D )T = Dl as

(@)= (G uU((ﬁpz, )
b

= (G- v L)y, 0"
h=1

b

= (G0 uGru | (@), 0"

h=1,h#i

So that ((D;)_,)" is the unique D;, [ = 1, ..., b; associated to the lattice G, = G, and
it c01nc1des with D;. Theny —x € D, W1th y E G, is such that (D, )_y_x)" =

We then obtain that g2 Ql by exchanglng the role of D, with the one of D; in the
proof of G; C Ql in Pomt (V) Further, by applying Lemma 27 to D, we conclude
that 4, = /1,

If g is a full rank lattices then it is spanned by k linearly independent vectors
and there always exists a point s € G; such that s > z, for every [ =1, ... Ly, This
implies that the (LC;) condition must be satisfied and Qj G, for every
l=1,.., lhj. This concludes the proof of the first statement.

Let us now prove the second statement. By (TIP j), for every i =0, ...,bj, and
points (V) and (VI) we have that there exists z € D/,- such that ((D,I_)_Z)+ =D
Hence, z e D, contains a translated copy of D; hence a translated copy of any
D, ,h= b already contained in D Thus (lh,h 0,...0)=U;h=0,. b,)
so that (lh,h € W) = (l;h € W) and then D, is the union of the same sets than D

b=UDn,=UD,=7D.

hew,, hew;

Concerning the translation invariance property, we need to check that
D uf{0}u D is invariant to the translation by every point in the lattice £;, that is
D u{0}u D (D u{0}u D) forevery s € L£;. With no loss of generahty con-
s1der s E gf so that for any he W we have (D, )_g m {teZ:t>0}={0}u D,]
since Q, = g Hence (D) Nt E A 0} {0}y D Moreover, for s1m11ar
reason for any z € D U {0} we have s+z € D so that (D u{0})_C D
remains to show that D \ (D) (D U {0})_ \ (((D )_S)+ u{0}).
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7.4 Proof of Proposition 6

Let Z be a subset of Z* such that 0 € E and let p € N. Denote by —v be the lowest
point (according to >) of N K|, and denote the points of K, \ {t € 7% . t>—v}by
-W,, ..., —wW,, for some u € N which depends on p. Let @, ..., ®, for some v € N, be
the subsets of K;p such that for each & = 1, ...,v we have ®, N (K,), = (EN K)),)".

Similarly, for every i =1, ..., u, let ‘{’i,l, ... V;,, for some v; € N, be the subsets of

K;p such that for each & =1, ..., v; we have ‘P;:ln (K,)w, = (ENK,),. Moreover, for
every i=1,.,u, denote by II,,..II;;, the non-empty subsets of
K,\ {te ZF : t > v} with highest point (according to >) given by —w,. Observe
that (ENK,),)* =(ENK,,\ {0} and ((En KP)WL_)Jr =(ENK,), for every
i =1,...,u. First, for every n € N we have that

Hte A, : (A)(NK,=ENK,}|
=l{te A, : (A)_N(K), =ENK,),}I.
Second, we have the following identities
{te A, : (M) (N(K,), =ENK,),}={teA, : (A)_ N(K))"

=@Enk)0" I\ | U tter, : () n(K,), =0, UENK,),}.
i=1,..uh=1,..,v;

U U ttea,: ) (nK,), =, UENK,),)

are unions of disjoint sets, since
{teA, : (A N(K)Y" =(ENK),)"}
> | U ftea, : () n(K,), =, UENK,),)

and since foreveryi=1,...,u

| [ (teA, () n(K,), =, UENK,),}]
h=1,...,v;
=[{te A, : (A)(N(K,)y)" =ENK,), }|

we have that
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[{te A, : (AN (K" =(ENK,))")
\U U (L€ A, 2 (AN (K, =T, UENK,), )|

,,,,,,,,,,

=|{t€/\ (An) N (K" =((ENK,))"}
2 z {te A, 1 (A)_N(K,), =T, UENK,),}]

..........

= |{t c An : <A,,>_t N (K" =(ENK,))'
Y Hte A, (A)(N(K,),)" =ENK,), }I

=1,..., i=1,...,u h=1,...,v

where the last equality follows by the definition of the ®’s and the W’s and the
fact that @, # @, for every [,m =1, ...,v with [ # m, and that ¥, # ¥, for every
i=1,..,uand h,k =1, ...,v; with i # k. Now, thanks to Point (I) in Proposition 3
we have that

lim |[{t€ A, : A% =@}|/|A,]

n—oo
_ Ao = erl;ﬁf 4, if D,NK,, =, for some z € N,
0 otherwise.

for/=1,...,v, and similarly for ‘Pi’h fori=1,..,uand h = 1,...,v;. Then, we obtain
that the following limit exists

lim [{t€ A, : (M) K, =ENK,}I/IA,l.
Further, observe that for p’ > p we have the inclusion

{teA, : (A)_(NK,=EnK,} C{teA, : (A)_nK,=ENK,},
thus, the following limit exists

lim lim [{t€ A, : (A)_(NK, =ENK,}|/IA,l

p—0 n—oo

This concludes the first part of the statement.

Now, let E* # D, for every 1 <j < g and fix € > 0. As Zq A; = 1, there exists
some m suff1c1ently large such that 21>m ; < € and there ex1sts p sufficiently
large so that =N K;r # D;n K, for any i < m. Then,

lim [{t€ A, : (A)(NK, =ENK,)I/IA,|<e
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Thus,
lim lim [{t€ A, : (A,)_(NK, =EnKp}|/|An| =0,

Pp—00 n—00

which concludes the proof.

7.5 Proof of Proposition 7

Consider first the case of bounded E,. In this case, we have that |ZE,| < 1/y, + 1;
otherwise we will have a contradiction because we will asymptotically end up
with more points than the ones in A,. Further, denote by —z its lowest point
according to >, then we have

lim lim [{t€ A, : A = (8, NKS3/1A,1 >0,

p—00 n—0
which implies that (5,), = D]- for some j = 1, ..., g. Further, since

,}LTO,}LTO Hte A, : (A)_(nK,={0}UD,nK,}/IA,l >0,
and since by (4) EJ- U Ufi1(‘cl,-) ={0}u D; we obtain that &, = =({0}uD)_,
the first statement follows.
Now, let £, be unbounded. We show that 5, is a finite union of translated lat-
tices. Consider any point s in E,. Let g, € N be such that £, n K, > E,N (K+)_
Then, for every n € N

{te A, : AV =E)_ Nk} 2 I{teA, : (M) (NK, =E,NK, }|
and since this holds for every p large enough, we get

lim lim [{t€ A, : A = (8,)_ NK/ 1AL > 7,

p—00 n—0o
Then, we have that ((E,)_)" = D, for some k = 1,...,q. By Proposition 4, we
deduce that =, is a union of translated lattices. Further, this union is finite because y,,
is strictly positive.

Now, consider a point r on the most preceding lattice of Z,. Then,
(Ep_t = D, for some j=1,..,q, and so ((8,)_,) = Uio(ﬁll)zw which con-
cludes the proof of the first statement. X

Let us now prove the second statement. Let p € N. Define the equivalence
relationi ~j < i € (F ))15J<q/’ one considers the partition of {1,..., ¢’} generated
by the equivalence classes iB’ ={1,...,4'}\ ~. Recall the definition of B, from
the proof of point (I) in Proposmon 3. For every [ € 3, let iD’ C 2[3’ such that
ieP ifE,nKS =D NK. Since
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{teA, : A =D;nK,}| = z l{te A, : (A)_(NK,=TLU{0}UD;NK,}|

i=1,..,u
where I1,, ..., I1,, u € N, are the subsets of Kp‘ \ {0}, we obtain that /lpJ- = ZiE‘B,’,J Vp.iv

Thus, we have that 1 = Zjesnp Apj = Zjein,, ZiG‘B;J. Vpi = Ziemﬁ Y,i- By applying
Fatou’s lemma, we get that

1 = lim Z Ypi = hmlnfz Ypi
pﬁwlem;) p—oo tE‘BI’)
Hte A, : (A)(nK,=E nK,}|

q
Z lim inf lim
= p—co n—oo |A

71|

q
Jj=1

Hence, 1 > Z" , 7;- By applying the same arguments as the ones used in the proof of
point (I) in Proposmon 3 we have that ZzeF‘” i 2 v, for every j€ ‘B’ which
implies that Zq Vi = z]e‘n’ 2 e Vi = Djey, y] » = 1. Therefore, combining the
two results we have that Z" vi= {and 2 0 Vi = Vjp pforevery j € P

7.6 Proof of Proposition 8

Let j € I'". Consider (E;‘)_X for every x € &; and observe that these are the only pos-
sible Es that can be formed by translations of Ej* The weights of the sets (Ej’.‘)_x,
X € &, are all equal to yj*. This is because of the following arguments. Let y, be the
weight of (E*)_ Consider a point x € &; \ {0}. For any p € N, let g, € N be such
that 2 n K D E n (K,)x- Then, for every n € N

|{t EA,: (A,,)_t NK,=E)nK} =2 |{teA,: A)NK, = E'nK, ol
which implies that y, > y Conversely, for any p €N, let f, €N be such that
(:*)_x n Kf D (:*)_X n (K )_x. Then, for every n € N

HteA, : (A)NK, = :j NK,} = {teA, : (A, NK; = (EI* . an,,”
which implies that y]?“ >y, hence yj* =y,. Thus, for each j € I* we have that the
sum of the weights of the Es composed by the translations of &; is |5,-|yj*. Since each

B, b=1,..,q, 1s the translation of a .:f for some kEI* we obtain that
Yier gt | = Z? . ¥ = 1, where the last equahty comes from Proposition 7.

7.7 Proof of Proposition 9

First, we have that m; - c0 as [ - oo and, since by Lemma 8 we know that
i ¥71&] = 1, we obtain that r1&] = 0asl — oo

i€l i>m
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Foreveryn € Nand j € I* with j < my,, consider the set S, ,,. We let the depend-
ency on n be implicit. Let j,i € I* with j,i < my; and i # j. In the following we
show that for every t € S, and s € S, 4, we have that (D; N Ky)); N (D; N Ky)s = 0.
The idea behind the followmg proof is that by taking points in A, with certain
structure on K,; around them (i.e. 2N K}, for i € I* with i < my;) where [ is large
enough (see above), we ensure that the sets K+ around them do not intersect
for different structures (i.e. (D; N Ky) N (D; ﬂKzl) =), for every t€ S,, and
s € S;4 and every i,j eI*wrthlj < my; and i # j).

First, consider the case of D; and D bounded. Notice that t #s because
D;nKy #D;NKyand so XN Ky, # ] N K41 Thus, if (D; N Ky); and (D; N K5))
have an intersection then one of the two E* N K,’s will have at least one point in
K, \ {0} (in particular at s — t if t > s or at t — s if s > t) which is impossible by
definition of bounded E*’s because its lowest point (according to >) is {0}.

