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Abstract Let {By(t) : t > 0} be a fractional Brownian motion with Hurst
parameter H € (%,1). For the storage process Qp,(f) = SUP_oo<s<
(Bu(t) — By (s) — c(t —s)) we show that, for any T () > 0 such that T(u) =

2H—1
olu 7 |,

0,7 ()]

P( [inf QBH(s)>u>~IP(QBH(0)>u),
SE

as u — oo. This finding, known in the literature as the strong Piterbarg property,
goes in line with previously observed properties of storage processes with self-similar
and infinitely divisible input without Gaussian component.
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1 Introduction

The analysis of distributional properties of reflected stochastic processes is continu-
ously motivated both by theory- and applied-oriented open problems in probability
theory. In this paper we analyze the asymptotic properties of tail distribution of
infimum of an important class of such processes, that naturally appear in models
of storage (queueing) systems and, by duality to ruin problems, gained broad
interest also in problems arising in finance and insurance risk; see, e.g., Norros
(2004), Piterbarg (2001), Asmussen (2003), and Asmussen and Albrecher (2010) or
a novel work (Hashorva et al. 2013).

Consider a fluid queue with infinite buffer capacity, service rate ¢ > 0 and the
total inflow by time r modeled by a stochastic process with stationary increments
X = {X() : t € R}. Following Reich (1958), the stationary storage process that
describes the stationary buffer content process, has the following representation

Ox()= sup (X(@)—X(s)—clt—s)).
—00<s<t

There is a strong motivation for modeling the input process X by a fractional Brow-
nian motion (fBm) By = {By(t) : t € R} with H > 1/2, i.e., a centered Gaussian
process with stationary increments, continuous sample paths a.s., and variance func-
tion aéH (1) = > On one hand, such structural properties of fBm as self-similarity
and long range dependence, have been statistically confirmed in data analysis of
many real traffic processes in modern data-transfer networks. On the other hand, in
Taqqu et al. (1997) and Mikosch et al. (2002) it was proven that appropriately scaled
aggregation of large number of (integrated) On-Off input processes with regularly
varying tail distribution of successive On-times, converges to an fBm with H > 1/2.

The importance of fBm storage processes resulted in a vast interest of analysis of
the process Q g, . In particular finding the properties of finite-dimensional (or at least
1-dimensional) distributions of Q g,, has been a long standing goal; see Norros (2004)
and Piterbarg (2001). The stationarity of increments of By implies the stationarity
of the process Qp,,, so that, for any fixed ¢, the random variable Qp,, (t) has the
same distribution as Q p,, (0). Nevertheless, apart from the Brownian case H = %,
the exact distribution of Q g, (0) is not known. Therefore, one usually resorts to the
exact asymptotics of P(Q g, (0) > u), as u — oo. These have been found for the full
range of parameter H € (0, 1) in Hiisler and Piterbarg (1999), leading to,

1—-H

P(Q5,,(0) > u) ~ /Ta2 b~ 213" (Aul_H> Ty (Aul_H) Lasu — oo, (1)

where the constants a, b and A can be given explicitly (see Section 4), H?p is the
so-called Pickands constant, and W (u) denotes the right tail of the standard normal
distribution.

Piterbarg (2001) considered the supremum of the process Qp, on the interval
[0, T'] and found the exact asymptotics of

IP’( sup QBH(t)>u), asu — 00,

te[0,T]
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for the whole range of the parameter H. By comparing them with Eq. 1, he observed
a remarkable property that, for H > %, and any positive function 7 = 7 (1) such

2H-1
that T(u) = o (MT),

P| sup QOp, ) >u]| ~P(Qp,0) >u), asu— oo. 2)
1€[0,T]

This property is nowadays referred to as the generalized Piterbarg property; see

Albin and Samorodnitsky (2004). As a corollary from Eq. 2 one easily gets that for

any fixedn > Oand tq,...,t, € [0, T], withu — oo,

sup Op, (1) >u) >1-— Z (1 _ T P(Qp, (t;) > u) ) 1

1€[0,T] p sup;jo,7) OBy (1) > 1)

P( min QBH(li) >u
i=1,..., n

This leads to the natural question, whether the minimum over finite number of points
can be substituted with the infimum functional, which then leads to

IF’( inf QBH(t)>u)~IP( sup QBH(I)>u), asu — 0o. 3)
1€[0,7] 1€[0,T]

This property shall be referred to as the strong Piterbarg property.