Second, consider the case of D; bounded and Dj unbounded. Then, as before
t #s. Moreover, if (D; N Ky); and (D; N K)); have an intersection and s > t then
EY N Ky will have at least one point in K}, \ {0} which is impossible. If they have
an intersection and t > s, then we have 2 n K+ D, N K, for some [, =1,,.. ,l,,j,

S

because (K,); D (K,), and so the structure of (._.j N Ky), implies that
(A)_sNKS = D, nK, for some [, =1,.. lb,_. However, the equality
E* N K3, =D, N Ky is impossible by construction.

Third, consider the case of D; and Dj unbounded. Then, as before t #s. Fur-
ther, if t >s, then we have E! nK+ D, N Ky for some [, =1, ...,lbj as in the
previous paragraph, which is 1mp0551ble by construction. We conclude by observ-
ing that the case s > t is specular to the case t > s.

Now, we bound the number of points in ;4 for every i < my; and i € I". For
every D, bounded with i <my and i € I, let 7, = S, 4 if |S; 4| <7/|A,| and let
S’ , be asubset of S, w1th|S’ gl =7 |An|lf|St4Z| > YA

For the unbounded case we have the following. Consider any D; unbounded
with i < my, and i € I*. Notice that (£), N (), = @ for every s,t € S, because
& CK;' U {0} and because we are considering E; N K,; and thus an intersection
would violate the structure of E;NK,. For any teS;,, consider the set
(D; nKy) \ Use(S,v4,),t,s<0(gi)S' Consider the set of points t € §; 4 such that

@)\ | E=@ink)\ | @

SE(S; 41)_,5<0 se-G,\{0}

and denote it by §i!4l. We remark that

Oink)\ | @Ex=Dink)\ U e

SE(S; 41)_-5<0 SE(Uier* i<my; Sia)--5<0

because by construction for every t € S;,, and s € S, where j € I* with j # i and
J < my;, we have that (D; N Ky), N (D; N Ky)s = @ and so that (D; N Ky N(E)s = 0.

Now, if |S, al > 7]IA,| and we arbltrarlly take out a point X € S, then we
might end up takmg out more than one point in Sl 4 because the points in Sl 4l
need the existence of certain points in S§; 4 around them. Thus, we need to show
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that it is possible to find a procedure in which by taking out a certain point in S; 4
we only take out one (and only one) point in Si,4l-

Let v:=|{s€ -G\ {0} : (D;nKy,)N(E)s#PB}. For each te€S,,, Ilet
S1 < ... <8, <0 be the points in (S;4)_ such that (D;nK,) N (&), # 9.
h=1,...,v. Consider the lowest point in §; ;; according to > and denote it by w. Then,
by taking out s,, , from S;,, we only take out w from §, ,; (but not from S;,). This is
because s,y is the lowest amongs,, ;. ..., S, and since w is the lowest point in S, , this
implies that s, | # s, for every t € 3‘1»,4, \ {w}and every & = 1,...,v. Thus, by taking
outs,, ; from §; ;, we are not taking out any other point in S, 4 apart from w.

Now, if IS‘ al SvTIA,| et S’ = S, 4> While if |S a1l > v7'IA,| then, following the
above procedure, reduces the p01nts in S, 4 to obtain a set, which we denote S(red"“d)
such that|S('ed”wd)| =7/|A,land let S! S(ffmed).

Concermng the asymptotlc behav10ur of Sl’ ar in the bounded case, since
’}Lrg Hte A, @ (A)_(NKy=ENnKy}l/IA,|l 27}, by continuity of the minimum

function we obtain that

il

lim [S], /1A, = im([{t € A, © (A)_ (N Ky =5} 0Ky} A IAD/IA, | = 7

In the unbounded case, notice that S;,, D S‘,»A, DS, for every p > 8l and every
n€N. Since lim |S;,[/|A,l = lim [{tE A, : (A)_NK,=E nK,}/|IA,| =7
for every p € N, then we have that

y;=lim({te A, t (M) NKy =5 nKy}| A7/IAD/IA,|
< ,,h_,r?oﬂgh‘”l AYIIND/IA,
< }}ngj('{t = An : (An)—t nKSl = E;k nK81}| /\yl*lAnD/'Anl = J/i*.

Since|5’i,41| AYIN L= |Sf4l|we obtain that|S’ , |/|A,| = v asn — oo.
Finally, since Zlel* i<y, |S[’.4[||8i| - Ziel*,i<m4, y[f*|€i|. as n — oo for every fixed /
and since Y j<my = el yj*IEj| =1 monotonically as [/ — oo, we get
= Z’el* i<myy IS; a1~
lim lim =1
-0 n—co (A,

8 Proofsin Sections 4 and 5
8.1 Proof of Theorem 10

First, by AA(aA) it suffices to show that for any g € C7, (‘PNA (2))% converges to (8) as
n — oo. Then, by regular variation of |X| and the definition of (a,)

A, |
1- N/\ (g < I]J’(m/z\lx |X;| > da,) < |A"| = 0(1/k,)

n

as n — oo0. So by Taylor expansion it suffices to prove that k,(1 — ‘I‘NA (g)) converges
to the logarithm of (8) as n — c0. We choose 6 > 0 such that g(x) =0 for x € (—6,0).
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Denote 7, | the highest element of A, according to <, by 7, |_; the second highest
ne,..., by ¢, the lowest one. Let

Elexp (= X0 e@ ™ X))| . 1 <m <A, .

me(g) =
19 m=|Ar“|+l'

Recall that K, = {x € Z* : x € {—,...,1}*}. Using the stationarity of X and the fact
that < is shift invariant, we have

qjm+l (g) - ‘ilm(g)
b [e T s X,ff,,n><1 _ efgw‘x.»)]

- Z(E(I 1 —tp 10K g(a/\ilx‘) Al ~
_ el =t |t 0K S _ 8@ Xy AX]
= E[e (1= e ™ N1a Y <sa,)

1Az, 1

-1
+ E [6_ Z/—/vl+lg( ay X‘j“m)<1 — e—g(a X“))I(MA X > 5an)]

I+1,r,

- Al -
— [E[e ZlEl’mH"mv--J\/\r”|—’mmKl 8@ Xt)<] - e—g(a{’\ ]X0)>]

D YT 9 —ga™'X AJX
- [E[e Ui, | K (1—e 4@} 0>)1(M XIS 50 )1(1X,| >5a,,)]

I+1,r,

1A, 1

! - ~
+ [E[e X 8@, X’f’"‘)<1 _e—g(a’/’\ 1X0)>1(MIA-}-,|1Xr| > a,)1(1X,| > 561”)]

e L (PP | P

where JZ(:;) is such that

A,

'n

lim 11m supk Z 1777]

lm
m=1

<2 lim lim sup [P’(Ml’}rllxl > ba, |[Xol > 6a,)IA,IP(X| > 6a,) =0

Now, for the every point in A,n we have that

< P(X| > 8a,)

To lighten the notation assume that ¢ in Condition (D”) is oo, so that there are infi-
nitely many Ds. By point (ii) in the construction of A, only the points
Uz {teA, : A(t D =D, N K,} are asymptotically relevant, because by (i) and (ii)
we have that |A, \Ul {tea, A(”)—D NKJ}/IA, | = 0.

Observe that there are flnltely many dlfferent subsets of K;. We denote their total
number by 7; and denote them by Z/{g 1), Z/{( . Thus, we have
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|A,
kn

m=

|
-1 _ ~1
[E[exp ( - z g(aﬁ Xt)>(1 — o8} X(,)>]
1 te{t, 1~y ’\A,n\—fm}ﬂK,

7

= anﬂl(_i)[E[exp < - Z g(a’/l\—lxt))<1 _ e—x(af’X.,))]

j=1 t EZ/{Y’

where 7 := [{t,.m =1, |A, | © {typs = by tin, | — 1) N K = U} Recall
from the proof of Point (I) in Proposition 3, that by definning the equivalence relation
i~jo®IE (11(71))151511’ one considers the partition of {1,...,q} generated by the
equivalence classes B, = {1,...,q}\ ~. Then, by (i) and (ii) and in particular by
point (I) in Proposition 3 we have

W . j .
lim knkr, Aigs if Z/{y) = D; N K, for some i € PB,,
n—oo |A,| 0, otherwise.

Therefore, we have that

7
lim ) knﬂy')[E[exp (- X s@™xp)(1-e Xw)]
n—oo j:l n

tet”
=5 2 li,z[E[exp < - Z g(5Yt)) (1 _ e—g(5Y0)>]
i€P, teDK,
=6 > /1;[E[ — Y )(1- —g(8Y,) ]
; eXp( tEDZi;K’g ¢ )( e )
= /°° i /li[E[eXp ( - Z g(y@t)> <1 - e_g(y®°)>]d(—y_“).
0 =l teD;NK,

Notice that the above arguments hold for every [/ large enough. By monotone conver-
gence theorem we have that

im [ 34w~ 3, aw00)(1- 5o )

teDNk,
= /000 g Ai[E[exp ( - t;i g(y@)t)) (1 _ e—g(y@.,))]d(_y_a)_

Finally, the existence of the limiting random measure N* is ensured by Corollary
4.14 in Kallenberg (2017).

8.2 Proof of Proposition 11

In order to prove Proposition 11 we need the following Lemma.
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Lemma 28 Let (Y, : t € ZX) be an Ré%valued random field such that the time
change formula (1) is satisfied. Let ©, = Y,/|Y,|, t € Z*. Let Y be a subset of
{te ZF : t > 0} containing {0} and assume that Y U =Y is translation invari-
ant along the points of a (not necessarily full rank) lattice. Then |®;| — 0 a.s. as
[t| = oo fort € X implies that Y, v,y |O¢* < 0 a.s.

Proof The proof is divided in two parts. In the first part we show that |@,] — 0
a.s.as|t| > cofort € Y U—Y and then that .\ _y [0]* < o a.s.

Denote by L the lattice and let G :=Ln{t€ Z* : t>0}. We stress that
{0} € G. Let € > 0. Suppose that P(},, .y 1(|Y,| > €) = o0) > 0. Recall that |Y,|
follows a Pareto(ar) distribution, thus P(|Y,| > 1) = 1, and observe that the sets

{ Y| >C> sup |Y{] }, t € G, are disjoint for every C > 0. Then, we have that for
t<s,seg
every0 <D <1

P(U{IYt|2D> sup |Ys|}> Z[P’(|Y|>D> sup |Y|)

teg t<s,s€g teg t<s,s€g

and for every D' > 1

P(U{|Yt|2D’> sup |YS|}> ZP<|Yt|>D’> sup |Y|)

teG t<s,seg teG t<s,seg
we have that
P(Zhe_Y 1Y, > €) = o0) = Zteg [P’(Zhe_Y 1Y, > e) =00, Y| > 1> supg Y D) -
t<s,se
Consider any t € G s.t. P(X,c_y 1(]Yy| > €) = 00, |Y{| > 1> sup |Y,]) > 0. By
t<s,seg
the time change formula (1) we get
% =[E[ > 1Yyl > e Y = 1> sup |YS|>]
he-Y t<s,seg
= Y [0Vl > 1Yl 2 1> sup YD)
he-Y t<s,seg
=y P<|Yh| >e Y, >1> sup |YS|>
he—Y t<s,seg
/ rO_y] > 1,r@_,| = 1>r sup |®S|)d(—r_")
he-Y t—h<s,seg
(r=qe) _ —a
L 3 [T e(ae1041> LaclOyI 2 15 g swp10)])di=g7)
he-Y t—h<s,seg
_“/ z IP [O_pl > — > sup |®S|>d(—q_”‘)
he—Y t—h<s;seG_,

Sbe‘“/ d(—g*) =€ < 0,
1
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where b is the number of points of Y inside the fundamental parallelotope of L.
Notice that we used that for every t € G and h € =Y (i.e. —h € Y) we have that
t—h e, that is t —h € (G), where x is one of the b different points in the fun-
damental parallelotope, which we denote by B to be consistent with the notation of
the proof of Proposition 3. Thus, we have a contradiction and so |®,] — 0 a.s. as
[t| > coforte Y U-Y.

Now, suppose that the event {|@;| — 0 as |t| » oo0,t € Y U—-Y} has probabil-
ity 1. Denote this event by E. Observe that sup;cy_y || is a well defined ran-
dom variable since it is the supremum of measurable functions over a count-
able set. Since |®@, — 0 a.s. as [t| > oo for t € YUY and since we are in (a
subset of) Z, for every w € E there exist finitely many t,, ...,7,, € Y U —Y such that
O ()| = ... = |O(,,)(@)| = supicy_y |Ow)|. For every w € E, let T*(w) be
such that [@(T*(w))(@)| = supicyy_y |O(®)| with T*(w) being the smallest of these
finitely many points according to >. That is for every t € Y U —Y we have

{o: T (@)=t} ={w: Ow)— sup |O,w)| >0}

SEYU-Y s<t

N{w: Ow)— sup |O,(w)| =0}
seEYU-Y s>t
and fort € Z¥\ (Y U =Y) we have {@ : T*(0) = t} = 0.

By construction |®7. | is a measurable function. Since the difference of two meas-
urable functions is measurable and the intersection of two measurable sets is also
measurable we have that {w : T*(w) = t} is a measurable set. Further, for any subset
A of Z¥, since (T*)"1(A) = Uiea{o © T*(w) = t} and since the union of measurable
sets is measurable we have that (7%)~!(A) is measurable. Thus, T* is a well defined
random variable. Using the same arguments we can construct 7%, where the supre-

mum is taken over £ instead of Y U —Y. In the same way we can construct T( )

where the supremum is taken over (L), where x € B.

Consider any x € B. Assume that P(Zte(,c) [©¢* = ) > 0. We have that
P(z:ew)x [©* = 00) = Yic, P(Zte(ﬁ) |©|* = oo, TZ =1 =iy P(Zte(ﬂ)x |®]" = oo, TZ =1,
where H is the subset of L s.t. [P( teo), |O¢|* =00, T, =1i) > Oforeveryi € H. Let
i e H, then

oo=[E[ D 1011} =i)] =) [E[|@t|"’1(TZ=i)].
te(L), te(L)y

Now, we generalise the arguments adopted in the proof of Lemma 3.3 in Wu and
Samorodnitsky (2020). For each i € £ define a function g; : (R?)Z" — R as follows.
If (@4, s € Z¥) is such that

|©;] <10;] for j<iand jeL, [0; <0 for j>iand jeL,

then set g;(Q,,s € Z*) = 1. Otherwise set 80, s € Z*) = 0. Observe that g; is a
bounded measurable function and observe that, for any t € zk, g;(- —t) = 1when
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O] <10;_| for j<iand j€L, [0;<|0; forjx>iandjeL,

© 0] <[0;_| for j<i—tand je (L), [0 <[0;| for j=i—-t and jeE (L),

and zero otherwise. Then, by time change formula we have

00 = Z E[1®]°1T; =1)| = Z [E[|®t|“gi(®s,sezk)

te(L), te(L),

= Z E|g(@O(s —t),s € Z1(O(-t) ¢0)]
te(L),

< Y Elsi@6-t.seZh
te(L),

= Z E|L(Ty, =i_t)] = Z [I(Twn
te(L), L te(L)y

=i—t)]= Z [1(T(£) —i+t)]

te(L)_,

=y [1(T(£) _i+t)]
te(L),_,

= Z [1(T(£) _t)] =1
te(L),_y

which is a contradiction. Notice that we used the fact that by construction, for every
t € (L), we have (£)_, = (L)_,, —t € (L)_, (L)_x = (L),_x where r is the high-
est point in the closure of the fundamental parallelotope (as defined in the proof of
Proposition 3), and thatt +i € (£),_, forany i € L.

Thus, we have Zte(ﬁ) |©;|* < 0o almost surely. The same arguments can be
repeated for every X € B and use the fact proven in the proof of Proposition 3 that
for every x € B we know that r — x € B. Therefore, since B is finite we conclude

that Yy, v 1O% = X i Zte(ﬁ)x |©¢* < o as. O

We first prove that for every t € U D; there exists a ng € Ns.t. t ER,, , for
every m > ny. First, notice that if t € U D then t € D; for somei € N. Then, by
condition point (I) in Proposition 3 for every ieN and ever?/ p € N there exists
an n} ENsuchthatforeverym>n we have [{t€ A, =D,nK,} > 1.

Thus for every i,p € N there exists an n st. D,nK, C ROA for every m > n

Therefore, for every t € U D; (notice that for each t we have t e D, nK, for
some i, p € N) there exists a nt e N (namely n} ) s.t.t € Ry, forevery m> nt

Now, choose (d,,),,cn Such that d, is the highest integer s.t. MaX<q, te(J2, D, M < Tu-
Notice that {|t| <d,,t € U;:] D;} c Ry, - It is possible to see that d, — oo as
n — oo and that for every / < r,,
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P max X > @ |IX] > alx)
I<Iti<d, |teJ2, D;

= IP( max Xl > a’x |[X,] > anAx>
I<]t|<d, | teU;il D; |t€RI./\,n

< IP( max |X| > a’x||X,| > an>.
R, n n

Therefore, condition (AC’Z\) implies the following anti-clustering condition:

lim lim sup P( max X, > atx[|X,] > agx> —0. )

150 poeo IItl<d, |teJ, D

Now, for any z > 0, by the regular variation of | X;| and by (22) we have that

lim lim sup |]3’< max Xl > za’x|1Xo] > aﬁx) =0.
I<]t|

s TP <, |tEU}:1 D;

=t

In other words, for any € > 0 and z > 0, there exists / > 0 such that for all w > [

|]3’< max |Y,| >z> <e.

It <wlteUs, D,

This, implies that P(|tl|im Y| =0) =1land so P(|tl|im | =0)=1forte U;il D,.

Then, from Lemmas 3 and 28 we obtain the statement.

8.3 Proof of Theorem 12

By changes of variables we have
/ E [e— Ziep, 8000 (1 _ e—g(y90)>] d(—=y™)
0
« %~ Tien, 800/l 0, ~800u/18l15,,-1, ) -
= [E|:||@” e ‘a/ e teD; YT <1 —e 0 Dju-Dj.a )d(_y )]
Du-Dua [

o0
— Z [E |:|®h |a / e_ ZteDj g(y@t/”(')”Dfu—Dj_a) ( 1 _ e_g(}'eo/llell’l)ju—p/-,a) )d(_y—a)]
heD,u-D, 0

From the time-change formula, we obtain that for any h € Dj u-D,
[E[lghla /oo e ZtEDj 80Qpu-;0) _ e ZteT),-u(O) 8(}’iju-vj.t)d(_y—a)]
0
- F [ /oo e ZtE(Dth 80Qpu-p,0) _ e Zte(D/),hu(—h) g(yQD/u—Dj.t)d(_y—a)] .
0
Since h is a lattice point then (Dj)_h = (Dj U _Di) Nn{te ZF: t> —h} and since
—h is the first point of (D; U -D;) N {t € Z* : t > —h}. This leads to a telescoping

sum structure for any k € D] u-D;
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[s9)
Z E [ / e ZlE(Dj)_h 80Qpu-ny0) _ e Ztem,)_hu(—h) g(yQDjU‘Djvt)d(_y_a)
{-heD;u-D;: -k<h=k

o0
—F [ / e Zte(’Dj)k gUijij.t) —e Ztem/),ku(—k) g(}'QDju—Dj,t)d(_y—ll) )

(23)
Slnce any function 8 € C; vanishes in some neighbourhood of the origin and
©,—0 and Qpu-n, t—>0 ast — oofort € D; U —D,, we have Zte(D) 80Qpu-p,4)

— 0 and Zte(D) -k} 80Qp 1,0 = ZteDU p,80Qpy-p,¢) as. monotomcally,
as k — oo. Thus, by monotone convergence theorem the rlght -hand side in (23) con-
verges, as k — oo, to

d| /0 Tiep(- Y 500000 )l )|

teD,u-D;

One deduces the following expression of the Laplace transform of N*

lIINA (g) = eXP < - Z /1]/ E [1 bl 6_ Z'Eﬁ.i g@Qﬁjl):Id(_y—Il)) .
=1 J0

8.4 Proof of Proposition 13

The first statement follows from similar arguments as the ones used in the proof of
Theorem 2.1 in Basrak and Segers (2009) and in Lemma 3.1 in Segers et al. (2017). In
particular, it is easy to see that for all s, t € ZF withs < t

P X, x'X) € P(Xgl > 1) P('X,,...x'X) € )
PoyX >0  PoyX)>n  PIXl >

Let /i be the tail measure of X with auxiliary regularly varying function P(|X,| > x).
By the definition of regular variation of X, by homogeneity of the tail measure, and
assuming w.l.o.g. that {0} € Y we have (see also Lemma 3.1 in Segers et al. (2017))

P(Xl > x) 1

- 0, ).
Ploy(X)>x)  jix(z € R 2 p(z) > 1) €0

Thus, we have

P X XD € fis, ()
P(py(X) > x) fy@ERNM : p) > 1)

ﬂst()

Notice that the function x = P(py(X) > x) is regularly varying of index —a and that
u restricted to the set {yg, ...y, : p(Y) > 1} is a probability measure, call it v. Here
we have used that w.l.o.g. Y C {s, ..., t}, indeed if some z € Y is not contained in
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{s, ..., t} then we can consider /i, because by consistency of the measure i we
haVe ﬂ{s)t}u{z}('» R) = ﬂs,t(')'

It is possible to see that (v, y)s ez« is @ family of consistent probability measures
and by Kolmogorov extension theorem we obtain the first statement. The second
statement follows from the first and the continuous mapping theorem.