The above terminology has been coined by Albin and Samorodnitsky (2004), who,
motivated by Piterbarg (2001), considered the case when the input process X belongs
to the class of self-similar infinitely divisible stochastic processes with no Gaussian
component. They provide general conditions under which Eqgs. 2 and 3 hold with Qx
instead of Qp,,. The approach in Albin and Samorodnitsky (2004) is based on the
assumption that the Lévy measure associated with X has heavy tails, which combined
with the absence of a Gaussian component allows for more direct and less delicate
methods to be employed. It is the light-tailed nature of the Gaussian distribution
that renders the problem of the asymptotics of suprema of Gaussian processes hard.
Furthermore, infima of Gaussian processes (apart perhaps from the Brownian case)
have not been considered systematically. On the high level, the problem stems from
the fact that an infimum is, by definition, an intersection of events. If the number
of events grows to infinity, then the intersection is much harder to handle than, for
instance, the sum of events (which corresponds to the supremum).

In this paper we derive exact asymptotics of

P (tei[ng] Opy(t) > u) ., asu — o0. “4)
and prove that the strong Piterbarg property (3) holds for the same range of functions
T (u) as in the generalized Piterbrag property (2), i.e., T (1) = o (u%), H > %
The idea of the proof is based on finding the exact asymptotics of

P(®(X,) > u), asu — oo, %)

for a broad class of continuous functionals ® : C(T) — R acting on the space C(T)
of continuous functions on compacts 7' C R4 ,d > 1, and a broad class of Gaussian
fields X, = {X,(t) : t € Ri}. The connection between Eqs. 4 and 5 can be seen
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by setting d = 1, ®(f) = infsepo,1) £(¢) and X, (1) = Qp, (T (u)t), although the
relation is far from straight forward since Q p,, is not Gaussian.

Structure of the paper The exact asymptotics of Eq. 5 are given in Lemma 1 (see
Section 3), which is the first contribution of this paper. Interestingly, the asymptotics
of Eq. 5 involve a new type of constants of the form

HP(T) = Eexp(®(V2n() — 07())),

where 1 is a Gaussian random field with variance function 0772. These new

constants extend the notion of the classical Pickands’ constants H?}; S =
Eexp(sup,e[o,s](«/iBH(t) — 21y § >0, dating back to Pickands (1969b). Recall
that Hy" = lims_,00 Hyg! ([0, S1)/S in Eq. 1. In Theorem 1 (Section 4) we give the
strong Piterbarg property, which is the second contribution of this paper. More pre-

cisely, we show that Eq. 3 holds for H > % and T(u) = o (uilfl), i.e., the same

order of functions for which Eq. 2 holds. In Sections 5 and 6 we give the proofs of
our main results.

2 Notation

Before we begin, let us set the notation that will be used throughout the paper. By
By = {Bp(t) : t € R} we denote the fBm with Hurst parameter H € (0, 1), that is,
a Gaussian process with zero mean and covariance function given by

1
Cov(Bir (1), By () = 5 (1P + 1512 = 1t = 5*7).

Let W be the right tail of the standard normal distribution. Recall that

1 u?
W) = —— ex (——) (1 + 0(u—2)), asu — 00. 6)
u~/2mw P 2
For any vector t € R4, d > 1, we denote t = (t1,...,t).Byn={n) : te Ri}

we denote a centered Gaussian field, with almost surely sample paths, 7(0) = 0 and
variance function o,f (t) = Var(n(t)). Let us introduce the following condition:

El: E@n(t) — 77(t2))2 < G|ty — to||”, for some y, G > 0 and every t;, tr € ]Rff_.