8.5 Proof of Proposition 14

This follows from similar arguments used in the proofs of Theorem 3.1 in Basrak
and Segers (2009) and of Theorem 3.2 in Wu and Samorodnitsky (2020). Consider
anys € Zfand any i,j € Z* such that Y C {t € Z* : i <t < j}. Then, following the
proof of Theorem 3.1 in Basrak and Segers (2009) we define the spaces:

Eij = (Vi ¥) | 0 < py(y) < o0}, Sij = {Wi ¥y | px(y) =1}

Define the bijection T : E;; — (0, 00) X S; ; by

Yi Yi
T(yss s ¥p) = <p (y),—,...,—>.
! N N )
Let p;; be the tail measure of (X;, ..., X;) with auxiliary regularly varying function

P(py(X) > x) (as defined in the proof of Proposition 13). Define the measure @;; on
S;; by
ij

@,;(B) = p;5(T7'((1,0) X B))

for Borel-measurable B C S;;. Since the law of (Yy, ..., Yy ) is equal to the restric-
tion of Hij to T-1((1, 00) X Sixi)’ the measure D;; is in fact equal to the law of
(@Y’i, - @Yj). Furthermore, as y; i is homogeneous of order —a, for u € (0, ) and
Borel sets B C S

#i5 (T (@, 00) X B)) = oy (uT ™ (1, 00) X B)) = u™"®;4(B) (24)

For u > 1, the left-hand side is equal to P(py(Y) > u, (Oy;, ..., Oy ;) € B), while
the right hand side is equal to P(py(Y) > w)P((@y;, ..., @y ;) € B). Thus, py(Y) and
(@y s -, Oy ) are independent and so py(Y) and (@ ;);¢, are independent, where /
is any subset of {t € Z* : i <t < j}. Since i and j were arbitrary, point (i) follows.

Concerning point (ii), consider any i,j € Z* and let g : (Rd)zk — R be a bounded
and continuous function. By stationarity

Elg(Yy s s YYJ_S)I(P(Y),S (Y) > o)l

i Elg0 X s X X_) 1oy, (X) > x6)1(py(X) > X)]
= 1um

oo Poy(X) > 1)
o ELSOT X XLy (%) > 30100, (X) > 0] (25)
= l1im
oo Ploy(X) > 1)

= /g(Yia'"»Yj)l(pY(y) > )(p), (¥) > Dy (dy)
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wherel,k € Z*aresuchthat{t € Z¥ : 1<t <k} D {teZf:i<t<jluYu(Y),
The last equality follows from the consistency of the measures y, 1,k € Z* and the
fact that ) restricted on the set {(y), ..., ¥i) * P, (Y) > 1} is a probability measure,
call it ¥y, and this holds for any s € Z*; indeed by stationarity

P(('X), - X7 Xp) € 9) _ P(('X), o x1X) € 9)
Pom, X >0 Ppy(X)>x)

= pyi ()

As a side note observe that Yy is not necessarily stationary because different
restrictions (i.e. different s) of y correspond to potentially different probability
measures. That is vy, which is the probability measure given by y restricted on
(o Vi) - pms(y) > 1} (as introduced in the proof of Proposition 13) is poten-
tially different from j .

Now, by (24) applied to 4 we obtain that (25) is equal to

/ E[g(r®y . ... /Oy pL(rpy, (@) > D]d(=r™").

Following the monotone convergence arguments of the proof of Theorem 3.2 in Wu
and Samorodnitsky (2020) we send £ — 0 and drop the continuity assumption of g.
Since i and j were arbitrary we obtain the result.

Finally point (i) follows from (9) applied to the function

g8(y) =8/, (Yo (¥) # 0).

8.6 Proof of Lemma 15

Let ¢™ i=infy., 1 [X] and ¢* 1= sup,., < [X|. By homogeneity we have that
infy., e [X| = ec™ for every € > 0 (and the same holds for ¢*). This implies that

if |x| < e then py(x) < €/c™, and if py(X) < € then |X| < c¢*e. From the latter we
deduce that for every b > 0 we have that |x| > bc™ implies py(x) > b (or equiva-
lently by homogeneity that |x| > b implies py(x) > b/c*) and from the former that
py(X) > b implies that x| > bc™.

Furthermore, it is easy to see that max,cy |X,| is a norm on R'Y* and since on any
finite dimensional vector space any norm is equivalent to any other norm, we have that
there exists two constants A and B such that A|x| < maxy |X;| < B|x|. Therefore, for
every € > 0 we have that max,y |X;| < e implies that A|x| < e which in turn implies
that py(x) < A— Moreover, for every € > 0 we have that max.y |X;| > € implies that
B|x| > e which in turn implies that py (x) > e

Similarly for the other direction we have that, for every € > 0, py(x) < € implies
that |x| < ¢Te which implies that max,cy |X;| < c*Be. Moreover, for every € > 0,
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py(x) > € implies that |x| > ¢~ e which implies that maxy |X;| > ¢~ Ae. Thus by set-
ting C = Ac™ and D = Bc™ we obtain the result.

8.7 Proof of Theorem 17

Before proving Theorem 17 we present the following result on the connection between
tail random fields for different sets Y, and Y, and different moduli p, and p,.

Lemma 29 Let Y, and Y, be two finite subset of Z* and consider p, and p, be two
moduli on RYZ", Let C1 and C, be the constants such that, for every € > 0, p; y (x) > €
implies P2y, x) > = and Pry,(X) > € implies p;, v, (%) > Ce. Then,

1
YY2=C1YY1 |p2,Y2(YY1) > C
1
and
a Yy,
Yy = C2 )> C,.

Proof Let E be a finite subset of Z* and let g : R% — R be a bounded and con-
tinuous function. Then, by homogeneity we have

E[g((Yy,®) 2)]
[E[g<(% )tEE)l(Pmr1 X) > x)

= POy, (X > 1)
- Efo((3), ) 1000, (0 > 001027,00 > £)+ 1023, (%) < 21| Ploy, (0> £)
x—00 P(P],YI(X) > x) P(l’z,y2 X) > Ci‘)

= KE[o{ (%2 )] Elel (V) )1 001 < ]

where
P(pyy,X) > —) P(psy,X) > ,Pl v, (X) > x)
K=lim — — = lim
a0 P(py y) X)>x) xow Py, (X) > x)
=P XYy )>—).
<P2,Y2 Y, C, )

Thus, we have
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() )] = eV Do ¥ > ]

Since g and E were arbitrary we obtain the first stated result. The same arguments
apply to the second one. O

For notational purpose we consider the general case of countably many Ds and so
of &s. For the first part of this proof we follow similar arguments as the ones used in
the proof of Theorem 10. By A“(a,) it suffices to show that for any g € C¥,
(‘P,;,:\ (g))% converges to (11) as n — co: It suffices to prove that k,(1 — ‘I‘,;,:\ (g)) con-

verges to the logarithm of (11) as n — oo.

In this proof we use Proposition 9 for A, instead of A,. Thus, we can con-
struct sets like S; 4, S,, 4 and Sl 4 as in Prop0s1t10n 9 and its proof but for A, . By
abuse of notation we call these sets S, 4, S/ (4 and S, 41> Tespectively. Further let
S, a=Siu\S .4~ For notational consistency let S;4 := 9 for i corresponding to
D, bounded. Now we apply a telescoping sum argument which generalises the one
used in the proof of Theorem 10.

Let u := | Ui j<m, Sy (We omit the dependency on [ and on 7 in u) and let

§; <8, < .. <s, denote the points in Uier i<y S, 4+ Denote by & ,....,&; the Es
associated to Sps e S Let it 2= | Uiy, i<y, Sidil and let 5, <5, < < 5; denote the
points in | J,,. i<y S, 4+ Denote by 5 - & the Es associated to 5,...,5;. Let

for some &z € NU {0}, be the ordered points in A, '\ (Ul 1€y, U U

Sy ees

Sis
) In this case we associate the set {0} to any point 5, h =1, ..., 1. Denote by
u

‘=u+iu+iand by 3,...,§, the points sy, ...s,, 5, ...5,, 5|, ..., §; indexed such that
§, <8 <..<8, and denote by ¢&,...&, the corresponding sets
5 ,5 5 5], {0},....,{0}; for example if §; =5, then &, = 5]—

— —

Tu’ T

it times

Let
- _yi . -1 <m<i
> m=i+1

so that for every [ € Nwe obtain 1 — ¥y (g) = Zf;:] ‘i’,,m 118 — li’,,m(g). In the fol-

lowing the choice of 6 > 0 is such that g(x) = 0 for x € (-6, 6). By the stationarity
of X, we have
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li11,m+1(<€’ ) — li’l,m(g )

—F (1 o Dk, X(“;'Xt)> exp ( - i Z g(a,ZIXt—sm)ﬂ

Jj=m+1 e &),
@),

=E (1 — ¢ Zeck, g(”;lx‘)> exp ( - D g(a;lxt)ﬂ

€U s,

=F -<1 —e Zteé‘m X(d;‘Xt)> exp ( _ Z g(azlxt)>

te U;:mﬂ (é‘j)ﬁ:,- 5, NKy

g max .4 S5an)]
U ©y 1\
' [EKI me gm;lxo)“l’(‘ 2 g(a,;lxt)> (26)
te U?=m+l (gj);/._gm
1( max |Xt| > 5an)]

UL €y, \K

_E [(1 S g(a;‘XQ) exp ( _ Z g(a;lxt)>]

te U/’?:m+l (é‘/)fj —$m NKy
- - —1 _
et enl— T )
teU/L?:m-H (gj)§,»—§,,, NKy,

1 max IX,| > 6a,)1(max |X,| > 5an)]
telUl,. (gj)s-j i Ky tes,

+E [<1 —e Z‘eém g(a;IXt)) exp < - Z g(a;IXt)>

€U €,

1 max |Xt|>5an)1(ma}x|Xt|>5an)]
teUr 1 s, \Kar tek,,
el (B e

NK,;

Sm

te U‘?=m+1 (sf)ﬁj—

Consider now only the Jl(;’;) where m is such that §,, = s; for some i =1, ...,u. We
have that
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J < 2F [1( Cmax  [X| > 6a,)l(max |X,| > (San)]
, te U;=l11+] ((‘/‘/-)gj_gm \K teé;

< 2PN > sa

27)

n’

max |X;| > éa,).
teé; I tl ")

By Proposition 9 we have that |S’ 1|/|A | >y as n— oo, and so that
= Zjep d<my y Further, since the 1nequa11ty (27) holds for every n,l € N

and since Y. v;1&| = 1, we obtain that

11m limsupk, Z |7 lm

— 00
n= m=1

AXL(
= lim limsup, Y28, Py X >5a,,,1316%3(|Xt|>5a,,)

2Lr,
n—eo iel* i<my,

< 211m Z Y] hmsup 1A, 1k, P(MMXH‘) > ba,, max |X | > ba,)
ooIEI‘ Ji<my;
P(max,ce, 1X,| > 5a,)

=2 ir | AJP(Xol > ba,) PN > 6 X,| > 6
im Z Yi 1m§up| 2 PUXl a,)P( a, |max| "l a,) FUX,] > 6a,)

© iert, i<my

P(maxc¢ |X¢| > 6a,)
=2 llm Z y; lim sup [P’(MMXH') > da,| max X, > 5””)[P>(|t)€(l|—>15u)”
n— i 0 n

—00
i€l* i<my,

<2Jim Y |£|hmsupum(MA'X"“ > 8a |de|X | > 8a,)

zel Ji<my
(28)
and since
> 7 |g|11msupP(MA'X'<‘>>5a |max|X|>5a,,)< PR AL EPITATAES