Condition E1 is a standard regularity requirement; see, e.g., Piterbarg (1996).
Now let ® : C(T) — R be a continuous functional acting on C(T), the space of
continuous functions on compacts T C R4 ,d > 1. Assume that:

F1:  [®(f)| < supgr f(D),
F2: ®(af +b) =ad(f)+ b, foreverya, b > 0.

For & satisfying F1 we define a constant ’H;l’ (T) via

HE(T) = Eexp (q> (ﬁn(-) — anz(-))) .
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Note that the dependence on T is implicit via ® : C(T) — R. To see that the above
constant is well defined, notice that due to F1, P (<I> (ﬁn() - ai()) > u) <

IP’(supteT nt) >u /\/5) Now since 7 is continuous, then it has bounded sam-

ple paths a.s. and 0,72 = supteTai(t) < oo. Let m = Esupgrn(t).

Borell’s inequality; see, e.g., Adler (1990), implies that for x > m,
P(supier n(t) > x) < 2exp (—(x — m)z/(203)> and, as a consequence, H,;"(T) =

ffooo &P (<I> (ﬁn(-) - 63(-)) > x) dx < oo.

3 Generalized Pickands’ lemma

In this section we present a lemma that shall play a crucial role in proving the strong
Piterbarg property in the remaining part of the paper.

Let us recall that the original Pickands’ lemma (Pickands 1969a, 1969b) concerns
with a stationary Gaussian process X with zero mean and covariance function r(¢)
satisfying (1) = 1 — |t|* + o(|t|*"), as t — 0, for some H € (0, 1), and r(¢) < 1
for all # > 0. Its conclusion states that, for any S > 0,

P( sup Xu(t) >u ) ~HZ (0, SH¥ (), asu — oo, (7)
1€[0, 5] "
where X,(t) = X (tu’l/ Hy. Pickands’ lemma has been generalized in various

ways, capturing both nonstationarity of X and extension to Gaussian fields; see,
e.g., Piterbarg (1996). Debicki (2002) presented an extension covering broader local
covariance structures, than satisfying Cov(X (s), X (1)) = 1 —|s —t|* +o(]s —t]*) as
s—t — 0, for some @ € (0, 2]. Among others, notable extensions have been recently
considered in Debicki and Tabis (2011).

In the following lemma we present a version of Pickands’ lemma that captures the
new constant "H,f,’ (T) introduced in the previous section.

Lemma 1 (Generalized Pickands’ lemma) For any u > 0, let X,, = {X,(t) : t €
Ri} be a centered Gaussian field with a constant variance equal to one. Let the
correlation function r, (t1; t2) = Corr(X,(t1), X, (t2)) satisfy

i F2w) (1 = ry(ty; )
im  sup —
u—ooy v | Var(n(t;) — n(t2))

1| =0, )

for some compact set T C R, some function f(u) — oo, as u — oo, and 1
satisfying E1. Let ® : C(T) — R be a continuous functional satisfying F1-F2. Then,
for any function n(u) such that n(u) ~ f(u),

P(®(X,) > n(u)) ~ ’Hg)(T)\IJ(n(u)), asu — oQ.
Remark 1 Conditions similar to assumption (8) have been introduced in, among oth-

ers, Debicki (2002), Hiisler and Piterbarg (2004), Debicki and Kisowski (2008), and
Debicki and Tabis$ (2011) as a standard way of capturing nonstationarity. The shape
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of Lemma 1 is tailored to the needs of the next section, where asymptotics of tail
distribution of inf sup functionals of Gaussian processes are analyzed. Various fur-
ther extensions of Lemma 1 can be thought of along the lines of already existing
extensions of the classical Pickands’ lemma, especially in the direction allowing
nonconstant variance function of the family (X,,), as in Piterbarg and Prisyazhnyuk
(1978) or Hashorva et al. (2013).

Example I Assume that X = {X(t) : t € Rf{_} is a centered Gaussian field with unit
variance and function satisfying

d d d
2H; 2H;
r(t;; t2) =1— E ajlti,i—t,il"""+o (E lt1,i — 1l ’) , as E lt1,i—12,i| = O,
i=1 i=1

i=1
for some H; € (0,1),a; > 0,i = 1,...,d. Define a new field X, = {X,(t) :
_ _ 1
t e Rf{_} via X, (t) = X <t1u oo o tqu ”d) . For any compact set T C R,

. 1
the process X, satisfies (8) with f(u) = u and 5(t) = Z;j:l By, H, (a 2H; t,-) , where

B’H constitute independent fBm’s with Hurst parameters H;. Hence the conclusion
of Lemma 1 holds for any functional ® on C(T) satisfying F1-F2. In the following
section we shall encounter this example in the setting of d = 2, Hy = Hy, a1 = a3
and ®(f) = inf; 0,2 SUPy, [0.1,] f (), for some A1, Ap > 0. In this case, with
H = H and a = a, for any function n(u) ~ u,

1 €[0, )”1]126[0 2ol H

IP( inf  sup Xu(t) > n(u)) — it ([o,aﬁxl]) o ([o,aﬁxz]) W(n(u)), asu — oo.

4 Strong Piterbarg property

In this section we present the main result of this paper. Let us first recall the definition
of the storage process Q g,, with service rate ¢ > 0 and input By,

Oy ()= sup (Bu(t) —Bu(s) —c(t —s)).

—oco<s<t
Let us define the following constants: a = 1 T 2 p = %, A= ﬁr&H, B =
Hry 172, 10 = 7, see Eq. 1. Finally, et
H,, (10, S
N TN Dt 9
%BH Slaoo S ©)

be the classical Pickands’s constant. Now we are in position to state our main result.
Theorem 1 (Strong Piterbarg property) For H > % and any T (u) > 0, such that
T(u) = o™ 1),

1-H

IP( inf QBH(t)>u> ~ ST b (Aul_H)T\IJ(Aul_H>,asu—>oo.

t€[0,7T (u)]
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In particular,

IP( inf QBH(t)>u>~IP’(QBH(O)>u)~IP’< sup QBH(t)>u),asu—>oo.

te[0,T (u)] t€[0,T (u)]

Remark 2 The asymptotics of P(Q g, (0) > u) were found in (Hiisler and Piterbarg
1999, Theorem 1); cf. Eq. 1. The asymptotic equivalence between the tail decay of
the supremum functional and the value of Qp,, at 0 was proven in (Piterbarg 2001,
Theorem 5) and is called the Piterbarg property, as mentioned in the introduction;

cf. Eq. 2. Note that the formula in (Piterbarg 2001, Theorem 5) should have a’ as
cited here instead of a7 .

Remark 3 The case of Brownian motion, thatis H = %, has been treated in (Debicki
et al. 2012, Theorem 3). The authors found the exact distribution of the infimum of
QOp, attained on any interval of the form [0, §], § > 0,

2

]P’( inf Qp, (1) > u> =]P’<QBI 0) > u> (2(1 +HUWS) — /B exp <_S>>.
t€[0,S] 7 2 b4 2

Let us recall that Q g, (0) has %-exponential distribution. On the other hand, Piterbarg

2
(2001, Theorem 6), gives (note that the original formula in Piterbarg 2001 has a
misprint)

IP’( sup Qp, (1) > u) ~IP><QBl 0) > u) 2f%““P([o 28]), asu — oo.
tel0,S] 2

Therefore, we see that the strong Piterbarg property does not hold in the case of
H=1
2

Remark 4 One can envision that the strong Piterbarg property can be applied to
functionals ® : C([0, T]) — R of Qp,, that can be majorized, up to the same mag-
nitude, by the infimum and supremum functionals. A simple example is the integral
functional. Theorem 1 yields, for every H > %,