2L,r,
I€l*,i<my; I€l*,i<my; iel*

by dominated convergence theorem we have that (28) is equal to

A XL _
2 Z Ve l1m hm sup P(le’r” > éa,| I&Z‘ISX |X,| > 6a,) =0 (29)

iel*

where the last equality follows by the anti-clustering condition (AC> s
Now, let us focus on (26) where m is such that §,, =5; for some i =1, ..., or
3, =35, forsome!l = 1,...,ii. Since by Proposition 9 Y <mz ¢ riEl — ZJGI* yj*|é}| =1
. Ay, = iel* i<m, .
monotonically as [— oo, then lim lim A, ! 4" wll&l 0. Since

l-00 n—>00 |A |

i+ Yier iamy 1SiallEl =10 | = Zicr iam,, 18T 4 [1Ei, we obtain that

RS Ziel*,i<m4, 1S 4l1€;1
lim lim =

-0 n—o0 |Ar |
n

(30)
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By combining this with the fact that (26) is bounded by

[E[(l — e L, M‘"t))] < P(max |X,| > 6a,) < |&,|P(X,| > 6a,)
teé,

we conclude that

[0 50

hm limsupk, <u[F"(|X0| > d6a,) + Z |Sl4l||€|lP’(|X0| > 6a )>

i€l*,i<my, (3 | )
i+ Y i<m, 1S; 41l 1E:]
= hm lim =
[—00 n—>o0 |A"n |
Now, by construction (recall (7)) when 3,, = s, for some k = 1, ..., u we get
e N )
te U?:m] (gj)fj—s,,, NKy;
(32)

=[E[(l—e_z‘e‘?kg(aglx‘))exp<— Z g(a;lxt)>],

teD;, nKy,
where we used that by definition (D} N Ky) \ Usejo)u_g,(E)s = D, N K,,. Therefore,
by combining (29) and (31) we have that

11m limsupk,

=00 0o

lelm+1(g) ¥,(8)

m=1

—Z [(1-e B e (- ¥ %)) -

m=
teDjm NK,,

(33)

Thus, for the remaining part of the proof we focus on

k, 2 E [(1 ¢ g, £ X ) exp ( Y ga'X, )>] (34)
m=1

teD LNKy

From Lemma 15 we have that for every i € I'*
)
{rgg Xl > 5an} S {pg,(X) > Bian}, (35)

and thus we have
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u

fimby RE[(1-eF e (= 3 st

m=1 teD; Nk
= lim k Z E[(1 =& T, X0 ox -y 1X,))1 X,|>6
= lim k, " p 8(a, Xy )1{ max[X,| > éa,
m=1 teD; Nk "
u B - Sa
= lim k, 2 [E[(l — o ey, £ X‘)) exp ( - Z g(a;lxt)>1(175, D s )]
BT teD, Nk, ! n
u B (!
= lim kn Z E[(l —e Z|€€]m g(a, Xt)) exp < _ Z g(a;1X1)>
TR teD; nKy

Plps, X)> 2 )[P’(pg X) > a,)
P(ps, (X)>a) [F"(|X0|> a,)

-y (Di) yj*cj[E[(l— ~Zier 865 yg‘“)) ( > g(_Y@)gt)>]

s, 0> 5] PUXy| > a,)

JEI* j<my, teD, iNKy, ]
}/*CJ —E‘E,,g(iﬁ‘):_l)
/ (D/.)—a[EKl_e TGO exp (= Y, e20:0)|d
JEI* j<my, J teD, iNKy; /
ri¢ e
=/ L [E[(l—e Zies; 65 ”f‘)) ( D g(—Gg t)>]d(—y .
PR (21
JEI* j<my ~7 teD iNKy, J

By assumption AA we can apply the dominated convergence theorem (twice) as
follows. First since the integrand is bounded by the constant Z e ¥ cD"’ for
every [ € N and since this constant is bounded by condition A?, which makes it
an integrable function for the integral f;o d(—y™®) for any 6 > 0, we can put the
limit of / going to infinity inside the integral. Second, consider the finite counting
measure ) . y;kch]‘.’ej(-), where ¢ is the Dirac delta measure. Since the integrand
is bounded by 1 and 1 is an integrable function with respect to this finite counting
measure, then we can apply again the dominated convergence theorem. Hence,
we obtain

*

o vie; _ N
] 3 El( - 3 sz
B ts el im, O teDnK,, D;

© }/'*0 72!5‘- 5(2-© )
=/ > AL E[(1-e 0 exp (= N 0500 a7,

6 jel*( ) teD, D;

(36)
Since pg (@) = 1 a.s., by Corollary 16 we have that max,c |Os| < D; a.s. Fur-

ther, recall that g has compact support, in particular for any x € R? with |x| < 6
we have that g(x) = 0. Then, we obtain that if y < § then %O‘“ < 6 a.s., and so
i

g(%@@,t) = 0 a.s. Thus, (36) is equal to
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L2

Tonelli’s theorem «© }/*C = Diee 8(=0¢. )
st Z J i [E[(l —e ‘gngj & ) ( Zg(—@s t))]d(—y *)

teD; J

( —Die; g( o, ,)) exp ( _ Z g(%eé‘/,t)>]d(_y_a)

teD; J

- .y
vjer* let Z—D—)

— Z ‘/Ooo vicE [(1 o ey 8(195/1)> exp ( _ Z g(Z(")gj!t)):Id(—Z_a)
jer

teD,

Finally, Corollary 4.14 in Kallenberg (2017) ensures the existence of the limiting
random measure N and so N has the stated Laplace formulation.

8.8 Proof of Lemma 18

The anti-clustering condition (ACZ p) holds straightforwardly using m-dependence.
The mixing condition AA(aA) is much more delicate to check because of the general
form of the index sets A, and A, and their lattice properties are required in the follow-
ing proof. For every i € I* and [ € Nwe consider Z, = UteS (5,)t such that

— lPN’/I\ (g) = [ E'EUIGI Zij §Xo) < 1- e_ Ete/\rt\(Uiel"‘ Zi) 8(X) )]

<P( max [X{ >a,)
teA Ui Z) ¢ n

(A, \ (UierZ))

E [e_ vz 8X0

AL IP(X| > a,).

- IA, ]
. o IANUerZ
By Proposition 9 we have that lim lim PG Zl _ ) apd 50
[—00 n—o0 [A, ]

}fg I}Lrgo E [e— ZtEUiE/*Zi.I g(X‘)] — lPN;\(g) =0
By taking / large enough by Proposition 9 we know that Z;, and Z;, are at a distance
strictly greater than m. Thus, by m-dependence we can focus on a single Z;,. Con-
sider the collection of hypercubes of side length rf, where g € (0,1/k), with dis-
tance m from each other and which contains the largest number of points in Z; . If
more than one combination is possible then choose one of them. Let Z’ be the sub-
set of these points in Z; . It is possible to see that the points in Z;; \ Z!, are negligible
by an argument by contradiction. Assume we do not have it, then there is a subse-
quence of n such that the limit of |Z;; \ Z[’J| /|A,| along this subsequence is strictly
positive, say greater than a certain €. Consider the first p, € N of the elements in I*
where p, is such that > S 5 Take an [ large enough such that / >> m and
that [y — v; " < - for each i<p,. By observing that each point in

{teA, : (AN K, = E,;NnK;} (which are of order y;,|A,| asymptotically) have

@ Springer



R. Passeggeri, O. Wintenberger

the same regular structure around them, none of Z,; (or their translations), i < p,, can
accommodate the behaviour of the points in Z;; \ Zi”l along that subsequence. Thus,
we obtain a contradiction.

Next, we build &, many subsets of Z, of size greater (but not necessarily strictly
greater) than r,y/ asymptotically. Thls is possible because of Proposition 9 and
because the bulldmg blocks of these subsets are hypercubes of size rﬂ Indeed, for n
large enough by Proposition 9 we have that |Z’ |/ |A |is asymptotlcally greater than
y; and so |Z’ |/k, is asymptotically greater than yir,. Since rkﬂ < r,, I, 1s approxi-
mately a multlple of rkﬂ for n large enough. Since these k, subsets of Z’ are unions
of sets containing at most r*# points and since r,, is a multiple of r*#, We can con-
struct these subsets to have at least r,,y;" asymptotically many pomts By construc-
tion, these subsets have distance m from each other and so by m-dependence we can
focus on only one of these subsets, which we call U; .

Using similar arguments as in the proof of Theorem 17 (in particular Eq. (33)) we
have

lim lim &, (1 ~ ¥ ()~ Z Ef(1-e T e (= Y g(a;lxt))D =

m=1 teD; NKy
(37

We remark that by Proposition 9 and by m-dependence it is sufficient to look at only
one i € I* (this is not particularly different from the general case since for fixed /
only finitely many i € I* are considered, see Eq. (34)).

It remains to show that the set U;, (or a subset of it whose difference is asymptoti-
cally negligible) has the same properties of the set S’ (from which it follows the
last addendum in Eq. (37)). Observe that at the beglnmng of this proof we defined
Z;,using S, 1o, the reason is that in this way we can construct a subset of U; ;, which
we callU l’ ;» Which has the same properties of the set Sl’.J and such thatU;; \ [, Uﬁl(gi)‘
is asymptotically negligible. Indeed, consider the set U;; N S; ;- Since 100/ is vlarge
we have that for every t € §; o, there exists at least one t € S, 4, for which condition
(7) is satisfied. By the asymptotic negligibility of the points in Z; \Zi” , and the fact
that [S; 100/1/1A, ] = yl oo =Y a n—oo, we have that the points in
Z!, 0 S, 100/(C S; ) for which condition (7) is satisfied are asymptotically y; 100,|A [
Thus the points that lie in U;; N S; 4, and for which condition (7) is satisfied are
asymptotically y7|A, | We can now employ the reduction procedure developed in
the proof of Proposmon 9 to obtain a subset which has asymptotically y|A, | many
points. This subset is the subset U,’, we were looking for.

8.9 Proof of Proposition 19

We start by showing the following useful Lemma:

Lemma 30 Ler (Yy, : t€ Z*) be an Ri-valued random field such that the time
change formula (9) is satisfied. Let L be a (not necessarily full rank) lattice. Let

Oy, =Yy, /oy(Y), t€ Z5 Let H :=Jyo(Y), where G=Ln{t€ Z* : t = 0}
and such that (Y), N (X)g = @ for everys,s’ € Gwiths #s'. Then |@y| — 0 a.s. as
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t| > o0 for teH implies that Y py, (@) <co as, and that
ZteUseL(Y)s |®Y,t|a < ooa.s.

Proof The proof is divided in two parts. In the first part we show that |@y | — 0
as. as|t] — oofort € (J, . (Y);and then that 3 p(y) (@)% < c0as.

From |@y, — 0 as. as [t| > co for t €H by continuity we obtain that
P(Y),(@) — 0as.as|t] > cofort € G. Let € > 0. Observe that £ = GU —G and that
forevery0<c <1

P( U {P(){)l Y)>c> tiil;g P(Y)Z(Y)}>

teg

=2 P(pm Mz e> swp o, W) =1

teg

because P(py(Y) > 1)=1,and Y € H.
Suppose that P(Zhe—g l(p(Y)h(Y) > €) = 00) > 0. We have that

P(Y, 1w, > =)= Y P( Y 10, (V) > ©
he-G teg he-g

= 0. pm, N2 1> 5w p, (V).

t<z,2eG

Consider any t € G s.t.

P( Y 160, () > €0, (V) 2 1> sup (D) >0

he—¢G t<z,2eG

By the time change formula (9) we get

00 = [E[ P(Y)h(Y) >epm,(Y)Z 1> sup pr, (Y))]

he- g t<z, ZE

= Z o, (Y) > €,p) (Y) 21> sup pey, (Y)>

he—g t<z,2eG

-y / P(rp,(0)> 1rp, (@) 2 1> 1 sup iy, (©) )d(=r~)
he-G/ ¢

t-h<z,zeG

D7, (©))di=4™)

t—h<z,ze

(r=qe) _ 0
= ¢ ¢ Z / P(qepmih((')) > 1,qep, (©) 2 1> ge
he-g 71

— ® 1
<et Yy / P(pm @) 2 —> sup py,0))d(—g™)
he-G 1 qe

t-h<z,zeG
< e_“/ d(—qg") =€¢% < o0,
1
where we used that for every t € G and h € —G we have that t — h € G. Thus, we

have a contradiction and so p(Y)((Q) — 0O a.s. as|t| —» oo for t € —G which by homo-
geneity and continuity implies that |@y | = O a.s. as|t| = oo fort € (Jo (Y)s.
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Define the random vector 77 . as follows. For every t € £ we have
{w: T3 L(a)) =t} ={w: G)“(a)) — sup |®Y’s(a))| >0}n{w: G)Y‘t(a)) — sup |®Y‘s(w)| =0}
seL s<t seL s>t

and fort € Z¥\ L we have {0 : T*(w) =t} = 0

Since the difference of two measurable functions is measurable and
the intersection of two measurable sets is also measurable we have that

¥ c(a)) =t} is a measurable set. Further, for any subset A of Z*, since

( (A) = Uieplo : T (w) =t} and since the union of measurable sets is
measurable we have that (T*) (A) is measurable. Thus, 7 Y ¢ is a well defined ran-
dom variable.

Assume that P(}, P, (@) = 00) > 0. We have that

P P, (@) =) = Y P(Y o, (0) = 00, T} . =)

tel iel tel
= Y P o, (0) = 0, T5 . =),
ieH tel

where H is the subset of £ s.t. P(},, pmt(O)“ = o0, T; c= =1i)>Oforeveryi e H.
Leti € H, then

o=t [ 2/, @17y = ”] = 2E [”m(@)al(T?,L =i).
tel tel

Now, we generalise the arguments adopted in the proof of Lemma 3.3 in Wu and
Samorodnitsky (2020). For each i € £ define a function g; : (I]_%d)zk — R as follows.
If (O, s € Z*)is such that

|®Y!j| <|@y;| forj<iandje L, |®Y’j| <|®y;| forj>iandje L,

then set g;(@y,,z € Z¥) = 1. Otherwise set g;(@y,,z € Z¥) =0. Then, by time
change formula we have

00 = Z E co, ©)* LT}, = 1)] D [E[p(Y)t(@)“gi(G)Y’s,z e7h

tel tel
= Z Elpq (@)ag( Or ,ZE Zk)]
e L Pr), (9)

= Z E gi(QY,z_ta YAS Zk)l(P(r)ft(@) * 0)]

tel
<Y E|6iOy, 27| =) [E[I(T;‘m =i —t)] =1
tel tel '

which is a contradiction. Notice that we used the fact that by construction, for every
i,te L,wehavei—te L.
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Thus, we have Y, p(Yh(@)a < o0 a.s., and by homogeneity and continuity we
have that ), . max,y |@y|* < oo a.s., and since Y is finite we conclude that

Ziel. 0, 1Oy l* < ooas. D

Let j € N. From similar arguments as the ones used in the proof of Proposition
11, we have that for every te D;(and sot € D, N K, for some j, p € N) there exists
an,€Nst te R for every m > n,. Further choose (d,),en such that d, is the

seL

highest integer s.t. maxltlsd’”tepj n, < r,. It is possible to see that d, — co as n - o
and that for every 2/ < r,

[P’( max  |X(| > a) x|max|X|>ax>
2i<|t|<d, | teD;

=ty

= |]3’< max X, > afx | max [X,| > aﬁx)
I<|t|<d, | teD; |teR2m tes;

5[P’< max Xl > a) x|max|X|>a x)

teR2 LA,

Since

P( X X >
ﬂw%uw|A>C“de)>ax

P( MaXyqjy<q, e, 1Xil > Ciayx, pe (X) > ar’?x)
[P’(pgj(X) > alx)

A A
IP< MaXy<e|<d, | teD, [X¢| > Cjanx, maXgee (X > Cjanx>

IA

[F"(pgv(X) > alx)

< ma |X|>Cax|max|X|>Cax)
20<|t|<d, |teD

P(maxeg IX,| > Cialx) P(maxeg 1X,| > a’x)
[P’(maxsegl_ X > alx) P(pgj(X) > alx)

H

by condition (AC? ) we obtain the following anti-clustering condition:

> I

hm limsup P [X,| > Cjar’l\x |p£j(X) > ar’l\x) =0. (38)

-0 ;500 <2[<|t|<d | teD;

=ty

Now, for any z > 0, by the regular variation of Pe, (X) (namely of MaXsee |X,[) and
by (38) we have that

hm limsup P

A A
max X, | > zalx X>ax)=0.
150 pooo <2lg|t|gd,l|teD,.| d n |p5i( )>a,

In other words, for any € > 0 and z > 0, there exists / > 0 such that for all w > [
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P Y
<l<|t|<w|teD Ye (O] > Z)

This, implies that [F"( 11m |Yg )| =0)=1 and so IP( 11m |@5 )| =0)=1 for

t € D;. The argument holds for every j € N. Since D C D from Lemma 30 we
obtaln the statement.

9 Proofsin Section 6
9.1 Proofsin Section 6.1

Since in Section 6.1 the R%valued stationary random field (X,)¢cz+ is always consid-
ered in modulus and since (|X| )iz« is stationary and regularly varying, it is suffi-
cient to prove the results for a non-negative valued stationary random field (X,);c
as we do for the remaining proofs.

Theorem 31 Consider the following conditions:

(D) (X)ez« is a real valued stationary random field whose marginal distribution
F does not have an atom at the right endpoint xp.

() For a sequence u, 1 xp and an integer sequence r,—> o S§.t.
k, =[IA,l/ |Ar |1 = oo the following anti-clustering condition is satisfied:

hm lim sup [P’(M >u, | Xe > u,) = (39)

[0 50

() A mixing condition holds:

k’l
P(maxX, <u,) - (P(maxX, <u,))" >0 n— oo, (40)

n

where (u,), (k,) and (r,,) are as in (II).

(IV) For any t > 0 there exists a sequence (u,) = (u,(r)) s.t. lim |A,|P(X, > u,
(1)) = v and (II) and (III) are satisfied for these sequences (u,,). Then, the fol-
lowing statements hold:

(a) If (I) and (Il) are satisfied then

11m lim sup (6

—)00 n—oo

Z [FD(maxX<u|X0>u) 41)

and 11m 1nf6’A > 0.
®) If () and (IV) are satisfied and 0,> = lim 6" exists, then 0y € (0,1] exists and

9/\ _ 9/\ n—co
X b*
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Remark 10 Notice that when u,, = a,x then (39) is the (ACQ) condition.

Proof Let us first focus on (41). Denote by 7, | the highest element of A, according
to <, by fiA, -1 the second highest one,..., by 7, the lowest one. Further, for
m=1,...|A, | let M, :=max;_, X, and for m=]A, [+1 let M, :=0.

Nj=m,...,
Thus, we have P(M,, |,y > u,) = 0and
IA,, 1+1
P(glella\lr):Xt > u,) = mZE —PM,, > u,)+PM, | >u,).

Consider [ € Nwith [ < |A," |and form =2, ..., |Ar,, [ let

M= max X, and M’ = max X

m\l
LS U P T \ te{t, 1, fiay, 1=t 1\KG

m~ fm—1s">
We have

—-PM,, > u,) + PM,,_; > u,) = -P(M; >u,)

+POMC v Xy > ) = POMC, < 0, Xy > 1) “42)

Notice that for m = |A, | + 1 we have that

and so when divided by |A, |P(X > u,) is asymptotically negligible.

Now, for each j,n €N consider the points ¢, for m =2, ..., |A,n|, such that
{, ~lygs e D | —t,-1} NK; =D;NK,. For such points we have that (42) is
equal to

PM°® <u ,Xy>u, max X, <u,)+PM° <u , X,>u, max X, > u
( m = "> 20 "teD,-nK, t= ") ( m = "> 20 nteD,nK/ t ")

= P(M, <u,. Xy > u

n’

max X, <u)=PWM° <u,Xy>u, max X, <u
teDnk, ' n) = PMy <t Xy > teD,nk, 2

o
= P(X, > Uy, Max X, <u,)— P(/\/lm\l > u,, Xy > u,, max X, <u,).
J

K teD;nK,
and that
PMpy > s Xy > Uy, X Xy <u,) SPMpy > u,, Xg > 1)
J 1
< P(Mlxr > u,, Xy > u,).
For the points 7, for m =2,...,|A, |, such that {z, —,_j,...fjy | — 1,1} NK,

#* Dj N K, for every j € N, we will use that

PMy, S Xo > 1) 1
A, IPX>u) 1A

"
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Observe that there are finitely many different subsets of K, and, following the
notation of the proof of Theorem 10, we denote their total number by 7; and denote
them by 4", ....,U(T’) Further, for z = 1, ..., 7;, we let y(Z) be the number of points 7,
m=2,...|A, |, such that {t, — m_l,...,tl,\r =t} nK, = U2, that is uE = (s
M= 2 [ |2y = gy fip, | = ey ) O K, UY Let S9=(ieN: U
=D, nK,}. Then, by (1) and (i) a'}ld in particular by point (I) in Prop0s1t10n 3 we
have

’u(z)
|A

Aps asn — oo.

o
n 1655”)

(69]
Notice that if 4% # D. N K, for every i € N, then S is empty and so ~2 — 0, as
b ;N K, y ! pty I~

n — oo, and we let Z, the subset of {1, ..., 7;} of such zs. Further, forz € {1,...,7,} \ Z,
we let D;,, indicate the (or one of the) D such that Z/{(Z) D; N K;. Thus,

ﬂ£Z) n—oo

T Y D a=) =1

an ze{l,...,7;}\Z l€~(> i=1

€{1,.t\Z
Hence, we have that
R P(maxyc, X; > u,) Z ,u(Z)
0" = - = P( max X, <u,|Xy>u,)+A
n n
|A,n|[I3’(X > u,) i |Arn| teD,, Nk,
where A, is such that
(2) (z)
T, A
Al < —PMF > u,|X,
| ],nl Z I |Arn| ( Lr, | 0 b= |A |

Therefore, applying (39) we obtain (41).
To show that lim inf 9A > 0 we proceed as follows. Consider the a set of points

composed by points {7}, ..., 75 |} which have a supremum distance of at least 2/, and

denote it W, and its points (in increasing order according to >) by wy,...,w, for
some p, € N. Observe that the sets

for m=1,...,p,, are disjoint and their union is a subset of {max,, X;>u,}.
Observe also that A, | > [W, | > [IA, |/ (2D¥ |. Hence, we have
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P(max,c, X; > u,)

6" =
n A, [PX > u,)
Pn P(me > Uy maxt>wm te{t),... 15, TNKZ (w,,) Xt < un)
Z n
o |A,n|[P>(X > u,)
po P(Xg > 1, MaXr01e (s, fin, 1= VK Xy <uy,)
~ |Arn||]3’(X > u,)

& p(X() > un’Ml—l,rn < un)
|A, IPX > u,)

LIA, /D]

2——ETT—{1—WMHH>MA%>MQ}

Then

lir{rliglfOn = (ZI)k[l - llirls;)lp P(M,_ L, > U1 Xy > u,)]

This proves point (a).
Now, assume that 0A = lim 92\ exists. We need to show that 9A QA By Taylor

n—oo

expansmn we have

< k»t = —
@@ﬁ&_%» ew%bglpgﬁ&>%m

- exp( A, )
A, ]
( . P(maxteAm X; > un)(1 . (1))>
=exp( —
PUTTIATT P> uy ?