T ()
P / Oy ()dt >u | ~ P(QBH(O) > —> asu — 00,
0 T(u)

for every function 7' («) > 0 such that T(«) = o (u ST ) The problem of the area

under the graph of the storage process fed by the Brownian motion, i.e., the case
when H = %, has been considered in Arendarczyk et al. (2013).
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5 Proof of Lemma 1

The general idea behind the proof follows the one in Piterbarg (1996), Lemma D.2.
For any u > 0,

P(d(X,) > n(u)) = J_/ exp< ) <<I>(X ) > n(u)‘X (0) _v> dv
2
~ lIJ(n(u))/ exp <w -5 “2’( ))P(@(xu) > n(u)‘Xu(O) =G~ )) dw,

where we have used the change of variable v = n(u) — W Let¢, ={¢,(t) : te T}
be a Gaussian field defined via ¢, (t) = n(u) (X, (t) —n(u)) + w. Then, using F2, the
last integral can be written as

w?
/Rexp (w — m)ﬁ”(@(g) > w

where x, = {x.(t) : t € T} is a Gaussian field defined as x, (t) = Zu(®)|2,(0) = 0.
For the family of Gaussian distributions that appear inside the integral, for every
teT,

2

£, (0) = 0) dw = /Rexp <w - %@)) P(®(xy) > w)dw,

Exu(t) = n(u)E (x )] X, (0) = n(u) — ﬁ) —n?u) + w

= —n () (1 — ry(t; 0) + w(l — r, (£; 0)), (10)
Exu(0) = Ex;/(0) = 0.

Furthermore, for any t;, t, € T,
2 w
Var (1 (1) = () = %) (Var (X () = Xu(02)[X,(0) = 1 = =)
=2n%(u) (1 — ry(tr; ) — n> () (ry (t1; 0) — ry (t2; 0))2.

Hence from Eq. 8 it follows that, as ¥ — oo, uniformly on 7,
Exu(t) = —o7 (1), (11)
Var (xu (t1) — xu(t2)) — 2Var(n(ty) — n(t2)). (12)

Thus the finite dimensional distributions of x, converge to the finite dimensional

distributions of 7 = {\/En(t) — ag(t) : t € T}. Therefore yx, —d> n in C(T), as
u — oo, provided that the family x = {x, : u > 0} is tight. For this let x, =
{x,;(t) : t € T} be a centered Gaussian field defined by x;(t) = x,(t) — Ex,(t). In
order to prove tightness of the family xy = {x, : u > 0} it suffices to show tightness
of the centered family x° = {x,; : u > 0}. Since x,;(0) = 0 for all u > 0, then a
straightforward consequence of Straf’s criterion for tightness of Gaussian fields, Straf
(1972), implies that it suffices to show that for any i, p > 0, there exists § € (0, 1)
and ug > 0 such that, for eacht; € T and u > uy,

P sup [xo(t) — x;(t)| = u) < p&?, (13)
Iti—t2 (<8
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where |[t|| = max{|t;], ..., |t7]}. Note that, for sufficiently large u,

o [e] 2
E (xg(t1) — x5 (t2))” < CVar(n(t) — n(t2)),
for all t;, t; € T and some constant C > 0. Thus, the assumption E1 implies,

sup  Var (x; (t1) — x; (t2)) < CG8”,
it —t2 ]| <8

which combined with the application of Borell’s inequality gives (13).
Then, the continuous mapping theorem implies

) w? 2
Jim A exp (w — m) P(®(x,) > w) dw = Aexp(w)P (<I> («/En(') —o, (')) > w) dw
=Eexp (¢ (V2n() —020))) = HI(T),  (14)

provided we can interchange the limit with the integral in Eq. 14. From Eq. 8 it
follows that (1 — r,(t; 0)) — O uniformly in t € T, therefore Eqs. 10—-11 imply that
for any ¢ > 0 and sufficiently large u,

wy :=supEx;(t) < elwl.
teT

Using Eq. 12 combined with Sudakov—Fernique’s inequality yields, for sufficiently
large u and some constant C > 0,

my := Esup x,; (t) < CEsupn(t) =: m.
teT teT

Furthermore, Eq. 12 combined with E1 implies, for sufficiently large u,

oy = sup Var(x; (1)) < Csupo, (t) < CG(diam(T))” .
teT teT

Now, by F1, Borell’s inequality yields, for |w|(1 — &) > m,
P(@ () >w) <P (SUPX,f(t) >w— wu) <P (SUPX;(t) —my >w—e¢lw| — mu)
teT teT