= exp ( - 70;\(1 + 0(1))) - e %" asn - oo.

Hence, by the mixing condition (40) we have
< = < — < k,
P%%&_m W%%&_m @@g&_m)]

+ (P(max X, < u))r — %%, asn - co.
€A,

Since this holds for any 7 > 0, we conclude that 83 = 6. 0
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Proof of Theorem 23 Recall (41) and let 80 := lim 22 APmaxep o Xy <y |
Xy > u,), for I € N. By the continuous mapping theorem (and noticing that the sum is
actually a finite sum since there are finitely many different combination of points
inside K, for given /) we have ¢’ = 37, 4;P(maxep , ¥y < 1) and by monotonicity
of the probability measure we obtain §¢ | 37, 4/P(supyep, ¥, < 1) as [ — co. Given
that hm 6 = 0 exists, Theorem 31 point (a) ensures that for (u,) = (u,(7)) and

-0

some 7 > 0 we have that HA = lim 97’1\ exists and is positive. Then, from Theorem 31

point (b) for (u,) = (u,(7)) and arbitrary 7 > 0 we obtain that HA exists, is positive and
it is equal to @, hence we obtain point (2). Moreover, from these arguments we imme-
diately obtain the first equality in (13), while for the others, using @0 =1, we have that

2 AJIP(Ysup ol<)=Y 4
1

)

24
)

1- IP(y sup ©, > 1)d(—y“’)>

teD;
_ i "

J=1

o 1
=ij( —/0 [P‘(sup@“>u)d

[E[sup@f‘ A 1])
1 teD; teD;

1
[E[(l—sup@" ) 2/11 [E sup @"—sup@"’])

=1 teD U{0} teD

J

>4(

Jj=1

=
= teD;

Theorem 32 Consider the following conditions:

(D) (Xyiez+ is a real valued stationary random field whose marginal distribution
F does not have an atom at the right endpoint xp.

(I) For a sequence u, t xp and an integer sequence r, — o s.t. k, = [|A,|/|
A, |] = oo the following anti-clustering condition is satisfied: for every j € I'*

hm lim sup [P’(MA X0

[=00 oo

X, > =0.
> u, | max X, u,) (43)
(IIT) A mixing condition holds:
— kn
P(rtrel?\f X <u,) (P({gﬁzs Xi<u,)" -0, n- oo, (44)

where (u,), (k,) and (r,,) are as in (II).
(V) For any t > 0 there exists a sequence (u,) = (u,(7)) s.t. lim |A,|P(X, > u,

(7)) = v and (II) and (I1l) are satisfied for these sequences (u,). Then, the fol-
lowing statements hold:

(a) If () and (Il) are satisfied then

IS, 4/ P(maxece Xy > u,)
o> P( max X, <u, maxX >u d d =0,
Z (teD, nky | 2 A, | PX > u,) (435)

11m lim sup

=00 oo

herl* h<my,
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and 11m meA > 0.
®) IfQ) and (IV) are satisfied and HA = hm 0/\ exists, then 9A € (0, 1] exists and
9A 9A

Remark 11 Notice that when u,, = a,x then (43) is the (AC" ) condition.

>, I*

Proof Denote by 1, Al the highest element of A, according to <, by ¢, A, I-1 the sec-

ond highest one,..., by ¢, the lowest one. Consider the s, §, and § introduced in the
proof of Theorem 17. Let/ € N. Form =1, ..., it let M, := = MaXieyt @), X, and for

i=m

m=|A, | +1letM,, := 0. Thus, we have P(M, |, > u,) = 0and

it
P(max X, > u,) = zé—u»(zmm >u)+PON, | > u,).
n m=
Form=2,.,aletM° := MaXieyi @), X; and m;\l = MA@ K Xi.
We have
P, > u,) + PR, > u,) = -PAR > u,) + PN v max X; > u,)
teé,,_
=P <u,, max X; > u,)

teé,

m—1

(46)
Notice that for m = |A,"| + 1 we have that

PR, > u,) +PN,,_, > u,) = P(max X, >u)<|]3’( max X, > u,)
tes;

and so when divided by |A, |P(X > u,) is asymptotically negligible, for every fixed
leN
Moreover, we have that (46) is equal to

PN, <u,, max X; >u,,  max X, <u,)

teg,, teU, €z, NKy

+ PO < u,, max X; > u, max X, > u,)
teé, teui‘ ” & Vsi=5,_1 Kot

=P <u,, max X; > u, max X, <u,)
tes, teuf‘ m(g) i=5mt K1

= [P’(Emm\y <u, max X; > u, max X <u,)

teé teuj‘ (5)v _ NKy

m-1 St

= P(max X > u, max X, <u,)
tef teu“ (5) nKz,

- P(Em > u,, max X, > u, max X, <u,)
¢

m\2l n> P
\ te teu;‘:m(&)ﬁl_gmi Ky

m—1

where
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PR, > u,, max X, > u, max X, <u,)
ted,

m\2l e
\ tEUi.’:m (&35, NK

m—1

0 AX()
<SP > u, tmgax X, > u,) < [P’(Mzm >u,
m—1

max X, > u ),
tefj t n)

for some j € I* with j < my;. Hence, we have that
I]J’(maxteAr X; > u,)
" A, IPX > u,)

P(maxteq X, >u,)

P( max X;<u maxX>u) +B
Z teD; Nk, ol A, IPX > u,) Ln

i€u
where the absolute value of B, is such that

Zner hmy, 1SnalllExl + 1
1A, |

1B, <

/
| ji,4/|P(maXt€€,, X > u,)

A, IPXX > u,)

+ Z [F"(MAX(])>u|maxX > u,)

i€l*,i<my,

By (43) and by the same arguments as the ones used in the proof of Theorem 17, see
in particular (28), (29), and (30), we obtain that llim limsup |B;,,| = 0. Moreover,

n—-oo

since

[P’(maxtegl__ X > u,)

Z[F"( max X, <u, |maxX > u,)

icu tED ﬁKzz |ArnI[FD(X > Mn)
P(max,ce X; > u,)
= s 4lP( max X, <u,|maxX, > u,) e L7
hel* h<my, €DKy €& |Arn |P(X > un)

we obtain (45).

To show that lim 1nf 0/\ > 0 we proceed as follows. Consider S;l ap

n—
with i < my;. Let W(") be the set of points in S} ,, that have supremum distance of 4/
from each other. Observe that the sets

for some h € I*

max X, . > u,, max X, <u, p, s,€ Wff‘),

teg, t>s,, .teU” 1(5 )3 \ Ky

are disjoint and their union is a subset of {max,., X; > u,}. This is because

max X, ., >u, max Xi<u, ¢, S$,€ W,(lh),
tekyNA,, " s, t€UL (£, \Ky

are disjoint and their union is a subset of {max,., X; > u,} and because
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max Xy o >u, 0D qmaxXy, o >u, .
teKyNA,, teé,

S’
Observe that |W®| > %. Then, we have

oA P(maxe, X; > u,) P(maxiee Xiyy > Uty MaXe o Ut &) \Ky X, <u,)
= n Z = (!
s A, IPX > u,) o~ A, IP(X > u,)
P(maxieg, Xy > ty, MaXeog ey (&), \Ky Xt < Un)

“, A, IPCX> u,)
o AX(
P(maxcg, X, > ”n’Mer,,(I) <u,)

A, IPX > u,)

v

Q)
W,

)) |Wr(,h)| P(maxg, X; > u,)

(1 — Pmax X, > u, Wy < u
A1 PX>u)

tes, 2Lr, -

Then
liminf & y*c hm PN ® > 41Xy > u)] > 0
n—ooco 4l)k Sup 2Lr, Unlo Un ’
for some [/ large enough. This proves point (a). The proof of point (b) follows from
the same arguments as the ones used for the proof of Theorem 31 point (b). O

Proof of Theorem 24 Recall (45) and let

|S,’1’4l| P(maxcg, X; > u,)

s

6 := lim P( max X <u|maxX > u,)
n—oo he1;h<m tED,,ﬂKZ, |Ar"| P(X > Mn)

for / € N. Using the arguments in the proof of Theorem 17, we have that

un
P(maxiep, nk, X¢ < Uy, MaXiee, X > u,, pe (X) > D—])

0¥ = lim .
n—o00 2 Yh P(X > I/tn)

hel* ,h<my,

= 2 vyenDy IP’(mangt>Dh, max Y£t<Dh>

hel* h<my, teD,nkK,,
oo}
= z / v, enDy, [P’(ymax@s ¢ > D,y max Og <Dh>d( -,
hel* i<my, 7 1 teDyNKy

and
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0} =lim 0¥ = lim Y / }’,,chD"[F"<ymax®gt>Dh,y max ®5t<Dh>d(—y )
- 1

I=e © el Jh<my, teD,nky

/ vyenD; [P’ ymax@s > Dy, ysup g < Dh>d(—y “)
hel*

teD,

/ yhchDh[P’ ymax O¢, > Dy, ysup O < Dh>d(—y “).
hel* teD,

Given that lhm 6" = 6 exists, Theorem 32 point (a) ensures that for (1,) = (u,(7))

and some 7 > 0 we have that 9A = lim 6,’1\ exists and is positive. Thus, from Theo-

n—oo

rem 32 point (b) for (u,) = (u,(r)) and arbitrary = > O we obtain that 0;‘ exists, is
positive and it is equal to 6’2‘. From these arguments we obtain the first equality in
(16) while for the others we have that we have that

Z Yic D"[F”(Ymax Og¢>D;,YsupO < D,—)
iel* te& , teD, ’

iU
iel*

- D* (Y D)—IP(Y D.Y >D.)
=Y 1 ( max O, > D, max O, > D, 55565,,t ;

= Z yie,D} / IP’(y max O ; > D,-) - [P’(y max Og ; > D;,ysup O ; > Dl.)d(—y_")
! 1 (= [ ted,

tes; &

p—— 1
u=y Z y.*c.D‘?‘/0 [P’( max@ > uDE’) - [FD( rtr'lg%x ®Z‘,,t > uD;",tsuI_I)) G)Z-J > qu‘)du
; b,
= Z y; D} ([E[D max@ A 1] - [E[Di‘“ max GZ,.,t AD® tsué) GZ,,t A l])
; b,