— elw| — my)? — el —m)?
<2exp (_ (w — elw| —my) ) < 2exp <_ (w — elw| —m) )
202 2C G (diam(T))¥

Hence the interchange of the limit with the integral in Eq. 14 follows by the
dominated convergence theorem and the limit is finite, that is 7—[,‘71’ (T) < o0.
This completes the proof of Lemma 1.

6 Proof of Theorem 1

We divide the proof on a number of steps. Before we proceed, let us make the follow-
ing observation. The time-reversibility property of fBm implies that (on the process
level)

Qp, (1) = sup (Br1(0) = Bri (1) = c(0 1),

which is the form of Qp, that we shall use in this section. The relations of
Sections 6.1 and 6.2 were derived in Piterbarg (2001).
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440 K. Debicki and K. M. Kosifiski

6.1 Reduction to a Gaussian field

Using new variables 1 = (o0 — t)/u and s = t/u, forany T > 0,

]P’( 11(')1f Op, ) > u) =P (z inf sup (By(o) — Bgy(t) —c(o — 1)) > u)

Vs € |:0 —:|Elr >0:By(u(s+r1t)) — By(su) > u +cur)

s€[0,Tu~ 1]1:>0 tHuty(r)

( it sup By (u(s + 7)) — By (su) ul_H)

inf  sup Z,(s, r)>u H),
s€[0,Tu=1] >0
where v(v) = t™H 4+ ¢t'"H and Z, = {Z.(s,7) : s, T > 0} is a Gaussian field
given by
Br(u(s + 1)) — Ba(su)
tHyHy (1) '

ZM(S’ f) =

The distribution of Z,, does not depend on u, hence we deal with Z = Z;. Note that
Z(s, T) is stationary in s, but not in t.

6.2 Correlation structure of Z

The variance U%(T) of Z(s, ) equals v=2(t) and has a single maximum point at

0 = ﬁ Taylor expansion shows that, as T — 19,
1 B
oz(t) = — (T —10)*+ 0((r — ), (15)
A 242
where

. H 7
“1-H (c(l —H)) = ().

H —H-2
B=H (c(]——[-])> =V (T()).

Furthermore, denote a = %fo_ 2H and b = %. Note that 79, A, B, a, b are the same

constants as in Section 4.
The correlation function r(sy, t1; 52, 72) of Z equals

r(s1, T1; 82, 12) = EZ(s1, 1) Z (52, ©2)v(T1)v(12)

s+ ulff s —sn - — s -+ 10—l — s — s
2r1 r2
= 1—a(t+o() (Is1 = s2 4+ 71 = 2P +Is1 — 521" (16)

ass; —s2 —> 0,11 = 19, 0 = 10.
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6.3 Asymptotic properties of Z

In this step we will be concerned with the asymptotic properties of

s€l0.T] 7>

IP’( inf supAZ(s,t) > u) (17

as u grows to infinity. Note that we normalized Z such that now the variance of
AZ(s, T) equals one at T = 1y (Z is stationary in s). It follows from [Piterbarg 2001,
Lemma 1] that there exists a constant C such that, for any 7 > 0 and sufficiently
large u,

1
Pl inf sup AZ(s,7) >u | < CTu*H exp <——u2 - blog2 u) .
s€[0,T] |[t—1o|>logu/u 2

If we restrict ourselves to the neighborhood {t : |t — 19| < logu/u} of 79, then the
following step shows that the probability in Eq. 17, with Z restricted to the neighbor-

hood of 7, on the logarithmic scale decays as —% when u grows large. Therefore,
the neighborhood of 1y has the largest contribution to the asymptotic behavior of
Eq. 17. In the following step we present its asymptotic contribution.

6.4 The asymptotics of the main contributor

In this step we show that for any A > 0, with ’Hi;l}; defined in Eq. 9,

]P) (infse[o’)\u—l/HJ Suplrfrolslogu/u AZ(S, 'L') > M)

lim inf - - - - | > 1. (18)
u—oo ﬁaﬁb_f?'{?f;%‘lgg ([0, Aaﬁ]) ud W)
For the Gaussian field X (s, t) = AZ(s, T — 5), we have
P inf sup AZ(s,t)>u|>P inf sup X(s, ) >u|l,
se[O,Mf%] |T—T0\Sl°% se|:0,)xu7%i| rel
for sufficiently large u, where I := [To — 102%4", 70 + 102“’;'4] (we use that I C

[ro +5— k’%, To+5+ k’%] for sufficiently large u). From Eq. 16 it follows that

the correlation function ry of X is given by
rxGsrms s, w) = 1= a(l +o() (1r = 2P + 15y = 5:7)

as sy —s2 —> 0,71 —s1 = 19, T2 — 2 — 7p. Furthermore, Eq. 15 implies that the
variance function 0,2( of X satisfies

ox(s,7)=1—b(t —5s —10)° + O((x — s — 10)°),

as T — s —> 10.
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. . L 1
Let us divide the interval [To - lozgu !0+ lozgu ”] into intervals of length yu~# for

some fixed y > 0,

I = [r0+kyu—%,ro+(k+1)yu—%], k=0,1,2,...,

I_; = [ro —(k+ I)VM_%, T0 — kyu_ﬁ] , k=0,1,2,...,
Notice that,
P inf sup X(s,7) > u
x€|:0,ku7%i| el
>P inf max sup X(s,7) > u

1 1 1
se[O,AuiW}k=—|:y*'uﬁ ]02#:| ..... |:y*‘uﬁ l‘;#] el

>P max inf sup X(s,7) > u

1 1 1
k=—|:y*]uﬁ 102%} 44444 [y*'uﬁ l%%] se[O,Auiﬁ]rdk

=2 Y P inf  sup X(s,7) > u

1
k=0 se[o,m*ﬁ el
-2 E P inf sup X (s, 7) > u, inf sup X(s,7) > u
- L tely -L Tel]
1 3 H H
051<k§|:y“uﬁ luziui| se|0, u :| se|0,Au

# tely

- IP( inf sup X(s,7) > u, inf sup X (s, 1) > u).

|
se[O,Au’ﬁ] tel- se| 0, u"

Now, for any ¢ > 0, any s € [0, Au’%] and all t € Iy, for sufficiently large u,

L= (b+e)k+ 1227 <ax(s, 1) < 1 —b(1 — e)k3y2u" 7.

Therefore, with )_((s, ) =X(s,7)/0x(s, 7),

P inf sup X(s,7)>u | =P inf sup X(s, 1) > ups |,
1
se[O,Au_%} Tel s€| 0, u” H Tel

where
u

L= (b +e)k+ 1227

Ukt =
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Thus by Example 1, as u — oo,

]
2 Z P inf sup X (s, 7) > u
-Llrer
k=0 se|:0,ku H} k

iz
>20+0() Y HE ([0.0am )P ([0, yah]) wa,).
k=0
Notice that (cf. Eq. 6), as u — o0,

1 1
—1,, 47 logu —1,, 77 logu
|:V ut 2u ] |:]/ uHt 2u

Z \I/(uk+)~\/% Z e 17

k=0
Furthermore, as u — 00,

1 1
—1,, 77 logu —1, 7 logu
[V ul Zu] |:V ufl =
1

1 Ly
e 2My =
2 ]; Uk, u~/2m =0

(1= (b +e)k+ D2y2u=7)