= Z vic ([E [ rtréagx G)g,.,t A D;’] E [ rtrg;lgx 62,1 A sup 62,1 A Df’] )
iel* teD;

= Zyi Ci<[E[ItIgg(®£,.,t] - [E[I}gg(@) /\sup@ ])

iel*

= yfc-[E[(max@" — sup ©% ) ] vic [E[ sup ©F sup@
; ' teg, Gt teD; bt Z te&uD; bt te bt
where we used the fact that since pg (©) = 1a.s., then max,e ©(s < D; a.s. by Cor-
ollary 16. Moreover, applying a change of variable and the time change formula we
get the representation

e

JEI*

[ SUPyey, OF ]

Zy c[E[supQELt]

Zen, 19¢, sl" jer

Finally, by the time-change formula applied to
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MaX,ee), (CH & 2

AT = 1)

J(©g 9ser) = m

and shifting t to 0, for every t € L > We have

[E[ sup ngﬁt]zz‘[E

[maxze(%)l @5

a/"z *
— T =)

te(E; )r* teL; ZseH, ®gj,s
max, @"’
=) E [ 1(T* =0) ) o i] = [E[max@)g_zl(Tj = 0)].
teL ZseH g le(gj)_t 7 zef,‘j j
O
9.2 Proof of Proposition 26
For every j > 1 we also denote R(i) = (Ute SeA, 1(A,)_28)) ((A)_(n{se zk s>
0})) \ K, and MAX(’) = maXcg X so that Condition (AC> ) is satisfied if for
every j € I*
lim lim sup IP’( ?ZX(’) > a’x| max X, > an> =0.
-0 500 n teg; n

We start by showing the following Lemma

Lemma 33 Let (X;)ez+ be a stationary max-stable random field. Then (X )z IS
jointly regularly varying and the finite-dimensional distributions of its tail field
(Yy)iez+ is given by

Py, <y Yy, <¥)

o E|max [ max th_,VO — E| max th, “7)
ELV,] =Ly, =l y;

fort,, ..t € zk andy,,...,y, € (0, ).

Proof 1t follows from similar computations as the ones in the proof of Proposition
6.1 in Wu and Samorodnitsky (2020). For any x,, ..., x,, € (0, c0) we have (see Exam-
ples 1.5.4 and 4.4.3 in Mikosch and Wintenberger (2023))
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Vi
P(X, <)X, <,) = exp {—[E [lmax —“] }

i=1,...n X.:

Thus, for any x > 0

P(x'lXt] <y ..A,X_IXt“ <y, | Xg>x)
P(th <Xy, 4--’X(“ < xy,,) - P(Xt] < Xxyi» '“vXt,, < xyn,Xo <x)

PXy > x)
1 Y4 1 Y4
exp {—;[E[maxi:lwn )—] } —exp {—;[E[max (max,»:, _____ n e V(,)] }
= 1 — e—ElVyl/x

X ex —l[E max ﬁ —ex —l[E max ( max V—t Vi
IE[VO] P x  |i=len y; P X =l y; 0
Vi \%
== (exp{—% ! [E[_max i]}—exp{—w;[E[max(max i,%)]})
E[V,] x  E[Vyl it y; x E[V =l y,;

which converges to (47) as x — . O

We follow partially the proof of Proposition 6.2 in Wu and Samorodnitsky
(2020). Fix any j € I*, observe that

P(AA/I;\Z’X’(’) > a’x| max X, > an>
T'n n teS- n

21

[F°< max (MA’X 0) maxX ) > aﬁx) - P(I\A/l;\[’f‘m > aﬁx)

[P’( max X, > a/\x>

tes;

and that

-E [max Vt] Jalx
P(maxX >a x) (1—6 < ) [maxV]/a X, n—co.

tel

Since

0 <~} 'E[iy" 0| < —@ A, | =0,

as n — oo, we also have

N . AV.G) R .
P(Mé\l’x’(’) > a/\x> = <1 _  Elm ] sa) x) ~ [E[MA’V’(/)]/an, n—oo.
T n 2Lr, n

Then, the (AC,) condition is satisfied if and only if
lim hmlnfa x|P( max MA’X’(/),maxX > alx ) =PI S gy | = E[max V,].
IS00 n—oo 2L, tet, t n 2L, n tet, t
(48)

Since
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[F"(max <M;\1’X
=exp ( — (atx)” [E[ QIY(’)] ) —exp ( - (aﬁx)_l[E[max (M;\]’Y’(j), max Vt)] )
et

~ (aﬁx)_1 ([E[max <A7IA’V’(’) max V, )] E [MA’V‘O)] )

rnaxX > > aﬁx) - P(AA/IQZ’X’U) > an>
7 n

2Lr, teg 2Lr,

and then (48) holds if and only if

[-00 n—oo 2r, 2L,

hm liminf E [ max (MA’V’G), max Vt)] -E [MA v, (’)] E [ max V] (49)
teg; te

Then
lim lim inf E | max <Mé\l’v’(7), max Vt)] -k [AA/I;\I’V’U)]
[-00 n—oco T tes; T
=limE ( max V;— max Vt)l(math;EO)].
I~o0 tery), UE tery), tes;
By assumption max V, = max V;, thus max th(max Vi # O) -0
ter]), (RS, MU (D))" teR]) te

a.s. as /[ - oo under (18) and then (49) follows by domlnated convergence.

Author contributions Equal contribution among the authors.

Funding Riccardo Passeggeri would like to acknowledge the support of the Fondation Sciences Mathé-
matiques de Paris (FSMP). Olivier Wintenberger would like to acknowledge the support of the French
Agence Nationale de la Recherche (ANR) under reference ANR20-CE40- 0025-01 (T-REX project). He
also would like to thank Thomas Mikosch for useful discussions on the topic. Further, we would like to
thank two anonymous referees for their useful comments.

Availability of supporting data Not applicable.

Declarations
Ethical approval Not applicable.

Competing interests The authors declare no competing interests.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permis-
sion directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

R. Passeggeri, O. Wintenberger

References

Bartkiewicz, K., Jakubowski, A., Mikosch, T., Wintenberger, O.: Stable limits for sums of dependent infi-
nite variance random variables. Probab. Theory Relat. Fields 150(3—4), 337-372 (2011)

Basrak, B., Planini¢, H.: Compound Poisson approximation for random fields with application to
sequence alignment. Bernoulli 27(2), 1371-1408 (2021)

Basrak, B., Segers, J.: Regularly varying time series. Stochastic Process. Appl. 119, 1055-1080 (2009)

Buhl, S., Kliippelberg, C.: Generalised least squares estimation of regularly varying space-time processes
based on flexible observation schemes. Extremes 22(2), 223-269 (2019)

Davis, R.A., Hsing, T.: Point Process and Partial Sum Convergence for Weakly Dependent Random Vari-
ables with Infinite Variance. Ann. Probab. 23(2), 879-917 (1995)

Davison, A.C., Padoan, S.A., Ribatet, M.: Statistical modeling of spatial extremes. Statistical science
27(2), 161-186 (2012)

de Haan, L.: A spectral representation for max-stable processes. Ann. Probab. 12(4), 1194-1204 (1984)

de Haan, L., Pereira, T.T.: Spatial extremes: models for the stationary case. Ann. Stat. 34, 146-168 (2006)

Dombry, C., Kabluchko, Z.: Ergodic decompositions of stationary max-stable processes in terms of their
spectral functions. Stochastic Process. Appl. 127(6), 1763-1784 (2017)

Ferreira, A., De Haan, L.: The generalized Pareto process; with a view towards application and simula-
tion. Bernoulli 20(4), 1717-1737 (2014)

Hashorva, E.: On extremal index of max-stable random fields. Lithuanian Mathematical Journal 61(2),
217-238 (2021)

Jakubowski, A.: Minimal conditions in p-stable limit theorems. Stochastic processes and their applica-
tions 44(2), 291-327 (1993)

Jakubowski, A., Soja-Kukieta, N.: Managing local dependencies in asymptotic theory for maxima of sta-
tionary random fields. Extremes 22(2), 293-315 (2019)

Janssen, A.: Spectral tail processes and max-stable approximations of multivariate regularly varying time
series. Stochastic Process. Appl. 129, 1993-2009 (2019)

Kabluchko, Z., Schlather, M., De Haan, L.: Stationary max-stable fields associated to negative definite
functions. Ann. Probab. 37(5), 2042-2065 (2009)

Kallenberg, O.: Random Measures. Springer, Theory and Applications (2017)

Mikosch, T., Wintenberger, O.: Extremes for Time Series. Springer (2023+)

Schlather, M.: Models for stationary max-stable random fields. Extremes 5(1), 33—44 (2002)

Segers, J., Zhao, Y., Meinguet, T.: Polar decomposition of regularly varying time series in star-shaped
metric spaces. Extremes 20, 539-566 (2017)

Smith, R. L.: Max-stable processes and spatial extremes. Unpublished manuscript. pp. 1-32 (1990)

Stehr, M., Rgnn-Nielsen, A.: Extremes of Lévy-driven spatial random fields with regularly varying Lévy
measure. http://arxiv.org/abs/2201.00678 (2022)

Stehr, M., Rgnn-Nielsen, A.: Extreme value theory for spatial random fields-with application to a Lévy-
driven field. Extremes 24(4), 753-795 (2021)

Wu, L., Samorodnitsky, G.: Regularly varying random fields. Stochastic Process. Appl. 130(7), 4470—
4492 (2020)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/2201.00678

	Extremes for stationary regularly varying random fields over arbitrary index sets
	Abstract
	1 Introduction
	2 Preliminaries, notation and main assumptions
	2.1 Spectral tail fields
	2.2 Condition (  ) on the index set
	2.3 Mixing and anti-clustering conditions

	3 Lattice properties
	3.1 Lattice properties on the upper orthant
	3.2 Lattice properties on the whole index set

	4 Main results expressed using the spectral tail field
	4.1 Laplace functional of the limiting point process
	4.2 The spectral cluster random field in the lattice case
	4.3 Cluster point process expressed using the spectral cluster field in the lattice case

	5 Point random field convergence using spectral tail field
	5.1 The spectral tail field
	5.2 Asymptotic Laplace functional expressed using the spectral tail field
	5.3 The spectral cluster field
	5.4 Cluster point process expressed using the spectral cluster field

	6 Applications
	6.1 The extremal index
	6.2 Max-stable random fields

	7 Proofs in Section 3
	7.1 Proof of Proposition 3
	7.2 Proof of Proposition 4
	7.3 Proof of Proposition 5
	7.4 Proof of Proposition 6
	7.5 Proof of Proposition 7
	7.6 Proof of Proposition 8
	7.7 Proof of Proposition 9

	8 Proofs in Sections 4 and 5
	8.1 Proof of Theorem 10
	8.2 Proof of Proposition 11
	8.3 Proof of Theorem 12
	8.4 Proof of Proposition 13
	8.5 Proof of Proposition 14
	8.6 Proof of Lemma 15
	8.7 Proof of Theorem 17
	8.8 Proof of Lemma 18
	8.9 Proof of Proposition 19

	9 Proofs in Section 6
	9.1 Proofs in Section 6.1
	9.2 Proof of Proposition 26

	References