2
X exp 3
20— +e)k+ D2y2u~1)?
b

1 —u
= exp 2\ 2
=0 2(1—(b+s)(k+1)2y2u—ﬁ)

2

I +o(1))

—u2(1 4 (b + &) (k + 1)2y2u7)>

= exp (1+o0(1))
u2r 5 2(1- G +e20+ 1)4y4u*%)2
—1,, 7 logu
| u2 [t ] —2(b + &) (k + 2y
= e p(—g) exp o | 1 +o()
uv2m =0 (1 — b4k + 1)4y4u*ﬁ>

o]
=v@ Y exp(-G+ek+ D) (1 +o(l)
k=0

1
—1, 77 logu
[V ut

—w@uh Y u‘*%exp<7(b+e)y2((k+1)u‘*%>2>(1+o(1))

k=0

:q:(u)u%-lf exp (—(b+s)y2x2>dx(1+o(1))
0

and

* 2.2 _ ﬁ
/0 exp(—(b—}—s)y X )dx——zym.
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Combining these estimates we obtain

1
—1,, 7 logu

2 Z P inf sup X(s,7) > u

k=0 se[O,Mf%:I Tl
= 2mt ([0.2a77 ) 257 ([0, yarn |) waoun ! W%(l +o(1)),

which, by the fact that ¢, y > 0 were arbitrary and limg_, o %’H?g ([0, S = 7—[;“5,

yield

vt
2 Z P inf sup X(s,7) >u | > H‘g{l ([0 Aaﬁ}) H;J};aﬁ
k=0

1
A'E[O,Auiﬁ el

‘/—;u%*wu)(wa(l)).

Finally, note that

2 Z P inf sup X (s, 1) > u, inf sup X (s, 1) > u)

| 1
1 logu se|0pu 7 | Tk se|0au~m | TEN
O<l<k<|y~luH S

—HP’( inf sup X(s,7) > u, inf sup X (s, 1) > u)

1 1
se[O,Au_ﬁi| telg se|:0,)\u_ﬁ t€ly
<2 Z P sup sup X (s, ) > u, sup sup X (s, ) > u)
1 _ 1 rel _17rel
0§l<k§|:y*1uﬁ loz%:| se|0,Au" H s€|0, u H

+ P sup sup X(s,7) > u, sup sup X (s, 1) > u)

_17rely _177rtel
se|0,Au H se|0, u H

It has been shown in (Piterbarg 2001 end of the proof of Lemma 3), that the last

expression is of a smaller order than e W (1), which completes the proof of this

step.
6.5 Derivation of the asymptotics

Recall from Section 6.1 that, for any 7 > 0,

P(u) = 1?( inf Qp, (1) > u) =P inf sup AZ(s, 7) > Au'H
tel0,T] - g1 | =0
se|:O,TA T=H (Au'-H) " T-H | '=
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Theorem 1 is a simple reformulation of the observations of the previous steps in
terms of the storage process Q g,,. We have,

[0, TATH (Aul—H>_'l”] - [O,A(u) (Aul—H)_'l'},

where A(u) = TA%u#. Let T = T (1) be such that T (u) = o (u%) as u —
00. Then, for any ¢ > 0 and all « such that L(u) < ¢,

[0, TATH (AulH)_]_lH] c [o,e(Au“H)*%].

Hence,

Pu)=>P inf sup AZ(s,7) > Au'™H
se[o,s(Aul—H)—%] [t —rol<log(Aul~H)/(Aul~H)

and by Eq. 18 the last expression is asymptotically bounded below by
. L
ﬁaﬁb7%H?5H§£ ([O saﬁ]) (AulfH) Ty (Au17H> )

Observe that by Fatou’s lemma lim sup,, | 07—[}‘;‘; ([0, ea o 1) = 1, which implies the
appropriate lower bound for P («). Finally, recall from Eq. 1, that

1-H

P(Qsy(© > u) ~ vra2m b 3350 - (4u' =) T w (A=) Jasu — oo,

which is the upper bound for P (u). This completes the proof of Theorem 1.
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